An entropy minimization approach to
second-order variational mean-field games

Jean-David Benamou * Guillaume Carlier!
Simone Di Marino * Luca Nenna

July 24, 2018

Abstract

We propose a new viewpoint on variational mean-field games with
diffusion and quadratic Hamiltonian. We show the equivalence of such
mean-field games with a relative entropy minimization at the level
of probabilities on curves. We also address the time-discretization
of such problems, establish I'-convergence results as the time step
vanishes and propose an efficient algorithm relying on this entropic
interpretation as well as on the Sinkhorn scaling algorithm.

Keywords: Mean-Field Games, Fokker-Planck equation, entropy mini-
mization, Schrodinger bridges, Sinkhorn algorithm.

MS Classification: 65K10, 49M05.

1 Introduction

It is well-known since the seminal work of Lasry and Lions [25, 26], 27] that
the mean-field game system

—O0u — sAu+ $|Vul> = flp], (t,z) € (0,T) x R
Op — 3Ap — div(pVu) =0, (t,z) € (0,T) x R? (1.1)
plt:O = pPo, u't:T = g[pT]7
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may be seen, at least formally (see [I5] for a detailed analysis), as the system
of optimality conditions for the minimization problem:

: 1 :
inf {j(p, v) :Op — §Ap+ div(pv) = 0, pj,_, = po} (1.2)

(psv)

where

Tooy=g [ [ wPap@aes [ Peod+Gen. 1)

We assume here that f and g are potentials i.e. admit I’ and G as primitives
that is, f[p] and g[p] represent the directional derivative of the functionals F'
and G at p in some suitable sense.

Our aim is to relate precisely the Fulerian variational problem ([1.2))-
with a Lagrangian relative entropy minimization problem and to de-
velop a suitable efficient algorithm based on this entropic interpretation.
This entropy minimization approach has its roots in the classical paper of
Schrodinger [34]. The Schrodinger bridge problem has deep connections
with large deviations and has been extensively analyzed and developed by
Mikami [30] and Léonard [2§], [29] who in particular proved convergence
of Schrodinger bridges to optimal transport geodesics as the noise intensity
vanishes. We also refer to Cattiaux and Léonard [I7] for further connections
between entropy minimization, large deviations and optimal control.

Entropy minimization has also proved to be an efficient computational
strategy for optimal transport by Cuturi [20] who made the connection with
the powerful and versatile Sinkhorn scaling algorithm (also see [9]). One ad-
vantage of reformulating — as an entropy minimization is therefore
that it enables one to use specific numerical schemes based on the Sinkhorn
algorithm. However, the entropic viewpoint is, to the best of our knowl-
edge, restricted to the quadratic Hamiltonian case and there are now effi-
cient solvers, developed by Achdou and his coauthors [2 [T, B] based on the
PDE system which go much beyond the quadratic case. Guéant in [24] de-
signed a monotone scheme specially intended for the quadratic Hamiltonian
case, relying on ingenious changes of variables and the Hopf-Cole transform,
the approach we propose in this paper shares some common features with
Guéant’s method. For variational numerical methods based on more tradi-
tional convex optimization techniques, we refer for instance to [§], [5] and
[14].

The starting point of our analysis is the equivalence between the Schrodinger
bridge problem and the optimal control (with kinetic energy as cost) of the
Fokker-Planck equation as emphasized by Chen, Georgiou and Pavon [18]
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and Gentil, Léonard and Ripani [22]. The recent work of Gigli and Tamanini
[23] provides a very general and analytical approach to the dynamic formu-
lation of entropic transport problems. The entropy minimization viewpoint
has been recently fruitfully used in the context of incompressible flows by
Arnaudon et al. [6] also see [I1] for a numerical approach. Indeed, incom-
pressibility (in the case of the flat torus instead of R?) can be seen as an
instance of (1.2)-(1.3) in the somehow extreme case where F(p) is 0 when p

is uniform and +oo otherwise.

The paper is organized as follows. Section [2| is devoted to some pre-
liminaries and introduces an entropy minimization problem we propose as a
Lagrangian counterpart of . In section , the time discretization of both
the Lagrangian and Eulerian problems are shown to be equivalent. We then
establish a I'-convergence result which enables to show the equivalence of the
two formulations at the continuous time level as well in section 4l In section
we propose a numerical scheme, based on the Sinkhorn scaling algorithm
to solve the entropy minimization problem and we present some numerical
experiments.

2 Preliminaries

We denote by Py(R?) the set of Borel probability measures with finite second
moments, endowed with the Wasserstein distance W,, whose square is defined
by

W22(p07p1) = inf {/ |x_y|2d7(xuy)}7 (po, p1) € Pz(Rd> XP2(Rd)
Y€Il(po,p1) R4 xRE

[I(po, p1) being the set of transport plans between py and p; i.e. the set of
probability measures on R? x R? having py and p; as marginals.

We denote by £¢ the Lebesgue measure on R? and whenever a measure
p is absolutely continuous with respect to £, we will denote by p both the
measure itself and its density with respect to £¢. Throughout the paper we
will assume that F' and GG can be written as the sum of a convex local term
and a term which is continuous for the Wasserstein distance W i.e.

F=F+F, G=G + Gy,
such that

e there are convex continuous integrands Ly and Lg : R? — R, such



that Lr(0) = Lg(0) =0 and

Fi(p) = Jga Lr(p(x))dz if p < L1
e +00 otherwise

Gty — L B lptaar it p < 1
! +00 otherwise

o [, Gy : Po(R?) — R, are continuous for W.

Given a Polish space X, a Borel probability measure ¢ on X and r a
o-finite measure on X, the relative entropy of ¢ with respect to r is givenﬂ

by
log <@>dq ifg<r
H(qlr) == {fx v
+00 otherwise

where % stands for the Radon-Nikodym derivative of ¢ with respect to r.

If X = R? and p € Po(R?) we shall simply denote by Ent(p) the relative
entropy of p with respect to £2. Let us also recall that Ent is controlled from
below by the second moment (see (4.2)) for a linear lower bound). We shall

always assume that the initial condition pg satisfies
po € Po(RY) N LY(RY), and Ent(py) < 400 (2.1)

so that —oo < Ent(pg) < +o0.

As outlined in the introduction, our goal is to relate with a relative
entropy minimization over the path space Q := C([0,T],R%). Let e; denote
the evaluation at time ¢t € [0,7] i.e. e;(w) = w(t) for every w € . We take
as reference measure on () the reversible Wiener measure R defined by

R::/ 0p+pdx (2.2)
Rd

where B = (By)cjo,r is a standard d-dimensional Brownian motion starting
at 0. Given @ € P(2) a Borel probability measure on €2, set

Qi = et#Q> QS,t = (€t765>#Q7 0<s<t<T, (2'3)

some caution must be taken when r is o-finite but unbounded, in this case one can
find a measurable and bounded from below potential V: X + R such that e="r is a
probability measure on X and then define H(q|r) as H(q|r) = H(gle™Vr) — [, Vdq see
Appendix 1 in [29] for details.
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and more generally if ¢1,--- ¢, € [0,T]"

Qtl,"wtn = (etlv T 7€tn)#Q'

We define similarly R;, Rs; and Ry, .., and observe that by construction
R, := e,y R = L% for every ¢t € [0,T] and for every 0 < s <t < T, R, =
(er, €5) 4R is given by

Ry(dz,dy) = P_s(z — y)dady

where P, is the heat kernel:

1 |Z|2 d
P(z2) = — 2Lt R, 2.4
') (2mﬁ)% exP( 2t ) >0,z (2:4)

Let us finally introduce a few notations. Given u,v € Po(R?) and h €
(0,7) let us define FP, (i, v) as the infimum of the kinetic energy

1 h
PPy (1.0) = inf {2 / oPdpy()at } (2.5)
(p,v) 2 0 Rd
among pairs (p,v) solving the Fokker-Planck equation on (0,h) x R? with
endpoints p and v
1 :
Op — §Ap +div(pv) =0, pj_y = i, pl,_, = V-

Also define

Su(u,v) = inf{H(Q|R) : Q€ P(C([0,h],R), Qo =p, Qn=r} (2.6)

(where, slightly abusing notations in the formula above, R denotes the re-
versible Wiener measure on C([0, k], R%)). Following Léonard [29], and writ-
ing the disintegrations of () and R with respect to their marginals Qo 5, Ro x:

Q= Q(|wo, 21)dQon (0, ¥1), R = / R(.|zo, z1)d Ro,n(wo, z1)
R xRd Rd xRd
(so that R(.|zo,xy) is the probability Law of a Brownian bridge) since
HQIF) = HQualon) + [ H(@lzo,20)| Rl Iz0,21))AQ0n (a0, 1)
R xR

and H(Q(.|xo, zpn)|R(.|xo,xp)) > 0 with an equality when Q(.|xg,zp) =
R(.|zo, ) (which means that R and the optimal ) share the same bridge)
one can express S, as the value of a static entropy minimization problem:

Sulp,v) = inf{H(y|Rop) < € (p,v)} (2.7)
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and the solution of the dynamic problem ([2.6)) is obtained by
Q= R(.|zo, zp)dy(xo, 21)
R4xR4

with v optimal for the static problem .

The following result, proven in Chen, Georgiou, Pavon [I§] and Gentil,
Léonard and Ripani [22] (in a more general setting) connects FPj, to S, and
can be viewed as a noisy version of the Benamou-Brenier formula:

Theorem 2.1. Let ji,v € Po(RY) and h € (0,T), FP(1,v) and Sy (i, v) are
related by
Si(1,) = FPy(1,v) + Bnt(n). (25)

Let us also mention an alternative formulation, involving the Fisher in-
formation (see [22, [18]):

PPy () = int { / h( [ hdnte) + 510 )t} + 5 (Bntlv) — Ent()

(2.9)
where the infimum is taken among solutions of the continuity equation with
fixed endpoints

Owp +div(pv) =0, p,_o = i, P, =V

and [ denotes the Fisher information
I(p) = [ VI I B\ T 2 2.10
(p) == [ [Vlog(p)|°p= = 4|V(VP)72gay- (2.10)
R R P

Given a continuous curve of measures p € C([0,T], (Po(RY), W) = t €
[0, T) — s € P2(R?) define

e 2 1 .
E(p) = Hylf {5 L |vg|“dpe (z)dt = Oy — §A,u + div(uw) = 0}

as well as the cost .
() = Glur) + | Fluu)i
0

so that the variational formulation ((1.2)-(1.3) of the MFG system can be
simply rewritten as

inf{&(n) +C(p) = € C(0, T, (Po(RY), Wa)), pj,_ = po} (2.11)
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For p1 = (pu)sepp,r) € C([0,T), (P2(R%), Ws), define also the minimal entropic
cost
S() =t {H(QIR) : Qi =, Vi € [0.T]} (2.12)

which can be viewed as a variant of with infinitely many marginal
constraints. We shall prove, by a careful inspection of a suitable time dis-
cretization (section and T'-convergence arguments (see section , that
when Ent(p) < +oo the following relation holds

S(p) = E(p) + Ent(po)

so that (2.11)) can be reformulated as

inf {H(Q|R> +C((Qu)eppr) © QEP), Qo= po}. (2.13)

3 Time discretization

3.1 Discretization

Given a positive integer N and g, -,y € Po(R?), define the respective
discretization of £, C and S:

N-—1
EN(po, -+ p) = FP%(/Jkuukz—&-l), (3.1)
k=0
T N-1
CN(po, -+, i) = ~ 2= F(uw) + G pw) (3.2)
k=1
and
SN (g, pin) = inf{H(Q\R) QEP), Qur =, k=0, --N}
(3.3)

and observe that, exactly as for (2.6), SV can be written as the value of the
static multi-marginal problem

SN(:“Oa e MUN> = inf H(PYN’RN) (34)
YEM (ko 1N
where I(pg, -+ -, un) is the set of probability measures on (R%)V*! having
to, -+ , 4N @s marginals and
N ._
RN = Ryz..r
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One then discretizes (2.11)) as

inf{EY (o, -+ ) +CN (pro, -+ i), i € Pa(R?), po = po}- (3.5)

In an analogous way, the discrete counterpart of (2.13]) becomes

inf{SN(:u()? T ’MN) + CN(:uO: e 7NN)’ Hi € PQ(Rd)7 Mo = PO}- (36)

3.2 On entropy minimization and Markovianity

Definition 3.1. Given Polish spaces X1, Xo, X3, two measures Pjy € M(X1X
Xs) and Pys € M(Xo x X3) such that ps = (e2)xPia = (€2)xPas, we define
the Markov-concatenation of the two plans P and Pz, which we denote by
Py 0 Py3, as the measure

P120p23:/ V%@(Sx@ngpg(l'),
Xa

where v € P(X1),vi € P(X3) and the following disintegration formulas
hold:

Py = /yiC & 590 dpg(:v) and Pos = /5:(; ® V:J:f dp?(x)'

Lemma 3.2. Given the product of Polish spaces X = X1 X Xo X --- X X,,, a
probability P € P(X) and a measure R € M(X). Let us denote P; = (e;) 4P,
R, = (e;) 4R, Piit1 = (e;,ei41) 2P and R; ;11 = (e;,e;41) 4 R. Let us suppose
that R is Markovian, that is R = Ri20 Ry30---0 R,,_1,, then we have

—_

n—1 n—
H(P|R) > H(P,1|Rii1) — Y H(P|Ry),

i=1 %

[|
N

with equality if and only if P = Py g0 Pago...0P, 1, i.e. P isitself Markov.

Proof. We will prove the lemma by induction on n, starting with the first
nontrivial case n = 3. For n = 3, we have

H(P12|R12) = H(PQ'RQ) + H(Plg(dxl|x2)|R12(dx1|x2))dP2(x2)
X2
and

H(Py3|Ro3) = H(Py|Ry) + H(Py3(das|xg)|Ros(dxs|za))d Py(x2)

Xo



but

H(P|R) = H<P2|R2> + . H(P(d$1d$3|l‘2)|R(d1‘1d$3|l’2))dpg($2)

Let us recall that it follows from the strict convexity of ¢ € R, +— tlog(t)
that if v is a probability measure on a product space with marginals ~;
and 7y, then H(y|p1 ® p2) > H(m|m) + H(ve|pe) with equality exactly
when v is a product measure v = v, ® ¥5. Then, observing that for P,
almost every xs, the conditional probability, P(dzidxs|zs) has marginals
Pio(dxy|xe) and Py3(dxs|re) and that since R is Markov R(dzidzs|zs) =
Ryo(day|zo) Reg(dxs|zy), we have

H(P(dl’ldxg’mg)‘R(dl’ldl'g‘xg)) 2 H(Pm(dl‘l’xg)’Ru(dl’l’l'Q))
+H (P (das|ze)| Roz(dws|zz))

with an equality if and only if P(dzidxs|xs) = Pio(day|zs) Pag(das|xs) ie. P
is Markov. This proves the claim for n = 3. Assume the claim is satisfied
for n and consider P € P(X; x --- x X,,11) and R a Markov measure on
Xy X ---x X, 11, we then have

H(P|R) = H(Pl,...,n|R17...7n)
+ / H(P(danrl‘xla o '$n>’R(dxn+1’x1: T xn))dpl,---,n(wla s 7$n)'
XX XXp

From the validity of the claim for P, ... , and R; ... ,,, we have

n—1 n—1
H(Py..y|Ri..) 2> H(Piip1|Riin) — > H(Pi|R;). (3.7)
=1 1=2

So we are left to show that

/ H(P(dzpi1|zy, - - xn) |[R(Azpgr |21, - - - 2p))A Py (21,0 )
XXX Xpn

2 H(Pn,n—l—l’Rn,n—i—l) - H(Pn‘Rn)

= / H(Pn,n—i-l(dxn—kllxn)an,n—H(dxn—l—l’xn))dpn(xn)
Xn

Now we observe that since R is Markov R(dx, 41|21, - Zn) = Rpnt1(d@ni1]zs),
we then write

/ H(P(dz, 1|z, - - :pn)|Rn,n+1(dxn+1|xn)dP1,... ,n(xl, cee )

X1 x--xXp

- / ( / H(P(Az o)1, - - 20)| R(d2nsr |20))dPro (21, - - ,xn_1|xn)>dPn(:vn)
n X1><---><Xn,1
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using the convexity of H(.|R(dx,41|x,)) and the fact that
/ P(dzpq|xy - xn)dPr o (21, Tt |2n) = Projsr (dpsa | 2n)
XX XXp_1

we deduce

/ H(P(dn |01, - 2) [ R(Asa|2)) AP (21, T |n)
X1X-XXn—-1
2 H(Pn,n+1 (dxn+l|$n)|Rn,n+1 <d$n+1‘$n))

integrating with respect to dP,(z,) gives the desired inequality. Now in the
equality case, there should be an equality in so that P ... , should be
Markov, but there should also be an inequality in the convexity inequal-
ity for the relative entropy above which implies that P(dz,q|z1-- -, 2,) =
P, n+1(dxp,41]x,) and these two conditions imply that P is Markov. O

As a consequence of Lemma [3.2] and the Markovianity of the reversible
Wiener measure we deduce

Corollary 3.3. Let (g, -+, un) € (P2(R%)V*L one has

N—

N-1
SN(NOJ e 71U’N) = Z S%(/’L’H/}’Hrl) - Z Ent(/'bl)
=1

%

—

™

(o, -+ 5 pov) + Ent(po).

Proof. The first formula follows from Lemma [3.2] the Markovianity of R
together with the fact that H(u;|R;) = Ent(y;), the second identity then
directly follows from the first one and (2.8]). O

4 ['-convergence and equivalence

4.1 TI'-convergence

We state now some lemmas which will be useful for the proof of the I'-
convergence result, stated in Theorem [4.3]

Lemma 4.1. Let {p:}o<i<T be a curve of probability measures such that Opp,+
V- (npr) = %Apt with ff0T|vt|2dpt = F < oo. Let us suppose also that
Jga l> dpo = ¢y < o0 is finite. Then we have:
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(i) [|z|*dp < C(T,co, E) for all0 <t <T.
(i1) Ent(p,) € L>®(1,T) for all T > 0.
(iii) 1(py) € L*(7,T) and Ent(p,) € WHH(, T) for all T > 0.

(i) [[ vl dp = [[] [we? dpi+1 [T I(pi) dt+(Ent(pr)—Ent(p,)), where
Wy = V¢ — —Vlog(pt)

(v) Wi(ps, pr) < (T —71)(E + (Ent(p,) — Ent(pr))). In particular we have
that Pt € H ([ 7T]7 (P(Rn)a WQ))

Moreover if we add the assumption Ent(pg) < oo we can take also 7 =0

in (i), (i3), (i) and (v).

Proof. Let us take § > 0 and let us consider p} = 75 * p; a convolution with
a O (and everywhere strictly positive) kernel ns = n(z/8)/d%. Denoting
md = ns * (Utpt) we have that d,p! + V - (m§) = $Ap]. In particular setting

v? =m!/p¢, we have, by convexity of the function (v, s) %

//T,U 2 40 = // [(vepe) sl <//T|vtptl2 _z
0 t Pe* 115

Moreover we can compute, letting ¢! = [ |x|*>dp}:

—ct—2/<xvt>dpt+2d<ct /\v 1 dpd + 2d

%( 0 - </|vt]2 dpt —|—2d> /|U dpf+2d.

& < e+ FE+2dt) < e(co+ ad + FE +2dT) (4.1)

So we get

for some « depending on 7; now we can let 4 to 0 to obtain (7). Moreover,
we can obtain a bound on the entropy. Indeed, e~ is the density of
a probability measure and so for any p bounded density of a probability
measure with finite second moment we have:

0 < H(ple™") Zﬂ/|x|2dﬂ+//)log(p) dx
/plog(p) dx > —7r/|:1:|2dp. (4.2)

11



Taking the function f(t) = e~ 1B} we have:

%f(t)z—zfd(t) </Vpg~vfd:c—§ |Vpp:|2 dx)
LRy
=—27“) (/\ 2 dpf - /rvﬁ i)

(t

where in the last passage we used the Log-Sobolev inequality. So we can
2 t
conclude f(t) > exte~allo 2Pl that is

d t
Ent(pf) < —5 log (wet) + / / WP dgt.
0

This proves (i7). In order to establish (iii), we first notice that

s s T 5 1 "V
Ent(p)) — Ent(p)) = vy - Vpy dxdt — 5 P dxdt. (4.3)
s S t

52
In particular taking s = 7 and r = T and using v - Vp? < |[02]2p0 + i—'v;%‘
t

we get, thanks to the L*° bound on the entropy:

! |Vp !2
// L dxdt < FE + Ent(p)) — Ent(p%) < C(r,T, E, o), (4.4)

which proves that I(p;) is in L'(7,T). Equation (4.3) also yields

t 1
Euttr) - Enep)l < [ (20847 [ piPat) o

s

by convexity of I we have 0 < I(p?) < I(p;) € L*(7,T) and a similar convex-
ity argument gives an integrable bound for the kinetic energy as well, hence
Ent(p;) € Wh(r,T) for every 7 > 0. Statements (iv) and (v) easily fol-
low. Finally, whenever Ent(pg) < oo from equation (4.4) we get immediately
I(p;) € L'(0,T) and then from we have Ent(p,) € W10, 7).

[
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Lemma 4.2. Let p and v be two fixed probability measures such that E =
2FPr(p,v) < co. Let g = [|z|*dp < oo and let us fix T/2 < T < 2T.
Then we have

(i) Ent(v) < Ent(u) + E;
(ii) Ent(v) > —me’(co + E + 2dT);

(i1i) 2FP7 (p,v) < 5E + (Ent(u) — Ent(v)).

Proof. Inequality ( ) directly follows from Lemma [4.1}(iv); (i7) is implied
directly by . in the proof of lemma (4.1} E As for the last estimate
let us consider an almost minimiser (p;,v¢) for the problem FPp(u,v); in
particular we have dp; + V(vpy) = $Ap, and ffOT vidp; < E + 0. Let us
take (p¢, 0¢) = (pre/7r, vrey77);3 this curve is such that pr = v and py = p and

moreover O;p; + %V(f}tﬁt) = 7 -L-Ap, and in particular we have

5 T 1 AV 1. .
ohpr +V - ((th—i- 2(1 —T/T) ppt)pt) = §Apt.

We can thus estimate

0, 12
QFPT/ ILL, // —Ut ‘|— 1 — T/T/) th d dt

R \s

2 g~ t

<2// T/2|vt| dpt+2 1—— // 1 5 dx dt
T

<o+ (1= ) [ o
< 2TT(E +6) + 2; (1—%) (E + 6 + Ent(1) — Ent(v))

<5(FE +9)+ (Ent(u) — Ent(v)).
In the last two inequalities we used the estimates on [ I(p;) given by

lemma (w) and then the fact that 7"/7 € [1/2, 2] which is easily seen to
imply that 2; (1 —£)? < 1. Letting 6 — 0 we thus obtain (47).

We now fix the initial condition py such that

po € Po(RY), Ent(pg) < +o0, (4.6)
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and define
Agy = {1 € C((0, T, (P2(RY), Wa)) 1o = po} (4.7)
and its discretization
A =" = (g i) € Po(RONHL g = po}h. (4.8)

Given Vv € AY
way as

1+ 1t will be convenient to extend it in a piecewise constant

k—1T kT ~
g },k‘:l,u-,N, uO::,uéV:po. (4.9)

/’Iiv:::ul]cv’t€< N "N

By construction, we have

T-T/N
eV () = / F(Y)ds + G(Y).

We will say that a sequence pV € A]p\g converges to a curve of measures
p € A,, whenever
lim sup Wh(fiy, p1) = 0. (4.10)
N—=00 4ei0,1]

For further use, let us point out that if £V (") is bounded, it follows
from Lemmas and a refined version of Ascoli-Arzela’s theorem (see
[4] chapter 3) that (up to a subsequence), ;" may be assumed to converge
(in the sense of (4.10)) to some p € A,,. Thanks to Lemmas [4.1] we have
uniform (in ¢+ and N) bounds on second moments and entropy of i hence
we may also assume that ¥ converges to pu weakly in L*((0,T) x R%) and
also that ¥ converges weakly in L'(R?) to pr.

Theorem 4.3. The sequence of functionals EN 4+ CN : Af)\g - Ry U{+o0}
I'-converges to the functional € +C: A,, = Ry U{+oo} as N — oo.

Proof. Let us start with the I-liminf inequality. Let p € AN converge (in
the sense of (4.10) - to u € A,, and assume that EV (u )+CN( ) is bounded
(hence so is EV(")). As observed above, one may assume that ¥ converges
to u weakly in L(0,7T) x RY) and also that g converges weakly in L'(xR?)
to pr. In the terminal term G(if) = [ou La(if (2))dx + Go(fiy) ), we have
the sum of a convex nonnegative integral term, which is then weakly l.s.c. in
LY(R?), and a term, Gy(1zyY), which is continuous for W, so that

thinfG(ﬁ) > G(ur). (4.11)
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Fix ¢ > 0 and let N > Te~! by Fatou’s Lemma, the non-negativity of
F = Fy + F, and invoking the same weak L' lower-semi continuity argument
as above (but with respect to both variables ¢ and x), we get

T-T/N T—e
lim inf/ (/ Lp(pNYdx + Fg(ﬁf))ds > / F(us)ds
N Jo R¢ 0

letting e — 0 and recalling (4.11]), we deduce

lim inf CN (™) > C(p). (4.12)
For the energy term, we consider m» := pNv)  an almost minimizer for

EN(pN) ie. Oy — LARY + div(m{') = 0 and

> 2/ /IR |”Z (4.13)

By Young’s inequality and the bound on £V (u"), one deduces a bound on
the total variation (in ¢ and z) of m® from which (up to a further extraction)
one may assume that for every R > 0, m” converges weakly * to some vector-
valued measure m on [0, T| x B, where m satisfies 9, — 5 A +div(my) = 0.
By a well known convexity/lower semi-continuity property of the Benamou-
Brenier functional (see [4]) we have

2
lim 1nf5N / / |m|
N Br

Letting R — oo we deduce that m = pv and fOT Jga lvePdpgdt < 400 so that

lim inf £V (1 / / v Pdpedt > E(p).
N Rd

Combining it with (4.12) we obtain the desired [-liminf inequality.

For the I'-limsup inequality we will do a smoothing construction in order
to deal with the nonlinear term F. For § € [1/2,3/2], let us consider the
time reparametrization ¢y defined by ¢55(0) = 0 and

5 if0<t<T/N
Gn(t) =41 if T/N<t<T-—T/N.
2§ T —T/N<t<T
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Notice in particular, that, if 1 <6< g, then

1 T

5(15 —8) < gsn(t) — dsn(s) < 2(t—s), [psn(t) =t < N VO<s<t<T.
(4.14)

Let € A,, be such that £(u) +C(n) < +oo (otherwise there is nothing to

prove). We then define
3/2
ﬁiv = / Hes n (t) do.
1/2

In particular it is worthwhile to notice that

N t+2lN
ﬁf:ii/ psds  if T/N <t<T-—T/N. (4.15)
=%
Our recovery sequence will be then plY = ﬁfch N k =0,---,N. Notice

that ¥ converges to p thanks to (4.14) and the fact that the curve t €
[0, T] = py is C%Y/2 with respect to W, as a consequence of Lemma By
construction, uY = ur, so the convergence of the terminal term G is trivial.
The convergence of the discretization of F, then follows directly from its
continuity in the Wasserstein metric and Lebesgue’s dominated convergence
theorem. For the integral term Fj, we use equation , the convexity and
the non-negativity of F} to conclude that

T TN o

il < -

N EWLNZTHLHW%
k=1 k=1 N 2N

hence
limsup CN (™) < C(p). (4.16)

N—o0
For the energy part, we first use the convexity of FP T and the representation
of p¥ to get that for 1 <k < N —2

kT/N+T/2N

N
FP% <“icv7 :“lc+1 = / (:usv Ms+T/N) ds.

Now we take v an optimal vector field for £(u) (existence can be obtained
by classical arguments, indeed, taking m = pv as new unknown, this is a

Z
kT/N—T/2N N

16



convex minimization problem with a linear constraint). By construction, we

then have FP%(MS,;LHT/N) < %ferT/N f]Rd |v¢|2dpgdt. So, summing up over
k we get
N-2 NN 2 kT/N+T/2N  ps+T/N 1
FPz (1 1) < o / / —/ o *dpydtds
P} N T w1 JKT/N-T/2N Js 2 Jra
T-T/2N {
<[5 [ luldud < £
T/2N R4

For the last pieces, we use again the convexity of FP T, the definition of

N f13//22 pst/nds and Lemma (1i1) to get

FPz(ug, 1) = FPz (po, 7))

3/2
< / FPr (po, psyn) ds

T
N

1/2
3/2 1 (32
< 5/ FP .z (po, psr/n) ds + —/ Ent(po) — Ent(sr/m) ds
1/2 N 2 )12

% 1 3/2
< 5/ [ve|? dp,dt + —/ Ent(po) — Ent(sr/n) ds
0 Jrd 2 J1y2

But now the first term is converging to zero as N — oo and the second
term as well thanks to the uniform continuity of ¢ — Ent(y;) (proven in
Lemma (idi)). In a similar way, we can also prove that FPr (u_ 1) —
0 thus completing the proof that

limsup E¥ (™) < E(u)
N—oo
which, together with (4.16]), gives the desired I'-limsup inequality for the

recovery sequemnce IUN.
[l

Remark 4.4. For the sake of simplicity, we have taken a continuous local part
Lg but is clear from the proof of Theorem that our results extend to the
case where there is an additional pointwise closed and convex state constraint
on the density, for instance a hard congestion constraint such as p < M where
M is a prescribed saturation threshold (a case we will actually consider in
our numerical simulations in section . It also goes without saying that
allowing F' and G to depend on = does not create extra difficulties neither.
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In particular, when F' = G = 0, we have

Corollary 4.5. The sequence of functionals EV: Aé\g — Ry U {+o0} I'-
converges to the functional £: A,, — Ry U {+o0} as N — oo.

4.2 Equivalence

Our aim now is to show that thanks to Theorem [4.3] we have a continuous
in time counterpart of the formulas of Corollary This will enable us to
deduce that can be equivalently rewritten as an entropy minimization
problem. We first need a technical result:

Lemma 4.6. Let py satisfy , if (QN)y is a family in P(Q) such that
QY = po and H(QN|R) is bounded then QY is tight. Moreover, if there exists
€ A,y such that QQ’T/N = pgr/N for every k and QN converges narrowly to
Q then Q; = p for every t € [0,T].

Proof. Let us first deﬁne the (equivalent to R) probability measure R on
by R(dw) := e ™“OF R(dw). We then observe that

HQIR) = H@QIR) = [ leFam,

Since Q¥ is absolutely continuous with respect to R it can be identified to
its Radon-Nikodym derivative QN with respect to R we thus deduce from
the boundedness of H(QY|R) that QY is uniformly integrable hence admits
a subsequence which converges weakly in Ll(é), the tightness claim directly
follows. Let us now prove the second statement,

Since € is Polish and Q" is tight, by Prokhorov Theorem, for every ¢ > 0
there exists a compact subset K. of  such that Q¥ (Q\ K.) < ¢ for every
N. Now let t € [0,7] and ty = knT'/N be such that [t —ty| < T/N. For a
given p € CP(R?) we then have

Lo a@ == [0 a0@ = Qi) = (=)

the second term tends to 0 by continuity of the curve t — p, and we can
decompose the first term as

/ (p(wlt)) — p(w(tn))dQ (W) + / (o(w(t)) — plwl(tn))AQV (@)

B QK.
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By Ascoli-Arzéla’s Theorem, K. is uniformly equicontinuous so that the first
term tends to 0 as N — —+o0o whereas the second term is less in absolute
value than 2¢|¢|«. Since QY converges narrowly to @Q; this shows that

Q1 = - L]

Theorem 4.7. Let py satisfy , then we have

S(pn) = E(n) + Ent(po), Yu € A,,. (4.17)

Proof. Let u € A, be such that S(u) < 400, by definition of SV and S and
using Corollary we have

S(,u) Z SN(MO? Hr/Ny - 7#’T) = E"N(/’LOa HrT/Ny - 7:uT> + Ent(PO)
Taking the liminf and using Theorem [4.3| we get S(u) > E(u) + Ent(po).
Now take o € A, such that £(u) < +00, we then have

E(p) = 5N(M0>NT/N> ) = SN(MOa,UT/Na <o, pr) — Ent(po)
let then @Y € P(Q) be such that Qur/n = pwr/n for k=0,--- N and

1

SN(ILLO’ILLT/N’ T 7/J“T) > H(QN|R) - N

passing to a subsequence if necessary, thanks to Lemma |4.6] we may assume
that QY converges narrowly to some Q € P(f2) such that Q; = u; for every
t € [0,T] so that, thanks to the weak lower semi-continuity of the entropy

E(u) + Ent(po) > liminf H(Q"|R) > H(Q|R) > S(u).

5 Algorithm and Numerical Results

5.1 Multi-Marginal Sinkhorn

We now introduce a numerical scheme to solve the discretized in time prob-
lem (3.6). The scheme is based on a variant of the celebrated Sinkhorn
algorithm [35], already used to solve many variational problem related to op-
timal transport (see for instance [20], 2], 1T} 10, @, 13}, 19} 3T, 32]). Note that
the iterative method proposed in [24] for MFGs with quadratic hamiltonians
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can be reinterpreted in this framework.

We recall that (3.6]) reads as:
N-1

. T
inf{S™ (no, -+ ) + N Z F(uk) + G(un), i € Po(RY), po = po}
k=1

where SV is itself defined by which is an entropy minimization with
multi-marginal constraints. Denoting 7% : (R?)¥+1 — (R?) the k—th canoni-
cal projection we can obviously rewrite as an optimization problem over
plans vV only:

N—-1

Zlﬂ

F(myy™) + G(myy™) = o~ GP((Rd)N“)},

(5.1)

inf{ (YNIRY) + iy (197™)

k=1

where

. 0if p=p
Zpo(p):{ ’

+00 otherwise

is the indicator function in the convex analysis sense and is used to enforce
the initial condition.

We recall that RY is defined as
RN = RO T

TN 7T

Since R is the reversible Wiener measure, RY can be decomposed by using
the heat kernel (2.4)) as

N
RN (dzg, - -+ ,dzy) = (H Pr (xg — xk_1)> dzg---day. (5.2)

We also need to discretize in space (for example we use M grid-points
to discretize RY), then v and RY become tensors in RMY (see remark
for a further decomposition of RY ). Under the assumption that F' and G
are convex, (5.1)) is now a finite-dimensional strictly convex minimizationﬂ
In order to simplify the presentation, we will keep the continuous in space
notation. Integrals must therefore be understood as finite sums and xg, ..z
as M vectors.

One can now generalise the algorithm formalized in [19, theorem 3.2]
(the case N =1 or two marginals) as follows. We first state without proof a
classical duality result:

2We will also allow F to contain a nonconvex but regular term given by a convolution
which we will treat in a semi-implict way as explained in paragraph @
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Proposition 5.1. The dual problem of (5.1)) is

N-1
- T
sup —F(—uo) = 3 3 P (-u) =G (—ux) ~ [ (ep(@om) - 1) R
(w0, un) k=1
(5.3)
where &N _uy : (To, -+ ,xn) > ug(zo) + -+ + un(ay). Strong duality holds

i the sense that the minimum in coincides with the mazximum in .

Denoting by u} and ~v* the optimal solutions to (5.3) and (5.1 respec-
tively, it follows that the unique solution to (/5.1)) has the form

¥V (xg, -+, xN) = (®kazoe“2(mk)) RN(z, -+, zn). (5.4)

The algorithm is obtained by relaxations of the maximizations on the
dual problem . We get the iterative method computing a sequence of
potentials (denoted with the superscripts .(™) :
given N 4+ 1 vectors u](€0) with £ = 0,--- , N, then the update at step n is
defined as

u,g") = argmax, —F*(—u) — [exp(u)l{dz, ---dzy  for k =0,
u,in) := argmax, —+ F*(—u) — [exp(u)[fdzo - - dzp_1dapss - doy fork=1,--- ,N—1
u,(gn) = argmax, —G*(—u) — [exp(u)lydag---dey_y for k=N,
(5.5)
where

I = exp(@fgw) exp(@ yuf" ) RY,

Remark 5.2 (Examples of Energies ). For many interesting energies F' and
G, the relaxed maximizations can be computed pointwise in space and ana-
lytically. We list here a few which are tested in the numerical section.

Marginal constraint : In this case the functional F' takes the form
F(p) = 1py (p)-

Hard congestion : For the hard congestion one has

0if p <7,
F<p>:{ o

+00 otherwise.
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Potentials and Obstacles In this case F(p) = [V (¢, z) p(z) dz is linear in p.

Obstacles correspond to

Vit ) = {—i—oo if ¥ € Q(t),

0 otherwise

where t +— €(t) represent one or more (possibly moving with time)
bounded domains.

Remark 5.3 (Implementation). The iterations of Sinkhorn might seem te-
dious at a first glance because of the integration against R™, but due to
the special form of RY , these are just series of convolution with the
kernel P,. Moreover, the heat kernel can be further decomposed along the
dimension as follows

P = [Iml)

where p;(z;) is the heat kernel in dimension one. This implies that instead
of storing a matrix P, € RM*M (which is already better than the full tensor

RY) one can just store d small matrices belonging to R YMx M

5.2 Adding a viscosity parameter

It is straightforward to extend the theory and the numerical method to a
slightly more general model with a viscosity parameter €. The Mean Field
Game system (|1.1) now takes the form :

=0 — SAu+ 3|Vul> = flp], (t,z) € (0,T) x R
Op — £Ap — div(pVu) = 0, (t,z) € (0,T) x RY (5.6)
Plizo = Po: Ulyeg = 9lpr].

The Lagrangian formulation (2.13)) we have proposed becomes

inf {H(QIR.) + C((Qiepomy) + QEPQ), Qo=po}.  (57)

where R. is the reversible Wiener measure induced by a Brownian motion
with variance . In particular, if we discretize the problem in time, we have
that the reference measure RY can be still decomposed by using the heat
kernel P.;(z). Notice that we can still use the algorithm we have introduced in
the previous section, but the performance, in terms of iterations to converge,
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will be affected by small values of €. At least formally, when the viscosity is
small, is an approximation of the following Lagrangian formulation of
first-order variational mean-field games (see [12] for more details about this
formulation)

inf {’C(Q) +C((Qt)iepa) = Q EP(Q), Qo= ;00} ; (5.8)
where

K(Q) =5 / / (t)PAQ(W). (5.9)

This also implies that we can use the Sinkhorn algorithm, with small ¢, in
order to approximate the solution to first-order MFGs.

Remark 5.4 (I'—convergence). We do not prove here I'—convergence results
as ¢ — 0, for the time discretization, it is indeed, at least on the flat torus,
a straightforward generalization of a similar result obtained in [I1] for the
so-called Bredinger problem.

Remark 5.5 (Numerical limitations). Denoting by h and dt respectively the
space and time discretization steps, the heat kernel (2.4]) used in the Sinkhorn

iterations scales like e_%. It induces a limit to the stability of the numerical
method when letting £ go to 0 or increasing, respectively decreasing, h and dt.
We refer to [33] for a review of several approaches to mitigate this problem
in the 2-marginal case.

5.3 Numerical Results

5.3.1 Planning MFG

We illustrate the effect of varying e with the planning MFG problem on
the torus. This correspond to F' := 0 and G := i,, (see remark , the
characteristic function which forces, as for the initial density, the final density
to match exactly a prescribed density. This problem is equivalent to the
dynamic formulation of optimal transport [7] which is a first-order planning
MFG with the additional expected diffusion effect linked to the second-order
term.

On figure [T}, for ¢ = 1, one can see the effect of the diffusion and that
mass will travel across the periodic boundary. On figures [2 (¢ = 0.1) and
(e = 0.01), the transport gets closer to the optimal transport/first-order
MFG.
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Figure 1: Planning MFG on the torus, Densities at different time steps. ¢ = 1
and 31 time steps.

5.3.2 Moving Obstacles

We now use the same planning MFG setting but add multiple obstacles
moving with time (see remark [5.2). The boundaries of the obstacles are the
white circles on the snapshots displayed in figures The density is zero
inside as agents pay an infinite cost to be there.

5.3.3 Non local interactions

In this section, we investigate a model for which F' is not convex in p. More
precisely, the overall running cost will be of the form F' = F; + F5, with F}
a hard congestion term preventing concentration of mass:

0if p <1,
F, = -
1(p) {+oo otherwise.

As for the F5 term, it is given by a non local interaction functional:
=——//Kﬂf— (y) dy p(z) dz.
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Figure 2: Planning MFG on the torus, fixed initial and final densities similar
to figure (1}, Densities at different time steps. € = 0.1 and 31 time steps.

If the kernel is non symmetric (K(z —y) # K(y — x)) the mean field game
is not variational, we only solve for a fixed point of the system.

The first kernel in (see first frame figures 7)) in polar coordinates, is the
tensor product of Gaussians in radius and direction. It is non symmetric and
(because of the minus sign above) will favor streching the mass in the mean
direction (here 45 deg.). The initial density is prescribed and the final density
is free. The kinetic energy cost penalizes displacement and the game seems
to give a smooth deformation to a stationary optimal shape. The periodic
boundary conditions are not active as we use a low diffusion parameter e.

The second proposed kernel in figure [8|is the symmetrized version of the
first. We now get a perfectly symmetric evolution toward a stationary shape.

From an algorithmic point of view, we are out of the domain of application
of Sinkhorn . In order to solve the problem, we adopt a semi-implicit
approach (see [16]). At each Sinkhorn iteration n + 1 we relax the non local
functional as a potential linear cost using the density of the previous iteration:

(@) = = [ K(z —y)p™(y) dy.
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