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Abstract

We prove a form of Pontryagin’s principle for a class of optimal
control problems governed by a state equation with memory. Several
examples and applications are then considered.

1 Introduction
The aim of this paper is to study deterministic optimal control problems of
the form

u(.)EK

inf J(u) with J(u) ::/0 L(s,yu(s),u(s))ds + g(yu.(T)). (1)

Here, u is the control variable, taking values in the admissible set K, and
the state equation governing the dynamics of the state variable y = v, € R?
is an integrodifferential equation modelling quite general memory or delay
effects. More precisely, v, is the solution of the Cauchy problem:

#(t) = f(t, (z, 1), u(t)), 2(0) = x9 (2)

where for each ¢, v, is a nonnegative measure supported by [0, ¢] and (z, v;)
denotes:

(x,1) == /0 : 2(8)dv(s) = /0 t 2(8)dvy(s).

Problems of the form above arise in various applied fields in engineer-
ing, economics, biology... It is typically the case when studying the optimal
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performances of a system in which the response to a given input occurs not
instantaneously but only after a certain elapse of time. Such problems have in
general been modelled by delayed or deviating arguments differential equa-
tions which both are particular cases of (2). We refer for instance to the
classical book of Bellman and Cooke [2] for a general overview of such func-
tional equations. In the state equation (2), introducing general parametrized
measures v (that can be varying sums of Dirac masses, given by some kernel,
combinations of both...) allows to treat more general memory effects. Let
us also mention that, in [3], the first and third authors, studied the optimal
control of a state equation with memory of the following form which is linear
in the control:

x(t) = /0 f(s,z(s))dv(s) + u(t).

The paper is organized as follows. In section 2, we briefly discuss the
Cauchy problem for (2). Our main result is then formulated in section 3
where a generalization of Pontryagin’s principle for the optimal control prob-
lem (1) is established. Finally, in section 4, we apply our results to several
examples where the Pontryagin’s principle enables us to derive qualitative
properties of optimal controls. In particular, we consider an economic model
of consumption where the payment of interests may involve some delays and
we discuss an extension to more general state equations.

2 On the Cauchy problem

In the sequel, we shall simply write C°, LP, WP instead respectively of
C°([0,T],RY), LP((0,T),RY), WLr((0,T),R%). For x and y in RY, the usual
inner product of x and y will be denoted x - y and the euclidean norm of x,
|z| and for any matrix A, AT denotes the transpose of A.

Throughout the paper, we will make the following assumptions

e (H1) the control space K is a compact metric space, f € C°([0,1] x
R? x K,R%), and there exists a constant C' > 0 such that:

|f(tm,u) = f(tn' )] < Clp—n'|, Y(t,m,0',u) € [0,T) x R x R x K
(3)

e (H2) for each t € [0,T], 1, is a nonnegative finite measure such that
v ((t,T]) = 0 and ¢ — 14 is measurable in the sense that ¢ +— (g, ;) is
measurable for every g € C°([0,T],R),

e (H3) defining a(t) := 14([0,T]) = v,([0,t]), we assume o € L*(0,T).
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Compactness of the control space K is not really necessary for the rest of
the paper, this assumption is only made for the sake of simplicity. When K
is not compact, it is easy to check that all our results remain true provided
f satisfies some linear growth condition with respect to n uniformly in ¢ and
u.

We first have the following easy Lemma (see [3] for details):
Lemma 1 Let A\ > 0 and define for every t € [0,T],

t
oa(t) == / D a(s)ds
0
then @y converges uniformly to 0 on [0,T] as A — +oo.

We then have existence and uniqueness for the Cauchy problem:

Proposition 1 Under the assumpions above, for any measurable function u
2 [0, T) — K, the Cauchy problem

2(t) = f(t, (z, 1), ult)), x(0) = o (4)
possesses a unique Wt solution which will be denoted y, from now on.

Proof. Let us rewrite (4) as
t
x = Tx, with Tx(t) := zo + / f(s,(x,vs),u(s))ds
0

and equip the space C?([0,T], R?) with the norm
|zflx == sup e | (t)]. (5)

te[0,7

where A > 0 will be chosen later on. Of course, (C°, ||.||») is a Banach space
and T(C%) C C°. Defining ¢, as in Lemma 1, our assumptions ensure that
for z; and x5 in C°, one has:

[Tz — Ty < € max @x(t)||z1 — z2]|x.

t€[0,T]

By Lemma 1, choosing A large enough, we deduce that 7' is a strict contrac-
tion of (C°|.]|x) and therefore admits a unique fixed point that we denote
yu. The fact that y, is in W! follows from the inequality

to

T(t) — Tx(ty)] < / (@ + Cllzflsocx(s))ds (6)
t1

for a := sup{|f(¢,0,u)|, t € [0,T], u € K}, any x in C° and any ¢; and ¢,

such that 0 <t; <ty <T. O



3 Pontryagin principle

Now, we consider the optimal control problem

inf J(u) with J(u) := /0 L(s,yu(s),u(s))ds + g(yu.(T)). (7)

u(.)eK

where as before, y, denotes the solution of (4). In addition, to assumptions
(H1), (H2) and (H3) we further assume.

e (H4) forevery t € [0,T] and u € K, n € RY — f(t,n,u) is of class C*
and D, f is continuous in all its arguments,

e (H5) g is of class C! on R?, L is continuous in all its arguments and
for every t € [0,T] and u € K, x € R? — L(t,z,u) is of class C* and
V. L is continuous in all its arguments,

To define the adjoint state, we need a few definitions and notations. Let
us denote by L' the Lebesgue measure on [0,7] and let us introduce the
nonnegative measure v := v; @ £ on [0,7]?, and define v as the second
marginal of 7. Using test-functions, v and v are then defined by:

o o(t, s)dy(t, s) = /OT </OT o, S)th(S)) dt, Yo € C°([0, 7%, R),
/OTw(S)du(S) _ /OT </OT¢(S)th(S)) dt, Vb € C°([0, T, R).

Using the disintegration theorem (see for instance the book of Dellacherie
and Meyer [4] or the appendix in the lecture notes of Ambrosio [1]) we may

also write v = v®@v} where v} is a measurable family of probability measures
on [0, T]. We recall that ¢ € L'(v) if and only if:

o for Ll-ae. t €[0,T], ¢(t,.) € L'(v;), and
o t— (o(t,.), 1) € LY(LY)

which is also equivalent to
e for v-a.e. s €(0,7], ¢(.,s) € L*(v}), and

o 51— (¢, 5), 1) € L'(v).



Moreover, if ¢ € L'(v), then:

o(t, $)dn (b, 5) = / (O(t,.), 1) dt = / (6 5),v7) di(s)

0,772

*
S

Let us also remark that since v; is supported by [0,t], v} is supported by

[s,T]. Our last assumption then is:

(H6) v € L.

Next, let us remark that if ¢ € L>([0,T],R%), then (¢,s) — ¢(t) € L(y)
hence for v-a.e. ¢ € L'(v?}) and s +— (¢, v}) € L'(v). By (H6) (and slightly

abusing notations denoting by v the density of v with respect to £'), we also
have that s — (¢, ) v(s) is in L' and the inequality

T
1@, v7) vl :/0 | (@, v5) [v(s)ds < |[@]]ool [V -

Let us assume that @ is an optimal control, i.e. solves (7), let us denote
T := Yy the corresponding optimal trajectory. Let t € (0,7T) satisfy

t is a Lebesgue point of s +— ((T,v,), L(s,Z(s),u(s)), f(s, (T, vs) ,E(s)))@)

Now let v € K be an arbitrary admissible control and e € (0,¢). Let us
remark that with (8) and (H1), ¢ is a Lebesgue point of s — f(s, (T, vs) ,v)).
Let us then define

(s) = v if s € (t—e,t
Ueld) = u(s) otherwise.

and denote by z. := y,_ the associated state.
To shorten notations, let us also set:

A(s) == D, f(s,(Z,vs),u(s)), and 0(s) := V,L(s,%(s),u(s)) 9)
and let us remark that both A and 6 are in L*°.
Lemma 2 Let us define z. := ¢ Y(x. — T) then z. is bounded in L™, z.

converges pointwise to z = 0 on [0,t) and z. converges uniformly on [t,T] to
the function z that solves:

(s) = A(s) (z,vs) on (,T], 2(t) = f(t, (T, 1) ,0) = f(t, (T, 1) , (). (10)



Proof. By uniqueness for the Cauchy problem, z. = 0 on [0,¢ — ¢] so that
z. converges pointwise to 0 on [0, ).

Step 1: z. is bounded in L.
For s > t, we have:

() = 1)+ 2 [ (0. (oo} 1(0) — 6. ) OB (11)
where L
](5) = g /;Jf(a <I67 V9> 7”) - f(@, <f’ V9> 7ﬂ(0))]d0

It is easy to check that z. is bounded and then so is the integrand in I(¢)
and then |I(g)| < M for some constant M. Defining the norm, ||.||5 as in the
proof of proposition 1, ¢, as in Lemma 1 and using (H1) we then have

|z(s)le™ < Me™ + Cl|zlaga(s). (12)

Thanks to lemma 1, we easily deduce that z. is bounded in L*°. Let then C)
be such that ||z. — T||o < Coe for every e.

Step 2: Convergence of z.(t).
Let us write

) = [ 160 0) = S @) )
1 [ _
w2 [ 1P ) o) = (s (7)ol

The second term is bounded by CyC' ftt_a a hence converges to 0. Since ¢ is a
Lebesgue point of s — f(s, (T, vs),v) and s — f(s, (T,vs),u(s)), we deduce
that

lim z.(t) = f(t, (T, ) ,v) = (£, (T, 1), U(t)). (13)

e—0t+
Step 3: z. is uniformly equicontinuous on [t, T
Let t; and t5 be such that T'> t, > t; > t, we then have

to

2 (ts) — 2(11)] < g/ (2e — T, v2) ds < coc/ als)ds.  (14)

t1 t1

Ascoli’s theorem and (14) then prove that the family (z.). is relatively com-
pact in CO([t, T], RY).

Step 4: z. converges on [t,T] to the solution of the linearized equation.
Thanks to Step 3, there is a sequence ¢, — 0 such that z, := 2. converges
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uniformly to some z € C°([t, T]). Let t; and 5 be such that T >ty > t; > t,
we have

Zn(ta) =za(l1) = i/Q[f(s, (T + enzn, vs) , u(s)) = f (s, (T, vs) , uls)]ds. (15)

n J#

Thanks to (H4) and Lebesgue’s dominated convergence theorem, passing to
the limit in (15), yields

2(ty) — 2(t1) / (T, vg),ul(s)) (z,vs)]ds

/A (z,v5) ds.

2(s) = A(s) (z,vs) on (t,T). (16)

This proves that z solves

And with (13), z also satisfies the initial condition

2(t) = f(t,(7,w) ,0) = (8 (T, v, u()). (17)

Finally, the system (16)-(17) admits z as unique solution, together with the
relative compactness of the family z., this implies that the whole family 2.
converges uniformly to z on [t,T] as ¢ — 0 and the proof is complete. —

Lemma 3 There exists a unique W' function p that solves the adjoint sys-
tem:

p(s) = = (ATp,v) v(s) — 0(s) (18)
together with the transversality condition:
p(T) = Vg(@(T)). (19)

Proof. The existence and uniqueness of a continuous solution to (18) can
be proven by similar arguments as for proposition 1. The fact that p is W1
follows from the fact that, since v € L', s — (ATp, ;) v(s) is L' and:

T
1 (ATB, 1) vl < [ ATP]o / v = | ATBlol 11



Lemma 4 Let z be as in Lemma 2 and p be the adjoint variable defined in
Lemma 3, then we have:

B(T) - =(T) = p(t) - =(t) — / 0. (20)

Proof. Since both z and p are Wbt on (¢, T) we have:
PT)-AT) = 5(0) 20 = [ (p-2+5-)
= /t p(s) - A(s) (z,vs) ds — /t (ATp,vE) - 2(s)v(s)ds

T
—/9-2
t

Since p and A are in L™ and s — (z,v,) is L', the map
(5,7) = A(T)"D(T) - 2(s)

belongs to L'(y). Since z = 0 on [0,¢) and then (z,v,) = 0 for 7 < t, we
thus get

/t Tp(T)‘A(T) (z,v7) dr = /0 Tﬁ(T)'A(T) (z,vr) dr
- /[O,TP AT(T)p(T) - 2(s)d(7, 5)
_ /0 ! (ATP, %) - =(s)(s)ds
- /tT (ATp, 1) - 2(s)v(s)ds

which proves (20). -

Lemma 5 Let z be as in Lemma 2 and p be the adjoint variable defined in
Lemma 3, then if t satisfies (8), we have:

lim L[ (u.) — J(@)] = B(T) - (T) + /t 0.2+ L(t,7(t),v) — L(t, 7(¢), a(t)).

e—0t €



Proof. By construction, we have

S 0) = J@)] = lo(eoT) = @ TN + = [ [Bs,s).0) = Lo ). )l
+ %/t [L(s,z-(s),u(s)) — L(s,Z(s),u(s))]ds

Thanks to Lemma 2, assumption (H5) and (19), the first term above con-
verges to

Vyg(@(T)) - 2(T) = p(T) - 2(T).

Since t is a Lebesgue point of s — L(s,Z(s),u(s)), one easily deduces from
Lemma 2 that the second term converges to:

L{t,7(t),v) — L(t, (1), q(t)).

Finally, recalling (9), by Lebesgue’s dominated convergence theorem, (H5)
and Lemma 2, the third term converges to:

/tT V. L(s,7(s),a(s)) - 2(s)ds = /tTe 2.

.

Our main result then states the following form of the Pontryagin’s prin-
ciple:

Theorem 1 Ifu solves (7) and T := y; denotes the corresponding trajectory
then for a.e. t € (0,T) one has

u(t) € argmin,e i {p(t) - f(t, (T, 1) ,0) + Lt T(1),v) } (22)

where the adjoint variable p is the solution of

{ B(s) = =Dy f (., (@ v.), () (), V%) v(s) = VaL(s,T(s), u(s)),
p(T) = Vg(z(T)),

where (T,v.) denotes T — (T, v;).
Proof. Almost every t € (0,7 is a Lebesgue point of

s+ (T,vs), s+— L(s,T(s),u(s)), and s — f(s, (T, vs),u(s)).



For such a t, we define u. and x. as above. Since u is an optimal control,
then J(u.) > J(u). With Lemmas 4 and 5 we then have, defining z as in
Lemma 2 and p as in Lemma 3:

= p(t) - 2(t) + L(t,7(t), v) — L, (1), ult)
=p(t) - (f(t, (T, m) ,0) = f(E, (T, v, (1)) + L(E, T(t), v) — L, 7(1), u(t))

since v is arbitrary in K in the previous inequality, we deduce (22) and the
proof is complete. O

0 < Tim ~[J(u.) — J(@)] = p(T) - =(T) + / 6+ L(t.7(t), v) — L(t, Z(t), a(t))

)
)+

4 Applications and extensions

The aim of this section is to consider some examples and derive some quali-
tative properties of the optimal controls from the optimality conditions given
in Theorem 1. We also mention an extension of the Pontryagin’s principle of
Theorem 1 to more general state equations.

4.1 The case of a linear dynamic

Let us consider the case of the linear dynamic:
#(t) = A1) ({z, 1)) + ult), 2(0) = xo, (23)

where A is a continuous function from [0, T'] to the space of d x d matrices. We
assume that the admissible set of controls K is some convex compact subset
of R? and as before, for any measurable u taking values in K we denote by
Y., the solution of (23). We now consider the optimal control problem (7)
in the convex case, i.e. when in addition to the general assumptions of the
paper, g is convex, and L is convex and differentiable with respect (z,u).
In this convex setting, the optimality conditions given in Theorem 1 are in
fact necessary and sufficient. More precisely, let us assume that the control
u and the associated state T = ygz satisfy the conditions of the Pontryagin’s
principle:

u(t) € argmin, , {p(t) - v+ L(t,T(t),v)}, for a.e. t (24)
where the adjoint variable p solves
ps) = = (AT ()p(), vi) v(s) = VoL(s,T(s),(s)), p(T) = Vg(@(T)). (25)
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Then, we claim that @ is an optimal control. Indeed, let u be another admis-
sible control and x = ¥, be the corresponding state, then on the one hand,
the convexity of K and (24) yield

B() - (u(t) —a(t) + VoLt T(@),a(t)) - (u(t) — a(t)) > 0, for ae. t. (26)

On the other hand, using our convexity assumptions, (23), (25) and (26) and
an integration by parts, we have

J(u) — J(@) > /0 VL) (2~ T) + VI (67, ) - (u— T)
+B(T) - (o(T) — (7))
> [pa-n- [y e-me- [ 5w
=[5 At -zon - [ (40w -Te=0
Let us further consider the case where
L(t,x,u) := h(t,z) + %|u|2

with A convex in x. Then there is a unique optimal control, w, that is
characterized as follows. First, condition (24) simplifies to

u(t) = mx(=p(t)) (27)

where 7w denotes the projection on K. Note that since, 7y is one-Lipschitz
then the optimal control is absolutely continuous. The optimal state and the
corresponding adjoint state are then obtained by solving:

{ z(t) = A()((T, ) + 7 (=D(1)), T(0) =z
p )P )

4.2 An economic example

A classical approach to study the tradeoff between consumption and saving
in continuous time is to consider the problem

sup/0 e MU (c(t))dt + V (x(T)) (28)

C
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where ¢ denotes the consumption (control) variable, x denotes the agent’s
wealth, 0 > 0 is a discount factor and U and V' are strictly concave increas-
ing utility functions. Usually, the state equation governing the evolution of
wealth is the linear equation:

T=rx—c (29)

where r denotes the (possibly nonconstant) interest rate. In the case of a
constant interest rate r, it is well-known that the optimal consumption is
increasing when 6 < r (i.e. when the agent is sufficiently patient), constant
when § = r and decreasing when § > r. Now, let us consider the more
general case where there may be some delay in the payment of interests and
where the state equation is given by

(t) = (ro, u) — c(t) = (x, 1) — c(t), with vy = ru,. (30)

The (necessary and sufficient) optimality conditions for the optimal consump-
tion ¢ are as follows:

U'(e(t) = e™q(t)

where the adjoint state g is the solution of

q(s) = — (g, v5) v(s), ¢(T) = V'(z(T)) > 0. (31)

It is easy to check that q is positive and decreasing and since U’ is decreasing,
we deduce that the optimal consumption is increasing exactly when €7 is
decreasing (note that this condition does dot depend on the value g(7") and
is satisfied for instance in the case of a large constant interest rate r).

4.3 Bang-bang control

As a first example, let us consider the case where L = 0 and the state equation
has the separable form:

#i(t) = filt, (w,v) s us(®)) i = 1, ... d

where each f; is increasing with respect to u; and the admissible control set K
is of the form K = [a1, b1] X ... X [ag, bg]. In this case, the optimality condition
(22) implies some bang-bang property of the optimal controls: w;(t) = a; for
a.e. t such that p,;(t) > 0 and w;(t) = b; for a.e. t such that p,;(t) < 0.

As a second example, let us assume that g satisfies Vg(z) € Ri for all
z, and f is such that D, f(¢,n,u) has nonnegative entries for every (¢,n,u).
It is easy to check that this implies that the adjoint state p necessarily has

12



nonnegative components. If, in addition, K is convex, L is strictly con-
cave with respect to u and each component of f is concave with respect
to u, then the optimality condition (22) implies that any optimal control
u(t) has to minimize over K, for a.e. t, the strictly concave Hamiltonian
v — L(t,T(t),v) + p(t) - f(t,(T,v4),v). This implies that optimal controls
necessarily take values in the set of extreme points of K. In particular if K
is a convex polytope, optimal controls take a finite number of values.

4.4 Extension to more general state equations

By the same arguments as above, one can consider the optimal control of the
more general state equation than (2):

l‘(t) = f(t7 <h1(,ZL‘()), th> IR <hm(,l‘()), VZ”> >u(t))v ZL‘(O) = To (32)

provided all the functions hq, ...., h,, satisfy suitable Lipschitz and differen-
tiability conditions and the measures v}, ...., /" satisfy the same conditions
as 14 in the previous sections. For the sake of simplicity, let us assume that
x, f and each function h; are real-valued and denoting y, the solution of
(32), we consider the optimal control problem

inf J(u) with J(u) = /0 L(s, yu(s), u(s))ds + g(ya(T)).  (33)

u(.)EK

It is easy to check that the following generalization of Theorem 1 holds (under
natural assumptions that we do not make precise here). If u solves (33) and
T := yy then for a.e. t, one has

u(t) € argmin, , {D(t)- f(t, <h1(.,f(.)), I/tl> sy (P (L T(L)), 7))+ L(E T(E),v) }
for the adjoint variable p that solves:
B(s) == (D F (), 0))P(), VL") Dy (s, T () (5) — Do L(s, B(s), U(s)),

p(T) = g'(z(T))

where we have set:

n(r) = (- Z0),vz) s s (B, 7)), 17))

and the measures v/ and vJ* are obtained as before by desintegrating the
measures 77 1= v} ® L.
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