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1 Introduction

These lectures notes have been prepared by A. Chambolle for the M2 course “Continuous
optimization” given between Oct. and Dec. 2016 in Paris 6, in the Master “modélisation
mathématique” of Ecole Polytechnique, Université Pierre-et-Marie Curie (Paris 6) and
Ecole National des Ponts et Chaussées. Much of the material is taken from [9], or/and
inspired by famous textbooks [33, 29, 38, 15, 2]. Updated for the 2017-2018-2019 courses.
The 2020 courses will take place in Université Paris-Dauphine PSL.

The notes gather various matherial mostly on first order optimisation and iterative
algorithms for generally convex problems, including operator splitting, acceleration, etc.

2 (First order) Descent methods, rates

Most of what we describe in this section is in finite dimension, although extension to
Hilbert spaces is in general easy. We will discuss rates of convergence, in particular,
which we try to make independent on the dimension. The complexity of the itera-
tions, on the other hand, are usually very dimension-dependent, and this is the reason
for which high order descent methods are not practical for modern high dimensional
problems (imaging, data analysis...).



2.1 Gradient descent

The main source for this section is the reference textbook of Polyak [33]. Consider the
problem of minimising

min f(x)

rzeX

with X a finite dimensional vector step (or Hilbert) and f a real valued, C' function (or
at least differentiable). We denote X™* the dual of X (which can of course be represented
by X through the scalar product).

The differential df (z) € X* is defined as the linear part of the closest affine function
to f at (z, f(x)):

fQy) = f(@) + df(x) - (y = x) + o(f = y]).

The function f is said to be (Fréchet) differentiable at z if such an affine approximation
exists, and it is C' in X if

af : X —» X*
z — df (z)

is defined everywhere and continuous. The local inversion theorem guarantees that in
this case, near points where df (z) # 0, the level set {f = f(x)} is a C! hypersurface
with tangent space Ker df (z) = {h : df (x) - h = 0}.

When X has a Euclidean or Hilbertian structure (a scalar product), then df (z)
has the (Riesz) representation df (x) - h = (V f(x),h)y (Vh), where now V f(z) is the
gradient of f at x (which depends on the metric structure of X). One has obviously
Kerdf(z) = Vf(z)* and Vf(x) is a normal vector to the level surface {f = f(x)} of f
at x, pointing towards the larger values.

For this reason, the most simple idea to minimize the function f is to introduce the
“gradient descent algorithm” with step 7:

f T =gk — 7V f(2F) = T, (2F).
As said above, —V f(x*) is a descent direction. Near z*, indeed,
f@) = f@*) + (Vf(a"),z = a*) + o(z — ¥)

so that
F@*h) = f(@h) = 7|V F@*)? + o(r) < f(a¥)
if 7 > 0 is small enough and V f(z¥) # 0. One can use various strategies to choose 7:

e optimal step: min, f(z* — 7V f(2*)) (with a “line search”, such as for instance
for the “conjugate gradient method”);

e Armijo-type rule: find i > 0 such that f(z¥—7p'V f(2*)) < f(z*)—crp!|V f(zF)|?,
p <1,c<1 fixed;

o Gradient with fixed step: 7 > 0 is given, and one sees that one can interpret z*+!

as the minimizer of a quadratic approximation of f:

1
g = argmin f(2*) + (Vf(a*), 2 — 2F) + E\x — k2



Observe that the latter choice has the form
1
min f(z*) + df (%) - (z — 2*) + Q—d(:c,xk)2
z T

with the distance d(z,2*) = |z — 2*| given by the Euclidean metric structure of X.
It can be natural, in some cases, to consider varying the metric (inside, or sometimes
even outside of the Euclidean framework). A particular situation (which is therefore
not anymore a “gradient descent” method in the above sense, at least in general), is the

e “Frank-Wolfe”-type method': mingexr f(2F) + <Vf(x’“),x — xk> where XF* is
appropriately defined.

Here we replace the metric term |z — 2¥|2 with a constraint on z depending on the

previous iterates. For instance: X* := {z : |z — 2| < €}, in which case 7 = £/|V f(2*)|

(then we recover a gradient descent method). In other instances, once the minimizer x

of the above problem is found, one lets ¢* = z* — z and z*T1 = 2* —7¢*, ¢* playing the

role of a gradient, but with some local metric (hence the name “conditional gradient”).

Convergence analysis: if 7 is too large with respect to the Lipschitz constant of V f,
or Vf is not Lipschitz, easy to build infinitely oscillating examples (ex: f(z) = ||z]]).

etc...

Figure 1: The gradient descent may never converge if the step is too large or the function
not smooth enough

If fis C!, Vf is L-Lipschitz, 0 < 7 < 2/L, inf f > —oc then the method converges
(in RY) in the following sense: V f(z*) — 0.
Proof:

) = f(a) - / (VI - sV I), V)

= f(a*) = 7|V f(@")]? + /OT (VF(a®) = Vf(a* = sV f(a*)), V"))
< f@h) T = EDIVIEHIP. (1)

(Observe that we just use here that D?f is bounded from above by LI (if f C?), or
more generally, letting = 2F and y = 2F — sV f(2*), we use

(Vf(z) = Vf(y),z—y) <Lz -yl

or “conditional gradient”.
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which is a consequence of the Lipschitz property of V f, but is a weaker property.)
Then letting x = 7(1 — 7L/2) > 0, one finds that

Fa) + 1 Y IVFE? < Fa).
k=0

This shows the claim. If in addition f is “infinite at infinity” (coercive) then x* has
subsequences which converge, therefore to a stationary point.

Remark 2.1. If 7 = 0, the iteration does nothing (and hence converges to the initial
point...). If 7 = 2/L, the iteration might oscillate forever, as shows the example of the
function f(x) := L|z|?/2.

Remark 2.2. Taking z* a minimizer, 7 = 1/L, we deduce that
1 *
ﬁllvf(xk)ll2 < fa®) = @) < f@®) = fa).

The convex case Further information on the second order behaviour of f allows to
improve the analysis of the algorithm. The gradient descent method is better analysed
assuming that f is convex. One can show (i) that the iteration is a 1-Lipschitz mapping
(hence the iterates have to get closer to fixed points, or at least can not move away,
during the process), (ii) basic convergence rates (that is, a speed of convergence of f(z*)
towards its minimal value).

First, if f is convex we have the following additional property:

Theorem 2.3 (Baillon-Haddad?). If f is convex and Vf is L-Lipschitz, then for all
‘/I;7 y)

(Vi) = V)2~ ) > 71V @)~ V)
(V[ is said to be “1/L)-co-coercive”.)

We will see later a general proof of this result based on convex analysis. In finite
dimension, if f is C2, then the proof is easy: one has 0 < D?f < LI (because f is
convex, and because Vf is L-Lipschitz). Then

1
V@) = V1) = [ D+ @ = p)la = ds = Alw =)
with A = fol D?f(y + s(x — y))ds symmetric with 0 < A < LI. Hence:
IV @) = VII? = 1A( -y = (A42(z — y), A2 (@ - y)) <

LAY (@ ~y), Az~ y)) < L(A( — y),z — y) = L{Vf(2) = VI (y), ~ )

which is the result. If f is not C?2, one could smooth f by convolution with a smooth,
compactly supported kernel, derive the result and then pass to the limit.

Lemma 2.4. If f is convex with L-Lipschitz gradient, then the mapping Tr =1 — 7V f
is a weak contraction when 0 < 7 < 2/L (that is, T, is 1-Lipschitz, or “non-expansive”).

2This is a modest corollary of a much more general result, in arbitrary topological spaces, for
operators which satisfy “cyclic monotonicity” conditions, see [1].



Proof:

1 Trae = Tryl|* = llz —yl* = 27 (x =y, Vf(2) = Vf(y)) + 7°|V f(z) = VI (»)
2T TL
<lz—ylP-=(1-= — 2,
<l =yl = F (1= 5)IVF@) - Vi@)]
Remark 2.5. Ty is “averaged” for 0 < 7 < 2/L, that is one can write
T, =01—-2Vf)+(1-0)I

for = 7L/2 €]0,1[. The convergence of the iterates of this class of operators will be
proved later on, see Section 3.1.

Convergence rate in the convex case. Additionally, we Then, using that, for x*
a minimizer,
f@*) = f(a*) + (Vf(ab), 2" —2")
(we will see this is a general property of convex functions), we find
fz¥) — f(a¥)

[l — ]|

< [IVF@=M) (2)

Assuming still that 0 < 7L < 2, and using Lemma 2.4 which implies that ||z* — z*| <
|20 — x*|, it follows (f(z*) — f(x*))/||2° — z¥|| < ||V f(z*)||. Hence from (1) we derive,
letting Ay = f(2*) — f(z*), k = 7(1 — 7L/2) €]0,1/(2L)], that
K
Appr <A — ———— A2 3
e O ?
We can show the following:

Lemma 2.6. Let (a)r be a sequence of nonnegative numbers satisfying for k > 0:
ag+1 < ap — cilai
Then, for all k > 0,

< C
g < S
P

Proof: First observe that if we replace a; with ax/c, the property becomes agy1 <
ay — ai: hence it is enough to prove it for ¢ = 1. Then, as ax(1 — ax) > ag4+1 > 0, one
has 0 < ax < 1 for all £ > 0. We show the inequality by induction: for kK = 0, ag < 1.
If K > 1 and if kax_1; < 1, then we write that

(k+1)ap < (k+1)(ap_1 —az_,)
=(k+1ap_1 — (k+1ai_, =kap_1 +ap_1(1 — (k4 1)ap_1)
<l+4+ar—1(1—(k+1ag)

since 0 < a < ap—1? Hence (1—(k+1)ag)(1+ar—1) > 0. It follows that (k+1)ay < 1.
Applying this Lemma to the recursion (3) we deduce:

Theorem 2.7. The gradient descent with fized step satisfies

l2° — z*|?
A< 2T
= Tk + 1)



Observe that this rate is not very good and also a bit pessimistic (it should improve
if z¥ — 2* because (2) improves: but without further knowledge of f it is impossible
to guess how much). On the other hand, it does not prove, a priori, anything on the
sequence (x%) itself. Observe also, to conclude that k = 7(1—7L/2) = (2/L)[(TL/2)(1—
7L/2)] is maximal for 7L/2 = 1/2, that is, 7 = 1/L. In that case, Kk = 1/(2L) and the
rate is bounded by . ,
|7 — =]

Ar < 2L
Strongly convex case. A function f is y-strongly convex if and only if f(z)—|x||?/2
is convex: if f is C?, it is equivalent to D2f > ~vI. We will discuss more precisely this
definition in Section 4.1. In this, case if 2* is the minimizer (which in this case always
exists and is unique)

et =gkt (VR - V() = /0 (I —7D*f(x* +s(a® —2))(z* — 27)ds

hence (using that (1 —7L)I < T —7D%*f < (1 —71)I)
|2*Tt — 2*|| < max{1 — 7, 7L — 1}||z* — 2*|.

If f is not C? one can still show this by smoothing. The best constant is for 7 = 2/(L+7)
and gives, for ¢ = (L —v)/(L + ) € [0,1]

2% — 2| < ¢*[|2® — 2.
One can easily deduce the following (apparently) more general result:

Theorem 2.8. Let f be C?, x* be a strict local minimum of f where D?f is definite
positive. Then if x° is close enough to x*, the gradient descent method with optimal step
(obtained with a line search) will converge linearly. (Or with fized step small enough.)

2.2 What can we achieve?

This paragraph contains a very elementary introduction to lower bounds and complexity.
We follow the description in [9], were we essentially give elementary variants of deeper
results found in [26, 29].)

Idea: consider a “hard problem”, for instance, for x e R", L > 0,7 > 0,1 <p <n,
functions of the form:

flo) = 57 (m SR )) + 5 ll2l?, 4)

=2

which is tackled by a “first order method”, which is such that the iterates x* are
restricted to the subspace spanned by the gradients of already computed iterates, i.e.
for k>0

xkExo—l—{Vf(xo),Vf(xl),...,Vf(mk_l)}, (5)

where z° is an arbitrary starting point.

Starting from an initial point 2° = 0, any first order method of the considered
class can transmit the information of the data term only at the speed of one index per
iteration. This makes such problems very hard to solve by any first order methods in the

0



considered class of algorithms. Indeed if one starts from 2% = 0 in the above problem
(whose solution, for v = 0, is given by z; =1, k =1,...,p, and 0 for [ > p), then at
the first iteration, only the first component z1 will be updated (since 9;f(z°) = 0 for
i > 2), and by induction one can check that at iteration k, ¥ = 0 for [ > k + 1.

The solution satisfies V f = 0, therefore is characterized by

 L—vymip1+ 3
L+ 2 ’

ZT; [ < p— 17

with g = 1 and z, = (L — v)/(L + 37)xp—1. The best possible point at iteration k
satisfies this equation for ¢ < k, and zpy; = 0. In case v = 0 we find that this point x
is affine: x; = (1 —4/(k+1))", and @, — 2,1 = —1/(k + 1) for i < k + 1. Hence

L L 1
f(x)zgz(lwrl)? T 8k+1

i=1

is the best possible value which can be reached at step k.

If one looks for a bound independent on the dimension with (here for homogeneity
reasons) f(x¥) ~ L|lz° — x*||%as, (for a sequence (ay)), using here that x; =1 for i <p
and 0 for i > p, 2° = 0, and f(x*) = 0, one obtains

L

0 _ %2
IS L

f(@*) = f(z*) >
(k < p) (while if k = p, ¥ = 2*). For k = p — 1 one finds

L ||z° — =*|]?
ky _ Wy > 27 L
F) 1) 2 e
hence no first order method can reach a bound of the considered form which is better
than this. (It does not contradict a bound of the form f(a*) — f(x*) = o(1/k?), for
instance!)

It follows a variant of the results in [29] (where a slightly different function is used),
see Theorems 2.1.7 and 2.1.13.

Theorem 2.9. For anyn > 2, any 2° € R, L > 0, and k < n, there exists a conver,
one times continuously differentiable function f with L-Lipschitz continuous gradient,
such that for any first-order algorithm satisfying (5), it holds that

L||2® — 2*||?

Fh) = £) 2 S

(6)

where ¥ denotes a minimiser of f.

Observe that the above lower bound is valid only if number of iterates k is less
than the problem size. We can not improve this with a quadratic function, as the
conjugate gradient method (which is a first-order method) is then known to find the
global minimiser here after at most p steps.

But practical problems are often so large that it is not possible to perform as many
iterations as the dimension of the problem, and will always fulfill similar assumptions.

If choosing v > 0 so that the function (4) becomes ~-strongly convex, a lower bound
for first order methods is given Theorem 2.1.13 in [29]. It is hard to derive precisely for



p finite, however in RN ~ ¢?(N), for p = +o0, one finds that the solution is given by
r=q" q=(V/Q—1)/(+/Q+1) where Q = L/~ is the condition number of the problem
mamﬁwzch—wﬂL+vxm+uwyHmozm

|20 — z*|? = Zq27 = ——, while

la* —2*|* > Z ¢ = e — |,
i=k-+1
The strong convexity of f shows that

f@®) > fz*) +

Y 2k,.0 _ #2
L@ - 27|

and it follows:

Theorem 2.10. For any z° € R® ~ (5(N) and v, L > 0 there exists a y-strongly con-
vex, one times continuously differentiable function f with L-Lipschitz continuous gradi-
ent, such that for any algorithm in the class of first order algorithms defined through (5)
it holds that for all k,

2k
“@‘1) 2 — 2| ™

VQ+1

where Q = L/vy > 1 is the condition number, and x* a minimiser of f.

; * i
) = 1) = 3

In finite dimension, a similar result will hold for k small enough (with respect to n).

The meaning of the two results above is the following: given a first order method,
one will never be able to beat in general the rates in the theorem without additional
assumptions or properties of the function f or the space (dimension, etc).

2.3 Second order methods: Newton’s method

The idea of Newton’s method relies on using second order information to improve the
precision of the approximation of the function at step k. (In practice, one solves the
equation V f(z) = 0 using Newton’s standard method.) We have

f@) = f(2") + (V") 2 —2*) + 5 (D*f(a") (@ — 2), 2 — 2%) + o — «*||?).

If we are near a minimizer, we can assume D?f(z*) > 0 (hopefully), and hence find
2**1 by solving

mwinf(xk) +(Vf(a"),x — 2F) + L (D f(a")(x — 2F),2 — 2")

Compare with the Gradient descent with step 7 in a metric defined by a symmetric
positive definite matrix A > 0, which would be:

ml;nf(a:k) + <Vf(xk),x - xk> + 5= (A(z — z), x — xk>

hence we can see Newton’s method as a gradient descent in the metric which best
approximates the function. We find that #**! is given by

V(@) + D2 f(a®) (2" —2%) =0 < 2FF =2F — D2f(a*) IV f(ah).

We have the following “quadratic” convergence rate.



Theorem 2.11. Assume f is C%, D?f is M-Lipschitz, and D*f > v (strong convezity).
Let g = M/(29%)||[V f(2°)|| and assume z° is close enough to the minimizer z*, so that

q<1. Then ||z* — z*| < (2y/M)¢*".

This is extremely fast (the precision is doubled at each iteration, this is called a
quadratic rate), but there are strong conditions, and the algorithm can be hard to
implement.

Proof: first see that

1
Vf(z+h)=Vf(x) —I—/O D?f(x + sh)hds

1
=Vf(z)+ D2f(:r)h +/ (D2f(x + sh) — D2f(x))hds
0
so that M
IV f(x+h) = Vf(x) = D*f(x)h]| < 7llh||2-
Hence

0

IVF(z"1) = Vf(a") = D*f(a") (@ —a¥) || < %Ilw"’+1 —a*|?

M _ M
= [V < S ID*F ) TPV AED? < Wllvf(xk)\\2
Hence letting gi = ||V f(2*)]|, for all k one has
M M M
log gr+1 < 210ggk—|-log2ffy2 = loggy < 2* loggo—l—(Qk—l)logW = ok logq—logﬁ

so that )
2’}/ k
k < 2 .
1956 < g

As f is strongly convex, (Vf(z*),a* — 2*) > ~||zF — 2*||, and we can conclude.

The main issue with this is that it is very important to have g < 1, otherwise the
method could not work. The (very) “good” rate of convergence is obtained only if the
starting point is good enough.

There are quite a few very important variants of Newton’s method, which are
designed so that one does not have to explicitly evaluate D?f(z*)~!, usually called
“Quasi-Newton” type methods: one replaces D?f(z*) with a metric Hj which is im-
proved at each iteration, hoping that Hy — D?f(x*) in the limit. The most famous
(and very efficient) variant is known as the “BFGS” method (after Broyden-Fletcher-
Goldfarb-Shanno, detailed in 4 papers of 1970) and its improvements (limited memory
“L-BFGS”) [8, 25]. This topic is covered extensively for instance in [30, Chap. 6] and
various toolboxes exist which implement this method.

2.4 Multistep first order methods

2.4.1 Heavy ball method

This description follows Polyak’s book [32] where the method is introduced. The idea
is to iterate:
" = 2F — aVf(aF) + B2k — 2P,

10



a,B > 0. This mimicks the equation & = —V f(z) — & of a heavy ball in a potential
f(z) with friction, which can be discretized as (for instance):

okl _ogk o pk=1  gk+l _ gk

(5t)? A

The method requires that f is C2, v-convex, with L-Lipschitz gradient (at least near
a solution x*), that is:
vl < D*f <LI.

Then (see [33])

Theorem 2.12. Let z* be a (local) minimizer of f such that vI < D?f(x*) < LI,
and choose a, B with 0 < 8 < 1,0 < a < 2(1+4 B)/L. There exists ¢ < 1 such that if
q<q <1 andifz° ' are close enough to x*, one has

la* —*|| < e(q")q™.
Moreover, this is almost optimal in the sense of Theorem 7: if
2
4 VL -7 VL -/~
=|—=—"— then ¢ = ——.
VIt 5 VIt /7

Proof: this is an example of a proof where one analyses the iteration of a linearized
system near the optimum. Close enough to x*, one has

ef =2k — aD?f(2*) (2" — %) + o(||z* — z*|) + BlaF — 2P,

(VL+7)?

and one can write that z¥ = (zF — 2%, 2F~1 — 2*)T satisfies, for B = D?f(2*),

2P = <(1 +*B)II_QB _5") 2+ o(2F).

We study the eigenvalues of the matrix A which appears in this iteration: We have
x (1+8)I —aB —B[) (ac) <x>
A = =
(y> ( 1 0 )\w) ="\

(1+ B)x —aBz — By = pr, x=py
(and z,y # 0) hence if (14 8)x — aBx — 5/px = px. We find that

if and only if

1
Bxr = — <1+6—p—ﬁ)x
@ P
hence i (1 +B—p— %) = i € [y, L] is an eigenvalue of B. We derive the equation

pPP—(1+B—aup+B=0

which gives two eigenvalues with product f and sum 1+ 8 — au. If 8 € [0,1) and
—(1+p5) <1+p5—ap < (1+p) (extreme cases where £(1,3) are solutions) then
lpl < 1, that is, if 0 < o < (2+ B)/p. Since p < L one deduces that if 0 < 8 < 1,
0 < a < (24 B8)/L, the eigenvalues of A are all in (—1,1) (incidentally, it has 2n
eigenvalues).

We use here the following fundamental classical lemma [21]:

11



Lemma 2.13. Let A be a N x N matriz and assume that all its eigenvalues (complex
or real) have modulus < p. Then for any p’ > p, there exists a norm || - ||« in CV such
that || A||« :== SUP|j¢||, <1 [|AE]. < p'.

This is an important result of linear algebra. The proof is as follows: up to a change
of a basis, A is triangular: there exists P such that

PlAP=T

with T = (¢ ,j) j, tii )\z, an eigenvalue, and ¢;; = 0 if ¢ > j. Then, if D, =

diag(s,s%, 8%, ...,s") = (5'0; )i, DsP~'APD;! = (x5 ;) with
= Z §'0i ktras oy = 8"t
k,l
and (since ¢; ; = 0 for i > j), x7 ; — \id; j as s — +oo.

Hence, if s is large enough, denotmg l€]|co = max; |&;] the oo-norm,

nax [ D.P PAPD oo < max(IXil + (0" = p)) </

if s is large. Hence, if ||| := || Ds P~ €00, one has

1Al = sup_ IAg]. < p'.

i<

It follows, in particular, that if p’ < 1, ||A%|l, < ||A||¥ < p* — 0 as k — oco.
Applying this to our problem, we see that (choosing p’ < 1)

1254 = 142" + o(2M) I« < (0" + ) [12"]«
if ||2*||« is small enough. Starting from z° such that this holds for e with p’ +¢ < 1, we
find that it holds for all k¥ > 0 and that ||2**1]|. < (p' + €)*||2°]|«, showing the linear

convergence.

2.4.2 The conjugate gradient method

(For this section we refer again to Polyak [33].)

The conjugate gradient is “the best” two-steps method, in the sense that it can be
defined as follows: given z¥, zF=1 we let 2F+! = 2% — a;, V f(2%) + Br(z¥ — 2% 1) where
g, Bk are minimizing

migl f@® —aVf(a®) + par — 2 1)).
In particular, we deduce that
(V@) V@) =0 and (Vf(*T), 2" =2 1) =0 (8)

and it also follows
(V) a" —2F) =0 (9)

Notice moreover that

Vi) = Vb)) — an D2 f(a® 4 s(ah Tt — 2%))V f(2F)
+ BD? f(z* + s(a T —2¥))(aF —2F7) (10)
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for some s € [0,1].

However this method is in general “conceptual”, meaning that one cannot hope to
efficiently evaluate the values ay, 8r and hence the new point xg, except when f is
quadratic: f(x) = (1/2) (Az,z) — (b, z) + ¢ (A symmetric). Denoting then the gradients
pk = Az* — b and the residuals 7* = 2% — 2%~ we find that (c¢f (10))

PP = b — e Ap® + B At (11)
and using the orthogonality formulas (8),
0 = p"]12 — cx (ApF, ") + Br (Ar®, pbY | 0 = (p*,1%) — ay (Ap*, %) + By (Ar*, k)
we can compute explicitly the values of ay, Sy (exercise).

Lemma 2.14. The gradients (p') are all orthogonal.

Proof: we start from 2! = zF — ayp* + Bi(z* — 2%71) and deduce (since V£ is
affine, or simply from (11))

P =k —andpt + B - P,

Assume that (p,...,p%) are orthogonal, and that a;, I =0,...,7 — 1, do not vanish (or
we have found the solution, why?). Then

1 _
(A" p') = = (" ="+ B - ) =0
ifl<k—2k<i—1lorifi>1>k+2. In particular, (Ap*,p") = 0if k < i—2. Hence:

<pi+17pk:> — <pi7pk> —ag <Apl,pk> _l_Bk <pz _pi—17pk> =0 (12)

if k <i—2. It remains therefore to check that (p'~!,p"**) = 0 and (p’,p"*) = 0. The
latter is already known (8), hence we are left with the case k =i —1. If k =i — 1: we
use again ¥ = 2% — appk + Bi(zF — 2%71) to derive (with 70 = 0)

P = —agph + Gt

so that Vk, r* € vect {p°,...,p*~'}. Knowing (8) that (p"**,r") =0, one obtains from
the previous (for k =i — 1):

0=—a;1 <pi+1api_1> + Bi—1 <pi+1, Ti_1> = Q-1 <pi+1,pi_1> ;

where we have used that p'™ L vect {p,...,p" "2} 2 r*~1. This shows that (p***,p'~1) =
0. Hence (p°,...,p"*t1) are orthogonal. This holds as long as x' is not a solution (then
pi+1 — 0)

Corollary 2.15. The solution is found in k = rk A iterations.

Indeed, if p**! # 0 then p* = Az® — b, i = 0,...,k + 1 are k + 2 orthogonal
vectors in ImA — b which is an affine space of dimension k£ and contains at most k + 1
independent points. One remarkable point is that also the directions r; satisfy an
orthogonality conditions: they are A-orthogonal: (Ar;,r;) = 0 for all ¢ # j, hence the
name “conjugate directions”.

13



Variants One can show that the following rules defines the same points (for quadratic
functions)

pF =V f(2¥)

Br = i (B =0)
e

ay = argming>o f(2% + aph), 2¥H = 2F + appk

A variant replaces the 2nd line with 85, = <pk,pk — pk_1> /Ilp"~ 1|2, If f not quadratic,
these variants can be implemented.

Optimality The conjugate gradient computes z* as the minimum of f in the space
generated by the orthogonal gradients (p°,...,p"). It is then possible to prove that for
a strongly convex quadratic function, that is if v/ < A < LI, then

lz* — 2™ < 2¢/Qq*[la” — 27|

with ¢ = (V@ —1)/(vV/Q + 1), Q = L/~ the condition number. This is the same rate as
the Heavy-Ball.

- -
s — 21000 (GD) 10
% 07 210000 (AGD) 1 e .
= ===z R
06 = —GD
10° - - -Rate of GD
05 —AGD
||~ = ~Rate of AGD
0.4 10| e Lower bound
CG
. . . . . . . . n 10 N .
0 0 2 3 4 5 60 70 80 % 100 10° 10' 10° 10° 10
Index i Iteration &

Figure 2: Comparison between accelerated vs non-accelerated gradient schemes. Top:
Comparisons of the solutions z of GD and AGD after 10000(!) iterations. Bottom:
Rate of convergence for GD, AGD together with their theoretical worst case rates,
and the lower bound for smooth optimization. For comparison we also provide the
rate of convergence for CG. Note that CG exactly touches the lower bound at k£ = 99
(problem (4) with v = 0, p = n = 100)

2.4.3 Accelerated algorithm: Nesterov 83

We rapidly mention the “Accelerated Gradient Descent” (AGD) Algorithm by Yu. Nes-
terov [28].
Algorithm: 2 = 7! given, z¥*! defined by:

{yk = gk 4 =L (gh _ gh-1y
_ .k

tht1
k+1

x y*' =TV I(F)
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where 7 = 1/L and for instance t, = 1 + k/2. Then,

We will prove this later in these notes. For strongly convex problems, a variant exists
with again “optimal” rate of convergence.

2.5 Nonsmooth problems?
2.5.1 Subgradient descent

The first basic approach to tackle nonsmooth problems (or more generally problems
where the (local) Lipschitz constant of the gradient is unknown and possibly rapidly
varying) is called a “subgradient descent”. The idea, given f convex, is to iterate:

V(=)
E+1 _ .k
" =" — =
IV (=Rl
In practice, the gradient here can be replaced with any selection of the subgradient if f

is not differentiable at x*, see Section 4.1 for the technical details.
Then if z* is a solution,

* * h *
||»"UICJrl -z H2 = ||$k -z ||2 - QW <Vf(fﬂk)a5”k - > + hi
h
L 2”W—(’;w<ﬂxk> — f(z*)) + 3.

We have used here a basic property of convex functions, which is that they are above
their affine approximations, so that f(z*) > f(a%) + (Vf(z¥), 2" — 2¥).
Hence, assuming in addition f is M-Lipschitz (near z* at least)

| 023k p2
min f(xl)ff(z*) SM”x z Hk—l_Zz:O 4
== 2500 by

and choosing h; = C/vk + 1 for k iterations, we obtain
i 02_‘_”‘,1:0_1:*“2
min f(z") - f(z") < M—FF————
0<i<k F@) =167 < 2CVEk +1

(the best choice is C ~ ||z° — z*|| but this is of course unknown).

In general, one chooses steps such that Y, h? < +o0, >, h; = 400, such as h; = 1/i.
It results in a very slowly converging algorithm which should be used only when there
is no other obvious choice.

2.5.2 Implicit descent

Consider a gradient descent where instead of using the gradient at z*, one is able to
evaluate the gradient in z*+1:

A AV A C A}
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This is of course often “conceptual”, however we will see that in many instances it can
be computed or approximated. It says that 2¥*! is a critical point of (and one can ask
that it minimises)

1
Fl@) + ool — 2.

Observe that if one lets
. 1
(@) = min fy) + o—ly — x? (13)
y T

(this defines an “inf-convolution”) which is well-defined if f is bounded from below
(or > —aljz]|? and 7 < 1/a) and lower-semicontinuous (if not, the min has to be
replaced with an inf), then one can show that f, is semi-concave and when differentiable,
Vf-(x) = (z — ys)/7 where y, solves (13) (and is thus, in this case, unique).

Proof: equivalently, one may observe that:

frlx —h) = 2f(x) + fr(z +h)
1 2 1 2 1 2 1 2

showing that f,(x) — ||z]|?/(27) is concave; or more directly one observes that:

1

fr(a) = s-llel = min £ ) + - = (@.9)

is a concave function as an inf of linear functions (of the variable x). This shows that
fr is (1/7)-“semi-concave”. Hence f; is differentiable a.e. (even twice, Aleksandrov’s
theorem [16]), and if V f,(x) exists, one has

1
fo@+h) < () + - llz + = g%, hence

Fola 4 ) = Folw) < 2 — g,y 1 1AL
— T b 27_ )
so that for all A,
1

showing the claim. Then, y, = 2 — 7V f, ().
Conversely, if y, is unique, then V f;(z) exists and is (z — y,.)/7. This follows from
the observation that if z,, — « and y,,, is a minimizer for x, as

1
2 o L 2
= f(?h) + 2T||$n y:r”

1
f(Ye,) + ?Hxn — Yz,

showing that (f being bounded from below) (y., ) is a bounded sequence. If (y,, ) is a
subsequence which converges to some y passing to the limit in

1 1
f(yznk) + EHxnk ~ Yo, 12 < fy) + %”xnk —yl?

and using the semi-continuity of f, we find that ¢ is a minimizer for x, hence § = y,
and y;, — Yz: the multivalued mapping = — y, is thus continuous at points where the
argument is unique. Now, we can write that

1]

Fol@+h) < (@) + 1 (@~ yo ) + 1]
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and in the same way (exchanging = and = + h)

1 1R]I?
f-r(ﬁ) < fT(x + h) - ; <(E +h— ya:+h,h> + ?

1 [h]?
= Jr h, —_ — — Yz ,h -
Jr(z+h) p (T = Yoin, h) or

hence for ¢ > 0, small:

Lo — gy by < 2+ = (2)

<~ o=y h) +O(0)

and in the limit ¢ — 0 we recover the claim.

This proof is finite-dimensional, we will however see later on for convex functions in
Hilbert spaces that the same result is true.

We find that

Pt =gk sV (@) e 2R =2b — 1V (ab)

hence the implicit descent is an explicit descent on f,.! Which has the same minimisers.
It converges to critical points of f, (as D?f, < I/7), as before (and under the same
assumptions). These are local minimizers of f(-) + | - —z||*/(27).

Ezample 2.16 (Lasso problem). Consider:
. 1 2
min ] + 3| Az — |
If |z||3;, = (Mz,x) and M = I/7 — A*A, 7 < 1/||A]|]?, then
: 1 _ k2 1 Ar —b 2
min oz — 255, + [[z] + 5[ Az = b
z 2 2

is solved by
oF = 8 (2% — 1A (Az* — b))

where S;€ is the unique minimizer of
in ||z ! | f“2
min [|z][1 + o x ,

called the “shrinkage” operator. This converges with rate O(1/k) to a solution.

3 Krasnoselskii-Mann’s convergence theorem

3.1 A “general” convergence theorem

We show here a general form of a convergence theorem of Krasnoselskii and Mann for
the iterates of weak contractions (or nonexpansive operators) (it is found in all convex
optimisation books, cf for instance [4, 2]). We state first a simple form. Consider (a
priori, in a Banach space X) an operator T': X — X which is 1-Lipschitz:

[Tz =Tyl < |z -yl VzyecX

If in addition it is p-Lipschitz with p < 1, then Picard’s classical fixed point theorem
shows that the iterates ¥ = T*z° k > 1, form a Cauchy sequence and therefore
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converge to a fixed point, necessarily unique. This relies on the fact that the space is
complete.

However, for p = 1, this does not always work (p = 1 does not provide much
relevant information, as when T = I). For instance, if Tx = —z, there is only one
fixed point but the iterates never converge, unless z° = 0. The simplest statement of

Krasnoselskii-Mann’s theorem shows that if T'is averaged and has fixed points, then the
iterates weakly converge to a fixed point. The statement is true in Hilbert (or finite-
dimensional Euclidean) spaces, as well as in some class of reflexive Banach space. We
assume in what follows that X is Hilbert, and will mention the changes and properties
needed for the property to hold for more generality.

For 0 €]0, 1], we define the (#-)averaged operator Ty by letting

Tox = (1 —0)x + 0Tx.

Wealsolet Ty =1, Ty =T, and F = {z € X : T = 2}. Observe that for any 6 €]0, 1],
F is the set of fixed point of Ty.

Theorem 3.1. Let x € X, 0 < 6 < 1, and assume F # 0. Then (Tyx)y>1 weakly
converges to some point z* € F.

The proof consists in four simple steps. We denote 2° = z, 2% = T*z, k > 1.

Step 1 First, since Ty is 1-Lipschitz, then for any x* € F, ||Tpz* — z*| < || — 2|
and the sequence (||z* — 2*||); is nonincreasing. (xy) is said to be “Fejér-monotone”
with respect to F, see [2, Chap. 5] for details and interesting properties.

It follows that one can define m(z*) = inf}, [|2* — 2*|| = limy [|2* — 2*||. If there
exists 2* € F such that m(z*) = 0 then the theorem is proved (with strong convergence),
otherwise we proceed to the next step. We will see later on what happens if the sequence
is “quasi-Fejér-monotone”, which happens for instance if 7" is computed with errors.
Hence we assume that m(z*) > 0 for all z* € F'.

Step 2 We now show that 2**t! — 2% — 0 strongly. The operator T} is said to be
“asymptotically regular”.

First, for X a Hilbert space, the proof is a straightforward application of the paral-
lelogram identity, to:

afH ot = (1 - 0)(2® — %) + 0(Tha® — 27).
We find that for all k:

lz** = 2| = (1 = O)l|l2" — &*|* + 0] Tha® — 2*||* — 6(1 - 0)||Tha — 2|2

< fla — 2| - Skt — o2

from which one deduces that Y, [[#**! — 2%||2 < oo, hence the result. In addition, one
observes that the sequence (1 —6)/0||x*+1 — 2*||? (which is nonincreasing) is controlled
in the following way:

k
1%00(]€+ 1)||xk+1 7$k||2 S %ZszJrl 7$i||2 S ||£CO 7‘%*”2 . ka+1 *$*||2.
=0
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As xF 1 — 2% = 9(T 2% — 2*) we obtain a rate for the error Ty 2% — 2%, in the Hilbertian
setting, given by:
2% — ||

VOO —0)WEk+1

Now, we have to mention that the result also holds in more general spaces. It is easy
to extend in uniformly convexr spaces, meaning that the unit ball satisfies the following

property:

1Tha" — 2| <

(14)

Uniformly convex unit ball: Ve > 0,0 € (0,1), 3§ > 0 such that for all z,y € X
with [}z < 1, [lyll < 1 and [lz - yl| > &,

162 + (1 = 0)yll < (1 — &) max{||z|, [[y]l}
Of course, the following holds:
Lemma 3.2. If X is a Hilbert space then it is uniformly convez.
Indeed the parallelogram identity yields:
102 + (1 = O)yl|* = 0°[lz|* + (1 = 0)* [y +20(1 — 0) (z, )

=0z + (1 = O)lyl* - 0(1 - 0) [l -yl
< max{le]2, [yl|?} — 0(1 - )2 < (1 - 8)% max{|lz]|%, ]2}
for 6 =1—4/1—06(1 — 0)e2, where we have used, of course, that ||z, |ly]| < 1.
Yet the same property also holds in many Banach spaces (such as LP spaces, 0 <
p < 1, etc). It is well known (as “Milman-Pettis” theorem) that such a space is reflexive
(while the converse is not true). We can prove the asymptotic regularity, that is, that
P+l — 2% — 0, only relying on this property, as follows: We recall that we assume

m(z*) > 0 for all * € F. Assume that along a subsequence, one has ||z**+1 — 2k >
€ > 0. Observe that

ghtt gt = (1 = 0)(ah — 2*) + (Tyz™ — 2¥)

and that 1
(zF — 2*) — (Tyah — 2*) = - Tk = fg(zklﬂ — M)

so that ||(zF — 2*) — (Tya* — 2*)|| > /6 > 0. Hence thanks to the uniform convexity
of the ball (remember that (z* — 2*), is globally bounded since its norm is nonincreas-
ing), we obtain that for some ¢ > 0,

m(a*) < [la =2 < (1= ) max{[la™ — 2|, | T1a" — 27|}
but since ||Tyz% — z*|| < ||z% — 2*]|, it follows
m(a®) < (1= 0)[a™ —a*].

As k; — oo, we get a contradiction if m(z*) > 0.
The result in [11] shows that asymptotic regularity holds in any normed space.
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Step 3. Assume now that 7 is the weak limit of some subsequence (z*);. Then, we
claim it is a fixed point. We use Opial’s lemma:

Lemma 3.3 ([31, Lem. 1]). If in a Hilbert space X the sequence (xn,), is weakly con-
vergent to xg then for any x # x,

liminf ||z, — z|| > liminf ||z, — zo]|
n n
Proof of Opial’s lemma (obvious): one has
[0 —||* = [l2n — zo||* + 2 (20 — x0, 20 — ) + |0 — 2]
Since (z,, — xg,x9 — ) — 0 by weak convergence, we deduce
limninf lzn —z||* = lirrhinf(Hxn —zo|® + ||lzo — 2||?) = ||zo — z||* + limninf [

and the claim follows.
Proof that Z is a fixed point: since Ty is a contraction, we observe that for each k,
2% — Z[| > || Tpz" — Tz

=[la"* —a¥ + 2t ~ Tpz| > ||a* — Toz|| — o —2*|
and we deduce (thanks to the previous Step 2):

limlinf |zF — z|| > limlinf |zF — Tpz||.

Opial’s lemma implies that TpZ = Z.

One advantage of this approach is that it can be extended to Banach spaces [31]
where “Opial’s property” (the statement of the Lemma) holds (in the norm for which
T is a contraction). On the other hand, not all spaces satisfy this property (it is shown
that in separable Banach spaces, there is an equivalent norm for which the property is
true [44], but this is useless if T is not nonexpansive for this norm...)

Remark 3.4. Another classical approach in Hilbert spaces to prove this claim is to use
“Minty’s trick” to study the limit of “monotone” operators: Since T} is a contraction,
for each y € X we have (thanks to Cauchy-Schwarz’s inequality)

(I =To)zn, — (I =Tp)y,an, —y) =20
and as we have just proved that (I — Ty)x,, — 0 (strongly), then
(I =Ty)y, 2 —y) 2 0.
Choose y = T + ez for z € X and € > 0: it follows after dividing by ¢ that
(I —Tp)(z+ez),2) >0.

and since Ty is Lipschitz, sending ¢ — 0 we recover ((I — Tp)Z,z) > 0 for any z, which
shows that z € F.

Step 4. To conclude, assume that a subsequence (z); of (z¥); converges weakly to
another fixed point §y. Then it must be that § = Z, otherwise Opial’s lemma 3.3 again
would imply both that m(z) < m(y) and m(g) < m(z):

mp _ =

m(y) = limlinf lz™ —g| < limlinf ||z z|| = m(z).

It follows that the whole sequence (x*) must weakly converge to Z.
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3.2 Varying steps

One can consider more generally iterations of the form
P = b o (Tha® — 2F)

with varying steps 7. Then, if 0 < 7 < 7, <7 < 1, the convergence still holds, with
almost the same proof. (This is obvious in the Hilbertian setting, ¢f Step. 2.

Remark 3.5. A sufficient condition is that >, 7 (1 — 7) = oo, see [34]. In addition, a
slight improvement to the proof in Step. 2 shows that

k
Z(l — Ti)Ti”Tlxi _ .Z’ZHZ < ||.170 o :17*”2 o ||£Ck+1 - I*||2
=0

so that ming<;<y, | Tyz' — 2| < |20 —2* | /\/3F_o(1 — 7;)7;. In fact, in a general normed
space one has the estimate

1 0 _ %

”Tlxlc o {EkH < ||$ € H

VT Zf:o 7i(1 —7)

which improves (14), see [11].

3.3 A variant with errors

Assume now the sequence () is an inexact iteration of Tp:
2" — Toa®|| < ey

Then one has the following result:

Theorem 3.6 (Variant of Thm 3.1). If Y, e < 0o, then z* — T a fized point of T (if
one exists).

k

Proof: now, z* is “quasi-Fejér monotone”: denoting e, = x**t! — Tya* so that

lexll < ek,
25+ — 2*|| = | Tpa® — Tox* + ex|| < |l2* — 2*| + e

for all k, and any x* € F. Hence, [|zFt! — 2*| < [|2° — 2*|| + Zf:o €; is bounded.
Letting ax = > .-, &; which is finite and goes to 0 as k — oo, this can be rewritten

[&"*! — 2| + argr < |2* — 2% + ax
so that once more one can define

m(z*) := lerr;o |z* — 2¥|| = Ig% 2% — 2% + ax

Again, if m(z*) = 0 the theorem is proved, otherwise, one can continue the proof as
before: now,

Pl gt = (1 - 0)(2F — 2% 4 ep,) + O(Thak — z* + ep,)

21



while
1
(xM — 2 +ep,) — (Tha® — 2 +ep,) = 2™ — Thak = —a(xk”'l —zk —ep)

so that ||(z% — 2*) — (Thaz® — 2*)|| > (¢ —ex,)/0 > €/(20) > 0 if | is large enough, and
one can invoke again Lemma 3.2 to find that

m(a*) < [l2"F — 2 < (1= 8)max{llz™ —a* + e, |, [ T1z™ — 2™ + e, |1}
< (1=0) (l=™ =2 +ex,)
and again sending [ — oo we obtain that m(z*) < (1 — d)m(z*), a contradiction if
m(z*) > 0. The rest of the proof (steps 3, 4) is almost identical.
Remark 3.7. In practice, what do you think about the condition ), e < 00?

3.4 Examples
3.4.1 Gradient descent

It follows the convergence for the explicit and implicit gradient descent for convex
functions. Consider indeed the iteration ¥+ = T, (z¥) := 2% — 7V f(2*), for f convex
with L-Lipschitz gradient. Then, Lemma 2.4 claims that

Toyu(o) = o — 2V f(2)

is a weak contraction (1-Lipschitz or “nonexpansive” operator).
We observe that if 0 < 7 < 2/L, one has

L L L
T,(0) =2 - G oVI@) = ST + (1- 5 o

is an averaged operator (with here § = L7/2 €]0,1[). Theorem 3.1 yields the conver-
gence of the iterates. Moreover, one still has convergence if one uses varying steps 7y
with 0 < infy, 75, < sup,, 7 < 2/L. One can also consider (summable) errors. Eventually,
thanks to 14, one has the rate

|l=® — =]

I< VA= Lr)2)Lr/2Vk+ 1

(Compare this with (2), Theorem 2.7, Remark 2.2.)

For the implicit descent, we can use the fact that it is an explicit descent on the
function f,, which has 1/7-Lipschitz gradient, to get a similar result: Let z*t! =
oF — AV (2F) = 2% + (A\/7) (Y2, — 71) (where y, solves (13)) for 0 < A\ < 27, then z*
converges (weakly) to a minimizer of f. (which is also a minimizer of f)...

17V f(z")

3.4.2 Composition of averaged operators

An important remark is the following: Let Ty, Sy be averaged operators: Ty = (1—6)I+
0Ty, Sy = (1=X)I+ ASy. Then Tyo Sy is also averaged: letting u = 0+ (1 —46) €]0,1],

one has
(1 — 9)/\51 +0T7 o ((1 — )\)I + )\Sl)

0+ (1—0)A

TQOS)\:(l—/L)I—f—,U,
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An important application is the following: consider the problem
min f(z) + g() (15)

where f,g convex, lIsc, f has L-Lipschitz gradient and g is such that one knows how to
compute, for all y and all 7 > 0:

) 1
gr(x) :=ming(y) + |z — y|*. (16)
y 2T
Then one can compose the averaged operators
Trx:=x—71Vf(x),

0<7<2/L,and
Srx =y,

which solves (16) (and is (1/2)-averaged, as it is  — 7Vg,(z) where Vg, is 1/7-
Lipschitz). Hence, if one defines the iterates 2**! := S, o T, 2%, k > 0, then 2¥ — z*
(weakly) where z* is a fixed point if S, o T;. As S,z satisfies

Vg(Srx) + %(Sfx —xz) =0,
one has
0=Vyg(S;(Trz*)) + %(ST(TT@"*) —Trz™)
= Vyg(z") + %(x* — (" =7V [f(27))) = Vg(z") + Vf(z")

so that * is a minimizer of (15). We deduce the following:

Theorem 3.8. The iterates of the “forward-backward” algorithm z*+1 := S, o T x*
weakly converge to a minimizer of (15).

We will see later on that one can say much more about this approach. Compare this
with Example 2.16.

Remark 3.9. What about the “explicit-explicit” (“forward-forward”) iteration
2FH =2k — 7V f(2®) — 7Vg(a* — TV f(2")),

with 7 < min{2/Ly,2/L,} where Ly, L, are the Lipschitz constants of the gradients of
f, g, respectively?

We will see later on other useful examples of composition of averaged operators.

4 An introduction to convex analysis and monotone
operators

Most of this section is in Hilbert spaces, though many results are also valid in more
general vector spaces, but often with more involved proofs.
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4.1 Convexity

See for instance: [38, 15] for a general introduction. We discuss here the following no-
tions: Convex function; Subgradients; Inf-convolution; Sums of subgradients; Convex
Conjugate (Legendre-Fenchel); Fenchel-Rockafellar duality; Moreau-Yosida’s regular-
ization (inf-convolution); Moreau’s identity.

4.1.1 Convex functions

An extended-valued function f : X — [—o00,400] is said to be convex if and only if its
epigraph

epi f:={(z,\) e X xR : X > f(z)}
is a convex set, that is, if when A > f(z), p > f(y), and t € [0, 1], one has tA+ (1 —t)u >
f(tz+ (1 —t)y).3 It is proper if it is not identically 400 and nowhere —oo: in this case,
it is convex if and only if for all z,y € X and t € [0, 1],

[tz + (1 —t)y) <if(x)+ 1 —1)f(y).

It is strictly convex if the above inequality is strict whenever = # y and 0 <t < 1. It is
strongly convex (or p-convex) if in addition, there exists p > 0 such that for all z,y € X
and t € [0,1],

tH1—t)
2

lz =%

fir+ (1 —=t)y) <tf(zx)+ (1 —-t)f(y) —p

Thanks to the parallelogram identity, in the Hilbertian setting, one easily checks that
this is equivalent to require that @ +— f(z)—p/2[|z||? is still convex. The function is also
said to be, in this case, “u-convex”. The archetypical example of a u-convex function
is a quadratic plus affine function ul|z||?/2 + (b, z) + c.

The domain of a proper convex function f is the set dom f = {z € X' : f(z) < 400}.
It is obviously a convex set.

We say that f is lower semi-continuous (L.s.c.) if for all x € X, if z, — x, then

f(z) < liminf f(x,).
n—oo
It is easy to see that f is Ls.c. if and only if epi f is closed.
A trivial but important example is the characteristic function or indicator function

of aset C:
0 ifxeC,
do(z) = {
400 else,

which is convex, l.s.c., and proper as soon as C is convex, closed and nonempty. The
minimisation of such functions will allow to easily model convex constraints in our
problems.

One can show the following result:

Lemma 4.1. If there exists B C dom f an open ball where the proper convex function
f is bounded from above, then f is locally Lipschitz in the interior of dom f. In finite
dimension, a proper convex function f is locally Lipschitz in the relative interior of
dom f, ridom f.

3This definition avoids the embarrassing expression (4o00) + (—o00), see for instance [38, Sec. 4].
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In finite dimension, the relative interior is defined as the interior of dom f in the
space x + vect (dom f — z) for any x € dom f; this is never empty (but may have, in
extreme cases, dimension zero).

Proof of the lemma: we assume that B = B(0,4), § > 0, and let M = supg f < o0.
Observe also that for = € B, by convexity f(z) > 2f(0) — f(—x) > 2f(0) — M so that
|f] < M+2|f(0)]. We prove that f is Lipschitz in B(0,6/2): indeed, if z,y € B(0,6/2),
there is z € B(0,d) such that y = (1 —t)x +tz for some ¢ € [0,1], and ||z — x| > /2. In
particular by convexity, f(y)—f(z) <t(f(z)—f(x)) <t2(M—f(0)). Now, t(z—z) = y—
@ so that ¢ < [ly—a[l/|z—=|| < 2[ly—x||/d hence: f(y)—f(z) < (4(M - £(0))/6)|ly—=]|
which shows the claim (one could show in fact in the same way that f is Lipschitz in
any ball contained in B(0,d)).

Now, let  in the interior of dom f. Observe that for some A > 1, Az € dom f
and as a consequence B’ = 1/A(AZ) + (1 — 1/A)B(0,6) = B(Z,6(1 —1/A)) C dom f;
moreover, if x € B, © = 1/A(AZ) + (1 — 1/X)z for some z with f(z) < M hence
flz) <1/Af(AZ)+ (1 —1/X)M, so that supg, f < co. Hence as before f is Lipschitz in
a smaller ball.

In finite dimension, assume 0 € dom f and let d be the dimension of vect dom f. It
means there exist z1,...,zq4 independent points in dom f. Now, the d-dimensional set
{3, tixi : t; > 0,>,t; <1} (the interior of the convex envelope of {0, z1,...,z4}) is an
open set in vect dom f, moreover if x =), t;x;, f(x) < > 6 f(x) + (1=, 6)f(0) <
M = max{f(0), f(z1),..., f(zq)}. Hence we can apply the first part of the theorem,
and f is locally Lipschitz in the relative interior of the domain.

Remark 4.2. Note that in infinite dimension one can possibly find noncontinuous linear
forms* hence noncontinuous convex functions. However, one can show that a convex
proper lower semi-continuous function is always locally bounded in the interior of its
domain, and therefore locally Lipschitz (as if 0 is an interior point and one considers
the convex closed set C' = {x : f(z) <1+ f(0)}, one can check that U,>1nC = X, as
ifx € X, t— f(tx) is locally Lipschitz near t = 0. Hence C # () by Baire’s property: it
follows that there is an open ball where f is bounded, as requested), ¢f [15, Cor. 2.5].

4.1.2 Separation of convex sets

In this section we establish two important “separation” theorems for convex sets, which
are geometric variants of Hahn-Banach’s theorem, in the particular setting of Hilbert
spaces. In this setting, unlike in the general case, these are quite obvious results.

Theorem 4.3. Let X be a (real) Hilbert space, C C X a closed, convex set and x & C.
Then there exists a closed hyperplane which “separates” strictly x and C': precisely, in
the Hilbertian setting, one can find v € X, € R such that

v,y >a>(v,y) VyeC

Proof: introduce the projection z = Il¢(z) defined by ||z — z|| = minyec ||z — ||
(existence is classically shown by proving that any minimizing sequence is a Cauchy
sequence, thanks to the parallelogram identity [or strong convexity of ||z — -||?]). The
first order optimality condition for z is found by writing that for any y € C, ||z — z||* <
|z — (2 +t(y — 2))||? for t € (0,1] and then sending ¢ — 0. We find

(x—zy—2)<0Vyel.

4the typical example is a linear function defined by f(en) = n where (en)n>1 is an independent
family, which is then completed into a basis B, then, one lets f(e) =0if e € B\ {en : n > 1}.
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It follows that if v=2—2 #0, y € C,
(v,2) = (& —z2) = lz = 2|* + (& — 2,2) > |l — 2> + (& — z,9) = o] + (v, 9).

The result follows (letting for instance a = [[v||?/2 4 sup,cc (v,9)). The proof can
easily be extended to the situation where {z} is replaced with a compact convex set not
intersecting C.

Corollary 4.4. In a real Hilbert space X, a closed convex set C' is weakly closed.

Indeed, if ¢ C, one finds v, a with (v,2) > a > (v,y) for all y € C and this defines
a neighborhood {(v, ) > a} of x for the weak topology which does not intersect C.

Theorem 4.5. Let X be a (real) Hilbert space, C C X an open convex set and C' C X
a convex set with C' N C = (. Then Then there exists a closed hyperplane which
“separates” C and C': precisely, in the Hilbertian setting, one can find v € X,a € R,
v # 0, such that

(v,x) >a>(v,y) Ve eCyel

Proof: first assume that ¢/ = {Z} is a singleton. The difficult case is whenever
7 € C\ C, otherwise we can apply Theorem 4.3 to separate (strictly) # and C. By
assumption, there exists a ball B = B(y,d) C C. Let z,, =y + (1 +1/n)(Z — y), which
is such that z,, — T as n — 0o. Since

A~ .n 1
T= g%t oy

one has z,, ¢ C, otherwise by convexity one would deduce that B(Z,5/(n+ 1)) C C so
that z € C, a contradiction. B
By Theorem 4.3 there exists v, such that for all x € C,

(Vs Zn) < (U, )

and we can assume ||v,|| = 1. Up to a subsequence, we may then assume that v, — v
weakly in X. In the limit, (using that x,, — Z strongly) we obtain (v,Z) < (v,x)
vV x € C, which is our claim if v # 0.

Using again the ball B(y,d) C C, one has for any ||z]] <1

<'Unaxn> < <Una Yy — 5Z>

so that (vn,y — Zn) > d (v,, 2): and taking the supremum over all possible z we find
(Un, Y — Zp) > 6. In the limit we deduce (v,y — Z) > ¢ which shows that v # 0.

Now, to show the general case, one lets A=C'—C ={y—z:y € C',x € C}: this
is an open convex set and by assumption, 0 ¢ A. Hence by the previous part, there
exists v # 0 such that (v,y —z) < (v,0) =0 for all y € C’, x € C, which is the thesis
of the Theorem.

These simple examples of separation theorems are geometric versions of the Hahn-
Banach theorem and are valid in fact in a much more general setting, see [7, 15].
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4.1.3 Subgradient

Given a convex, extended valued, f : X —] — 00, 400], its subgradient at a point z is
defined as the set

of(x) :={pe X : fly) > f(x)+ (p,y —z) Vy € X}.

This is a closed, convex set.
If f is (Fréchet-)differentiable at x, then it is easy to see that df(z) = {V f(z)}: one
has
fy) = f(@) +(Vf(2),y — ) + olly — )
so that if p € 9f(x),
(Vf(x) =p,y —x) +olly —x|) = 0.

Taking y = x + th, for h € X and t > 0 small, we find after dividing by ¢ and sending
t — 0 that (Vf(xz) —p,h) > 0. Hence p = Vf(z). We leave to the reader the proof
that Vf(x) € 8f(x) (hence V f(x) # 0), which follows from convexity.

A converse? Now we want to understand better the structure of the subgradient in
relationship to the behaviour of f at a point z, and in particular what can be said
whenever 0f(z) = {p} is a singleton. First, we observe that if x € dom f, v € X,
t > s > 0 one has

f@+sv) = f((s/t)(x +tv) + (1 —s/t)x) < 3 f(z+tv) + (1 - 3)f(2)
so that

Jat50) = () _ fGt 1) — f@)
S - t

It follows that

f(x;v) := lim fl+tv) = o) = inf f@+tv) = f(z)

tlo+ t t>0 t

(17)

is well defined (in [—o00, 0]), and < +o00 as soon as {z +tv : ¢t > 0} Ndom f # 0. If

x € dom f, then f'(x;v) < oo for all v, moreover as f'(z;0) =0 < f'(z;v) + f/(x; —v)
it is not —oo either. In fact, f'(z;-) is a limit of convex functions, and hence convex,
moreover, it is clearly positively 1-homogeneous: f'(x; Av) = Af'(z;v) for all A > 0 and
all v.

If this quantity is finite, then the function has a Gateaux derivative in the direction
v (however, usual definitions of Gateaux differentiability require that this derivative be
a continuous linear form of v).

By definition, one easily sees that f'(z;v) > (p,v) if and only if p € Jf(x).
(f'(z;0v) > (p,v) = f(z+tv) — f(x) > t{p,v) for all t > 0, v € X.) This means
that

Of (w;)(0) = 0f (1) (18)

If in addition, f is locally bounded near z € dom f (for this, as we have seen in
Lemma 4.1, it is enough that f be locally bounded near one point of the domain, or
that f be lsc, ¢f Remark 4.2), then one can easily deduce that also f'(x;-) is, and in
particular it is Lipschitz (globally, as it is 1-homogeneous).
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(In addition, in finite dimension, the convergence in (17) is uniform for |jv]| < 1
because of Ascoli-Arzeld’s theorem: In fact, if ¢ < ¢y small enough and ||v] < 2,

Flo+t0) = f(a) _ fla+to0) ~ f(a)
t - to

ht(v) := <M

for some M and the proof of Lemma 4.1 shows that the hf are uniformly Lipschitz in
B(0,1).)

We will see later on (Sections 4.2, 4.2.2) that since in these cases, f'(z;-) is contin-
uous, f'(;v) = SUP,eof(z:)(0) (P> T), s0 that f'(x;-) is the support function of df (x)
which in particular cannot be empty.

Moreover, we deduce that if 8f(z) = {p} is a singleton, then f'(x;v) = (p,z). In
finite dimension (as the convergence h! — f’(x;-) is uniform) we deduce that f is
differentiable at x. In infinite dimension, we deduce that f is Gateaux-differentiable. It
is not necessarily Fréchet-differentiable: for instance in ¢?(N), the convex function

_iglg(\/ - V z+1)

which is bounded near 0 (f|z]] < 1 & > |z5)> < 1 = |z;| < 1 Vi > 0) satisfies
0f(0) = {0}, however if v = e; = (J; ;) >0, then

if t = 1/v/i+ 1, showing that the differentiability is only Gateaux. (It is, as for any v

and t > 0,
HOLER <o (Vo vt - )

and for each ¢, the quantity in the sup is less than |v;|. Given &, one can find iy such
that |v;] < e for i > ig, while for ¢ = 0,...,4g, if ¢ is small enough one can make the
quantity below the sup less than ¢. Hence the Gateaux derivative exists and is zero.)

Using Lemma 4.1, we can deduce the following two results:

Lemma 4.6. Let f be proper, conver. Assume it is lsc, or continuous in one point.
Then, in the interior of the domain, f(x) # 0. In finite dimension, f has a nonempty
subdifferential everywhere in ridom f.

Lemma 4.7. Let f be proper, convex. Then if [ is Gateauz-differentiable at x, 0f(x) =
{Vf(x)}. Conversely if z is in the interior of dom f and f is continuous at some point,
then if Of (x) is a singleton, f is Gateaux-differentiable at x.

In finite dimension, Of is a singleton if and only if f is differentiable at x.

Minimality condition An obvious remark which stems from the definition of a sub-
gradient is that this notion allows to generalise the Euler-Lagrange stationary conditions
(Vf(z) =0if z is a minimiser of f) to nonsmooth convex functions: we have indeed

’9: € X is a global minimiser of f if and only if 0 € 9f(x). ‘ (19)

In the same way, one has:

5for instance if it is Isc, ¢f Rem. 4.2 and Lemma 4.1.
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Lemma 4.8. if x € dom f is a local minimiser of f + g, f convex, g C' near x, then
forally e X,

fly) = (&) = (Vg(@),y — x)
and —Vg(z) € 0f(x).

Indeed, one just writes that for ¢ > 0 small enough,

f(@)+g(z) < flz+t(y—2)) +g(x+tly—=) < flz) +t(f(y) — f(@) +g(z+ 1y —z))
so that
g(@) —glz+tly —x))
t
and we recover the claim in the limit ¢ — 0.

< fly) — f(x)

Subgradient of a strongly convex function If the function f is strongly convex or
“u-convex” and p € 9f(x), then z is by definition a minimiser of y — f(y) — (p,y — )
which is also p-convex. In particular, letting h(y) = f(y) — (p,y — x) — ul|ly — x||?/2, one
has that z is a minimizer of h(y) + p|ly — x||?/2 and h is convex. Hence, by Lemma 4.8,

Ko 2
0——V(2|| x| )(x)e@h(x).
Hence, h(y) > h(x) for all y € X, that is

f) = ooy —2) — plly — /2 > f().

We deduce that for any z,y € X and p € 9f(z):
1) 2 f(@) + by — o) + Ly - al) (20)

An equivalent (but important) remark is that if f is strongly convex and z is a minimiser,
then one has (since 0 € 9f(z))

) > f(a)+ Sy -l (21)
forall y € X.

Domain The domain of Jf is the set domdf = {z € X : 9f(x) # 0}. Clearly,
domdf C dom f, in fact if f is convex, l.s.c. and proper, we will see later on (see
Prop 4.22 or [15]) that dom Of is dense in dom f (even when dom f has empty interior,
as for instance when f(u) = [, [Vu|?dz for v € L?*(2)). The fact it is not empty will
also follow.

In finite dimension, one has seen that for a proper convex function, dom df contains
at least the relative interior of dom f (that is, the interior in the vector subspace which
is generated by dom f).

4.1.4 Subdifferential calculus

Theorem 4.9. Assume f,g are convez, proper. Then for all xz, df(x)+ dg(x) C d(f +
9)(x). Moreover if there exists T € dom f where g is continuous, then 0f(z) 4+ 0g(x) =
A(f + g)(z). In finite dimension, if ridom g Nridom f # (0, this is also true.
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Proof: the inclusion is obvious from the definition. For the reverse inclusion, we
assume p € I(f + g)(x) and want to show that it can be decomposed as g + r with ¢ €
Of(z) and r € dg(zx). By definition, we have that f(y)+g(y) > f(z)+g(z)+ (p,y — z).

Thanks to the assumption that g is continuous at Z, epi (g(-) — (p, -)) contains a ball
B centered at (Z,g(Z) — (p,Z) + 1) and has non empty interior. Denote E this interior,
and F' the following translation/flip of epi f:

F={(y,t): =t > f(y) = [f(x) + g(x) = (p, 2)]},

which is convex. For (y,t) € F, one has —t > f(y) — [f(z) + g(z) — (p,2)] > —[g9(y) —
(p,y)], that is t < [g(y) — (p,y)] so that (y,t) € E. Hence by Theorem 4.5 there exists
(¢, A) # (0,0), such that for all (y,t) € E, (v',t') € F,

(g, y) + M > {(q,y) + \.

As t' can be sent to —oo (or ¢t to +00), A > 0. Moreover since Z is in dom f, if A =0
one finds that {(¢,y —Z) < 0 for all y € dom g which contains a ball centered in Z, so
that ¢ = 0, which is a contradiction. Hence A > 0 so that without loss of generality we
can assume A = 1.

In particular choosing t' = f(z) + g(x) — (p,x) — f(¥/'),

(@ y) +t>(q,9) + f(z) +g9(z) — (p,x) — f(¥).

for all (y,t) € E. The closure of E contains epi(g(-) — (p,-)): indeed any (y,t) €
epi (g() — (p,-)) is on the boundary of the set {ty + (1 —¢)B:0 <t <1} Cepi(g(:) —
(p,-)). Hence it follows that for all y,y’,

(x) = (p,x) = f()
(2) + P,y — ) + (¢, ¥ —v)
=flx)+g@)+p—qy—2z)+(q,y —x)

(. 9) +9y) — ,y) > (@.y) + flz) +
< f(y) +gly) > flx) +

o

showing that ¢ € 9f(x) and r = p — ¢ € dg(x), as requested.

In finite dimension, the proof relies on the previous result and the fact that subgradi-
ents, for points in the relative interior of a convex function, are the sum of a subgradient
of a Lipschitz function and a vector orthogonal to the domain, which is a consequence
of the following easy fact (actually valid for X Hilbert):

Lemma 4.10. Let f : X — RU {400} be convex, proper and let W C X be an affine,
closed subspace with dom f C W. Then for any x € W,

af(x) = o(flw)(x) + W

We denote Wy the vector space {x —y : (z,y) € W?}. If p € 8f(z) and y € W, one
has

fy) = @) = (py — ) = (M, (p), y — )

since y — x € Wy, so that Iy, (p) € O(f|w)(x). Conversely, if p € Wy is an element of
O(f|w)(z), obviously for any y € X and ¢ € W+,

fly) > f@)+ P+q,y—x)
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since either y ¢ W and f(y) = +oo, or y € W and (¢,y —z) = 0. This shows the
lemma.

In particular, one sees that for any z € W, ddw (x) = W+ (where we recall Sy is
the indicator or characteristic function of W); also, in finite dimension, if one chooses
W = vectdom f, we remark that for a.e. point (for the Lebesgue measure in W) in
ridom f, then f(z) = {Vflw(z)} + W,

We now show that, when X is finite dimensional, then if ridom f Nridomg # 0,
O(f +g) = 0f + dg. We deduce this from the previous result (which we refer as
Theorem 4.9) and from Lemma 4.10; a direct proof is found in [38, Thm 23.8], it is
actually not much simpler.

First, up to a translation, we may assume 0 € ridom g Nridom f so that ridomg
is the interior of domg in V = vectdomg and ridom f is the interior of dom f in
W = vect dom f.

Ifz g WnV, f(z)+g(x) = +oo and df (z) +Ig(z) = I(f +g)(z) = 0, so we assume
x € WNV. From the Lemma we have that

A(f +9)(@) = o((f + g)lw)(x) + W+

since dom (f + g) C W. Now since f|w is continuous at all points of ridom f, and by
assumption one of such points is in dom g|y, we deduce from Theorem 4.9 that

A(f + 9lw)(@) + W = 0(flw)(@) + dglw)(x) + W = 0f (x) + d(glw)(x) + W+

where in the last equality we have used again that 0f = 9(f|w) + W+. On the other
hand still because of Lemma 4.10,

Aglw)(x) + W+ = (g +dw)(x) = 0((g+dw)|v)(@) + V= = gl +dwnv) (@) + V.

Now, using the fact that g|y is continuous at some point of W (again, from the assump-
tion ridom f Nridom g # @), we can use Theorem 4.9 again to deduce that

A(glv + dwnv)(x) = d(glv)(z) + Idwnv (x)

Since we have assumed x € W NV, one has® 90wy (z) = (WNV)t =Wt + VL so
that, using Lemma 4.10 once more:

A(glw)(x) + Wt = d(glv)(x) + Bway (z) + V* = dg(x) + W,
We deduce that O(f + g)(z) = df(x) + 0g(x).

Theorem 4.11. Let A : X — Y be a continuous operator between two Hilbert spaces
and f a proper, convex function on Y. Let g = f(Ax), then if there is T such that f
is continuous at Az, 0g(x) = A*0f(Ax). In finite dimension, one can just require that
AZ € ridom f.

Proof: A*0f(Ax) C Og(x) is easy. If p € dg(x), one has for all z,
f(Az) = f(Az) + (p,z — x) . (22)

~ =
Hence epi f (which is non empty because f is continuous at some point) and

E={(Az f(Az)+ (p,z—x)): 2€ X} CY xR

6We use here that (V N W)L = V1L + W' which easily follows from the obvious relationship
(A+ B)* = At N Bt and (V1)L =V — which is elementary duality.
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have no common point: if (y,t) € E, then by (22) ¢t < f(y). Then there exists by
Theorem 4.5 (g, A) such that

—{q,y) + Xt > — (g, 9) + M

for all (y,t) € epif and (y',¢') € E. Again, A\ > 0, and if A = 0 one can find a
contradiction as in the previous proof. Then, assuming A = 1, one obtains for all z € X,
yey,

—(q,y) + f(y) > — (¢, A2) + f(Ax) + (p,z — x) = f(Az) + (p— A%¢,2) — (p,7) .

This is possible only if p = A*q, otherwise one can send the right-hand side to +o0.
Hence, p = A*q, (p,x) = (g, Az) and

fly) = f(Az) +{q,y — Az)
for all y, so that q € 9f(Ax).
In finite dimension, we leave the proof to the reader (see also [38, Thm 23.9]).
4.1.5 Remark: KKT’s theorem

Theorem 4.12 (Karush-Kuhn-Tucker). Let f,g;, i = 1,...,m be C', conver and
assume
3z, (¢:(z) < 0Vi=1,...,m) (Slater’s condition)

Then x* is a solution of

min f(x)

9i(2)<0,i=1,...,m

if and only if there exists (A\;)Iy, Ai > 0 such that
Vi) + ) AiVgi(a*) =0 (23)
i=1

and for all i =1,...,m:
Aigi(z*) =0 (complementary slackness condition)

Proof: first, if (23) holds together with the complementary slackness condition, then
it is easy to show that x*, which is a minimizer of the convex function f + 3. Aig;, is
a solution of the constrained problem: if x satisfies the constraints, then

f@) = f@)+ > Nigi(@) > f@*) + ) Nigi(e™) = f(a).
Conversely, consider for all ¢ the function

5:(z) = {O if g;(x) <0,

400 else.,

then the problem is equivalent to min, f(z)+ 3, d;(x). By Slater’s condition, we know
that there exists Z where all functions f,d; are continuous. Hence by Thm. 4.9,

0ed(f+ Z(Si)(x*) = Vf(z") + Za&-(x*).
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It remains to characterize 99;(x*): if g;(*) < 0 then it is negative in a neighborhood
of z* and 96;(z*) = {0}. If g;(x*) = 0, then we need to characterize the vectors p such
that for all y with g;(y) <0,

Let v L Vg;(z*), and consider y = z* — t(Vg;(z*) + v): then

9i(y) = =t {Vgi(z"), Vgi(z*) +v) + o(t) = ~t||Vgi(z™)|* + o(t) <0
if ¢ > 0 is small enough, hence
0<(p,Vgi(z") +v).

We easily deduce that we must have p = A\;Vg;(2*), for some A; > 0 (in other words,
09;(z*) = R4 Vg;(z*)). The theorem follows.

Remark 4.13. The standard KKT theorem suggests also the possibility of some affine
equality constraints h;(x) = 0, ¢ = 1,...,m’, and the Slater condition just assumes
h;(Z) = 0. The proof above needs to be tuned a little to address this case. In practice,
one can observe that when solving, for some ¢ € 1,...,m’ the problem with either the
constraint +h; < 0 or —h; < 0, one finds two solutions 2T with value m* and: either
mt < m™, in which case one easily shows that —h;(z~) = 0 (otherwise one could find a
better value for m™ in the interval [z, 27]), or m™ > m™ and h;(z7) =0, or m™ =m~
and the problem is equivalent when removing the constraint h; = 0. As a result, the
initial problem is shown to be equivalent to

min{f(z): gi(z) <0,i=1,...,m;ehi(z) <0,i=1,...,m'}
x

where €; € {—1,0,1}, and the standard KKT conditions follow by applying the Theorem
to this new problem, observing that one can perturb slightly Z to find a new point z’
with €;h;(Z") < 0 for all ¢ with ¢; # 0.

4.2 Convex duality
4.2.1 Legendre-Fenchel conjugate

Given a function f: X — RU {+o0}, we introduce the Legendre-Fenchel conjugate

f*(y) :== sup (y,z) — f(x)

zeX

which is defined for all p € X', as a supremum of continuous linear forms: in particular,
it is obviously a convex, lsc function. Observe that here we rely on the Riesz theorem
to define the conjugate, in a more general vector space F, the proper definition should
be as a function defined in a dual space E’, see for instance [15].

Obviously for all z,y,

[ W)+ f(@) = (y, )
and in particular f(z) > (y,z) — f*(y). Thus, the biconjugate f**, defined as f* by
[ (y) = sup,ex (v, @) — f*(y), clearly satisfies

The following is the most important result about the Legendre-Fenchel conjugate (it is
also elementary in our Hilbertian setting):
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Theorem 4.14. If f has no affine minorant, f* = 400 and f** = —oco. Otherwise, f**
is the largest convez lsc function below f, called the convez lsc envelope of f (sometimes
also the T-reqularization, or the convex relaxation). In this case then either f = +oo,
or f*, f** are proper.

This is a consequence of the separation theorem. Observe that the convex Isc en-
velope of a function f is always well defined as the sup of all the convex Isc functions
below f, or —oo if there is none. Observe also that it is the function whose epigraph
is the closed convex envelope of epi f. The special case of a function with no affine
minorant is very specific: for instance, a function f equal to —oco in B(0,1) and 400
else, despite being convex lsc, is such that f* = +o0o0 and f** = —cc.

Proof: if f = 400 then f* = —oco and f** = 4o00: the theorem is trivial. So we
assume there exists x with f(z) < +00. As we have seen, f** < f is a convex lsc below
f. Either it is —oo everywhere, or it is proper and there exists an affine function a such
that f > f** > a. Indeed, choosing (z,t) with t < f**(z) < f(x) < 400, the separation
Theorem 4.3 applied to the closed convex set epi f** and (z,t) ¢ epi f** shows the
existence of (p, A, a) with

—(p,x) + X <a<—(p,y)+ As

for any (y,s) € epi f**. As usual A > 0 (sending s — 00), moreover A # 0 otherwise
choosing y = z yields a contradiction. Hence one may assume A = 1 and one obtains
fly) = f**(y) > t+ (p,y — ) =: a(y), which shows the claim. By definition, one has
of course in this case that f*(p) < (p,a) —t < oo and f**(y) > (p,y) — f*(p) Vy.

One sees that if f has no affine minorant, then f* = 400 and f** = —oo; while in
the other case f* and f** are proper as soon as f # +o0.

Assuming that we are in the latter case, let g be convex, lsc with ¢ < f. To show
that f** is maximal among such functions, we must show that g < f**. Since g < f,
then f* < g*, so that ¢g** < f**. Hence it is enough to show that ¢g** = g. As before,
considering p with f*(p) < +oo one has f** > (p,-) — f*(p), so that it is enough
to consider only functions g with g(x) > (p,x) — f*(p) Vz (otherwise replace g with
z — max{g(z), (p,z) — f*(p)})-

The next (not essential) simplification consists in replacing f with f'(z) = f(x) —
(p,x) + f*(p) > 0. Indeed,

(f")"(y) = sup (y,2) — f(z) + (p,2) — f*(p)
) = - *(p)+sgp<y+p7x>—f(x)=f*(y+p)—f*(p),
so that
(f)"(z) = sup (y.2) — [y +p) + ()
= f"(p) = (p, ) +sup (y+px) = f(y+p) =f"() = (p,x)+ (D)

Hence f = f** < f' = (f')** and it is enough to show the result for nonnegative
functions.

Assume therefore that f is convex, Isc, with 0 < f # +oo. If f** # f, then there
exists « with f**(z) < f(x). That is, (z, f**(z)) & epi f and from Theorem 4.3, there
exists p, A, a with

(p.x) = Af7 () > a = (p,y) — As
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for all y € dom f and s > f(y). In particular, as dom f # (), letting s — +o0o we see
that A > 0.

Case 1: A > 0: then we can divide the inequality and assume that A = 1. It follows
that f**(z) < —a+ (p,x), while @ > (p,y) — f(y) for all y, hence taking the sup over
y, a > f*(p). Hence, f**(x) < (p,z) — f*(p), a contradiction.

Case 2: X = 0: then (p,z) > a > (p,y) for all y € dom f. Observe then that for ¢ > 0,
using that f > 0 in dom f and f = 400 outside,

[ (tp) =supt(p,y) — fly) <t sup (p,y) <ta,
Yy yedom f

so that

[ (@) = sup(q,x) — f*(q) > sup (tp,x) — f*(tp) > supt((p,z) — a) = +oo
q t>0 t>0

which is again a contradiction.

Remark 4.15 (Legendre-Fenchel Identity). If z realizes the sup in f*(y) = sup, (y, z) —
f(z) then for all z,

(y,2) = f(2) =y, 2) = f(2) = f(z) = f(z)+ (y,z — )

which means that y € df(z). Conversely if y € df(x), by definition one easily deduces
that f*(y) < (y,z) — f(z), and moreover that f**(z) = f(z), y € 0f**(x), and f is
Isc at . In particular we see that 0f**(x) 2 df(x) for all .

One derives the celebrated Legendre-Fenchel identity:

y € 0f(z) & (v,y) = f(x) + f*(y) = = € Of*(y), (24)

the latter being also an equivalence if f is Isc, convex (if f = f**).

One also can check that conversely, if the convex function f is Isc at x, then f**(z) =
f(z). This is true because f** is the lsc envelope of f (since it is convex), which can be
defined by z — inf, _,, liminf, f(z,).

One can derive as a corollary the following variant of Theorem 4.14, which may be
useful (see Sec. 4.3.2).

Corollary 4.16. Let f : X — R U {+oo} be convex, proper and assume that f is
lower-semicontinuous at x € X. Then f**(x) = f(z).

To prove this, observe that the lower semicontinuity assumption implies that for any
t < f(x), there exists § > 0 such that f(y) > ¢t for all y € B(x,d), the open ball of
center x and radius J. In other words,

epi f N B(z,0)x(—o0,t) = 0

Since the second set is open, also epi f does not intersect it. Since f is convex, epi f =
epi f** (thanks to Theorem 4.14) and one deduces that ¢ < f**(x), which proves the
claim.

4.2.2 Examples
L f(z) = [|2]1?/(20), &> 0: f*(y) = ally|*/2;
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2. f(x) = |aP/p f*(y) = W' /0, p+1/0 = 1;

3. F(f) = IfIl5./p: F*(g) = HgHIzp, /P’ (the duality is in L2, however this is also
true in the (L?, L*') duality, see [15]);

4. f(x) =dp(o,n(xz) =0if z € B(0,1), +oo else: f*(p) = |pl.

The last example is a particular case of the following situation: if f is convex,
1-homogeneous, then

[ (y) = sup (y,x) — f(z) = Sup sup (y,tx) — f(tr) = sup tf*(y) € {0, +oo}

and precisely
Fly) = 0 if (y,z) < f(z)VaelX,
v= +oo if3x e X, (y,x) > f(x).

Letting C = {y : (y,z) < f(z) Vo € X} = 9f(0), one has f* = dc (C is clearly closed
and convex, and f* convex lsc). Eventually, observe that if f is Isc, then f** = f which
shows that in this case
fz) = sup (y,z).
y€0f(0)

Observe in particular that 9f(x) = {y € 9f(0) : (y,z) = f(x)}.

This example, in turn, is a particular case of the following: if f is S-homogeneous,
B > 1, then

F*(ty) = sup (ty, z) — f(x) =17 sup (y,t' =) = f(t~Pa) =t f*(y)
ifl —a=—-a/B, hence if 1/a+1/8 = 1.

4.2.3 Relationship between the growth of f and f*

Lemma 4.17. If f is finite everywhere, then f*(tp)/t — 400 ast — +oo for allp € X
(f* is superlinear). The converse is true in finite dimension if [ is convez, lsc.

Proof: if f* is not superlinear, there exists p, ¢ < oo, such that f*(tp) < ct for all
t > 0: hence f**(x) > sup,~qt (0, z) — f*(tp) > sup,~q t({p, z) — ¢) = +0o0 as soon as x
is such that (p,x) > c. Of course then, f(x) > f**(z) = +oo0.

Conversely, in finite dimension, let f be convex, lsc and assume that there is x
with f(x) = +00. We can assume without loss of generality that f > 0 (¢f proof of
Thm 4.14).

Then, since dom f # X (in finite dimension only, in infinite dimension dom f could
be dense, for instance think of f(u) = [ |Vu|?dx for u € L?) one can consider z ¢ dom f.
Then, there exists by Theorem 4.3 p, @ with (p,z) > a > (p,y) Vy € dom f. We have

[ (tp) = sup (tp,y) — f"(y) < sup t(p,y) <ta
Yy yedom f

for ¢ > 0, so that f*(tp)/t < o and f* is not superlinear.

Remark 4.18. In infinite dimension, one needs to strengthen a bit the assumption, for
instance if f > g(|p|) with ¢ superlinear then f* is finite everywhere.
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Proposition 4.19. Let f a convez, lsc function: then f is p-convez if and only if f*
has (1/u)-Lipschitz gradient.

Proof: observe that if f is p-convex one has in particular, given « € dom df, for
p € df(z), that (20) holds:

F@) = @)+ (py —2) + Sy — ] (20)

for all y, hence taking the conjugate (¢f Example 1 in the previous Section), we find
for all ¢:

(e < Sup (@) = f(@) = (py — ) - gHy—sz
_ L _ 1
= (@) = f() + suplg —pry — ) - Sy —l* = {g,2) - f(2) + ﬂ\lq—pll2
= (p.a) = Fla) + g =)+ 50— ol = £ ) + (g = pa) + 5 -la =l (25)

We have used that (p,z) — f(z) = f*(p) which follows from (24). In particular we
see that f* has at most a quadratic growth, and we deduce that it is locally Lips-
chitz (Lemma 4.1), and its subgradient is not empty everywhere. Moreover, we deduce

from (25) that when x € 0f*(p) & p € 0f(z) (¢f (24)),
PO+ =) < F@ < W) + 0= pa) + 5l ol

in other words, f*(¢) = f*(p) + (¢ — p, z) + o(q¢ — p) which shows that f* is (Fréchet)-
differentiable and x = V f*(p).

Eventually, given p,q € X and z = Vf*(p), y = Vf*(¢), one has by (24) that
p € Of(x), ¢ € 90f(y) and by strong convexity, using (20) and the same with ,y
switched and p replaced with ¢, and summing, we find

(g—p,y—z) > plly — |?

so that in particular, |V f*(q) — Vf*(p)l| < (1/w)llq —pll: Vf* is (1/p)-Lipschitz. In
fact, we see that

(q—p, VI (q) = VI p) = plVI(a) — VI,

which expresses that V f* is “u-co-coercive”, a property which is stronger than being
(1/p)-Lipschitz.

Conversely, if f* has (1/u)-Lipschitz gradient, let us show that f is pg-convex. Ob-
serve that

1
£ = £ o) + /0 (VI (0 + s(q— ) — p) ds

= f*(p) +(Vf*(p)a—p) +/O (Vf*(p+s(@g—p)) =V (p)qg—p)ds

1
< PO+ @ha=n)+ L=l [ s
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If p € 0f(x), so that z = V f*(p), we deduce

F@) < @)+ g-pa)+ iuq -

Hence taking the conjugate:

)= 1) = sup 0) - (f*(p> +Ha—pa)+ 5l p||2)

I

= (p,x) — *(p) o sup (p—qx—y)— illq—pll2 =(p.y) — f*(p) + Sz —y|*.

2

By (24), (p,z) — f*(p) = f(z) (as f is convex Isc), and we find
F0) = @)+ (py —2) + Sl —yll?,

showing that f is strongly convex. Notice in particular that we have found another
proof of Theorem 2.3, valid also in Hilbert spaces for convex Isc functions.

4.2.4 The conjugate of a sum: Inf-convolutions

A natural question, given two convex functions f and g, is whether one can derive an
expression for the conjugate (f+¢)*. The answer is given by a particular “convolution”
formula, called the “inf-convolution”. Letting f, g be convex, lsc functions it is defined
as follows:

fOg(x) = inlff(x —y) +9(y)- (26)

It is easy to show that this defines a convex function (more generally, given G(z,y)
convex in (z,y), we let the reader show that z — inf, G(x,y) is also convex. One can
show in addition the following result:

Lemma 4.20. We assume f, g are convex, lsc. If there is p € X where f* is continuous
and g* is finite, then the inf is reached in (26) and fOg is convex, lsc. In finite
dimension, it is enough to have p € ridom f* Nridom g*.

Proof: consider indeed z,, — = and y,, such that

fCg(a) 2 (e — ) + ) — -
Consider a subsequence with
lim f (2, = yn) + 9(yn,) = liminf f(zn —yn) +9(yn) < liminf fOg(z,)
Observe that if f* is continuous at p, then it means that there is a constant ¢ such that

[ (q) < c+6p,e)(qg—p)

(where d¢ is the characteristic function of C' which is zero in C' and 400 elsewhere)
while ¢*(p) < +o0: so that for all z

fz2) = f7(2) 2 pz) —ctellzll, g(2) = (p,2) — 9" (p)-
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Hence,

F@ng = Yny) + 9Wni) > 0y Tny — Yni) — ¢+ €llTn, — Yni |l + (P, Yni) — 97 (P)
= (0, Tny,) T EllTn, — Ynill — (¢ + g7 (p))

so that (@, — Yn, )k is a bounded sequence, hence there exists y and a subsequence of
(yn,) (not relabelled) with y,, — y. In the limit (as, f, g are weakly lsc),

ng(a:) < hInklIlf f(xnk - ynk) + g(ymc) < hH}’LlIlf ng(.Z‘n)
Eventually, we observe that if the sequence x,, = x, then this proves that there is a
minimizer y in (26). We can derive a second, more precise variant of Theorem 4.9:

Corollary 4.21. Let f,g be convex, Isc: if there exists x € dom f Ndom g such that f
is continuous at x (in finite dimension, x € ridom f Nridomg), then

o (f+y9) = /"0y,
e O(f+g)=0f+0y.

The first point is clear: as by our assumption, f*[dg* is lsc, and:

(f*0g")*(x) = sup (z,p) — f*(q) —g"(p — q)

=sup(z,q) — f* (@) + (x,p—q) —g"(p — ) = f(z) + g().
The second point is because if p € I(f + g)(z), using that = € I(f*Og*)(p) and
f By (p) =) +9"(p—0q)

for some ¢, one obtains letting p — ¢ = r:
fr(s)+g7(t) = f*Og" (s +1) = f0g"(p) + (x,s + 1 —p)
> @)+ (xs—q)+g°(r) + (z,t —7)

for all s,t. Hence x € df*(q) N dg*(r), which shows that p = ¢ +r € df(x) + dg(x).

4.3 Example: the proximity operator

(Also known as Prozimal map.) Given f convex lsc, proper, observe that for any 7 > 0,

r € X,y f(y)+|ly — z|?/(27) is strongly convex and hence has a unique minimizer.
We define

. 1 2
T = -— — 2
fr(x) = min f(y) + o[l — | (27)
as the inf-convolution of f and || - [|?/(27). It is clearly a convex, lsc function thanks

to Lemma 4.20 (and the “min” is reached, but this is also because we are minimizing a
strongly convex, lsc function in a Hilbert or Euclidean space). As we have seen before
(Lemma 4.8), one has at the minimizer y,

05(ys) + -y — ) 30 (28)
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This characterizes the unique minimizer of (27) and in particular it means that the
following operator is uniquely defined:

Yo = (I +70f) " (z) = prox, ¢().

As already shown, (z — y,)/7 = Vf-(z). Actually, in the convex case, there is a
direct proof: one has, letting = prox, ;(y) and § = prox, ¢(z),

fr(y) = f(n) + HU;JHQ = f(n) + H(n*ﬂﬁ);r(ﬂﬂfy)\l2
F(€) + el y g | <L—f’y _ x> i <£;ny — x> + le—ul®
frla) + (Soy—a) + 51552 — =51

In the third line, we have used the fact that £ is the minimiser of a (1/7)-strongly convex
problem, so that £(7) + |7 — z2/(2r) > £(€) + |n— 2|?/(27) + I — €2/ (27) for all
1. We deduce from the inequality

fr(y) > fr(x) + <¥,y—x> + I 22

both that (z —¢)/7 is a subgradient of f, at z, and that the map = + (z —prox, ;(z))/7
is 7-co-coercive, hence (1/7)-Lipschitz: indeed, writing the same inequality after having
swapped z and y, and summing the two inequalities, we obtain
N e

T

AV

In particular, f, is C'. Also, we find that
prox, ;(z) =z — 7V fr(2)
is a (1/2)-averaged operator (it is (1/2)I + (1/2)(x — 27V f-(z)), see Lemma 2.4).

Moreau’s identity Thanks to (24), (28) yields
Jo € 0F (35) & T2k 4 LYpi(Ee) 5 2 & 22 — (14 L0f") ) (2).
We deduce Moreau’s Identity, valid for any convex, Isc, proper function f:
T = prox, ;() + Tproxi ;. (7) (29)
One also can show the following;:
Proposition 4.22. Let f be proper, convez, lsc: then dom df is dense in dom F.

Indeed, let x € dom f: then f,(x) < f(z). In particular, denoting x, = prox, ,(z),

1
fr(@) = flae) + ol — 2 |* < f(2),

We use again that f, being proper, is larger than some affine function: hence there is p, ¢
such that (p, z;)+c+ 5=[|z—2-[|* < f(x) from which it follows that ||z, —z|| < ¢/\/7 for
some constant ¢/ > 0. Hence 2, — x. Now, 8f(z,) 3 (x —z,)/7 # 0 hence =, € dom f,
which shows the proposition. As a by-product of the proof, one sees that:
Proposition 4.23. Let f be proper, lsc, convex and f, defined by (27). Then for all
z, fr(x) = f(x) as 7 — 0.

(We leave to the reader the proof that if f(x) = 400, f-(x) — 400, which is easy
using that f is Isc.)
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Examples: f(z) = ||z|1 =, |zi], z € R%:
prox, p(x) = ((Ja| — ) "sign (2:))iZs.

If f(x) = bj4,1<1, Prox, f(z) = (max{—1,min{1,z;}})i.
If f(z) = ||=[|*/2, prox, ;(z) = z/(1 + 7).

4.3.1 A useful variant of inf-convolutions

Consider now the modified inf-convolution problem

h(z) = ;gg flz — Ky) +g(y)

where K : ) — X is a continuous operator and f, g are convex, lsc, proper. Then one
can show similarly that if there exists p such that f*(p) < +oo and g* is continuous at
K*p, h is Isc and since

h*(q) = LS (g,7) — f(z — Ky) — g(y)

= sup (q,v— Ky)+(K"q,y) — f(x — Ky) — g(y) = f"(q) + g"(K"q)
reX,yey

it follows that h = [f*(-) + g*(K*-)]*.
The proof is exactly as the proof of Lemma 4.20, but now one uses that g* <
a + 0p(k+pe) for some a € R and € > 0, so that g(y) > —a + (p, Ky) + ¢lly|| and

f*(p) € R so that f(x) > (p,z) — f(p).

Then, if z,, — x and y, is such that f(z, — Kyn) + g(yn) < h(x,) + 1/n, and if
liminf,, h(z,) < 400, one find that along a subsequence ||y, is bounded, hence we may
assume it converges weakly to some y (and as a consequence Ky, converges weakly to
Ky). Hence

h(z) < flx — Ky) + g(y) <liminf f(z, — Kyn) + g(yn) < lim inf h(z,)

and the semicontinuity follows. In addition, we deduce that the “inf” is in fact a “min”.
A wuseful application is the following: let g be convex, lsc and proper and K a
continuous operator, and define
g% (z) = inf g(y).
y:Ky=x

Then, if there exists p where g* is continuous at K*p, g¥ is Isc and g& = [g*(K*)]*.
It is enough to apply the previous result with f = oy, so that f* =0 and p € dom f~*.

4.3.2 Fenchel-Rockafellar duality

Consider now a minimization problem of the form
min f(Kz) + g(2) (30)
where K : X — ) is a continuous linear map and f, g are convex, Isc. Then, clearly
(P) = min f(Kx) + g(z) = minsup (y, Kz) = f*(y) + g()
y

> Sup inf (K*y, z) + g(x) — f(y) = Sup — (9" (=K"y) + f*(y)) = (D)
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A natural question is when there is equality: this is true under various criteria: we will
give a simple example below.

The problem “(P)” is usually called the primal problem and “(D)” the dual problem
(observe though that there is a symmetry between these problems...) Notice that the
primal-dual gap

G(z,y) = f(Kz) + g(x) + 9" (=K y) + [ (y)

is a measure of optimality. If it vanishes at (z*,y*), then (P) = (D), and (z*,y*) is a
saddle point of the Lagrangian

L(z,y) = (y, Kz) — f*(y) + g(=), (31)

as one has
L(x",y) < L(x",y") < L(z,y") (32)

for all z € X, y € Y. [Indeed, for all y,z, L(z*,y) < f(Kz*) + g(z*) = —f*(y*) —
9" (=K"y") < L(z,y") ]

Theorem 4.24. If there exists T € domg with f continuous at Kz, then (P) = (D).
Moreover under these assumptions, (D) has a solution.

We show the result following a classical approach, see [15, (4.21)] for more general
variants. In finite dimension, it is shown in [38, Cor 31.2.1] that equality holds if there
exists ¢ € ridomg with Kz € ridom f, or even more generally that 0 € ri(dom f —
Kdom g) (the proof works as below).

Proof: the method is called the “perturbation method”: We introduce, for z € ),

D(z) := ;Ielgcf(Kx +2) + g(x).

Assume ®(0) > —oo (otherwise there is nothing to prove), then by assumption, one
can find M and e such that for |z| < e, ®(2) < f(KZ + 2) + g(Z) < M < 400. Being
® convex, we deduce that it is locally Lipschitz near 0 and in particular thanks to
Corollary 4.16, ®(0) = **(0) = sup, —®*(y). We compute:

©*(y) = sup (y, 2) — inf (f(Kz +2) +g(x))
zey ze

=sup (y, 2 + Kz) — (K7y, ) — f(Ko +2) —g(2) = [*(y) + 9" (- K"y).
The claim follows. Moreover, since ® is Lipschitz near 0 it is also subdifferentiable:
there exists y € 0®(0). This subdifferential provides a solution to the “dual” problem
max, —®*(y).
Exercise: show the result in finite dimension if 0 € ri (dom f — Kdom g) (one needs to
show again that ® is Isc at 0).

Observe that one has by optimality in (32) that Kz* —df*(y*) 2 0, K*y*+dg(z*) >

0, which may be written
0g(x) 0 K*\ [z
e (opin) + (% ) () )

meaning the solution is found by finding the “zero” of the sum of two monotone operators
(see Section 4.4).
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Example Consider the problem
. 1 02
min Al Dz ||y + 7|l — 27|
x 2
where D : R"® — R™ is a continuous operator, ° € R™, ||-||; is the /!-norm. One has

1
F=AM =D, g=]l -

Then the Lagrangian is

L(z,y) = (y, Dx) — f*(y) + g(z)

where f*(y) = 01if |y;] < Afori=1,...,n, and +oo else. To find the dual problem, we
compute g*(z) = (z,2°) + [|z[|?/2, and we obtain

1
max{<D*y,x0> — §||D*yH2 Hul <A i=1,. .. ,n}.
This can be rewritten as a projection problem:

min || D*y — 2°||%.
min, D"y — 7|
4.4 Generalization: Elements of monotone operators theory

For more results, see [6]. We mostly mention the main properties, which extend the
properties shown so far for subgradients.
Observe that if f is convex, one has for all z,y, p € 9f(x), ¢ € df(y)

fy) = f(z) +(p,y —x), f(x) > f(y) + (¢, z —y)

so that, summing,
(p—q,x—y)>0.

This leads to introduce the class of operators which satisfy such an inequality, which
share many properties with subgradients. Consider in the Hilbert space X a multi-
valued operator A : X — P(X). By a slight abuse of notation, we will also denote A
the graph {(z,y) : x € X,y € Ax}.

We introduce the following definitions:

Definition 1. The operator A is said monotone if for all x,y € X, p € Az, q € Ay,
(p—qz—y) >0.
It is (u-)strongly monotone if
p—ax—y) = ple—yl*

It is (u-)co-coercive if
(p—a,z—y) > ulp—dl.

It is mazximal if the graph {(z,p) : p € Az} C X x X is mazimal with respect to
inclusion, among all the graphs of monotone operators.
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In dimension 1, monotone graphs are graphs of nondecreasing functions. Obviously
then, they also coincide with (sub)gradients of convex functions. In higher dimension,
this is not true anymore (example: an antisymmetric linear mapping in R¢, d > 2).

One sees that the subgradient of a convex function f is monotone, strongly monotone
if f is strongly convex, co-coercive if V f is Lipschitz (¢f Theorem 2.3).

A subgradient is maximal if and only it is the subgradient of a lower-semicontinuous
function. A simple proof is due to Rockafellar: if f is Isc, to show that 0f is maximal
we must show that if x € X and p € 9f(x) then one can find y and ¢ € df(y) with
(p—q,x —y) < 0. Replacing f with f(x) — (p,z) we can assume that p = 0. Saying
that 0 ¢ Of(x) is precisely saying that x is not a minimizer, that is, there exists y € X
with f(y) < f(z).

Consider now y = prox;(x), the minimizer of f(y) + |ly — z[*/2. As we have seen,
g=x—y € 9f(y). One has

(p—gz—y)=(—gz—y)=—|lz—y|* <0,

unless y = 2. But y = 2 would imply that ¢ = 0 € df(x), a contradiction. Hence 9f is
maximal. (The proof can be extended to non-Hilbert spaces, see [39].)

Conversely if 9f is maximal, since df** D 0f, then this operator is also the subgra-
dient of the convex, Isc function f**. We are not proving here that f = f**, only that
0f is also the subgradient of the convex, Isc function f**.

A monotone operator is not necessarily a subgradient: for instance, in R2, the linear

operator
0 1
(4 o)

is monotone but not the subgradient of a convex function. In order for a monotone
operator to be (included in) the subgradient of a convex function, it needs to be cyclically
monotone [37, 1]: for any xg, 21 ...,2, = 2o and p; € Ax;, po = P,

I
—_

n

(pi, i1 —x;) <O.

Il
o

i

An important case of monotone operator is obtained from nonexpansive (1-Lipschitz
mappings) T, as in Section 3. Indeed, it is obvious to check that I — T is maximal
monotone:

((x = Ta) = (z = Ty),x —y) = o —y|* = (T~ Ty,x —y) > 0

thanks to Cauchy-Schwartz inequality and the fact T' is 1-Lipschitz.

Given A a monotone operator, its inverse is simply A~ : p — {x : Az > p}, with
graph {(p,z) : p € Axz}. Tt is therefore maximal if A is maximal, co-coercive if A is
strongly monotone (c¢f Prop. 4.19). Clearly, (0f)~! = 0f* (see (24)).

Theorem 4.25 (Minty [24]). The resolvent of a mazimal-monotone operator A, defined

by
ry=I+A) o= Jyarey+Ayse

is a well (everywhere) defined single-valued nonexpansive mapping. (Conversely, for a
monotone operator A if (I + A) is surjective then A is mazimal.)
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One will see that the resolvent is also a (1/2)-averaged operator (and any (1/2)-
averaged operator has this form).

Proof: Let us introduce the graph G = {(y + z,y —z) : z € X,y € Az}. If (a,b),
(/) e G, witha=y+xz,b=y—xandd =y +2',0 =y — 2/, then

b=V>=ly—yI*-2@u—y,z—2)+ |y + ¥

=lla—d|?~4{y—y 2z —2') <lla—d|?

showing that G is the graph of a 1-Lipschitz function. Moreover, if G’ D G is also the
graph of a 1-Lipschitz function, then defining A’ = {((a — b)/2, (a +b)/2) : (a,b) € G'}
the same computation shows that A’ O A is the graph of a monotone operator, hence
A’ = Aif Ais maximal. (Conversely, if G is defined for all a then clearly G and therefore
A are maximal, as being 1-Lipschitz G is necessarily single-valued.)

So the theorem is equivalent to the question whether a 1-Lipschitz function which
is not defined in the whole of X can be extended. This result (which is true only in
Hilbert spaces) is known as Kirszbraun-Valentine’s theorem (1935). [The proof we give
is derived from [17, 2.10.43].]

The basic brick is the following extension from n to n + 1 points:

Lemma 4.26. If (x;)1, (vi)’_, are points in Hilbert spaces respectively X, such that
Vi, g, llvi —yjill < |lzi — )], then for any x € X there exists y € Y with |ly; —y|| <
|z; — x| foralli=1,...,n.

It is enough to prove this for z = 0: we need to find a common point to B(y;, ||x;]|).
There is nothing to prove if x = x; for some i, so we assume x; # 0,7 =1,...,n. We
define

¢ = min{c >0: mB(yi,cHxiH) # @} >0
i=1

(if the y; are distinct, which we may also assume). This is a min because the closed balls
are weakly compact, and we can consider y such that ||y —y;|| < é||lzi]|, i =1,...,n.
Then we observe that y must be a convex combination of the points (y;);c; such that
lly — yill = €llz;]|. Indeed, if not, let y’ be the projection of y onto co{y; : i € I}. As
forany i € I, (y; — v,y — y') <0 one has, letting y; = (1 —t)y +ty/, that for any ¢ € I:

lys = well> = lvi —y + ty =y = v — yll® + 2t (i — oy — y') + Elly — /||
=y —yl* +2t i — v,y —¥) —2tlly — /' II” + lly — /|?
<y —yll> =t =)y — 1> < llyi —yl*

if t € (0,2). Hence if ¢t > 0 is small enough, one sees that ||y; — y¢l| < |lvi — vl = &l|z:]]
for ¢ € I, while since for i & I, |ly; — y|| < €||z;||, one can still guarantee the same strict
inequality for y, if ¢ is small enough. But this contradicts the definition of ¢, since then
there would exists ¢ < & such that y; € (i, B(ys, c/|z:]]).

We therefore can write y = Y., 6;y; as a convex combination (6; € [0,1],>.._,6;, =

el i€l
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1). Then since 2 {a,b) = ||a||®> + ||b]|* — ||a — b|?,

0=1> 0w —ull> = 0:0; (i — v, 9 — )

el i,je€l
1
=5 > 08 (lye = vl + Iy = vl = llvs = w;1°)
i,j€1
1 _ _
> 5 D 065 (@il + Sl l)® ~ i — 5]1%)
i,j€l
~ 1—¢&
=&Y 00 (wi,25) — —5llzi — ;j)?

ijel
which shows that
(1=2%) Y 0:6)l|z: — z,l* > 227> O ?
i,5€l iel

so that ¢ < 1. Hence, y satisfies ||y —y;|| < ||z, as requested, which shows Lemma 4.26.
We can conclude the proof of Theorem 4.25: if there exists € X such that {z} x
X NG = 0, consider the set

K= () B lz—al)

(a,b)eG

which is an intersection of weakly compact sets.

We show that because the compact sets defining K have the “finite intersection
property”, K can not be empty: Choosing (ag,by) € G, if By = B(bo, || — bo||), we see
that

K=DBynN ﬂ B(b, ||z —a)
(a,b)eG
hence By \ K = By N Uy p)eq B(b: [z —al|)¢. If this is By, by compactness one can

extract a finite covering J!, B(b;, ||z — a;]|)¢ for (a;,b;) € G, i = 1,...,n. We find
that .
By N U B(b“ Hx — aiH)C = By

i=1

or equivalently that
By N m B(b;, ||z —ai]]) =0
i=1

which contradicts Lemma 4.26. Hence, By\ K # By which means that K # (). Choosing

y € K, we find that GU {(z,y)} is the graph of a 1-Lipschitz function and is strictly
larger than G, which contradicts the maximality of A.

The non-expansiveness of (I + A)~! follows from, if y + Ay > z, v + Ay’ > 2/,
p=x—y€Ay p =2 —y €Ay

o —2'|* = lly=y'I* +2—py—y) + o= 21?2 lly = 'I* + llp = 'II%,
that is, for T = (I + A)~%:
T2 = Ta'|* + |(I = T)a — (I = T)a'|* < ||z — ||, (34)
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An operator which satisfies (34) is firmly non-expansive.

Let us now consider the “reflexion operator”
Ra=2J4—1=2(I+A)" -1 (35)

Lemma 4.27. R, is nonexpansive, and in particular, Ja = I/2 + Ra/2 is (1/2)-
averaged.

More generally we prove the following: An operator T is firmly non-expansive if
and only if it is 1/2-averaged, that is, R = 2T — I is non-expansive (so that indeed
T =1/2+ R/2is 1/2-averaged).

It follows in an obvious way from the parallelogram identity, since for any z, z’,

|Rz — R'||” = (T2 — x) — (T2 — 2') + Tw — Ta'||?
=2||(I = T)z — (I = T)2'|]* + 2||Tz — T2'|* — ||z — 2'||* < ||z — ||
& I =T)(x)— U =T)")|?>+|Tz —T2'||> < ||z — 2'||%

We have shown that if A is maximal monotone, then Ja = (I + A)~! is defined
everywhere and single-valued, then that it is firmly non-expansive, and eventually that
an operator is firmly non-expansive if and only if it is (1/2)-averaged. We conclude by
showing that if an operator T'= I/2+ R/2 is (1/2)-averaged (R is non-expansive), then
there exists a maximal monotone operator A such that T'= J4.

The proof follows by the same (or reverse) construction as in the beginning of the
proof of Minty’s theorem: we consider the graph

G={((z+v)/2,(x—y)/2):x e X,y=Ra} ={(Tx,(I —T)z) : x € X}

and denote by A the corresponding operator (y € Az < (x,y) € G). Then A is
monotone: if (£,7), (£,7) € G, then for some x, 2’ € X, £ = (z+Rx)/2,n = (z—Rx)/2,
etc., and we find:

1
(5—5/,77—7)'):Z(x—i—Rm—x'—Rx',x—Rx—x’+Rx’>

1
=3 (|lz = 2'||* — [|Rz — Rz'||*) > 0.

Moreover, A is maximal, if not, one could build as before from A’ D A a non-expansive
graph {(§ +n,& —n) : n € A’¢} strictly larger than the graph {(z, Rz) : x € X'}, which
is of course impossible. By construction, ATz > (I —T)z for all x, hence (I + A)Tz >
reTe=1+A) 'z

To sum up, we have shown the following result:

Theorem 4.28. Let T be an operator, then the following are equivalent:
o T = (I+ A)~! for some maximal operator A;
o T is firmly non-expansive;

o T is (1/2)-averaged (2T — I is nonexpansive).
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A consequence is that if ° € X and 2%+ = (I 4+ A)~'z*, k > 0, then #¥ — 2z where
x is a fixed point of (I + A)~!, that is, Ax = 0, if such a point exists (Theorem 3.1).
We will return soon to these iterations.

Another way to interpret Theorem 4.25 is to observe that it says that a strongly
monotone maximal operator has a well-defined single-valued inverse everywhere. Indeed,
if A is maximal g-monotone, then A’ = A/u — I is maximal monotone hence I + A’ is
surjective with single-valued inverse, and so is A. From

(p—aqz—y) > plle—yl?, pe Az,q € Ay
we deduce if B = A~! that

(p—q,Bp— Bq) > pl|Bp — Bq|?,

showing that B is co-coercive and (1/u)-Lipschitz.

The maximal monotone operator A, = [z — (I + 7A)~1z]/7 is called a Yosida ap-
proximation of A: it is a (1/7)-Lipschitz-continuous mapping, with full domain (in case
A=0f, A, =V f.). TA; is firmly non-expansive, since [ —7 A, is. It has very important
properties, see in particular Brézis’ book [6]. We mention in particular Theorems 2.2,
Prop. 2.5, and Cor. 2.7 in that book: the first two say that for a maximal monotone op-
erator A, C' = dom A is convex and lim,_.,g J-ax is the orthogonal projection of x onto
C, in addition if z € dom A, A,z — A%z, the element of Az with minimal norm, while
if not, |A;x| — oo. The last shows that if for A, B two maximal monotone operators

dom ANdom B # (), then also A+ B is maximal monotone. The Yosida approximation is
used in [6] to show the existence of solutions to #+ Az > 0 for A maximal-monotone, by
showing it is obtained as the limit of the solutions of & + A,z 5 0 (which trivially exist
because of Cauchy-Lipschitz’s theorem). This allows to define properly the “gradient
flow” of a convex Isc function, which is the time-continuous equivalent of the gradient
descent algorithms. An exhaustive study of maximal monotone operators in Hilbert
spaces is found in [2].

We will use the generalization of Moreau’s identity (29):
z=I+7A) ) +r(I+ LA (%) (36)

which is proved exactly in the same way as (29).

5 Algorithms. Operator splitting

We introduce here the “Forward-Backward splitting” technique. We discuss conver-
gence rates and introduce acceleration, in particular the famous “FISTA / Nesterov
acceleration”.

We also introduce other splitting: Douglas-Rachford (DR), Alternating directions
method of multipliers (ADMM), Primal-Dual.

5.1 Abstract algorithms for monotone operators

In this section, we describe rapidly general algorithms for solving the equations
0eAxr or 0€ Ax+ Bx

where A, B are maximal monotone operators (sometimes subgradients, sometimes not).
The idea is to generalise algorithms already seen, and then to have at hand general
results which will be useful for studying more concrete algorithms.
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5.1.1 Explicit algorithm
Let us first consider the equivalent of the “gradient descent”:

ot =gk —rpk PP e AxP

Even if A is single-valued and continuous, then this might not converge. For instance,

. 0 -1
1fA—(1 O) then

But the eigenvalues of this matrix are 1 + 477 and have modulus v/1 + 72, so that the
iteration always diverges.

So one needs to require a further condition on A. We recall (Baillon-Haddad) that
the gradient descent works for convex functions with Lipschitz gradient, whose gradient
is a co-coercive monotone operator. We can show here the same:

Theorem 5.1. Let A mazimal monotone be p-co-coercive (in particular, single-valued):
(Az — Ay, z —y) > p| Az — Ayl|.

Assume there exists a solution to Az = 0. Then the iteration x*t1 = b — 7 Az
converges to x* with Az* =0 if 0 < 7 < 2u.

For the proof we just show that I — 7A is an averaged operator. Let us compute

(I = 7A)z — (I = TA)y|]* + [ Az — 7 Ay|>
= |lz —yl* - 27 (z — y, Az — Ay) + 27%|| Az — Ay||?
< o —yl* = 2r(u — 1) Az — Ay]|*.
This shows that if 0 < 7 < u, 7A and (I — 7A) are firmly non-expansive hence (1/2)-
averaged. It follows that for 0 < 7 < 2u, (I — 7A) is averaged. Hence by Theorem 3.1
the iterates weakly converge, as k — oo, to a fixed point of (I — 7A4) (if it exists). If

7 = 0 this is not interesting, if 0 < 7 < 2u, then it is a zero of A, which exists by
assumption.

5.1.2 Proximal point algorithm

Then we consider the “implicit descent” z**! € z¥ — 7 A2**+1. This is precisely which is
solved by z¥*1 = (I+7A)~'2* which is well-posed if A is maximal monotone (Th. 4.25).

The corresponding iteration
aF = (T4 74)" 12"

is known as the prozimal point algorithm. It obviously converges to a fixed point as
the operator is (1/2)-averaged (if the fixed point, that is a point with Az = 0, exists).
Moreover, as we have seen, one can consider more generally, if R, 4 = 2(I +7A4)7! — I,

2R = (1 — 02" + 0, R a2® = 2¥ + 20, ((I +7A) ek — xk) =2k — 20,74, 2",

for 0 < 0 < 6, <6 < 1 and still get convergence. More generally, we prove:
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Theorem 5.2 (PPA Algorithm). Let 2° € X, 7, > 7> 0,0 <A< A\ <A <2, and let
P = 2P A\ ((1 + 7 A) "l — 2P). (37)
If there exists x with Az 3 0, then ¥ weakly converges to a zero of A.

Proof. The proof follows the lines of the proof of Thm 3.1.

A first remark is that one obviously has ||z¥*? — 2||? < ||#* — 2| for each x with
Az > 0, which is a fixed point of J;4 for any 7, as in that case (37) is iterating an
averaged operator with same fixed point. But we can be more precise. We have:

[|lz*+t — z|? = l|z* — z||* + )\iHJTkAxk — ka2 4+ 2 <xk —x, JTkAack — xk>
= [|a* — 2| + AZ[| Jr az® — ¥

+ A ([roaz® =) = fla* — 2l® || 742" — 2¥|).
Now, as J,, 4 is firmly non-expansive,
1 Traz™ = 2l* + (1 = Tra)2® = (I = Tra)al* < [l — 2
where in addition (I — J;,_4)x = 0. Hence:

2" = wl* < fla® = a|® + AR [ T az® = 2®* = 22| T a2 — 2

= ll2® — 2] = Ae(2 = Ao) | T a2 — 2F|J2.

Letting ¢ = A(2 — A) > 0, we deduce that (2*); is Fejér-monotone with respect to
{z : Az > 0} and that

n
e I naz® — P + o —al® < J|2® —f?
k=0

k k+1 _ .k

for all n > 0, in particular ||.J,, az* — 2¥|| — 0, as well as, by the scheme, x x”.
We want to conclude as in the proof of Theorem 3.1. However with varying 7, it
is not obvious that a limit point Z of a subsequence z*' is such that Az > 0. To
see this one can use the maximal-monotonicity of A. If 2’ 3 X, ¢/ € Az’, denoting
ep = JTkAxk — 2F — 0 we have:

e
A(z® +€F) > x|
Tk
so that .
<y’ - i—k,x' . ek> > 0.

In the limit along the subsequence z*!, we find (y’,2’ — Z) > 0, so that AZ > 0. The
rest of the proof relies on Opial’s lemma and is as in the proof of Theorem 3.1.

We could also consider (summable) errors. See [2] for variants, [14] for a similar
proof with errors.

5.1.3 Forward-Backward splitting

We now consider a mixture of the two previous, namely the “forward-backward” split-
ting
oF T = (I +74)7 (I — 7B)2” (38)
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where A is maximal monotone and B p-co-coercive. Then, as before, if 0 < 7 < 2u, the
algorithm is the composition of two averaged operator and converges weakly to a fixed
point if it exists. We see that

(I+7A)'I—-7B)x =2 x—71Br €x+71Ax < Ax+ Bx 3 0.

As B is continuous, this is equivalent to (A + B)x 3 0. Hence, if A+ B has a zero, this
algorithm converges to a zero of A + B.

5.1.4 Douglas-Rachford splitting

This method was introduced under the following form in a paper of Lions and Mercier
(79):
o = J 42 — Da* + (I — J,p)a" (39)

Theorem 5.3. Let 2° € X. Then if 2% defined by (39), 2% — x such that w = J,px is
a solution of Aw+ Bw 3 0 (if it exists).

Proof: we use
Jra = %I‘F éRTAa Jrp = %I—’— %RTB'

Hence the operator in the algorithm is
%RTB + %RTA o RTB + (%I - %RTB) - %I + %RTA o RTB

so that it is (1/2)-averaged (and hence a resolvent). We deduce from Thm 3.1 that the
iterations converge to a fixed point, if it exists, of R;4 o R.p. One has

RraoRpr=2<2J, 42 ;px —2) — 2Jrgr — ) =2 < J a2, px — ) = Jrgx

< 2J.pr—x € Jrpx + TA(J ) & Jrpx € v+ TA(J;px).
Letting w = J,px, we see that w satisfies
w € w+ TBw+ TAW

hence Aw+ Bw = 0. Conversely, if w satisfies this equation and z = w+ Bw = w— Aw,
we see that x is a fixed point. We know, then, by Theorem 3.1, that ¥ — x. Then
w = J.px is a solution of Aw 4+ Bw > 0. Further conditions on A, B ensuring that
J,pxk converges to a solution are found in [23], variants with errors in [14].

The iterations z*+t! = R, 4R,px* are known as the Peaceman-Rachford splitting
algorithm and converge under some conditions to the same point.

5.1.5 Three-operators splitting

This approach, introduced in [12], generalizes the two previous methods. Given A4, B, C
three maximal-monotone operators with C' co-coercive: for all z,y € &

(Cx—Cy,z—y) >z -yl

one wants to find £ € X such that A + B+ C¢ 5 0, and we assume there is at least a
solution. One introduces for 7 > 0:

T ::I—JTB+JTAO(2J-,—B—I—TCOJTB).

We observe that if A or B is 0, T is similar to a forward-backward algorithm, while
if C =0, it reduces to the previous Douglas-Rachford operator.
The following is easy:
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Lemma 5.4. A point x is a fized point of T if and only if £ = J.px satisfies AE +
B¢+ CE>0.

Hence, given & which solves A + B + C' > 0, any point z € £ + 7B¢ is a fixed point
of Tr. The main result in [12] is then the following:

Theorem 5.5. For 0 < 1 < 2v, T is averaged.

As a consequence, for such values of 7, the algorithm given by 2° € X, zF+! = T, .zF,
k > 0, produces a sequence which weakly converges to a fixed point x, such that J x
solves the problem.
Proof of the theorem: First, we have seen already that if 7 < 27, (I —~vC) is averaged,
and more precisely there exists S nonexpansive such that

I—7C=(1-0)I465=:5y

for @ = 7/(27). In addition, one can write J,g = (I + R,p)/2 and J,, = (I + R 4)/2.
Hence,

TT:I_JTB+JTAO(JTB_I+SGOJTB)

1 1
=5 (I —J;p+ SeJrB) + iRTA o(Jrp—1+ SgJrB).

This can be written:

T, =321+ 8(I—Jg+5T8)+ 3Ra((1—0)Rp+0(Jr5 — I+ SJ:B))
= (- 50T

with

T =140~ Jep+5)8) + 125 Rea (1= 0)Rrp +60(Jrp — I + SJrp)) .

1460

Then, for z,y € X we have:

[Tz — Tyl < 12511 = Jrp + SJep)z — (I = Jr5 + SJ-B)yl?
+gl Rra((1 - )RTB +60(J;g—I+SJ.5))x— Rea((1 —0)Rrg +0(Jrp — I+ SJ,8))yl?
< 5 = Jrp + STep)x — (I = Jr5 + STyl

+ 15 1((1 =R 3+ 0(Jrp — I+ SJrp))x — (1= 0)Rrp + 0(Jr5 — I+ SJ-p))yl?

where we have used that R. 4 is 1-Lipschitz. In addition,

(1 =0)Rrp +0(Jrp — I+ SJ-p))x — (1 =) R+ 0(Jrp — I + SJ;))yll°
<(1-0)|R;pzr — TByH2 +0|(Jrp — I+ SJrp)r — (Jrp — I + SJTB)?/H2
<A =0)z—yll> +0l(Jrp — T+ ST-p)z — (Jrg — I + STyl

using now that R;p is 1-Lipschitz. In the end we obtain:

[Tz — Tyl < 1511 = Jrp + SJep)z — (I — Jop + SJ-5)yl?

+ 145 (Jrp = I+ 8Jep)z = (Jrp — I+ ST-p)yl1* + 155 lle — y))?
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We conclude with the parallelogram identity which shows that

I(I = Jrp + SJrp)z — (I = Jrp + S5yl
+1(Jep = I+ STrp)x — (Jrp — I + SJ-p)yll?
=2(|(I = Jrp)x — (I — JrB)yll* + ||STrpx — ST, 5yl?)
<2(|(I = Jrp)x — (I = Tp)yl* + 1 Jrpx — J-pyl*) < 2|z -yl

since S is 1-Lipschitz and since J, g is firmly non expansive. Hence,

1Tz — Ty|* < Elle =yl + 355w =yl = ll= -yl

showing that T is (1 + 0)/2-averaged.

Remark 5.6. The averaging here is not as good as the one found in [12], which is

1/(2 - 0).

5.2 Descent algorithms, acceleration, “FISTA”
5.2.1 Forward-Backward descent

In case A = dg and B = Vf, algorithm (38), which aims at finding a point & where
dg(x) + Vf(x) 3 0, or equivalently a minimizer of

min F(z) := f(z) + g(z) (40)
reX
where g is, a “simple” convex lsc function and f is a convex function with Lipschitz
gradient. The basic idea of the Forward-Backward splitting scheme (FBS) is to combine
an explicit step of descent in the smooth part f with a implicit step of descent in g. It
iterates the operator:

I & =T,%:=prox,, (2 —7Vf(z)) = (I +789) " (z — TV [(Z)). (41)

Another name found in the literature [27] is the “composite gradient” descent, as one
may see here (& — Z)/7 as a generalised gradient for F' at Z. The essential reason why
all this is reasonable is that clearly, a fixed point & = Z will satisfy the Euler Lagrange
equations V f(Z) + dg(Z) 3 0 of (40). Observe that in the particular case where g = d¢
is the characteristic function of a closed, convex set C', then prox, (z) reduces to Ilc ()
(the orthogonal projection onto C) and the mapping T, defines a projected gradient
descent method.

Algorithm 1 Forward-Backward descent with fixed step

Choose ©g € X
for all k¥ > 0 do

f =T ok = prong(a:k — 7V f(2"h)). (42)

end for

The theoretical convergence rate of the plain FBS descent is not very good, as one can
merely show the same as for the gradient descent:
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Theorem 5.7. Let 2° € X and x* be recursively defined by (42), with 7 < 1/L. Then
not only x* converges to a minimiser, but one has the rates

F(a*) = F(z") < giglla” —2°| (43)
where x* is any minimiser of f. If in addition f of g are strongly convex with parameters
Ly, fbg (with = pup + p1g > 0), one has

F(ab) — F(a*) + e o — 2*||? < Wb Tl |[50 — 5|2, (44)

where w = (1 —Tpp) /(1 + Tpg).

However, its behaviour is improved if the objective is smoother than actually known,
moreover, it is quite robust to perturbations and can be overrelaxed, see in particu-
lar [10].

5.2.2 FISTA

An “optimal” accelerated version is also available for this method, ¢f Section 2.4.3. This
is well described in [29], [27], although a somewhat simpler proof is found in [3], where
the algorithm, in the cases where p = puy + pg = 0, is called “FISTA”. The general
iteration takes the form:

Algorithm 2 FISTA with fixed step

Choose 2° =z~ ' € X and to > 0
for all K > 0 do

yk _ l’k +ﬂk($k o :L,kfl) (45)
M =Toyb = prox, (v* — 7V f(y")) (46)
where, in case y = 0,
/ 2
lot1 = w > k1 (47)

By = w=L, (48)

th4+1

and if g = py + pg >0,

1—qti++/(1—qt2)2 442

lht1 = D) y (49)
_ te—1 I4Tpg—teqaTp
b= (50)

where ¢ = 71/ (1 4+ Tpg) < 1.
end for

In the latter case, we assume L > uy, otherwise f is quadratic and the problem is
trivial. The following result is then true:

Theorem 5.8. Assume to =0 and let x* be generated by the algorithm, in either case
=0 orpu>0. Then, one has the decay rate

F(a*) = F(a*) < min {(1+ va)(1 = Va)*, geippe } 52 — o2
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It must be mentioned that in the case pu = 0, a classical choice for ¢ is also t, =
(k 4+ 1)/2, which gives essentially the same rate. An important issue is the stability of
these rates when the proximal operators can be only evaluated inexactly — the situation
here is worse than for the nonaccelerated algorithm, which has been addressed in several
papers.

The proof of of both Theorems 5.7 and 5.8 rely on the following essential but straight-
forward descent rule: let £ = T:-Z, then for all x € X,

|z —z||*> _ 1—7L|&—z|? . |z — 2|
F(x)+ (1 —71pyf) 5 z— 5 + F(&) + (1 + 7Tug) o (51)
In particular, if 7L <1,
) A2
Fle)+ (-2 5 py 4 (1 g 2220 (52)

T 2T

The proof is elementary: by definition, Z is the minimiser of the (uy + (1/7))-strongly
convex function

o g(z) + £(7) + (V@) 2 — 7) + M
It follows that for all 2 (cf (20)):
F@) + (1= rpp 2
> g(x) + [(@) + (Vf(2),0 — 7) + w
>g(2) + f(@) + (Vf(@),2 — )+ w F(1+ mg)w.

But since Vf is L-Lipschitz, f(z) + (Vf(z),2 —Z) > f(#) — (L/2)||& — Z||* so that
equation (51) follows.
Remark 5.9. One can more precisely deduce from this computation that
lo =4l (le—al* _
2T 2T

|z — z||?

F(z)+(1=7pus) > F(2)+ (1+7pg)

Dy(z, m)) . (53)

where Dy (z,y) := f(z) — f(y) — (Vf(y),x —y) < (L/2)||z — y||* is the “Bregman f-
distance” from y to « [5]. In particular, (52) holds as soon as

_la—a?

- 2T

which is always true if 7 < 1/L but might also occur in other situations, and in par-
ticular, be tested “on the fly” during the iterations. This allows to implement efficient
backtracking strategies ‘a la’ Armijo for the algorithms described in this section when
the Lipschitz constant of f is not a priori known.

Df(.f, f)

Remark 5.10. Observe that if X C X is a closed convex set containing the domain of
F, and on which the projection IIx can be computed, then the same inequality (52)
holds if # = T,IIxT (requiring only that V f is Lipschitz on X). This means that the
same rates are valid if one replaces (45) with

yF =Tx (a" + Bi(a® — 2"1))

which is feasible if X is the domain of F'.
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5.2.3 Convergence rates

Unaccelerated scheme We start with the rates of the unaccelerated FB descent
scheme and prove Theorem 5.7.
First, if uy = p, = 0: we start from inequality (52), letting, for k£ > 0, Z = 2* and

& = 21, Tt follows that for any z:
l — 2|2 pa1y |,z — 2"
F 2 70> gkt .
() + 2T z P + 2T

Choosing = = z* shows that F(z*) is nonincreasing. Summing then these inequalities
from k=0ton—1,n>1 yields

n n n—1
D (FE) = F@)+ Y gelle — 2P < Y7 ool — ¥,

k=1 k=1 k=0

After cancellations and using F'(z*) > F(2™) for k = 0,...,n, it remains just

n(F(2") = F(2)) + 5-[lv — 2| < 5[l — 2°|?

so that, in particular F(z") — F(z*) < ||z* — 2°||2/(2n71).
Now, if iy > 0 or pg > 0 we can improve this computation: we now have for any :

2 — "2 ! |l — 22
Fx)+(1- T,LLf)T > F* Y + (1 +Tﬂg)T.
Choosing = = z* shows that F(z*) is nonincreasing. Letting
1—7py
w=—H <9, (54)

N 1+7pg =

and summing these inequalities from & = 0 to n — 1, n > 1, after multiplication by
w k=1 yields

n n n—1
Y wHF @) - Fa) + ) w e g — aF )2 < WP I g a2,
k=1 k=1 k=0

After cancellations and using F(z*) > F(2") for k =0,...,n, we get
n—1
W (ZM) (Fa") — F(z)) +w " B lo — a2 < Yo — 20,
k=0
We deduce, in case yu = py + p1g > 0 so that w < 1,
F(a*) = F(a) + 252 o — 27| < wh ke |a® — 272, (55)
which is a “linear convergence rate” (however we will see that one can do better).

Convergence rates for FISTA Now we show the accelerated convergence rates. The
basic idea consists in first choosing in (52) a generic point of the form ((t —1)z* + z)/t,
t > 1, which is a convex combination of the iterate 2* and another generic point (in
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practice a minimizer) x. We find after some calculation (systematically using the strong
convexity inequalities when possible)

t—1

t(t = D(F (") = F(z) = p 5

lz — «*||?
It = D + = — ty*)?

2T

+ (1 —7py)

|(t — 1)k + 2z — t2k+1|2
2T '

> (P = F(x)) + (1+7a,) (56)

Consider first the case where u = p1y + pg = 0. Then we have

(t — 1)zF + 2 — taF+L|?
2T

< t(t = 1)(F(a*) = F(x)) +

t2(F () — F(x)) +

[(t = Da* +x — ty*|?
2T '

We see that the term F(2*) — F(x) is “shrunk” at each step by a factor (t — 1)/t < 1,
while the other term is not. How can we exploit this?

The basic idea in the proof is to use a variable parameter t = t;;, and choose y*
to ensure that the term (tg41 — 1)35’“ +x— tkﬂyk in the right hand side is the same as
the term (tgy1 — 1)z¥ + 2 — tp 125! of the left hand side at the previous iterate, that
is,

(tgs1 — l)xk +x— tk_Hyk = (tx — 1)xk71 + 1z — tpa®
so that if we sum the inequalities for £k = 0,...,n the norms will cancel. Hence, we
choose:

o tigp1(thpr —1) =17 ;

. yk =zk + 5k($k — Ikil) with ﬂk = (tk — 1)/tk+1;
we obtain the recursion
[(tss = Da® + @ — tyaa™1)2
2T

< t2(F(z®) — F(z)) + H

thy (F(a*th) — F(z)) +

(tr, — Db~ 4z — t2”|?
2T '

which we can sum from k£ =0,...,n — 1 to obtain

F(a") = F(2) + 5[ (te1 — Da* + 2 — tpra 12 <

0 2
2127 < gz 1 ol
n n
Observe that ¢, — tpy1 — t; = 0 yields tpp1 = (1 + /1+4£7)/2 (one can choose
to = 0,t; = 1), and in particular ¢541 > 1/2 + ¢, > (k + 1)/2 for k > 1, by induction.

Therefore, choosing x = x*,

F(a") — F(z*) <

e | P 2
< s e o (57)

An important remark is that, if one takes z = x*, F(2*) — F(2*) > 0 so that in fact
one can get the same inequalities if one only ensures t11(tg11 — 1) < t%, and not =.
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For instance, the sequence tg = 0, t, = (k + 1)/2 for k£ > 1 is admissible and yields the
same rate.

It can be interesting to take slightly smaller ¢, such as (k+ 1)/« for @ > 2. One
can show in particular the convergence of the iterates (z*) to a solution in this case,
while it is still an open problem for o = 2. It has been even observed by Charles Dossal
(U. Bordeaux) that in that case, one can show that

F(z") — F(z*) = o (1)

n2

which does not contradict the lower bound (6).

Convergence rates for FISTA, strongly convex case We start again from (56)
but now we assume that = s + pg > 0. Then, we observe that

lw — 2* + t(a* — )|

t—1
= 2P+ (1= )

2T
o —a™*  1-7p =" — y*|I?
=1 —7ps—pr(t—1)) o + - ft<1;—a:k,xk—yk>+t2(1—7'uf)T
(1+7pg — tpr) k L—Tp ko kY2 4 42 L—Tp 2% — o*|?
= P o — b+t @ — P+ 20— ay) (- )
_ (1+7_:u‘97t:u‘7_)‘|x_xk+t 1—Tpy (xk_ k)||2_t2(t_1) T/u‘(lf'r.uf) kafkaQ
2 I+Tpg—tpr Yy 1+ 7pg —tur 2T '

It follows that for any =z € X,

& — & -ty T (yF — )|
tt — )(F(") = F(2)) + (1 + g — ter) -
.

lz =t — (¢ = 1) — 2|

> *(F(z") — F(2)) + (1 + 7u)

2T
1— k _ . k|2
1+Tug —tur 2T
We let t = t+1 above, then we can get a useful recursion if we let
1 —t
wp = T THe T AT gy € [0,1] (59)
147y 14 7pg
trr (tern — 1) < witf, (60)
tp—11 —t tr,—11
= AT T m T, e T (61)
tht1 1—Tpy tpr1 1—Tuy
y* = o 4 B (ak — 2P (62)
Denoting ay = 1/t and
g= b T T g (63)

- L+7py,  L4+Tp,

one finds the same rules as in formula (2.2.9), p. 80 in [29] (with the minor difference
that here we may chose tg = 0,f; = 1, and we have shifted the numbering of the
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sequences (z¥), (y*)). In this case, we find

1 +7—/1*g||x_xk+1

th (F(@H) = F(2)) + = (trr = D@ = 2h)|?

<o (PR = Pl + Z57 0 - o~ (- Dt - o))

so that

M”x,

th(F(a*) = F(2)) + —(t=1@E" =2

k-1
1
< (H wn> BFE) - Fla) + 5 e -] o0
o 2T
The update rule for ¢; reads

o1 (trrr — 1) = (1 — qtey1)t7, (65)

so that,

1—qt2 + /(1 — qt2)2 + 4¢3
tk:«‘rl — k (2 k) k. (66)

We need to make sure that gtxr; < 1 so that (59) holds. This is proved exactly as
in the proof of Lemma 2.2.4 in [29]. Assuming (as in [29]) that /gt; < 1, we observe
that (65) yields

qtii1 = qtrr + (1 — qtes) gt

If gt > 1, it yields q?fi+1 < qtg+1 hence qtp+1 < g < 1, a contradiction. Hence
qti+1 < 1 and we obtain that gt7 41 is a convex combination of 1 and qt?, so that
V@trk+1 < 1. We have shown that as soon as \/gto < 1 (which we will now assume),
Vatr <1 for all k. Eventually, we also observe that

ti+1 = (1 - qt%)tk—&-l + t%

showing that tj is an increasing sequence. It remains to estimate the factor

Hwn (k>1).

From (60) (with an equality) we find

1 t2
- —— =Wyt
te+1 tet1
so that i
1
120), = OHwn_H(l—tk> <(1-q)"
t o -

since 1/t > \/q. If to > 1 it shows 6, < (1 — /q)¥/td. If to € [0, 1], we rather write

w k=1 w k 1
b= 0 T = 0 (1 - )
g o= {13
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and observe that (66) yields (using 2 —¢ > 1> q)

L —qt2 + /1+2(2 - q)t2 + ¢*t}
t = 5 > 1.

Also, wyp <1 — ¢ (from (59)), so that

O < (1+va)(1 - ).
The next step is to bound also 65, by O1/k%. We exactly follow Lemma 2.2.4 in [29]. In
our notation, it reads
1 _ Or — Ok11 S (1 — (1 —1/tg41))
VOir VO 0O (VO + \/Ok1) T 2060k
since 6 is nonincreasing. It follows
1

1 1 1 1 1
- > =2,
VOki1 VO T 2tgi1/Ok1 2 /Hi:o wn, 2

showing that 1/v/0, > (k —1)/2+t1/\/wo > (k +1)/2. Hence, provided /gty < 1, we
also find: 4

o< (67)

We have shown the following result, due to Nesterov and stated, with a different
proof, in [29]:

Theorem 5.11. If \/qtg < 1, tg > 0, then the sequence (x*) produced by iterations
¥ = Ty* with (66), (59), (61), (62) satisfies

_ k -
Pt -r ) < min{ SV (8P - Fn) + LT a0 - o)

2 T (k+1
ifto>1, and o
F(z%) — F(2*) <
win {14 VD~ V0, gy | (BFE) — P+ 5710 o) (o9

if to € [0, 1], where x* is a minimiser of F.
Theorem 5.8 is a particular case of this result, for ¢t = 0.

Remark 5.12. (Constant steps.) In case p > 0 (which is ¢ > 0), then an admissible
choice which satisfies (59),(60), (61), is to take t =1/,/q, w =1 — \/q,

21ty _ V1t TH VTR
L—rpp T4+ 71pe+ /TR

B=uw
Then, (68) becomes

0 * (|2
. x’ —x
Feh) = P < (0= vF (P - )+ =570,
Remark 5.13. (Monotone “FISTA”, monotone algorithms.) The algorithms studied
here are not necessarily “monotone” in the sense that the objective F' is not always
nonincreasing. A workaround implemented in various papers [43, 3] consists in choosing
for %+ any point with F(z**!) < F(T,y*)7, which will not change much (56) except

7this makes sense only if the evaluation of F' is easy and does not take too much time.
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that in the last term, **! should be replaced with T,4*. Then, the same computations
carry on, and it is enough to replace the update rule (62) for y* with

_ 1+ _
gt o= Bt — ) gt T (Tt - o)

62’
— ¢ 458, ((xk — k) 4 tk.t51(TTyk_1 . xk)) (62')

to obtain the same rates of convergence. The most sensible choice for z**1 is to take
T.y* if F(Tyy*) < F(2*), and 2% else, in which case one of the two terms (z* — z*~!
or T,yk~1 — z*) vanishes in (62').

Conclusion: compare the geometric rate (54) with w = 1 — /g for ¢ given by (63),
what do we observe?

5.3 ADMM, Douglas-Rachford splitting

We now consider a class of method which solves another kind of problem, namely of the
form

a0 f(2)+9() (70)

where in practice one will ask that the convex, Isc functions f, g are “simple” (and even
more than this).

Observe that if f* is continuous at some point A*p and if ¢* is continuous at some
point B*q, ¢f Section. 4.3.1 (or, in finite dimension, if A*p € ridom f*, B*q € ridom g*),
we can define

f(¢) = min f(z), §(n) = min g(y),

Ax=¢ By=n

moreover the min is reached in both cases.
Then, one has f*(p) = f(A*p), §*(q) = g(B*¢) and the problem reads

min FE) +3(¢—9);

it can be seen as an inf-convolution problem. Moreover Corollary 4.21 shows that the
value of (70) is also

sup (C,p) = [*(A™p) — g"(B"p) (71)

which gives a dual form for (70).

An “augmented Lagrangian” approach for (70) consists in introducing the constraint
in the form

minsup (z) + g(y) — (2, Az + By — () + 2 || Az + By — (|

Y 2z

which we observe is equivalent (as the sup is +oo if Az + By # ().
If we introduce the function

D(2) = inf f(z) + g(y) — (2, Av+ By — )+ J | A + By — (||
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we find that, denoting T, 7 the solution of the problem for z and Zj, 7, the solution for
z + h (the min is reached, why?),

D(:) = £(2) +9(5) — (= + h, AT + By = ) + 2| Az + By — C|I* + (h, Az + By — ()
> f(@n) + 9(Gn) — (z + h, ATy + Byn — () + %HAfh + By — ¢|1?
+ 2IA@ = 21) + B — )| + (h, Az + By — )
where we have used the strong convexity of the norm with respect to Az + By. We find
D(2) — (h, AT+ By — ¢} 2 Dz +h) + 2[|(4z + By — ) — (Az4 + By — )|

which shows that ¢ — Az — By € 7 D(z) (the super-gradient of the concave function D
at z) and that z — Az + By — ( is y-co-coercive, and (1/~)-Lipschitz. Hence a natural
algorithm, known as “augmented Lagrangian”, consists in iteratively solving

(xF+1 Yk 1) = arg min, ,, f(x) 4+ g(y) — <zk, Axz + By — C> + 3 ||Az + By — ¢|I?,
L= 2k (¢ — A+l — Byt
(72)
it is precisely a gradient ascent with fixed step for the concave function D, and will
converge (it should be shown then that also z*,3* converge to a solution).
Unfortunately, this algorithm is usually not implementable, as the joint minimization
step cannot in general be performed. This is why it was proposed [20, 19] to perform
these minimizations alternatively instead than simultaneously, see Algorithm 3

Algorithm 3 ADMM
Choose v > 0, y°, 2Y.
for all £k > 0 do
Find z*! by minimising  — f(z) — (¥, Az) + %||¢ — Az — By*||?,
Find y*** by minimising y — g(y) — (¥, By) + Z||¢ — Az**! — By||?,
Update zF+1 = 2% 4 4(¢ — Axk+! — Byk+1),
end for

We will relate this approach to other known converging algorithms. Then in a next
section, we will show how we can derive rates of convergence for this approach. A
classical reference for the convergence is [14], see also http://stanford.edu/~boyd/
admm.html.

Let us observe that in terms of the functions f , g, the algorithm computes, letting
gk — A:ck nk — Byki

gl = argmginf({) - (6 + %HC —&—n"? = proxs,. (¢ + %Zk —1"); (73)

- g
T = argming(n) — (z,n) + lIC = € —ml]* = proxg, (C+ 327 = €41 (74)
Thanks to Moreau’s identity (29),

Prox, 7. (2" + 9= nM) = 2" + (¢ — ") — 4T, (75)
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proxg. (2 + (¢ — €M) = 2F 4 4 (¢ — €M) — gt = 2 (76)
Letting fg‘ (p) := f (p) — (¢, p) = f*(A*p) — (¢, p), the first line can also be rewritten
Y(EH = ¢) = 2" —n* — prox, . (2 — "), (77)
If we let u¥ = 2K — ynk, vF Tt = 2k 4 4(¢ — €51, we find that
A = 2 (- €1) — pro g (5 £ 1(C - €)= v — pro, . (v44)

and

Wkl = SR+ kL oy

On the other hand, (77) gives

- (,UkJrl) o UkJrl.

prox, p. (u) + " = 28 + (¢ — &) =",

Hence the iteration reads

Rt = PrOX, 7. (2prox., ;. (vF) —oF) + ok — PTOX,, 5+ (0*),

which is precisely a Douglas-Rachford iteration for the problem
0€07" +f;

which is the equation for (71).

The theory seen up to now shows that v* — v a fixed point of the iteration, which
is such that prox. ;- (v) is a solution of the dual problem. In practice, z* will converge
to a Lagrange Multiplier for (72), and z*,y* to a solution, as soon as there is enough
coercivity (in particular, in finite dimension).

5.4 Other saddle-point algorithms: Primal-dual algorithm

We remark that thanks to (76) and (73), one has

k_ k-1

=¢-&"—qt
S

hence
ghtl = prosz/v(ﬁk + %(22’C )

while as before
= prox . (2F — y(€FT = ().

This is the form of a primal-dual algorithm (of “Arrow-Hurwicz” type) which aims at
solving a fixed point problem of the form (letting 7 = 1/7):

E+TOf(€) D E+72, 2+705"(2) 32— (€ Q).

More generally, for a problem in the standard form
min f(Kz) + g(¢) = minsup (Kz,y) + g(z) = f*(y),
Yy

one can implement the Algorithm 4 described below.
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Algorithm 4 PDHG
Input: initial pair of primal and dual points (2°,4°), steps 7,0 > 0.
for all k¥ > 0 do
find (xF*+1, y**+1) by solving

ot = prong(xk — TK*y®) (78)
Yt = ProX, f. (y* 4+ o K (22" — 2*)). (79)

end for

Let us write now the iterates as follows:

Ik+1—.’L‘k * * *
{ + 6g<xk+1) 5K yk - K (yk-H _ yk) _K yk+1

-
LU L g (yh) 5 K (@b — ak) + Kkt

g

that is
L7 —K*\ [kt — gk dg(zk+1h) 0 K*\ [aFt?
We find that this algorithm is a proximal point algorithm for the variable zF =
(%, y¥)T, the monotone operator which is the sum of the subgradient of the convex

function (z,y) — (g(x) + f*(y)) and the antisymmetric linear operator (_0 K ),

K 0
iy —K*
Mrq = (—K 1y

if this metric is positive definite. To see this we observe that if A is a monotone operator
and M a symmetric positive definite operator, M ~'A defines a monotone operator in
the scalar product (-,-),, = (M-,-): if pe M~'Ax, g € M~* Ay,

in the metric

p—g,x—y)y=Mp-q,z—-y)>0

as Mp € Az, Mq € Ay. Hence, in this metric, the resolvent Jﬁ/f is given by y =
(I+M~1A)~ 1z, which satisfies the equation y+M ~* Ay > x, that is, M (y—2z)+ Ay > 0.

When is the matrix M, , positive definite? We have

(3 (5)  (5) ) = e + 21al? ~ 2t

which is positive if and only if for any X,Y >0
X2 Y2
sup  2(K&n) =2|K||XY < = 4+ —
<X lnll<Y - pu

if and only if

X 2

Y

2| K N =

I} < Xg{)l,lil/lzo % + oX /1o
if and only if

To||K||* < 1. (81)

We deduce:
Theorem 5.14. If (81) is satisfied, then z* = (2% ,y*)T defined by Algorithm 4 con-
verges to a fized point (x,y)T of the operator, that is, a solution of (33) (if one eists).
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5.4.1 Rate

k+1

To find a rate, we do as follows. Taking the scalar product of (80) with z°*' — z where

z is an arbitrary point, we find

0 K* k+1 k+1 _
<Zk+1 — zk,zk‘Jrl — Z>MT,O’ + <<—K 0 > (‘zk+1) N <zk+1 - ;j)>
+ 9@+ YY) < gl@) + )

The scalar product is
. <K*yk+1,x> + <ka+1’y>

while

1

e I e A 1 LAl s LY LS P

Therefore, introducing the Lagrangian of (31), as
L y) = L(a,y™ ) = g(@ )+ (y, Ka*Th) — [ (y) — g(2) = (v Koy + (")
we obtain for any z = (z,y)7:

L) — £+ I =+ B el < B

Summing from k£ = 0 to n — 1 and using the convexity of (&,7)T — L(&,y) — L(x,7n),
we find if we let Z" = (X", Y™)T = (3;_, 2")/n that

1
LX) = L(2,Y") < %IIZO — 23, ,- (82)

This is a weak form of a rate (as it depends on (z,y)), and there is still some work
to convert it into a true rate for the energy. The simplest case is when dom f*,dom g
are bounded, then one can take the sup in x,y to find that

C
n ny «
gx"Y") < o

where C' = sup{||2° — 2|3, _: 2z = (2,y),z € domg,y € dom f*}.

5.4.2 Extensions

We present here an extension of Algorithm 4 due to Condat and in a generalized form
to Vu (referred usually as Condat-Vu’s primal-dual algorithm). A first observation (cf
Vu, Bot) is that one can replace dg and df* with monotone operators, and get similar
results.

A second observation, due to Condat, is that one can iterate the operator with
an explicit step of a co-coercive operator. Typically, if h is a convex function with
Ly-Lipschitz gradient, one can replace (80) with

%I —K*\ [Ftl — gk g(zk+1) 0 K*\ [zFt1 —Vh(z)
(e ) G i)+ GRd) + (e ) Gen) 2 (CT07):

This iteration is of the form (38) and will converge if the operator

C =M, (v%(x))
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is p-co-coercive with p > 1/2, in the metric M, ,. That is, if for all z, z":
(M;o(z—2"),Cz—CZ') > pul|Cz — C’z’||?\/[ma.

Note that

|Cz— C2 |3y = <MT‘,3 (Vh(a:) OVh(x’)) ’ (Vh(z) 0Vh(x’)>>

and that

M., (g) = <Vh(”“"> 6%@’)) = £=(I—orK*K)" (r(Vh(z) - Vh(z')),

hence (using also the 1/Ly-co-coercivity of Vh):

|02 = C2'I3,., = (€, Vh(z) — Vh(z')) £ ———|[Vh(z) - Vh(z')|?

JLh / /
< _ — —
1 72 (x —2',Vh(x) — Vh(z"))
7Lh / /
__ '=h _ _ )
=7 3 <Z\47,g(2 z ),Cz Cz >

Here, L = ||K|| (the operator norm). Hence C is p-co-coercive for u = (1—o7L?)/(7Ly)
and one deduces the algorithm converges provided

1/1 L
(_}Q>Lz
o\ T 2

In this case again we get the convergence of the Vu-Condat algorithm, which reads:

Algorithm 5 PDHG with explicit step
Input: initial pair of primal and dual points (2°,4°), steps 7,0 > 0.
for all £ > 0 do
find (z*+1, y**+1) by solving

ot = prong(:ck — 7(K*y* + Vh(z"))) (83)
Yt = Prox, f. (y* 4+ o K (22" — 2*)). (84)

end for

Exercise: Show that a fixed point of these iterations solves

min f(Kx) + g(x) + h(z) = min Sup (y, Kx) = [ (y) + () + h(z).

6 “Large scale” optimization

In this lecture, we only mention rapidly two techniques currently used to avoid com-
puting full gradients. Such approaches are useful for solving very large dimensional
problems.
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6.1 Coordinate descent and stochastic coordinate descent
6.1.1 Does coordinate descent / alternating minimization work?

Assume one wants to solve

min  f(z1,...,2,)
T1,..0Tn
and one knows how to solve, for any i =1,...,n and given (x;);;
Inginf(xh e wriflagvmi‘%l? ey xn)

Then, it is natural to consider the following algorithm: (2°) being given, one computes
fork>0,i=1,....,n:

A= argmﬁinf(x’f“, coaltle ok o). (85)

Denoting = (z1,...,2,), does this converge? It depends. The following straightfor-
ward (classical) example shows that it is easily not the case.

Consider, for # = (71,22) € R? f(x1,72) = 2%/2 + |v1 — 22|, which is min-

imal for (z1,z5) = (0,0). From (z%,z%), the algorithm will first produce z%™! =

max{—1, min{z%,1}} and then z5*! = 2! Hence, one has z¥ = z§ = x} for any

k > 1 and unless 23 = 0, one never converges to the minimizer.

On the other hand, assume f is C', bounded from below, coercive (infinite at infinity,
so that the sequence (z*) is bounded), and we are in finite dimension. A first remark is
that by construction, f(z*) is decreasing, and converges to some value f*. In addition,
one has (with obvious notation, and without assuming particularly that the x; are
one-dimensional scalars):

k+1  k+1
al-f(gcl+ 7xi+ ,xf+1,...,xﬁ)

(9{)31‘

If (z¥) converges, then one easily deduces that V f(x*) = 0, hence ¥ is a critical point
with value f(z*) = f*. But (z*) could have subsequences converging to different limits.

In case f is convex, one can show that these limits are minimizers. Indeed, assume
lim, xf’ = z; and let also 2 = lim, xf”‘l (possibly passing to another subsequence).
Clearly, one has f(z) = f(2') = f* = f(2},...,2;_1, %, ..., 2y,) for any 4, and one also
easily finds that x is a minimizer of f(z},...,2}_;,® Ti11,...,2y), as well as z; since
f has the same value at all these points. In particular,

=0.

k

of (@, ... af wigr, .. xn)  Of (2, iy, T, )

We show by induction that Vf(z') = 0. To start with, from (86) for ¢ = 1,2 we
deduce that (2}, z2) is a minimizer the convex function f(e, e, z3,...,z,). But since
flzh, ah @, .. ) = f(@),2a,...,2,) = f*, also (2}, 2}) is a minimizer and in par-
ticular, the gradients of f with respect to z; and x5 vanish at this point. By induc-
tion, if we assume that the gradient of f with respect to x;, j = 1,...,m vanishes in
(@), @, Tty - -« Ty, using (86) for ¢ = m and i = m+1 we find that (z),,, Tmy1)
is a minimizer of the convex function f(zf,...,z.,_;,®, & Tmia,...,2,), and using the
induction assumption, we have that (zf,...,z.,, Zm+1) is & minimizer of the convex
function f(e,...,® Tyyo,...,2,). As the value is f*, also (#f,...,2,,,) is a mini-
mizer and the (m + 1) first gradients of f vanish at this point. By induction we deduce
that Vf(2') = 0 and that 2’ (hence also z) is a minimizer. A similar proof in a more
complex situation (with a convex, separable nonsmooth term) is found in [42] (Tseng).

=0. (86)
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6.1.2 Block coordinate descent

Instead of finding the minimizer of f with respect to one variable, one could perform
a step of gradient descent. In particular, if f has Lipschitz gradients, one could rather
replace (85) with

k k k
aft = af — V(T ek ek, (87)

Here, V; := 0/0x;. Assume that 0, f is L;-Lipschitz (uniformly). Then one has as usual

(see (1))

f($’f+1v"'7x§+17x§+17"'1 )<f( k+1 t 1’?+11, 57 xfl)
-7l - LT‘)\V f(af ktl . f+11,xk7...,xﬁ)H2
Choosing for instance 7; = %, we deduce
i
f($’f+1v"'7x§+17x§+17"~a ) ( k+1 "7$§j1171‘§a'~'7xﬁ)”2
< f(xy ktl ..,xfjll,xf,...,xfl)

and in particular, one can reproduce the same proof as before in the convex case and
show that any limit point is a minimizer. One interesting point here is that in general,
the Lipschitz constant with respect to one variable is smaller than with respect to all
the variables (think for instance to (z1,x2) + (21 + x2)?: its gradient is v/2-Lipschitz,
while its partial gradients are 1-Lipschitz), so that the steps performed in the coordinate
descent method are longer than for a gradient descent.

Up to now, we have considered alternating minimizations or block coordinate descent
with a cyclic rule, where each coordinate is optimized in ascending order. This is a bit
arbitrary. Let us now show that (on average) one can obtain good performances with a
random update. This is our first example of a stochastic algorithm.

6.1.3 Random coordinate descent

We consider the following algorithm, with a notation slightly differing from the previous
sections: we pick 2¥. At iteration k > 0, we consider z*. We pick randomly a coordinate

i with some probability p; (3.1, p; =1, p; > 0), and let 75, := i. Then we let ackH xf
for j # iy, and
ic:_l .73 = Tig, Vzk f( ) (88)
As before, we have
Li, 7
F@) < fa@®) =7, (1= =57 [ Vi, f ()| (89)

As a consequence, knowing the point ¥, the expectation E(f(x*+1)|z¥) satisfies

n
B(f(ah)[a*) < f(2") =Y pimi(1 = 22| Vi f (M),

i=1
We can pick for instance 7; = 1/L; and p; = L;/(3_; L;), meaning that we pick more
often the coordinates with larger Lipschitz constants. In this case, the previous estimate
becomes

1

ﬁllvf@k)IIQ- (90)

E(f(a*1)]a*) < f(o") 2ZLZIIVf P = ") -
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Computing then the expectation with respect to 2*, we obtain
1
2% i Lj

In particular, this is a decreasing sequence, and one has

E(f(z"*)) <E(f(2")) - E(|V f(®)]?). (91)

22 P SB(VAHIP) < 7a) <

J k=0

which shows that E(||V f(z*)||?) — 0 (Vf(z*) — 0 almost surely, up to subsequences)).
More generally, we pick 7; = 0/L; for 6 €]0,2[ and introduce the norm |g||3, :=
S mg|gi|?, for m; := p;/L;. Then the same computation as above yields

(2 - 0)
2

E(f ) < £y - 3 P2 0P g = paty IV £ 3,

=1

We assume that there exists a minimizer * and let Ay := f(2*) — f(z*), and show
the following result:

Lemma 6.1. Assume {f < f(2°)} is bounded. Then

202 1

E(Ar) < 02—0)k+1

(92)

where C' > SUP (4 < f(z0) |2 — %[ 211

Proof. By convexity, we observe that

fl@) = fa") < (V[(@),z —2%) <[|Vf(@)allz” = 2lar-r,

which is < C||Vf(z)|| if f(z) < f(2°) and C is as in the statement. Hence using (90),
we find that

02— 0) (/") = f()*

E(f(z"1) = fl@")|2%) < f@a") = f(2") = == o2

Now, by convexity (from Jensen’s inequality), we know that E(A)? < E(A%) so that

62-0)
202

0(2 - 0)

E(Agt1) < E(Ag) - 507

E(A2) <E(Ag) — E(AR)2.

Inequality (92) follows then from Lemma 2.6.

One sees here that it might be interesting to use non-uniform probabilities to improve
the process, however it is not obvious how (one should minimize the “diameter” C', which
is given by C? = supp(,y< p(z0) 2o; Lilwi — 7 /pi).

To compare with a standard gradient descent, one can use the choice already men-
tioned above, 8 = 1 and p; = L;/ Zj L;, for which m; =1/ Zj L;. The rate becomes

SUDf(2)< f(a0) 1€ — 27|
k+1/n

2n
E(Ap) < | => L
(Ank) < n;
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after k “epochs” (i.e., passes over all the data, at least on average: we consider that it
requires n iterations to approximate one step of a full gradient descent). This is to be
compared to the rate in Theorem 2.7:

|x0 _ x* ||2

|
AL < 2L
k= k1

at the kth iteration of a gradient descent, where now L is the global Lipschitz constant
of f.

So the relevant question here is: which is smallest of L and %Z j L;? One always
have

J?

n
max Lj < L < ZL? (93)

Jj=1

hence

Hence, in the worst case, the complexity of the random coordinate descent is similar to
the gradient descent, while if L is closer to the upper bound in (93), the complexity is
smaller by a factor 1/y/n, where n is the number of coordinates.

This approach has of course many extensions. It was first extended to the (separable)
non-smooth case in [35]: it is shown that for an objective of the form f(z)+ """, ¢;(z;)
one can replace the kth iteration (88) with the proximal iteration

ah = I+ Tik5¢i)71(mik - Tikvikf(mk))

ik

with 7, = 1/L;,, and obtain essentially the same rate. Acceleration has been proposed
shortly after, for a very complete variant (including non differentiable separable terms,
parallel updates, and Nesterov-type acceleration...) see in particular [18].

6.2 Stochastic gradient descent
6.3 SGD for learning problems

We now consider a different problem, arising for instance in statistical learning, when
one has to minimize (for large n > 1) a sum of convex functions of the form

1
min = > fi(x) + () (94)
Note that if ¢ is strongly convex, one can derive a dual problem

1 * * 1
Jmax = f(yi) =" (=5 > wi)
7
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where now t* has Lipschitz gradient, and tackle the problem by a proximal variant of
the (random) coordinate descent algorithm (such as in [42, 35, 18]), as mentioned in the
last section. See also the variant termed “stochastic dual coordinate ascent” [40, 41].

We will focus on a direct gradient descent approach for the objective function f(x) :=
(1/n) >, fi(x) (and hence the case ¥» = 0, to simplify), considering however that if n is
too large, it might not be a good idea to evaluate V f at each iteration. We assume here
that each f; is convex with L;-Lipschitz gradient. We study the following “stochastic
gradient” algorithm: starting from 20, for each k > 1, we

e pick iy =i € {1,...,n} with probability 1/n;
o let 2*+l =2k — 7V, (2F), for some 7 > 0.

We observe immediately that E(z¥1|2*) = aF — 737, 1V f;(a*) = 2% — 7V f(2*), so
that this corresponds to a stochastic gradient descent where the gradient of f is replaced
by a random variable with expectation V f(z) (and one could indeed consider this more
general situation).

As usual, one can write that for j =1,...,n, if i =1,

2
Lt

@) < £(@0) =7 (V (@), Vi) + ()2

and summing, we find that
FE@H) < f@h) = (Vf("), Vfile >+ = ZL IV £ (")

We denote L := () j Lj)/n the average Lipschitz constant. Hence, knowing z*, one has
(using that each i appears with probability 1/n)

E(f(a1a*) < fa¥) — 7|V F ()2 + 5 L< vafz ||2>

< f@k) = (1= )V LR + 7 L( ZHsz Vf(x’“)HQ)

One sees that now, there is a problem: for 7 < 2/L, one can expect that E(f(z*))
will decrease, until E(||V f(2¥)||?) (which is of the order of [z* — x¥*1||?) becomes
comparable to E(+ 31" | [V fi(z*) — V f(«¥)[|?), which is the variance of the random
gradient Vf;, averaged on the random point z*.

Hence, with constant step size, one cannot expect this to converge. The only hope
is that the “bad” variance term is of second order in 7. So that the standard solution
is to replace 7 in the iteration with a variable 73, with 7, — 0. To simplify, we make
also the assumption that the “variance” is globally bounded

S IVA@) - Vi@ < o
=1

for all z (or all 2 in some set, provided we can show that the iterates #* will remain not
too far from z*: this is the case for instance if we assume that all the gradients —V f;(x)
point rougthly towards z* (or the origin) for large |z|, in the sense (=V f;(x),z — z*) >
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0|V fi(x)||x — «*| for some 6 € (0,1), for all ¢ and for |z| large enough). Assuming also

T < 1/L, one has then for n > 1

n—1 = n—1
L

. k(2 0 2 2
<§ k) _min B[V < f°) + 5ot 3 77

k=0 k=0

so that . )
0 L _ox1n—1_2
min  E(|Vf(z")]?) < fle)+ i(jl 2i=0 i3
=0,...,n—1 k—0 Tk

One obtains a rate which is governed by the ratio

n—1
heo Th
n—1 .
k=0 Tk
for instance for 7, ~ 1/k, this is like C'/ logn, while for 1/v/k, it is like logn//n.
The latter choice is nearly optimal, indeed, if one knows all the parameters of the

problem and fixes the number of iterations in advance, one can use a fixed step 7: in
this case, the best choice is to let Lo?n72/2 = f(2°), yielding

min_ B(vfh) < LS WALTGT),

nrT NG

This approach is originally due Robbins and Monro [36].

6.3.1 Improvements of SGD

We only refer here to some recent improvements developed in the machine learning lit-
erature. The basic idea is to “reduce” along the iterations the variance of the gradient
estimate, so that one does not have to send the step 7 to zero to compensate. Starting
from the early 2010’s, a few variants have been proposed, called for instance “SVRG”
(stochastic variances-reduced gradient algorithm) [45], “SAG” (stochastic average gra-
dient) [22], or “SAGA” [13].

For instance, the latter addresses problems of the form (94), where all f; are supposed
to have L-Lipschitz gradient, in the following way: assuming at iteration k one knows
2 and the values Vfi(y¥),i=1,...,n, at k + 1 one does:

1. pick randomly an index i € {1,...,n} with uniform probability distribution;

2. let yF*1 = z;, and for j # 4, let y* ! = yf. Store V f;(y*1) = Vfi(«*) in memory

7 g 2
(points y need not be recorded, only the gradients are needed);

3. set

1 n
k k k k k
=2 [ VAW = Vi) + - E 1ij(yj)
=

zhtl = prox,,, (2R,

Then, the results reported in [13] show that:
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o If the f;’s are u-convex with L-Lipschitz gradient (L > p > 0), then if 7 =
1/(2un + L) one has

k
* 1% * n *
Bl - o) < (1= 5o ) |l = o0l 4 i)

while for 7 = 1/(3L) (not depending on ), one has:

k
1w 2n
E_ %12} < s i * .02 =" 0 .x
E(|lz z||>_<1 mln{4n,3L}) [nx 2| +3LDf<x,:c>]

e If the f;’s have L-Lipschitz gradient, then again for 7 = 1/(3L) one has, introduc-
ing the averages % := (1/k) Y.F_, ot

4n
<

B(F@H) - F) < |2 e? -+ Dy (a0

where F' is the global objective in (94). Here, Dy(z,y) := f(z) — f(y) — (Vf(y),z — y)
is the f-“Bregman distance” of x to y ¢f Remark 5.9 in Section 5.2.2.
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