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These lectures notes have been prepared by A. Chambolle for the M2 course “Continuous optimization”
given between Oct. and Dec. 2016 in Paris 6, in the Master “modélisation mathématique” of Ecole Poly-
technique, Université Pierre-et-Marie Curie (Paris 6) and Ecole National des Ponts et Chaussées. Much



of the material is taken from [I4], or/and inspired by famous textbooks [51] [45] 57 25] B]. Updated for
the 2017-2018-2019 courses. From 2020 on the courses take place in Université Paris-Dauphine PSL.
Section |§| (non-Euclidean geometries, Bregman distances and mirror descent) was added in 2026.

The notes gather various material mostly on first order optimisation and iterative algorithms for
generally convex problems, including operator splitting, acceleration, etc.

2 (First order) Descent methods, rates

Most of what we describe in this section is in finite dimension, although extension to Hilbert spaces is
in general easy. We will discuss rates of convergence, in particular, which we try to make independent
on the dimension. The complexity of the iterations, on the other hand, are usually very dimension-
dependent, and this is the reason for which high order descent methods are not practical for modern
high dimensional problems (imaging, data analysis...).

2.1 Gradient descent

The main source for this section is the reference textbook of Polyak [5I]. Consider the problem of
minimising
min f(z)

rzeX

with X a finite dimensional vector space (or Hilbert) and f a real valued, C* function (or at least
differentiable). We denote X* the dual of X (which can of course be represented by X through the
scalar product).

The differential df (x) € X* is defined as the linear part of the closest affine function to f at (z, f(x)):

fy) = flx) +df(x) - (y — ) + o(|z — yl).
The function f is said to be (Fréchet) differentiable at z if such an affine approximation exists, and it is
Clin X if
df : X — X~
x> df (z)

is defined everywhere and continuous. The local inversion theorem guarantees that in this case, near
points where df (z) # 0, the level set {f = f(x)} is a C! hypersurface with tangent space Ker df (z) =
{h:df(z)-h =0}

When X has a Euclidean or Hilbertian structure (a scalar product), then df(z) has the (Riesz)
representation df (z) - h = (V f(z),h) y (Vh), where now V f(z) is the gradient of f at  (which depends
on the metric structure of X). One has obviously Ker df(z) = V f(x)* and Vf(z) is a normal vector to
the level surface {f = f(z)} of f at z, pointing towards the larger values.

For this reason, the most simple idea to minimize the function f is to introduce the “gradient descent
algorithm” with step 7:

a* =gk — 7V () = T (aF).

As said above, —Vf(xk) is a descent direction. Near z*, indeed,
f(@) = f(@") + (Vf(a"), 2 = 2*) + o(z — a*)

so that
f@) = f(@*) = 7|V ()P +o(r) < f(2¥)

if 7 > 0 is small enough and V f(z*) # 0. One can use various strategies to choose 7:



e optimal step: min, f(z* — 7V f(2*)) (with a “line search”, such as for instance for the “conjugate
gradient method”);

e Armijo-type rule: find i > 0 such that f(x* — 7p!Vf(2*)) < f(2¥) — crp! |V ()|, p < 1,e < 1
fixed;

k+1

e Gradient with fixed step: 7 > 0 is given, and one sees that one can interpret x as the minimizer

of a quadratic approximation of f:
1
g = argmin f(z*) + (Vf(a"), 2 — 2F) + — |z — 2F %
x 2T

Observe that the latter choice has the form

. 1
min f(a%) + df (") - (x — 2*) + 5 d(, ak)?
with the distance d(z,z*) = |x — 2¥| given by the Euclidean metric structure of X. It can be natural, in
some cases, to consider varying the metric (inside, or sometimes even outside of the Euclidean framework,
see Section @ A particular situation (which is therefore not anymore a “gradient descent” method in
the above sense, at least in general), is the

e “Frank-Wolfe”-type methO(ﬂ minge xx f(2%) + <Vf(xk),:1: — xk> where X% is appropriately de-
fined.

Here we replace the metric term |z — 2¥|? with a constraint on  depending on the previous iterates. For

instance: X* := {x : |z — 2¥| < ¢}, in which case 7 = ¢/|V f(2*)| (then we recover a gradient descent

method). In other instances, once the minimizer 2 of the above problem is found, one lets g¥ = 2% — x

and ¢! = 2% — 7g¥ gF playing the role of a gradient, but with some local metric (hence the name

“conditional gradient”).

Convergence analysis: if 7 is too large with respect to the Lipschitz constant of Vf, or Vf is not
Lipschitz, easy to build infinitely oscillating examples (ex: f(x) = ||z|)).

ete...

Figure 1: The gradient descent may never converge if the step is too large or the function not smooth
enough

If fis Ct, Vf is L-Lipschitz, 0 < 7 < 2/L, inf f > —oo then the method converges (in R") in the
following sense: V f(z*) — 0.

lor “conditional gradient”.



Proof:

T

) = fa*) - / (VI = s9f (")), V("))

0
= F@®) = TV FE) + / (VF(*) — V(b — sV (), V()
< f@*) - 7(1- L)V FEH 2 (1)

(Observe that we just use here that D?f is bounded from above by LI (if f C?), or more generally,
letting x = 2 and y = 2 — sV f(2%), we use

(Vf(2) = Vfy),z—y) < Lz —y|?

which is a consequence of the Lipschitz property of V f, but is a weaker property.)
Then letting x = 7(1 — 7L/2) > 0, one finds that

Fa) + kS IVFE? < Fa).
k=0

This shows the claim. If in addition f is “infinite at infinity” (coercive) then 2* has subsequences which
converge, therefore to a stationary point.

Remark 2.1. If 7 = 0, the iteration does nothing (and hence converges to the initial point...). If 7 = 2/L,
the iteration might oscillate forever, as shows the example of the function f(z) := L|z|?/2.

Remark 2.2. Taking z* a minimizer, 7 = 1/L, we deduce that
1
ﬁl\vf(l’k)ll2 < flab) = fM) < fh) = fa).

The convex case Further information on the second order behaviour of f allows to improve the
analysis of the algorithm. The gradient descent method is better analysed assuming that f is convex.
One can show (i) that the iteration is a 1-Lipschitz mapping (hence the iterates have to get closer to
fixed points, or at least can not move away, during the process), (ii) basic convergence rates (that is, a
speed of convergence of f(z*) towards its minimal value).

First, if f is convex we have the following additional property:

Theorem 2.3 (Baillon—HaddadE[). If f is convex and V f is L-Lipschitz, then for all z,y,

(V1) = V)2~ ) > 71V @)~ V)

(Vf is said to be “(1/L)-co-coercive”.

We will see later a general proof of this result based on convex analysis. In finite dimension, if f is
C?, then the proof is easy: one has 0 < D?f < LI (because f is convex, and because V f is L-Lipschitz).
Then

V(@) - Vi) = / D2f(y + s(z — 1)) (& — y)ds = Az — ).

2This is a modest corollary of a much more general result, in arbitrary topological spaces, for operators which satisfy
“cyclic monotonicity” conditions, see [2].



with A = fol D%f(y + s(x — y))ds symmetric with 0 < A < LI. Hence:

IV£(@) = VI =A@ -yl = (442 (@ — ), A2 - y)) <

L <A1/2(x —y), AV (z - y)> < L{A(z —y),z —y) = L(Vf(x) = Vf(y),z —y)

which is the result. If f is not C?, one could smooth f by convolution with a smooth, compactly
supported kernel, derive the result and then pass to the limit.

Lemma 2.4. If f is convexr with L-Lipschitz gradient, then the mapping T, = I — 7V f is a weak
contraction when 0 < 17 < 2/L (that is, T, is 1-Lipschitz, or “non-expansive”).

Proof:

| Tre = Tryl|* = llz —yl* = 27 (z =y, Vf(2) = Vf(y)) + 7°|IV f(z) = VI(y)l

<oyl = 22 (1 =TIV 5 @) - Vi)

Remark 2.5. T, is “averaged” for 0 < 7 < 2/L, that is one can write
T, =0I-2Vf)+(1-0)I

for 0 = 7L/2 €]0,1[. The convergence of the iterates of this class of operators will be proved later on,
see Section [3.1]

Convergence rate in the convex case. Then, using that, for £* a minimizer,
F@*) = f(a*) + (Vf(ab), 2" - 2")

(we will see this is a general property of convex functions), we find

zF) — f(z*
HELD <iwse) 2)

Assuming still that 0 < 7L < 2, and using Lemma which implies that ||z% — 2*|| < [|2° — z*|, it
follows (f(x%) — f(x*))/||2° — 2*|| < |V f(2*)||. Hence from we derive, letting Ay, = f(z%) — f(z%),

k= 7(1 — 7L/2) €]0,1/(2L)], that
K 2
Ak+1 S Ak - ||330 — Z‘*HQAk (3)

We can show the following:

Lemma 2.6. Let (ar)r be a sequence of nonnegative numbers satisfying for k > 0:

ak+1 < ap — c_lai
Then, for all k > 0,
c

<
=




Proof: First observe that if we replace ay with ag/c, the property becomes ag41 < aj — ai: hence it
is enough to prove it for ¢ = 1. Then, as ag(l — ag) > ax+1 > 0, one has 0 < ax < 1 for all k > 0. We
show the inequality by induction: for k =0, ap < 1. If £ > 1 and if ka1 < 1, then we write that

(k+1ap < (k+1)(ap_1 —az_,)
=(k+ a1 — (k+1a}_, =kap_1 +ap_1(1 — (k4 1ap_1)
<l+4+ar—1(1—(k+1ak)

since 0 < ay, < ag—1. Hence ((k + 1)ar, — 1)(1 4+ ar—1) < 0, and it follows that (k + 1)ar < 1. Applying
this Lemma to the recursion we deduce:

Theorem 2.7. The gradient descent with fized step satisfies

2% — 2|2
A < E——— 1
b= k(k+1)

Observe that this rate is not very good and also a bit pessimistic (it should improve if z* — z*
because (2) improves: but without further knowledge of f it is impossible to guess how much). On the
other hand, it does not prove, a priori, anything on the sequence (z¥) itself. Observe also, to conclude
that k = 7(1 —7L/2) = (2/L)[(7L/2)(1 — 7L/2)] is maximal for 7L/2 = 1/2, that is, 7 = 1/L. In that
case, kK = 1/(2L) and the rate is bounded by
[l2° — 2*||?

Ap <2L———

b= k+1
Strongly convex case. A function f is y-strongly convex if and only if f(z) — 7||x||?/2 is convex: if
f is O2, it is equivalent to D?f > vI. We will discuss more precisely this definition in Section In
this, case if * is the minimizer (which in this case always exists and is unique)

P gt = ok —at — r(Vf(aF) - V() = /0 (I — tD*f(2* 4 s(a® — 2*))(a" — 2*)ds

hence (using that (1 — 7L)I < I —7D?*f < (1 —7)I)
|2+ — 2*|| < max{1 — 77y, 7L — 1}||z* — z*|.

If f is not C? one can still show this by smoothing. The best constant is for 7 = 2/(L + ) and gives,
for ¢ = (L —=7)/(L +7) € [0,1] . -
[ — ¥ < ¢"[|=” — 7.

One can easily deduce the following (apparently) more general result:

Theorem 2.8. Let f be C?, x* be a strict local minimum of f where D?f is definite positive. Then if
20 is close enough to x*, the gradient descent method with optimal step (obtained with a line search) will

converge linearly. (Or with fized step small enough.)

2.2 What can we achieve?

This paragraph contains a very elementary introduction to lower bounds and complexity. We follow the
description in [I4], where we essentially give elementary variants of deeper results found in [42] [45].



Idea: consider a “hard problem”, for instance, for z € R™, L > 0, v > 0, 1 < p < n, functions of the
form:

fle) = 57 <<x1 S RD S x>> + 3llall”. @

which is tackled by a “first order method”, which is such that the iterates a* are restricted to the
subspace spanned by the gradients of already computed iterates, i.e. for k > 0

o* €2 +span {Vf(2°), VS (@'), ...,V [}, (5)

where z°

is an arbitrary starting point.

Starting from an initial point 2° = 0, any first order method of the considered class can transmit the
information of the data term only at the speed of one index per iteration. This makes such problems
very hard to solve by any first order methods in the considered class of algorithms. Indeed if one starts
from 2° = 0 in the above problem (whose solution, for v = 0, is given by zj = 1,1 = 1,...,p, and 0
for I > p), then at the first iteration, only the first component x1 will be updated (since 9; f(z") = 0 for
1 > 2), and by induction one can check that at iteration k, xf =0forl>k+1.

The solution satisfies Vf = 0, therefore is characterized by

 L—vywiy + 3
L+ 2 ’

Ty 1 < p— 17

with g =1 and 2, = (L —7)/(L+3v)xp—1. The best possible point at iteration k satisfies this equation
for i < k, and 241 = 0. In case v = 0 we find that this point x is affine: z; = (1 —i/(k+ 1))T, and
xi —xi—1 = —1/(k+1) for i <k + 1. Hence

k+1

L 1 L 1
f<x):§;(k+1)2 TR8k+1

is the best possible value which can be reached at step k.

If one looks for a bound independent on the dimension with (here for homogeneity reasons) f(x*) ~
L|z° — z*||?ay. (for a sequence (ay)), using here that =7 = 1 for i < p and 0 for i > p, 2° = 0, and
f(x*) =0, one obtains

f@®) = f(a*) > m”xo —z*|?

(k < p) (while if k = p, 2% = 2*). For k = p — 1 one finds

L |a® — 2"
kY _ Wy > 2 L
f@h) - £ 2 S
hence no first order method can reach a bound of the considered form which is better than this. (It does
not contradict a bound of the form f(z*) — f(x*) = o(1/k?), for instance!)

It follows a variant of the results in [45] (where a slightly different function is used), see Theorems 2.1.7
and 2.1.13.

Theorem 2.9. For any n > 2, any 2° € R®, L > 0, and k < n, there exists a convex, one times
continuously differentiable function f with L-Lipschitz continuous gradient, such that for any first-order
algorithm satisfying , it holds that

L|jz® — a*|?

f(xk) — f(z¥) = W,

(6)

where ¥ denotes a minimiser of f.



Observe that the above lower bound is valid only if number of iterates k is less than the problem
size. We can not improve this with a quadratic function, as the conjugate gradient method (which is a
first-order method) is then known to find the global minimiser here after at most p steps.

But practical problems are often so large that it is not possible to perform as many iterations as the
dimension of the problem, and will always fulfill similar assumptions.

If choosing v > 0 so that the function becomes 7-strongly convex, a lower bound for first order
methods is given Theorem 2.1.13 in [45]. It is hard to derive precisely for p finite, however in RY ~ ¢2(N),
for p = 400, one finds that the solution is given by = = ¢%, ¢ = (v/Q — 1)/(vVQ + 1) where Q = L/ is
the condition number of the problem (g satisfies 2 = (L —~)/(L +7)(q + 1/q)). If 2° = 0,

|20 — z*|)? = qu = —, while

lo* — 2™ > Z ¢ = ¢l — 2|

i=k+1
The strong convexity of f shows that

fa) = f(a*) +

%qQkaO _ x*HQ

and it follows:

Theorem 2.10. For any 2° € R>® ~ (5(N) and ~, L > 0 there exists a y-strongly convez, one times
continuously differentiable function f with L-Lipschitz continuous gradient, such that for any algorithm
in the class of first order algorithms defined through it holds that for all k,

\/@_1 2 0 * (12
222) 1)

where Q = L/v > 1 is the condition number, and =* a minimiser of f.

* ’y
) - 1) 2 3 ™

In finite dimension, a similar result will hold for k small enough (with respect to n).

The meaning of the two results above is the following: given a first order method, one will never
be able to beat in general the rates in the theorem without additional assumptions or properties of the
function f or the space (dimension, etc).

2.3 Second order methods: Newton’s method

The idea of Newton’s method relies on using second order information to improve the precision of the
approximation of the function at step k. (In practice, one solves the equation V f(2) = 0 using Newton’s
standard method.) We have

flz)= f(xk) + <Vf(a;k),x - xk> + % <D2f(xk)(a: — xk),x — xk> +o(||lx — kaQ).
If we are near a minimizer, we can assume D? f(z*) > 0 (hopefully), and hence find 2**! by solving
min f(z*) + <Vf(xk),x - xk> + 3 <D2f(a:k)(x —a"),z — )

Compare with the Gradient descent with step 7 in a metric defined by a symmetric positive definite
matrix A > 0, which would be:

mgnf(a:k) + <Vf(xk),x — xk> + i <A(a: —ab),z — xk>



hence we can see Newton’s method as a gradient descent in the metric which best approximates the
function. We find that zF*+! is given by

Vi@h) + D2 fa®) (o —2%) =0 & 28 =2% — D2f(a?) IV ().
We have the following “quadratic” convergence rate.

Theorem 2.11. Assume f is C?, D*f is M-Lipschitz, and D?f > ~ (strong convexity). Let q =
M/(27?)|V£(2%)|| and assume z° is close enough to the minimizer x*, so that ¢ < 1. Then ||z* — z*|| <

(2v/M)g*".

This is extremely fast (the precision is doubled at each iteration, this is called a quadratic rate), but
there are strong conditions, and the algorithm can be hard to implement.
Proof: first see that

Vil@+h)=Vf(z)+ 1 D? f(x + sh)hds
0
1
= Vf(z)+ D*f(x)h +/ (D?f(x 4 sh) — D f(x))hds
0
so that "
IVf(a+h) =V f(x) = D*f(z)h] < 7th|2-
Hence
0

IVF(z"1) = Vf(a") = D*f(a®) (@ —a®) || < %le’““ —a"|?

S VS < SID ) IV < o

< 272||Vf(xk)\|2

Hence letting gx = ||V f(2")]|, for all k one has

M M M
log gr+1 < 2log gk —&-logﬁ = loggr < 2Floggo + (2% — 1)10gﬁ = 2klogq—1og2—,y2

so that o2
IV b)) < Sa”.

As f is strongly convex, (V f(z*), 2% — 2*) > 7||zF — 2*||, and we can conclude.

The main issue with this is that it is very important to have ¢ < 1, otherwise the method could not
work. The (very) “good” rate of convergence is obtained only if the starting point is good enough.

There are quite a few very important variants of Newton’s method, which are designed so that
one does not have to explicitly evaluate D?f(2*)~!, usually called “Quasi-Newton” type methods: one
replaces D?f(x*) with a metric Hj which is improved at each iteration, hoping that Hj — D2f(x*)
in the limit. The most famous (and very efficient) variant is known as the “BFGS” method (after
Broyden-Fletcher-Goldfarb-Shanno, detailed in 4 papers of 1970) and its improvements (limited memory
“L-BFGS”) [12][40]. This topic is covered extensively for instance in [47, Chap. 6] and various toolboxes
exist which implement this method.

10



2.4 Multistep first order methods
2.4.1 Heavy ball method

This description follows Polyak’s book [50] where the method is introduced. The idea is to iterate:
oF Tl = gk — oV f(zF) + par — 2F7h,

a, B > 0. This mimicks the equation & = —V f(x) — & of a heavy ball in a potential f(z) with friction,
which can be discretized as (for instance):
okl _ogk 4o pk=1  pk+l ok

(5t)? M

The method requires that f is C?, y-convex, with L-Lipschitz gradient (at least near a solution x*),
that is:
vI < D*f <LI.

Then (see [51])

Theorem 2.12. Let x* be a (local) minimizer of f such that vI < D?f(z*) < LI, and choose o, 3 with
0<B<1,0<a<2(1+p)/L. There exists ¢ < 1 such that if ¢ < ¢' < 1 and if 2°, 2! are close enough
to x*, one has

2% — 2™ < e(q')g"™.

Moreover, this is almost optimal in the sense of Theorem [T if

4 g— NSNS rem o~ VL=V
VL + .\ '

(VL+7)”

Proof: this is an example of a proof where one analyses the iteration of a linearized system near the
optimum. Close enough to z*, one has

M=ok —aD?f(a*) (2" — ") + o([|a* —a*||) + Ba® — 2T,
and one can write that z¥ = (zF — 2%, 2F~1 — 2*)T satisfies, for B = D?f(2*),

PAREE <(1 +5)II_QB _51) 2 4+ o(2").

We study the eigenvalues of the matrix A which appears in this iteration: We have
x (1+8)I —aB —51) <x> (x)
A = =
(y> ( 1 0 )\y) "\

(14 B)r —aBr — By = pr, x==py
and z,y ence if (1 + B)r — aBx — 3/px = px. We find that
(and #0) h if ( B) B B8/ We find th

szl(l—l—ﬁ—p—ﬁ)x
a p

hence é (1 +B—p— %) = p € [, L] is an eigenvalue of B. We derive the equation

if and only if

pPP=(1+B—aup+B=0

11



which gives two eigenvalues with product § and sum 1+5—ap. If 8 € [0,1) and —(1+8) < 1+8—au <
(1 + B) (extreme cases where £(1, ) are solutions) then |p| < 1, that is, if 0 < a < (2 + §)/p. Since
# < L one deduces that if 0 < 8 < 1, 0 < a < (2 + B)/L, the eigenvalues of A are all in (—1,1)
(incidentally, it has 2n eigenvalues).

We use here the following fundamental classical lemma [32]:

Lemma 2.13. Let A be a N x N matriz and assume that all its eigenvalues (complex or real) have
modulus < p. Then for any p' > p, there exists a norm ||- ||« in CN such that || A||. := supjef, <1 1AEl« <

/

p.

This is an important result of linear algebra. The proof is as follows: up to a change of a basis, A is
triangular: there exists P such that

PAP=T

with T = (t; )i j, tii = \i, an eigenvalue, and t; ; = 0 if i > j. Then, if D, = diag(s, s%,s%,...,s") =

(80, 3)ij, DsP~ A Jl= = (z; ;) with

= E SZ(Siyktk,lSil(sl’j = Szijti_’j
kil

and (since t; ; = 0 for i > j), x5 ; — \id; j as s — +o00.
Hence, if s is large enough, denotlng 1]l oo = max; |&;| the co-norm,

max [D.PLAPD; e o < max(M] + (7~ ) <

if s is large. Hence, if ||]x := ||DsP71¢| s, one has

*

1Al = o 4]l < p'.

It follows, in particular, that if p’ < 1, [[A¥|l. < ||A||*¥ < p’* — 0 as k — co. Applying this to our
problem, we see that (choosing p’ < 1)

125 ] = (A" + (M)l < (0" +€)12" |«
if ||2*||. is small enough. Starting from 2° such that this holds for € with p’ +& < 1, we find that it holds
for all k > 0 and that ||2"*1|, < (o' + €)F||2°| |+, showing the linear convergence.
2.4.2 The conjugate gradient method

(For this section we refer again to Polyak [51].)
The conjugate gradient is “the best” two-steps method, in the sense that it can be defined as follows:

given xF zF71 we let 25t = 2% — 0,V f(2¥) + Br(z* — 2F~1) where ay, B are minimizing

migl f(z® —aVf(z®) + pla® — 1)),
In particular, we deduce that
(V@) V@) =0 and (Vf(" ), 2" =2 1) =0 (8)

and it also follows



Notice moreover that

Vfa") = Vi(a*) — anD? f(a* + st = 2"))V f ()
+ 8D f (2" + s(z" —2h)) (" 27 (10)
for some s € [0, 1].

However this method is in general “conceptual”, meaning that one cannot hope to efficiently evaluate
the values ag, Bx and hence the new point xy, except when f is quadratic: f(z) = (1/2) (Az,z)—(b,x)+c

(A symmetric). Denoting then the gradients p* = Ax* — b and the residuals ¥ = z¥ — 2¥~1, we find
that (cf (10))
E+1 _ k _ k k
p'T =p" — . Ap” + BrAr (11)

and using the orthogonality formulas ,

0 =[[p"||? — ar (Ap", ") + B (Ar*,p*) . 0= (p",r*) — ay (Ap", r*) + Br (ArF 1)
we can compute explicitly the values of ay, B (exercise).
Lemma 2.14. The gradients (p*) are all orthogonal.

Proof: we start from %1 = 2% — agp* + Br (2% — 2%~1) and deduce (since Vf is affine, or simply

from (1))

P = pb — ap Ap* + B - P,

Assume that (p,...,p%) are orthogonal, and that ay, [ = 0,...,i — 1, do not vanish (or we have found
the solution, why?). Then

1
(Ap*.p) = o P ="+ B —p" )0 =0
ifl<k—2k<i—1lorifi>1>k+ 2. In particular, <Apk,pi> =0if k <i—2. Hence:
(P, p") = (P, p*) — an (Ap",p*) + B (p" —p" 1 p") =0 (12)

if £ < i — 2. It remains therefore to check that <pi_1,pi+1> = 0 and <pi,pi+1> = 0. The latter is
already known , hence we are left with the case k = i — 1. If k = i — 1: we use again 2*+! =
% — app® + Br(z* — 2%71) to derive (with r0 = 0)

R = —aup® + Brr®
so that Vk, 7 € vect {p°,...,p"'}. Knowing (8) that (p'™*,r") = 0, one obtains from the previous (for
k=i-1): 0= —ai_1 (P01 o Bicy (P, 1Y) = —qu_y (Y, 1Y
where we have used that pi™ L vect {p°,...,p"~2} > r*~L. This shows that <pi+1,pi_1> = 0. Hence

(p%,...,p""1) are orthogonal. This holds as long as x'*! is not a solution (then p‘*! = 0).

Corollary 2.15. The solution is found in k = rk A iterations.

Indeed, if pF*+1 £ 0 then p* = Az —b, i =0,...,k+ 1 are k + 2 orthogonal vectors in ImA — b which
is an affine space of dimension k and contains at most k£ 4+ 1 independent points. One remarkable point
is that also the directions r; satisfy an orthogonality conditions: they are A-orthogonal: (Ar;,7;) =0
for all ¢ # j, hence the name “conjugate directions”.

13



Variants One can show that the following rules defines the same points (for quadratic functions)

Pt = Vi@
B = it (Bo=0)
vk — _pk 4 Brk—1

ay = argming>o f(z% + ap”), 2+

=k + akpk
A variant replaces the 2nd line with 8, = (p*,p* — p*~1) /|[p"~![|%. If f not quadratic, these variants

can be implemented.

Optimality The conjugate gradient computes z* as the minimum of f in the space generated by
the orthogonal gradients (p°,...,p*). It is then possible to prove that for a strongly convex quadratic
function, that is if v < A < LI, then

lz* — 2™ < 2¢/Qq*[la” — 27|
with ¢ = (VQ —1)/(v/Q+1), Q = L/v the condition number. This is the same rate as the Heavy-Ball.

11 T T T T T T T T T 10

:‘ —— 210000 (GD) w0t
Lk 210000 (AGD 1 |
§ ===z ( ) { 0°H
06F = —GD
Wl -Rate of GD
05F —AGD
||~ = ~Rate of AGD
0.4 10T === Tower bound
CG

. . . . . . . . ; ;
0 10 20 30 40 50 60 70 80 90 100 10° 10"

. 10° 10 10
Index i

Iteration k&

Figure 2: Comparison between accelerated vs non-accelerated gradient schemes. Top: Comparisons of
the solutions z of GD and AGD after 10000(!) iterations. Bottom: Rate of convergence for GD, AGD
together with their theoretical worst case rates, and the lower bound for smooth optimization. For
comparison we also provide the rate of convergence for CG. Note that CG exactly touches the lower
bound at k = 99 (problem with v =0, p = n = 100)

2.4.3 Accelerated algorithm: Nesterov 83

We rapidly mention the “Accelerated Gradient Descent” (AGD) Algorithm by Yu. Nesterov [44].
Algorithm: 2% = 71 given, zF*! defined by:
{yk =k + 7?2;1 (zk — 2k~

P = g V)
where 7 = 1/L and for instance t;, =1+ k/2. Then,



We will prove this later in these notes. For strongly convex problems, a variant exists with again
“optimal” rate of convergence.

2.5 Nonsmooth problems?
2.5.1 Subgradient descent

The first basic approach to tackle nonsmooth problems (or more generally problems where the (local)
Lipschitz constant of the gradient is unknown and possibly rapidly varying) is called a “subgradient
descent”. The idea, given f convex, is to iterate:

Vf(z")
IV f @)
In practice, the gradient here can be replaced with any selection of the subgradient if f is not differentiable

at ¥, see Section for the technical details.
Then if z* is a solution,

pFtl =gk — hy

h
a*Ht — 2|2 = [|la* — 2*|? - 2o (VF(F), 2 — %) + 13

IV f(@®)]]
hy,

IV f ()]l
We have used here a basic property of convex functions, which is that they are above their affine

approximations, so that f(z*) > f(z*) + (Vf(2¥),2* — 2*).
Hence, assuming in addition f is M-Lipschitz (near z* at least)

< lz* —2*)? - 2

(f(@®) = f(z) + hi.

R 0 _ .x]||2 k' h2
min f(at) - f(o%) < I ol
o 251 o hi

and choosing h; = C/vk + 1 for k iterations, we obtain
- C? + | — a*|?
i N f@*) <M
o2, ) = P < M T

(the best choice is C ~ ||z° — z*|| but this is of course unknown).
In general, one chooses steps such that >, h? < +oc, Y, h; = +00, such as h; = 1/i. It results in a
very slowly converging algorithm which should be used only when there is no other obvious choice.

2.5.2 Implicit descent

Consider a gradient descent where instead of using the gradient at 2*, one is able to evaluate the gradient
s kL
in "

A L AV C A

This is of course often “conceptual”, however we will see that in many instances it can be computed or
approximated. It says that ¥ is a critical point of (and one can ask that it minimises)

1
£(@) + 5o — 2.
T
Observe that if one lets

fr(e) = min £(3) + 5-lly — (13)
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(this defines an “inf-convolution”) which is well-defined if f is bounded from below (or > —a/|z||* and
7 < 1/a) and lower-semicontinuous (if not, the min has to be replaced with an inf), then one can show
that f is semi-concave and when differentiable, V f,(z) = (z — y,)/7 where y, solves (and is thus,
in this case, unique).

Proof: equivalently, one may observe that:

fr@—=h)=2f(x)+ fr(z+h)

1 1 1 1
< x a_ *h* r2*2 x) — - :E2 x a_ h* r2<*h2
< fye) + 5ol = h = yall® = 2£ () = ~llw =yl + F(9) + 5=l + h = g < =1

showing that f,(x) — ||z]|?/(27) is concave; or more directly one observes that:
o) = oo lell? = min £(9) + 5 - = ()
T 2T R Y

is a concave function as an inf of linear functions (of the variable x). This shows that f, is (1/7)-“semi-
concave”. Hence f, is differentiable a.e. (even twice, Aleksandrov’s theorem [26]), and if V f,(z) exists,
one has

1
fr@+h) < flye) + 5”1' +h— ymH27 hence

1 h||?
7<m_ywh>+\| I

folw+h) = o) < -,

so that for all A,
1
V@) h < L
showing the claim. Then, y, = x — 7V f-(z).

Conversely, if y,, is unique, then V f;(z) exists and is (x — y,)/7. This follows from the observation
that if x,, = 2 and y,, is a minimizer for x, as

1 2 1 2
il _ < il _
f(Ye,) + o0 lzn = Yo, I” < fya) + o0 lZn — Yl

showing that (f being bounded from below) (ys,) is a bounded sequence. If (y,, ) is a subsequence
which converges to some ¢ passing to the limit in

1
< 1) + - llome —

1
f(ywnk) + EH‘/Enk Yz,
and using the semi-continuity of f, we find that § is a minimizer for z, hence § = y, and y,, — y: the
multivalued mapping = — ¥, is thus continuous at points where the argument is unique. Now, we can
write that

1, [[A]1?
fr@+h) < fr(z) + = (& —yu, ) + 5 —

T 2T
and in the same way (exchanging = and = + h)

1 h||?
= Frw B = 2 = g, 1y — LD

LIS
2T

f‘r(iC)§f7($+h)_%<x+h_ym’+hvh> o

hence for ¢ > 0, small:

% <£L' _ ya:+th7h> S f‘r(aj +t]1) B f‘r(‘r)

<~ o) + ()
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and in the limit ¢ — 0 we recover the claim.
This proof is finite-dimensional, we will however see later on for convex functions in Hilbert spaces
that the same result is true.
We find that
P =gk V() e 2R =2F — 1V (ab)

hence the implicit descent is an explicit descent on f,! Which has the same minimisers. It converges
to critical points of f, (as D?f, < I/7), as before (and under the same assumptions). These are local
minimizers of f(-) + || - —x[|?/(27).

Ezample 2.16 (Lasso problem). Consider:

. 1
min |z}1 + || Az — b|J*
If ]2, = (Mx,2) and M = I /7 — A*A, 7 < 1/||A||?, then
1 1
min § o — a3+ ol + Az — b2
is solved by

zF = Sr(xk —TA* (A:lc’C —b))

where S, is the unique minimizer of
) 1
min ol + o[}z ~ €]

called the “shrinkage” operator. This converges with rate O(1/k) to a solution.

3 Krasnoselskii-Mann’s convergence theorem

3.1 A “general” convergence theorem

We show here a general form of a convergence theorem of Krasnoselskii and Mann for the iterates
of weak contractions (or nonexpansive operators) (it is found in all convex optimisation books, cf for
instance [8, B]). We state first a simple form. Consider (a priori, in a Banach space X') an operator
T : X — X which is 1-Lipschitz:

[Tz =Tyl < |z -yl Vzyei

If in addition it is p-Lipschitz with p < 1, then Picard’s classical fixed point theorem shows that the
iterates 2¥ = T%20, k > 1, form a Cauchy sequence and therefore converge to a fixed point, necessarily
unique. This relies on the fact that the space is complete.

However, for p = 1, this does not always work (p = 1 does not provide much relevant information,
as when T' = I). For instance, if Tx = —z, there is only one fixed point but the iterates never converge,
unless 2 = 0. The simplest statement of Krasnoselskii-Mann’s theorem shows that if T is averaged and
has fixed points, then the iterates weakly converge to a fixed point. The statement is true in Hilbert (or
finite-dimensional Euclidean) spaces, as well as in some class of reflexive Banach space. We assume in
what follows that X is Hilbert, and will mention the changes and properties needed for the property to
hold for more generality.

For 0 €]0, 1], we define the (#-)averaged operator Ty by letting

Tyr = (1 —0)x + 0Tx.

We also let To =1, Ty =T, and F = {z € X : Tz = z}. Observe that for any 6 €]0,1], F is the set of
fixed point of Ty.

17



Theorem 3.1. Let x € X, 0 < 0 < 1, and assume F # (). Then (T(fm);czl weakly converges to some
point z* € F.

The proof consists in four simple steps. We denote z° = z, 2% = Tz, k > 1.

Step 1 First, since Ty is 1-Lipschitz, then for any x* € F, || Tpz* — 2*|| < ||z¥ — 2*|| and the sequence
(Jlz* — *|)x is nonincreasing. (zx)x is said to be “Fejér-monotone” with respect to F, see [3, Chap. 5]
for details and interesting properties.

It follows that one can define m(x*) = inf}, |2* — 2*|| = limy, ||z* — 2*||. If there exists #* € F such
that m(z*) = 0 then the theorem is proved (with strong convergence), otherwise we proceed to the next
step. We will see later on what happens if the sequence is “quasi-Fejér-monotone”, which happens for
instance if T' is computed with errors. Hence we assume that m(z*) > 0 for all 2* € F.

Step 2 We now show that z*+! — 2* — 0 strongly. The operator T is said to be “asymptotically
regular”.
First, for X a Hilbert space, the proof is a straightforward application of the parallelogram identity,
to:
af = (1 - 0)(2® — *) + 0(Tha® — 2*).

We find that for all &:
2" — 2% = (1 = 0)[|lz* — 2*||* + 0| Tva® — 2*[|* — (1 — 0)|| Toa® — 2¥||
< fla* — 2| — 25l — |2

from which one deduces that >, [|z¥T! — 2¥||? < oo, hence the result. In addition, one observes that
the sequence (1 — 0)/6||z**! — 2*||? (which is nonincreasing) is controlled in the following way:

k
1%09(k'+ 1)||$k+1 7xk||2 S %Z|‘xz+l 7.%7"”2 § ||$O 7‘%*”2 o kaJrl 71,*”2.
=0

As 2P+l — 2% = 9(Ty2* — 2*) we obtain a rate for the error Tyz* — ¥, in the Hilbertian setting, given
by:
2 — ¥

01— 0)VE+1

Now, we have to mention that the result also holds in more general spaces. It is easy to extend in
uniformly convex spaces, meaning that the unit ball satisfies the following property:

ITiat — ] < (14)

Uniformly convex unit ball: Ve > 0,0 € (0,1), 36 > 0 such that for all z,y € X with ||z| < 1,
lyll <1 and [z —y[| >,
10 + (1 = 0)y|| < (1 — &) max{]|], [|y[[}

Of course, the following holds:
Lemma 3.2. If X is a Hilbert space then it is uniformly convez.
Indeed the parallelogram identity yields:
16 + (1 = O)yl* = 6%||z[|* + (1 — 6)*[|yl|* + 20(1 — 6) ()
=0)z)* + (1= O)yl* — 01 - O)[]= — y|?
< max{]|z[|? ly|*} — 0(1 — 0)e* < (1 — 6)* max{||z|*, [|ly[|*}
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for 6 =1—4/1—6(1 — 6)e?, where we have used, of course, that ||z, |y| < 1.

Yet the same property also holds in many Banach spaces (such as L spaces, 0 < p < 1, etc). It is
well known (as “Milman-Pettis” theorem) that such a space is reflexive (while the converse is not true).
We can prove the asymptotic regularity, that is, that 2**' — 2% — 0, only relying on this property, as
follows: We recall that we assume m(x*) > 0 for all * € F. Assume that along a subsequence, one has
|z* 1 — zki|| > e > 0. Observe that

ghtl gt = (1= 0)(a™ — 2*) + O(Tyah — )
and that 1
(zF — 2*) — (Tya® — o) = 2F — Tyah = fé(zk”rl —zM)

so that [|(zF —2*) — (Tya® — 2*)|| > ¢/0 > 0. Hence thanks to the uniform convexity of the ball
(remember that (z¥ — %)} is globally bounded since its norm is nonincreasing), we obtain that for some
J >0,

m(a*) < [laM =2 < (1= ) max{[la™ — o, | 712" — 27|}

but since ||Tyz* — 2*|| < ||zF — 2|, it follows
m(a*) < (1= 0)[la™ —a*].
As k; — oo, we get a contradiction if m(z*) > 0.

The result in [I7] shows that asymptotic regularity holds in any normed space.

Step 3. Assume now that Z is the weak limit of some subsequence (z*!);. Then, we claim it is a fixed
point. We use Opial’s lemma:

Lemma 3.3 ([48, Lem. 1)). If in a Hilbert space X the sequence (), is weakly convergent to xo then

for any x # x,
liminf ||z, — x| > liminf ||z, — zo||
n n

Proof of Opial’s lemma (obvious): one has
l2n — 2| = llzn — 2ol + 2z — 0, 20 — ) + [Jz0 — 2.
Since (z,, — xg,x9 — ) — 0 by weak convergence, we deduce
limninf 2z, — 2| = limninf(||xn —20|]2 + ||lzo — z||?) = ||zo — z||® + limninf [E—

and the claim follows.
Proof that Z is a fixed point: since Ty is a contraction, we observe that for each k,

lz* — 2| > || Tpa® — Toz|
= [t = aF 2k =~ Ty > ||l2* — Tyz|| — [ — 2"
and we deduce (thanks to the previous Step 2):

limlinf |z* — z|| > limlinf |z* — Typz||.

Opial’s lemma implies that TyZ = .

One advantage of this approach is that it can be extended to Banach spaces [48] where “Opial’s
property” (the statement of the Lemma) holds (in the norm for which T is a contraction). On the
other hand, not all spaces satisfy this property (it is shown that in separable Banach spaces, there is an
equivalent norm for which the property is true [66], but this is useless if 7' is not nonexpansive for this
norm...)
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Remark 3.4. Another classical approach in Hilbert spaces to prove this claim is to use “Minty’s trick”
to study the limit of “monotone” operators: Since Tj is a contraction, for each y € X we have (thanks
to Cauchy-Schwarz’s inequality)

(I =Ty)an, — (I =Tp)y, 2, —y) 20
and as we have just proved that (I — Ty)x,, — 0 (strongly), then
(—( =Ty)y,z —y) 2 0.
Choose y =% + ¢z for z € X and ¢ > 0: it follows after dividing by e that
(I —-Tp)(T+ez2),2) > 0.

and since Ty is Lipschitz, sending ¢ — 0 we recover {(I — Ty)Z, z) > 0 for any z, which shows that = € F.

Step 4. To conclude, assume that a subsequence (x™); of (x*); converges weakly to another fixed point
y. Then it must be that § = Z, otherwise Opial’s lemma [3.3] again would imply both that m(z) < m(y)
and m(g) < m(z):

m(y) = limlinf la™ — g < limlinf |l™ — Z|| = m(Z).

It follows that the whole sequence (z*) must weakly converge to Z.

3.2 Varying steps

One can consider more generally iterations of the form
P = b o (Thah — 2F)

with varying steps 7. Then, if 0 < 7 < 7, <7 < 1, the convergence still holds, with almost the same
proof. (This is obvious in the Hilbertian setting, c¢f Step. 2.

Remark 3.5. A sufficient condition is that ), 7 (1 —74) = o0, see [52]. In addition, a slight improvement
to the proof in Step. 2 shows that

k
Z(l — Ti)Ti”Tlxi _ 1,2H2 < ||:L'O o 1’*”2 o ||:Ek+1 . I*HQ
=0

so that ming<; <y | Th 2% — 2?|| < [|2° — 2*||/ Zfzo(l — 7;)7;. In fact, in a general normed space one has
the estimate 0 .

1 _

HTka _ J,‘kH < ”‘T x ”

VTS i)

which improves (14)), see [17].

3.3 A variant with errors

Assume now the sequence () is an inexact iteration of Ty:
2"t — Tpa®|| < ey.

Then one has the following result:
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Theorem 3.6 (Variant of Thm . If >, e < 00, then x* — Z a fized point of T (if one exists).

k

Proof: now, z* is “quasi-Fejér monotone”: denoting e;, = ¥+ — Tpa* so that |ex|| < ey,

2R T — 2*|| = ||Tpx® — Toa* + e < ||2* — 2*|| + e
for all k, and any z* € F. Hence, [|"T1 — 2*| < [0 — 2*|| + 32F_, &; is bounded. Letting ay = 37°, &
which is finite and goes to 0 as k — oo, this can be rewritten

125 = 2|l + arg < fla® = 2% + a,

so that once more one can define

m(x*) = klim |z* — z¥|| =
— 00

inf ||z% — 2% + ax
k>0

Again, if m(z*) = 0 the theorem is proved, otherwise, one can continue the proof as before: now,
P gt = (1= 0)(aM — 2 e, + O(T1aR — 2" +ep,)
while

1
(2 — 2" +ep,) — (Tia™ — 2 + ep,) = 2" — T2k = —g(ﬂ?k’H — M —ey,)

so that ||(z% — 2%) — (Tya® — 2%)|| > (¢ — ex,)/0 > /(20) > 0 if [ is large enough, and one can invoke
again Lemma [3:2] to find that
m(a*) < [|l2"F — 2| < (1= 8) max{l|z™ —a* + e |, [ T1z™ — ™ +ep, |1}
< (1=0) (Il — 2| +ex,)
and again sending [ — oo we obtain that m(z*) < (1 — d)m(z*), a contradiction if m(z*) > 0. The rest

of the proof (steps 3, 4) is almost identical.
Remark 3.7. In practice, what do you think about the condition ), e < 00?

3.4 Examples
3.4.1 Gradient descent

It follows the convergence for the explicit and implicit gradient descent for convex functions. Consider
indeed the iteration 2¥*! = T, (2F) := 2F — 7V f(a¥), for f convex with L-Lipschitz gradient. Then,
Lemma 2.4 claims that

Toyn(e) = 2 = 7V f(2)

is a weak contraction (1-Lipschitz or “nonexpansive” operator).
We observe that if 0 < 7 < 2/L, one has

T,(0) =2 - 2010 = S lupnle) + (1- 5 )«

is an averaged operator (with here § = L7/2 €]0,1|). Theoremyields the convergence of the iterates.
Moreover, one still has convergence if one uses varying steps 7, with 0 < infy 7, < sup, 7% < 2/L. One
can also consider (summable) errors. Eventually, thanks to one has the rate

~ V(@ -L7/2) LT/2\/k+1

17V f (=) <
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(Compare this with (2)), Theorem Remark [2.2])

For the implicit descent, we can use the fact that it is an explicit descent on the function f,, which
has 1/7-Lipschitz gradient, to get a similar result: Let z**! = o% — AV £, (2F) = 2F + (A\/7)(ys,, — 71)
(where y, solves (L3))) for 0 < A < 27, then z* converges (weakly) to a minimizer of f. (which is also a
minimizer of f)...

3.4.2 Composition of averaged operators

An important remark is the following: Let Ty, Sy be averaged operators: Ty = (1 — 6)I + 0Ty, S\ =
(1 =X)I + AS;1. Then Ty o Sy is also averaged: letting u = 6 + A(1 — 0) €]0, 1], one has

(1 — 9)/\51 +0T7 o ((1 — )\)I + )\Sl)

TooSx=1—p)l+p 0+ (1= 0N

An important application is the following: consider the problem
min f(z) + g(x) (15)
where f,g convex, lIsc, f has L-Lipschitz gradient and g is such that one knows how to compute, for all
y and all 7 > 0:
. 1
gr(x) == ming(y) + o—[l= — y||*. (16)
Yy 2T
Then one can compose the averaged operators
T.x:=xz—71Vf(x),
0<7<2/L,and
Srx =Yy

which solves (and is (1/2)-averaged, as it is * — 7V g, (x) where Vg, is 1/7-Lipschitz). Hence, if one
defines the iterates zFt! := S, o T, 2%, k > 0, then zF — z* (weakly) where 2* is a fixed point if S, o T,.
As S,.x satisfies

1
Vg(Srz) + ;(STx —1z) =0,
one has

0=Vg(S:(Trz")) + %(ST(TTCL'*) —T,x")

L@* = (@ — V() = Vg(a®) + V(")

T

so that z* is a minimizer of (L5). We deduce the following:

= Vg(z*) +

Theorem 3.8. The iterates of the “forward-backward” algorithm x*+1 := S, o Trx* weakly converge to
a minimizer of ,
We will see later on that one can say much more about this approach. Compare this with Exam-
ple
Remark 3.9. What about the “explicit-explicit” (“forward-forward”) iteration
2FH = 2F — 7V f(2*) — 7Vg(a* — 7V f(2")),

with 7 < min{2/Ly,2/L,} where Ly, L, are the Lipschitz constants of the gradients of f, g, respectively?

We will see later on other useful examples of composition of averaged operators.
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4 An introduction to convex analysis and monotone operators

Most of this section is in Hilbert spaces, though many results are also valid in more general vector spaces,
but often with more involved proofs.

4.1 Convexity

See for instance: [57, 25] for a general introduction. We discuss here the following notions: Convex
function; Subgradients; Inf-convolution; Sums of subgradients; Convex Conjugate (Legendre-Fenchel);
Fenchel-Rockafellar duality; Moreau-Yosida’s regularization (inf-convolution); Moreau’s identity.

4.1.1 Convex functions

An extended-valued function f: X — [—o0, +00] is said to be convez if and only if its epigraph
epif:={(z,\) e ¥ xR: X> f(z)}

is a convex set, that is, if when A > f(z), p > f(y), and t € [0, 1], one has tA+ (1 —t)u > f(ta:—l—(l—t)y)ﬂ
It is proper if it is not identically +0co and nowhere —oo: in this case, it is convex if and only if for all
z,y € X and t € [0,1],

fltw+ (1= t)y) <tf(x) + (1 —1)f(y).
It is strictly convex if the above inequality is strict whenever x # y and 0 < t < 1. It is strongly convex
(or p-convex) if in addition, there exists > 0 such that for all ,y € X and ¢ € [0, 1],

t(1—t)
2

flte+ 1 =t)y) <tf(x)+ (1 —-t)f(y) —p lz — yl>.

Thanks to the parallelogram identity, in the Hilbertian setting, one easily checks that this is equivalent to

require that z — f(x) — p/2||z||? is still convex. The function is also said to be, in this case, “u-convex”.

The archetypical example of a u-convex function is a quadratic plus affine function pl||x||?/2 + (b, z) + c.
The domain of a proper convex function f is the set dom f = {z € X' : f(x) < +o00}. It is obviously

a convex set.

We say that f is lower semi-continuous (l.s.c.) if for all x € X, if x,, — =, then

f(z) < liminf f(z,).

n—00

It is easy to see that f is l.s.c. if and only if epi f is closed.
A trivial but important example is the characteristic function or indicator function of a set C:

50(96){0 ifrxeC,

400 else,
which is convex, L.s.c., and proper as soon as C' is convex, closed and nonempty. The minimisation of
such functions will allow to easily model convex constraints in our problems.

One can show the following result:

Lemma 4.1. If there exists B C dom f an open ball where the proper convez function f is bounded from
above, then f is locally Lipschitz in the interior of dom f. In finite dimension, a proper convex function
f s locally Lipschitz in the relative interior of dom f, ridom f.

3This definition avoids the embarrassing expression (4+00) + (—o0), see for instance [57, Sec. 4].
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In finite dimension, the relative interior is defined as the interior of dom f in the space z+vect (dom f—
x) for any 2 € dom f; this is never empty (but may have, in extreme cases, dimension zero).

Proof of the lemma: we assume that B = B(0,0), § > 0, and let M = supg f < co. Observe also that
for z € B, by convexity f(x) > 2f(0)— f(—x) > 2f(0) — M so that | f| < M +2|f(0)|. We prove that f is
Lipschitz in B(0,6/2): indeed, if z,y € B(0,6/2), there is z € B(0, ¢) such that y = (1 —t)x 4tz for some
t €[0,1], and ||z — || > §/2. In particular by convexity, f(y) — f(z) < t(f(2) — f(z)) < t2(M — f(0)).
Now, t(z—x) = y—wso that t < |ly—a|/e—z| < 2[ly—x]/d hence: f(y)—f(x) < (4(M—f(0))/8)lly—z|
which shows the claim (one could show in fact in the same way that f is Lipschitz in any ball contained
in B(0,6)).

Now, let Z in the interior of dom f. Observe that for some A > 1, AT € dom f and as a consequence
B' =1/A(A%)+(1-1/A)B(0,6) = B(z,5(1—-1/X)) C dom f; moreover, if x € B', x = 1/A(AZ)+(1-1/A)z
for some z with f(z) < M hence f(z) < 1/Af(AZ)+ (1 —1/X)M, so that supp, f < co. Hence as before
f is Lipschitz in a smaller ball.

In finite dimension, assume 0 € dom f and let d be the dimension of vect dom f. It means there exist
x1,...,2q independent points in dom f. Now, the d-dimensional set {) . t;x; : t; > 0,>,t; < 1} (the
interior of the convex envelope of {0,z1,...,24}) is an open set in vect dom f, moreover if z = ). t;xz;,
fla) <3 tif(xs) + (1=, t)f(0) < M :=max{f(0), f(z1),..., f(zq)}. Hence we can apply the first
part of the theorem, and f is locally Lipschitz in the relative interior of the domain.

Remark 4.2. Note that in infinite dimension one can possibly find noncontinuous linear formsE| hence non-
continuous convex functions. However, one can show that a convex proper lower semi-continuous func-
tion is always locally bounded in the interior of its domain, and therefore locally Lipschitz (as if 0 is an
interior point and one considers the convex closed set C = {x : f(z) < 1+ f(0)}, one can check that
Up>1nC = X, as if ¢ € X, t — f(tx) is locally Lipschitz near ¢ = 0. Hence C # () by Baire’s property:
it follows that there is an open ball where f is bounded, as requested), ¢f [25, Cor. 2.5].

4.1.2 Separation of convex sets

In this section we establish two important “separation” theorems for convex sets, which are geometric
variants of Hahn-Banach’s theorem, in the particular setting of Hilbert spaces. In this setting, unlike in
the general case, these are quite obvious results.

Theorem 4.3. Let X be a (real) Hilbert space, C C X a closed, convex set and x ¢ C. Then there
exists a closed hyperplane which “separates” strictly x and C': precisely, in the Hilbertian setting, one
can find v € X, € R such that

(v, )y >a>(v,y) VyeC

Proof: introduce the projection z = Il (x) defined by ||z—z|| = minyec ||z—y|| (existence is classically
shown by proving that any minimizing sequence is a Cauchy sequence, thanks to the parallelogram
identity [or strong convexity of ||z — -||?]). The first order optimality condition for z is found by writing
that for any y € C, ||z — z||? < ||z — (2 + t(y — 2))||* for ¢t € (0,1] and then sending ¢ — 0. We find

(t—2z,y—2)<0VyeC.
It follows that if v=2—2#0, y € C,
(v,2) = (@ - z,2) = |z — 2> + (& = z,2) 2 |z — 2> + (z — z,9) = |v|* + (v,9) -

The result, follows (letting for instance o = [[v]|*/2 + sup, e (v,9)). The proof can easily be extended
to the situation where {z} is replaced with a compact convex set not intersecting C.

4the typical example is a linear function defined by f(en) = n where (en),>1 is an independent family, which is then
completed into a basis B, then, one lets f(e) =0 ife € B\ {en : n > 1}.
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Corollary 4.4. In a real Hilbert space X, a closed convex set C is weakly closed.

Indeed, if = ¢ C, one finds v, a with (v,2) > a > (v,y) for all y € C' and this defines a neighborhood
{(v,-) > a} of x for the weak topology which does not intersect C'.

Theorem 4.5. Let X be a (real) Hilbert space, C' C X an open convex set and C' C X a convez set
with C'NC = 0. Then Then there exists a closed hyperplane which “separates” C and C': precisely, in
the Hilbertian setting, one can find v € X, € R, v # 0, such that

(v,2) Za=(v,y) Vo eCyel

Proof: first assume that C” = {z} is a singleton. The difficult case is whenever z € C'\ C, otherwise
we can apply Theorem to separate (strictly) & and C. By assumption, there exists a ball B =
B(y,6) Cc C. Let , =y + (1 4+ 1/n)(Z — y), which is such that z,, = Z as n — co. Since

one has x, € C, otherwise by convexity one would deduce that B(z,5/(n + 1)) C C so that z € C, a
contradiction. B
By Theorem there exists v,, such that for all z € C,

(Un, Tn) < (Up, )

and we can assume ||v,|| = 1. Up to a subsequence, we may then assume that v, — v weakly in X. In
the limit, (using that z,, — Z strongly) we obtain (v,Z) < (v,z) V & € C, which is our claim if v # 0.
Using again the ball B(y,d) C C, one has for any ||z]| <1
<Un7 xn> S <Una y— 5Z>

so that (v,,y —x,) > & (v, 2): and taking the supremum over all possible z we find (v,,y — z,) > 0.
In the limit we deduce (v,y — Z) > ¢ which shows that v # 0.

Now, to show the general case, one lets A = C' —C = {y—z : y € C',x € C}: this is an open
convex set and by assumption, 0 € A. Hence by the previous part, there exists v # 0 such that
(v,y —x) < (v,0) =0 for all y € C’, x € C, which is the thesis of the Theorem.

These simple examples of separation theorems are geometric versions of the Hahn-Banach theorem
and are valid in fact in a much more general setting, see [11, [25].
4.1.3 Subgradient

Given a convex, extended valued, f : X —] — 0o, +00], its subgradient at a point x is defined as the set

of(x) :={pe X : fly) > f(x)+ (p,y —z) Vy € X}.

This is a closed, convex set.
If f is (Fréchet-)differentiable at x, then it is easy to see that 0f(x) = {V f(x)}: one has

fy) = f@) +(Vf(z),y —x)+olly — =)
so that if p € 9f(x),
(Vf(z) =p,y —x) +olly —z|) > 0.
Taking y = = + th, for h € X and ¢t > 0 small, we find after dividing by ¢ and sending ¢ — 0 that

(Vf(x) —p,h) > 0. Hence p = Vf(x). We leave to the reader the proof that Vf(z) € df(x) (hence
V f(z) # 0), which follows from convexity.
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A converse? Now we want to understand better the structure of the subgradient in relationship to
the behaviour of f at a point z, and in particular what can be said whenever df(z) = {p} is a singleton.
First, we observe that if x € dom f, v € X', t > s > 0 one has

fl@+sv) = f((s/t)(x +tv) + (1 = s/t)x) < 3 f (@ +tv) + (1 = ) f(z)

so that
fla+sv) = f) _ flz+to) — fz)
S - t
It follows that
f/({L" U) — lim f(:L‘ + tv) — f(x) — inf f(:L‘ + tv) — f(x) (17)
’ L0+ t >0 t

is well defined (in [—o0,0]), and < +oo as soon as {z +tv : ¢t > 0} Ndom f # 0. If x € dom f, then
f'(z;v) < oo for all v, moreover as f'(x;0) = 0 < f/'(z;v) + f'(x; —v) it is not —oo either. In fact,
f'(z;-) is a limit of convex functions, and hence convex, moreover, it is clearly positively 1-homogeneous:
f/(x; ) = Af(x;0) for all X > 0 and all v.

If this quantity is finite, then the function has a Gateaux derivative in the direction v (however, usual
definitions of Gateaux differentiability require that this derivative be a continuous linear form of v).

By definition, one easily sees that f'(x;v) > (p,v) if and only if p € 9f(x). (f'(x;v) > (p,v) =
flz+tv) — f(x) > t(p,v) for all t > 0, v € X.) This means that

Of'(;-)(0) = Of (w). (18)

If in addition, f is locally bounded near x € dom f (for this, as we have seen in Lemma it is
enough that f be locally bounded near one point of the domain, or that f be Isc, cf Remark, then one
can easily deduce that also f’(x;-) is, and in particular it is Lipschitz (globally, as it is 1-homogeneous).

(In addition, in finite dimension, the convergence in is uniform for ||v]| < 1 because of Ascoli-
Arzeld’s theorem: In fact, if ¢ < ¢y small enough and ||v|| < 2,

fla+to) — fla) _ fa+tow) - f(@)

t - to

for some M and the proof of Lemma shows that the h! are uniformly Lipschitz in B(0,1).)
We will see later on (Sections 4.2.2)) that since in these cases, f’(z;-) is continuous, f'(z;v) =
SUPLea f(a1)(0) (P> ), SO that f'(x;-) is the support function of O f(x) which in particular cannot be empty.
Moreover, we deduce that if 9f(x) = {p} is a singleton, then f'(z;v) = (p,z). In finite dimension (as
the convergence h!, — f’(z;-) is uniform) we deduce that f is differentiable at z. In infinite dimension,
we deduce that f is Gateaux-differentiable. It is not necessarily Fréchet-differentiable: for instance in

??(N), the convex function
fsup(,/z_i_—qux — ‘/z+1>

which is bounded near 0 (||z|| <1< Y, 22 <1 = |z;| < 1Vi> 0) satisfies f(0) = {0}, however if

V=€ = ((5,‘7]‘)]‘20, then
0+tv) — f(0 1
Mzg( [ - g):ﬁ_

if t = 1/+/1 + 1, showing that the differentiability is only Gateaux. (It is, as for any v and ¢ > 0,
f(tv) — 2
I <o (et e et - /o)
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and for each i, the quantity in the sup is less than |v;|. Given e, one can find iy such that |v;| < e for
i > ig, while for i = 0,...,14g, if ¢ is small enough one can make the quantity below the sup less than ¢.
Hence the Gateaux derivative exists and is zero.)

Using Lemma [4.1] we can deduce the following two results:

Lemma 4.6. Let [ be proper, convex. Assume it is lsc, or continuous in one point. Then, in the interior
of the domain, Of(x) # (. In finite dimension, f has a nonempty subdifferential everywhere in ridom f.

Lemma 4.7. Let f be proper, conver. Then if [ is Gateauz-differentiable at x, 0f(x) = {Vf(x)}.
Conversely if x is in the interior of dom f and f is continuous at some pomﬂ then if Of(x) is a
singleton, f is Gateauz-differentiable at x.

In finite dimension, Of is a singleton if and only if f is differentiable at x.

Minimality condition An obvious remark which stems from the definition of a subgradient is that
this notion allows to generalise the Euler-Lagrange stationary conditions (V f(x) = 0 if « is a minimiser
of f) to nonsmooth convex functions: we have indeed

x € X is a global minimiser of f if and only if 0 € df(z). ‘ (19)

In the same way, one has:

Lemma 4.8. if x € dom f is a local minimiser of f + g, f convex, g C* near x, then for all y € X,

fly) =z f(@) = (Vg(z),y — x)
and —Vg(z) € df(x).
Indeed, one just writes that for ¢ > 0 small enough,
f@)+g(@) < flz+tly—2) +g(@+tly —2) < flz) +t(fly) — f(@) +g(@+ty —2))
so that
m@—9@+ﬂy—@)§ﬂw_f@)

t
and we recover the claim in the limit ¢ — 0.

Subgradient of a strongly convex function If the function f is strongly convex or “up-convex”
and p € df(x), then z is by definition a minimiser of y — f(y) — (p,y — =) which is also p-convex. In
particular, letting h(y) = f(y)—(p,y — x)—u|ly—=||?/2, one has that x is a minimizer of h(y)+pully—=z||?/2
and h is convex. Hence, by Lemma

— _ © 22
0=-V (2 II-—=]| ) () € Oh(z).
Hence, h(y) > h(z) for all y € X, that is

Fy) = py —a) —plly —2|*/2 = f(2).
5for instance if it is lsc, ¢f Rem. and Lemma
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We deduce that for any x,y € X and p € 9f(z):
F@) = J@) + oy =) + Ly - al) (20)

An equivalent (but important) remark is that if f is strongly convex and x is a minimiser, then one has

(since 0 € 9f(x))
I() = F(@)+ Gy — I (21)

for all y € X.

Domain The domain of df is the set domdf = {z € X : df(z) # 0}. Clearly, domdf C dom f, in
fact if f is convex, l.s.c. and proper, we will see later on (see Prop E or [25]) that dom f is dense in
dom f (even when dom f has empty interior, as for instance when f(u) = [, |[Vu|?dz for u € L*(Q2)).
The fact it is not empty will also follow.

In finite dimension, one has seen that for a proper convex function, dom df contains at least the
relative interior of dom f (that is, the interior in the vector subspace which is generated by dom f).

4.1.4 Subdifferential calculus

Theorem 4.9. Assume f, g are convex, proper. Then for all x, Of(x) + dg(z) C d(f + g)(x). Moreover
if there exists T € dom f where g is continuous, then Of(x) 4+ 0g(x) = I(f + g)(x). In finite dimension,
if idomg Nridom f # 0, this is also true.

Proof: the inclusion is obvious from the definition. For the reverse inclusion, we assume p € 9(f+g)(z)
and want to show that it can be decomposed as ¢ 4+ r with ¢ € df(z) and r € dg(x). By definition, we

have that f(y) + g(y) = f(z) + g(z) + (p,y — ).
Thanks to the assumption that g is continuous at Z, epi(g(-) — {p,-)) contains a ball B centered

t (Z,9(Z) — (p,Z) + 1) and has non empty interior. Denote E this interior, and F' the following
translation/flip of epi f:

F={(y,): =t > fy) = [f(x) + 9(x) = (p, 2)]},

which is convex. For (y,t) € F', one has —t > f(y) — [f(z) + g(x) — (p,z)] > —[9(y) — (p,y)], that is
t <[g(y) — (p,y)] so that (y,t) ¢ E. Hence by Theorem [4.5] there exists (g, A) # (0,0), such that for all
(,t) € E, (y,¥') € F,

(.9) + Xt = (q.9) + At'.
As t' can be sent to —oo (or t to +00), A > 0. Moreover since Z is in dom f, if A = 0 one finds that
(q,y — T) < 0for all y € dom g which contains a ball centered in Z, so that ¢ = 0, which is a contradiction.
Hence A > 0 so that without loss of generality we can assume A = 1.

In particular choosing t' = f(x) + g(z) — (p,x) — f(¥'),
(y)+t=>{ay)+ f(@) +g9(@) — (p.2) — f().

for all (y,t) € E. The closure of E contains epi(g(-) — (p,-)): indeed any (y,t) € epi(g(-) — (p,-)) is on
the boundary of the set {ty+ (1—¢)B:0 <t <1} Cepi(g(:) — (p,-)). Hence it follows that for all y, 1/,

(&y) +9y) — py) > () + f(2) +g(z) — (p,x) — f(y)
& f) +9(y) > f(x) +g(x) + (p,y —2) +{(g,¥ —y)
=flx)+g@)+p—qy—2z)+ ¢,y —x)
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showing that ¢ € df(x) and r = p — q € dg(z), as requested.

In finite dimension, the proof relies on the previous result and the fact that subgradients, for points
in the relative interior of a convex function, are the sum of a subgradient of a Lipschitz function and a
vector orthogonal to the domain, which is a consequence of the following easy fact (actually valid for X
Hilbert):

Lemma 4.10. Let f : X — RU {400} be convez, proper and let W C X be an affine, closed subspace
with dom f C W. Then for any x € W,

0f () = O flw)(w) + W
We denote Wy the vector space {z —y: (x,y) € W2}. If p € df(x) and y € W, one has

fy) = f(x) > (py — =) = (U, (p),y — =)

since y — x € Wy, so that Iy, (p) € O(f|w)(x). Conversely, if p € Wy is an element of O(f|w)(z),
obviously for any y € X and ¢ € W+,

fly) > f@)+ P+qy—x)

since either y ¢ W and f(y) = +o0, or y € W and (¢q,y — ) = 0. This shows the lemma.

In particular, one sees that for any z € W, 98w (z) = W (where we recall Sy is the indicator or
characteristic function of W); also, in finite dimension, if one chooses W = vect dom f, we remark that
for a.e. point (for the Lebesgue measure in W) in ridom f, then 0f(x) = {Vf|w(z)} + W=.

We now show that, when X is finite dimensional, then if ridom f Nridomg # 0, &(f +g) = df + dg.
We deduce this from the previous result (which we refer as Theorem [4.9)) and from Lemma a direct
proof is found in [57, Thm 23.8], it is actually not much simpler.

First, up to a translation, we may assume 0 € ridom g Nridom f so that ridom g is the interior of
domg in V = vect dom g and ridom f is the interior of dom f in W = vect dom f.

IzgWnV, f(z)+ g(z) = oo and 9f (z) + dg(z) = I(f + g)(z) = 0, so we assume z € WNV.
From the Lemma we have that

A(f +9)(x) = o((f + 9)lw)(x) + W+

since dom (f + ¢g) C W. Now since f|w is continuous at all points of ridom f, and by assumption one of
such points is in dom g|w, we deduce from Theorem that

A((f + g)lw)(x) + W = (flw)(x) + d(glw)(x) + W+ = 8f (x) + d(glw)(x) + W+

where in the last equality we have used again that df = 9(f|w) + W=. On the other hand still because
of Lemma [4.10)

Aglw)(x) + W = 8(g + dw)(x) = d((g + dw)lv)(x) + V= d(glv + dwrv) (@) + V.

Now, using the fact that g|y is continuous at some point of W (again, from the assumption ridom f N
ridom g # ), we can use Theorem again to deduce that

Aglv + dwnv)(z) = d(glv)(x) + Iownv ()

Since we have assumed x € W NV, one hasﬁ wav(z) = WNV)E =Wt 4+ V4 so that, using
Lemma 4.10l once more:

Aglw) (@) + W = 8(glv)(x) + Bwav (z) + V* = dg(x) + W.
We deduce that O(f + g)(z) = df(x) + 0g(x).

6We use here that (VNW)+ = VL 4 W which easily follows from the obvious relationship (A + B)*t = AL N B+ and
(V)L =V — which is elementary duality.
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Theorem 4.11. Let A : X — Y be a continuous operator between two Hilbert spaces and f a proper,
convex function on Y. Let g = f(Ax), then if there is T such that f is continuous at AZ, dg(x) =
A*0f(Ax). In finite dimension, one can just require that AZ € ridom f.

Proof: A*0f(Ax) C dg(x) is easy. If p € dg(x), one has for all z,

f(A2) = f(Az) + (p,z — x) . (22)

~ =
Hence epi f (which is non empty because f is continuous at some point) and
E={(Az, f(Ax) + (p,z—x)): 2€ X} CY xR

have no common point: if (y,t) € E, then by t < f(y). Then there exists by Theorem (g, A)
such that

—{(q,y) + M > —(q,y) + M

for all (y,t) € epi f and (y/,t') € E. Again, A > 0, and if A = 0 one can find a contradiction as in the
previous proof. Then, assuming A = 1, one obtains for all z € X, y € Y,

—(q,y) + fly) = = (g, A2) + f(Az) + (p,z — x) = f(Ax) + (p— A%q, 2) — (p, ).

This is possible only if p = A*q, otherwise one can send the right-hand side to +o0c. Hence, p = A*q,
(p,x) = (¢, Az) and
f(y) = f(Az) + {(q,y — Ax)

for all y, so that ¢ € 9f(Ax).
In finite dimension, we leave the proof to the reader (see also [57, Thm 23.9]).

4.1.5 Remark: KKT’s theorem
Theorem 4.12 (Karush-Kuhn-Tucker). Let f,g;, i =1,...,m be C', conver and assume

3z, (¢:(z) <0Vi=1,...,m) (Slater’s condition)
Then x* is a solution of

min T
gi(w>so,i:1,...,mf( )

if and only if there exists (A\;)!y, Ai > 0 such that
Vi) + Y AiVai(a*) =0 (23)
i=1

and for all t=1,...,m:
Aigi(z*) =0 (complementary slackness condition)
Proof: first, if holds together with the complementary slackness condition, then it is easy to

show that x*, which is a minimizer of the convex function f + ", A;g;, is a solution of the constrained
problem: if x satisfies the constraints, then

f(x) = fx) + Zkigi(l‘) > f(a") + Zkigi(w*) = f(z").
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Conversely, consider for all ¢ the function

6.(2) = {o if g;(x) <0,

400 else.,

then the problem is equivalent to min, f(z)+ >, d;(x). By Slater’s condition, we know that there exists
Z where all functions f,§; are continuous. Hence by Thm.

0€d(f+ Y 6)(a")=Vf(a")+ > 05;(x).
7 i=1

It remains to characterize 99;(x*): if g;(z*) < 0 then it is negative in a neighborhood of 2* and 9§, (x*) =
{0}. If g;(z*) = 0, then we need to characterize the vectors p such that for all y with g;(y) <0,

0= (py—27).
Let v L Vg;(z*), and consider y = z* — t(Vg;(z*) + v): then
9i(y) = =t (Vgi(z"), Vgi(a™) + v) + o(t) = —tl|Vgs(z")[|* + o(t) <0

if ¢ > 0 is small enough, hence
0 < (p,Vgi(z") +v).

We easily deduce that we must have p = A\;Vg;(z*), for some A\; > 0 (in other words, 90;(z*) =
R4 Vg;(xz*)). The theorem follows.

Remark 4.13. The standard KKT theorem suggests also the possibility of some affine equality constraints
hi(x) =0,i=1,...,m/, and the Slater condition just assumes h;(z) = 0. The proof above needs to be
tuned a little to address this case. In practice, one can observe that when solving, for some i € 1,...,m/
the problem with either the constraint +h; < 0 or —h; < 0, one finds two solutions 2T with value m*
and: either m™ < m™, in which case one easily shows that —h;(x~) = 0 (otherwise one could find a
better value for m™ in the interval [+, 27]), or m* > m™ and h;(z*) = 0, or m™ = m™~ and the problem
is equivalent when removing the constraint h; = 0. As a result, the initial problem is shown to be
equivalent to
mxln{f(x) 1gi(x) <0,i=1,...,m;ehi(z) <0,i=1,...,m'}

where ¢; € {—1,0,1}, and the standard KKT conditions follow by applying the Theorem to this new
problem, observing that one can perturb slightly Z to find a new point ' with ¢;h;(Z") < 0 for all ¢ with
€; 7£ 0.

4.2 Convex duality

4.2.1 Legendre-Fenchel conjugate

Given a function f: X — RU {+o0}, we introduce the Legendre-Fenchel conjugate

[ (y) = sup (y,z) - f(x)
reX
which is defined for all p € X, as a supremum of continuous linear forms: in particular, it is obviously a
convex, lsc function. Observe that here we rely on the Riesz theorem to define the conjugate, in a more
general vector space E, the proper definition should be as a function defined in a dual space E’, see for
instance [25].
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Obviously for all z,y,
[ )+ f(@) 2 (y,x)

and in particular f(z) > (y,z)—f*(y). Thus, the biconjugate f**, defined as f* by f**(y) = sup,cr (Y, z)—
f*(y), clearly satisfies

The following is the most important result about the Legendre-Fenchel conjugate (it is also elementary
in our Hilbertian setting):

Theorem 4.14. If f has no affine minorant, f* = 400 and f** = —oco. Otherwise, f** is the largest
convez lsc function below f, called the convex lsc envelope of f (sometimes also the T'-regularization, or
the convex relazation). In this case then either f = 400, or f*, f** are proper.

This is a consequence of the separation theorem. Observe that the convex lsc envelope of a function f
is always well defined as the sup of all the convex Isc functions below f, or —oo if there is none. Observe
also that it is the function whose epigraph is the closed convex envelope of epi f. The special case of a
function with no affine minorant is very specific: for instance, a function f equal to —oc in B(0,1) and
+00 else, despite being convex Isc, is such that f* = +o0o0 and f** = —oc.

Proof: if f = 400 then f* = —oco and f** = +o00: the theorem is trivial. So we assume there exists
x with f(x) < +00. As we have seen, f** < f is a convex lsc below f. Either it is —oco everywhere, or
it is proper and there exists an affine function a such that f > f** > a. Indeed, choosing (z,t) with
t < f**(z) < f(z) < 400, the separation Theorem applied to the closed convex set epi f** and
(z,t) & epi f** shows the existence of (p, A, a) with

—(pr)+ A <a<—(py)+As

for any (y, s) € epi f**. Asusual A > 0 (sending s — 00), moreover A # 0 otherwise choosing y = x yields
a contradiction. Hence one may assume A = 1 and one obtains f(y) > f**(y) >t + (p,y — z) =: a(y),
which shows the claim. By definition, one has of course in this case that f*(p) < (p,z) —t < oo and
() = p,y) — () Vy.

One sees that if f has no affine minorant, then f* = +o00 and f** = —oo; while in the other case f*
and f** are proper as soon as f #Z +oo.

Assuming that we are in the latter case, let g be convex, lsc with g < f. To show that f** is maximal
among such functions, we must show that g < f**. Since g < f, then f* < g*, so that g** < f**. Hence
it is enough to show that g** = g. As before, considering p with f*(p) < 400 one has f** > (p, - )— f*(p),
so that it is enough to consider only functions g with g(x) > (p,z) — f*(p) Va (otherwise replace g with
z — max{g(z), (p, ) — [*(p)}).

The next (not essential) simplification consists in replacing f with f/'(z) = f(z) — (p,x) + f*(p) > 0.
Indeed,

(f) () = sup (y,2) — f(z) + (p,x) — f*(p)

=—f*(p) +St;p (y+pz)— flz)=f"(y+p) - D),
so that

(f)(x) = sup (y,x) — f*(y+p)+ f*(p)

= f*(p) — (p,x) + Sup (y+pz)—f(y+p) = ")~ (p,x) + f*(p)
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Hence f = f** < f' = (f')** and it is enough to show the result for nonnegative functions.

Assume therefore that f is convex, lsc, with 0 < f # +oo. If f** # f, then there exists z with
f*(z) < f(x). That is, (z, f**(x)) € epi f and from Theorem there exists p, A\, a with

(p,z) — Af*"(x) > a > (p,y) — As

for all y € dom f and s > f(y). In particular, as dom f # 0, letting s — 400 we see that A > 0.

Case 1: XA > 0: then we can divide the inequality and assume that A = 1. It follows that f**(x) <
—a + (p,x), while a > (p,y) — f(y) for all y, hence taking the sup over y, a > f*(p). Hence, f**(z) <
(p,x) — f*(p), a contradiction.

Case 2: X =0: then (p,z) > a > (p,y) for all y € dom f. Observe then that for ¢ > 0, using that f >0
in dom f and f = 400 outside,

f(tp) =supt(p,y) — f(y) <t sup (p,y) <ta,
y yedom f
so that

f(x) =sup{g,x) — f*(q) > sup (tp,z) — f*(tp) > supt((p,x) — a) = +0
q t>0 t>0

which is again a contradiction.

Remark 4.15 (Legendre-Fenchel Identity). If x realizes the sup in f*(y) = sup, (y,z) — f(z) then for all
Z7

which means that y € 9f(x). Conversely if y € 0f(z), by definition one easily deduces that f*(y) <
(y,z) — f(z), and moreover that f**(z) = f(z), y € 0f**(z), and f is Isc at z. In particular we see that
Of**(x) 2 0f(x) for all x.

One derives the celebrated Legendre-Fenchel identity:

y€of(z) = (x,y) = f(@) + [ (y) = 2 € 0f"(y), (24)

the latter being also an equivalence if f is Isc, convex (if f = f**).

One also can check that conversely, if the convex function f is lsc at z, then f**(z) = f(z).
This is true because f** is the lsc envelope of f (since it is convex), which can be defined by z
inf, ., liminf, f(z,).

One can derive as a corollary the following variant of Theorem which may be useful (see

Sec. .

Corollary 4.16. Let f: X — RU{+o0} be convez, proper and assume that f is lower-semicontinuous
at x € X. Then f**(z) = f(z).

To prove this, observe that the lower semicontinuity assumption implies that for any ¢ < f(x), there
exists & > 0 such that f(y) >t for all y € B(z, ), the open ball of center = and radius ¢. In other words,

epi f N B(z,0)x(—o0,t) = 0

Since the second set is open, also epi f does not intersect it. Since f is convex, epi f = epi f** (thanks
to Theorem [4.14)) and one deduces that ¢ < f**(x), which proves the claim.
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4.2.2 Examples

L f(z) = [|l2]1?/(20), &> 0: f*(y) = allyl|*/2;
2. f(x) = |2 /p: f*(y) =yl /o, Lp+1/0 =1
3. F(f)=1IfIh./p: F*(g9) = ||g||]z/p, /p' (the duality is in L?, however this is also true in the (L?, L?")

duality, see [25]);
4. f(x) =dp(o,1)(x) =0if x € B(0,1), +oo else: f*(p) = [p|.
The last example is a particular case of the following situation: if f is convex, 1-homogeneous, then

f(y) = sup (y,x) — f(z) = SUp Sup (y,tx) — f(tr) = Sup tf*(y) € {0, +oo}

and precisely

+oo if3x e X, (y,z) > f(x).

Letting C ={y : (y,z) < f(z) Vo € X} = 0f(0), one has f* = ¢ (C is clearly closed and convex, and
f* convex lsc). Eventually, observe that if f is Isc, then f** = f which shows that in this case

) = {0 if (y,2) < f(x) Yz € X,

f(x)= sup (y,z).
yeaf(0)

Observe in particular that 9f(x) = {y € 9f(0) : (y,z) = f(x)}.
This example, in turn, is a particular case of the following: if f is S-homogeneous, 8 > 1, then

[(ty) = sup (ty,x) — f(z) =t sup (y, ' =2 — f(t=/Pa) =1 f*(y)
ifl—a=—a/B, henceif 1/a+ 1/ = 1.

4.2.3 Relationship between the growth of f and f*

Lemma 4.17. If f is finite everywhere, then f*(tp)/t — +o00 as t — +oo for all p € X (f* is
superlinear). The converse is true in finite dimension if f is convez, Isc.

Proof: if f* is not superlinear, there exists p, ¢ < oo, such that f*(tp) < ct for all ¢ > 0: hence
() > sup;>ot (p,x) — f*(tp) > sup,q t({p, ) — ¢) = 400 as soon as z is such that (p,z) > c. Of
course then, f(z) > f**(x) = +oo. -

Conversely, in finite dimension, let f be convex, Isc and assume that there is z with f(z) = +00. We
can assume without loss of generality that f > 0 (¢f proof of Thm |4.14)).

Then, since dom f # X (in finite dimension only, in infinite dimension dom f could be dense, for
instance think of f(u) = [|Vul?dz for u € L?) one can consider z ¢ dom f. Then, there exists by
Theorem p7 a with {p,z) > a > {p,y) Yy € dom f. We have

[ (tp) = sup (tp,y) — f*(y) < sup t(p,y) <tla
Yy yEdom f

for t > 0, so that f*(tp)/t < @ and f* is not superlinear.

Remark 4.18. In infinite dimension, one needs to strengthen a bit the assumption, for instance if f >
g(|p|) with g superlinear then f* is finite everywhere.
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Proposition 4.19. Let f a convez, lsc function: then f is u-convez if and only if f* has (1/p)-Lipschitz
gradient.

Proof: observe that if f is p-convex one has in particular, given « € dom df, for p € df(x), that
holds: u
F) 2 @)+ py —2) + Sy — =] (20)

for all y, hence taking the conjugate (¢f Example [I]in the previous Section), we find for all ¢:
. t
(@) < swplgy) = f(@) =y — ) = Slly — 2l
y
_ K 2 _ 1 2
={q,2) = f(&) +sup g —p.y —a) = Sy —2|" = (¢, 2) - f(z) + ﬂllq—pll
y

= (b2} — [(2) + (g —p,z) + inq P = FW) + g —pa) + inq ol (25)

We have used that (p,z) — f(x) = f*(p) which follows from . In particular we see that f* has at
most a quadratic growth, and we deduce that it is locally Lipschitz (Lemma [4.1)), and its subgradient is
not empty everywhere. Moreover, we deduce from that when z € 8f*(p) < p € df(z) (c¢f [24)),

* * * 1
F'@)+la=po) < (@) < S0+ g = pox) + 5 lla -l
in other words, f*(q) = f*(p) + (¢ — p, ) + o(q — p) which shows that f* is (Fréchet)-differentiable and
z=Vf*(p).
Eventually, given p,q € X and = = V f*(p), y = Vf*(q), one has by that p € 9f(x), ¢ € 0f(y)

and by strong convexity, using and the same with z, y switched and p replaced with ¢, and summing,
we find

(g —py—a)>ply—z|?
so that in particular, |V f*(q) — Vf*(p)l| < (1/w)|lq —pl: Vf* is (1/p)-Lipschitz. In fact, we see that

(q—p, V(@) = V) > ull V() — V),

which expresses that V f* is “u-co-coercive”, a property which is stronger than being (1/u)-Lipschitz.
Conversely, if f* has (1/u)-Lipschitz gradient, let us show that f is u-convex. Observe that

f*(q)=f*(p)+/0 (V1" + s(g — p))a - p) ds
:f*(p)+<Vf*(p)7q—p>+/o (Vf*(p+slg—p) =V (p)qg—p)ds

< POV Gha—)+ ool [ s
If p € Of(x), so that z = V f*(p), we deduce
£1(@) < 1 0)+ la = ) + 5l ol
Hence taking the conjugate:

f)=1"(y) > Sup (q,y) — (f*(p) +{g—p,z) + illq —p||2)

= (p,z) — f*(p) o sup p—qz—y)— illq—pll2 =(py)— f(p)+ gllw —y|%.
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By 24), (p.x) — f*(p) = f(x) (as f is convex Isc), and we find
F0) = @) + oy —2) + Sl =yl

showing that f is strongly convex. Notice in particular that we have found another proof of Theorem [2.3]
valid also in Hilbert spaces for convex lsc functions. This result is extended to reflexive Banach spaces

in Section (Theorem [6.8)).

4.2.4 The conjugate of a sum: Inf-convolutions

A natural question, given two convex functions f and g, is whether one can derive an expression for
the conjugate (f 4+ g)*. The answer is given by a particular “convolution” formula, called the “inf-
convolution”. Letting f, g be convex, Isc functions it is defined as follows:

fOg(z) = igff(x —y) +9(y)- (26)

It is easy to show that this defines a convex function (more generally, given G(z,y) convex in (z,y), we
let the reader show that « — inf, G(z,y) is also convex. One can show in addition the following result:

Lemma 4.20. We assume f,g are convex, lsc. If there is p € X where f* is continuous and g* is
finite, then the inf is reached in and fOg is convex, lsc. In finite dimension, it is enough to have
p € ridom f* Nridom g*.

Proof. Consider indeed z,, — x and y,, such that
FOg () 2 fon = ) + 900) —
Consider a subsequence with
lilgn f(@n, —yny) + 9(yn,) = limninff(xn —yn) +9(yn) < lirrilinf fOg(zn)
Observe that if f* is continuous at p, then it means that there is a constant ¢ such that

[ (q) £ c+6p,e)(qa—p)

(where 0¢ is the characteristic function of C' which is zero in C' and +o0o elsewhere) while g*(p) < +o0:
so that for all z

f(2)=17(2) 2 (p2) —e+tellzll, 9(2) 2 (p,2) — g7 (p)-

Hence,

F@ng = Yni) + 9Yni) > 0y 0y — Yny) — ¢+ €llTn, — Yni |l + (P, Yni) — 9" (P)
= () +ellTny, — Ynill = (¢ +g"(p))

so that (2, — Yn,)r is a bounded sequence, hence there exists y and a subsequence of (y,,) (not
relabelled) with y,, — y. In the limit (as, f, g are weakly lsc),

fg(x) < limkinff(xnk —Yny) + 9(Yn,) < limninf fOg(xy,).

Eventually, we observe that if the sequence x,, = x, then this proves that there is a minimizer y

in . O
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We can derive a second, more precise variant of Theorem

Corollary 4.21. Let f,g be conver, Isc: if there exists x € dom f Ndom g such that f is continuous at
x (in finite dimension, x € ridom f Nridomg), then

e (f+g)* = f0Og",
o I(f+g)=0f+dy.

The first point is clear: as by our assumption, f*[dg* is lIsc, and:

(f*Og")"(z) = Sup (z,p) — f(q) —g"(p—q)

= sup (r,q) = [(@) + (x,p—q) —g"(p — q) = f(2) + g(2).

The second point is because if p € d(f + g)(x), using that z € 9(f*0g*)(p) and
f8g%(p) = (@) +9"(p—q)
for some ¢, one obtains letting p — ¢ = r:
[ (s)+g7(t) = fFOg"(s +t) = f*Og"(p) + (z,s + 1 —p)
> @)+ (s —q) +9"(r) + (x, t —7)
for all s,t. Hence x € 9f*(q) N 0g*(r), which shows that p = ¢+ r € df(x) + dg(x).
Remark 4.22. We leave as an exercise the proof of the following property: given f, g two functions, then
epi f + epig C epi flg C epi f + epig

where here, the sum is the Minkowski sum: A+ B = {a+b:a € A,b € B}. In particular, the conditions

in Lemma [4.20] are conditions for epi f + epig to be closed.

4.3 Example: the proximity operator

(Also known as Prozimal map.) Given f convex lsc, proper, observe that for any 7 > 0, z € X,
y+— f(y)+ |ly — x||?/(27) is strongly convex and hence has a unique minimizer. We define

1 2
- = mi + —||ly — 27
fr(2) min Fy) + 5 lly — =] (27)
as the inf-convolution of f and || - ||?/(27). It is clearly a convex, lsc function thanks to Lemma

(and the “min” is reached, but this is also because we are minimizing a strongly convex, lsc function in
a Hilbert or Euclidean space). As we have seen before (Lemma [4.8]), one has at the minimizer y,

05 (y) + + (v — ) 30. (29)

This characterizes the unique minimizer of and in particular it means that the following operator
is uniquely defined:

Yo = (I +70f) " (z) = prox, ¢().
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As already shown, (x — y,)/7 = Vf.(z). Actually, in the convex case, there is a direct proof: one
has, letting 1 = prox, ;(y) and § = prox, ;(z),

— 2 —x xr— 2
(n) + |\TI2TZ/H = f(n) + (n )ﬂ; y)ll
() + Lzl gmm gy o leul®
(€) + Uil Wi (2 ) 4 (e y ) o Lo

@)+ (S — o) + 31152 - =

f-(y)

I
~

f
f

Y

In the third line, we have used the fact that ¢ is the minimiser of a (1/7)-strongly convex problem,
so that f(n) + ||n—z|?/(27) > f(&) + |In — z|?/(27) + |[n — &||*/(27) for all n. We deduce from the
inequality

Fr(y) 2 fr(e) + (555, y — @) + 31|52 — =5

both that (z — &)/ is a subgradient of f; at z, and that the map x + (z —prox, ;(x))/7 is T-co-coercive,
hence (1/7)-Lipschitz: indeed, writing the same inequality after having swapped x and y, and summing
the two inequalities, we obtain

(11— 2=f y — ) > 7|zt — 2SR,

T

In particular, f, is C'. Also, we find that
prox, ;(z) =z — 7V fr ()
is a (1/2)-averaged operator (it is (1/2)I + (1/2)(z — 27V f;(z)), see Lemma [2.4)).

Moreau’s identity Thanks to , yields

-
We deduce Moreau’s Identity, valid for any convex, Isc, proper function f:
T = prox, () + 7proxs ;. () (29)
One also can show the following;:
Proposition 4.23. Let f be proper, convex, Isc: then dom df is dense in dom F'.

Indeed, let = € dom f: then f;(z) < f(z). In particular, denoting z, = prox, (),

o) = Far) + 5l = o < f@).

We use again that f, being proper, is larger than some affine function: hence there is p, ¢ such that
(p,xr) + ¢+ 5=|lz — 2-[|* < f(x) from which it follows that ||z, — 2| < ¢/\/7 for some constant ¢’ > 0.
Hence z, — z. Now, df(z;) > (x — z;)/7 # 0 hence x, € dom f, which shows the proposition. As a
by-product of the proof, one sees that:

Proposition 4.24. Let f be proper, lsc, convex and f, defined by . Then for all z, f-(z) — f(z)
as T — 0.

(We leave to the reader the proof that if f(z) = 400, fr(2) — +00, which is easy using that f is lsc.)

38



Examples: f(z) = |jz|1 =, |zi], z € R%:
prox, p(z) = (|2 — ) *sign (2:))is.
IF f(2) = b <1, D1O%, £ () = (max{—1, min{1,z;}})L_,.
If f(z) = ||=[*/2, prox, ,(z) = z/(1 + 7).
4.3.1 A useful variant of inf-convolutions

Consider now the modified inf-convolution problem

h(z) = ylrelg flz — Ky) +g(y)

where K : Y — X is a continuous operator and f, g are convex, Isc, proper. Then one can show similarly
that if there exists p such that f*(p) < +oo and g* is continuous at K*p, h is Isc and since

h*(q) = sup (q,z)— f(z — Ky) —g(y)

reX ,yey
= sup (q,x— Ky)+(K"q,y) — f(z — Ky) —g(y) = f"(q) + 9" (K"q)
reX,yey

it follows that h = [f*(-) + ¢g* (K*)]*.
The proof is exactly as the proof of Lemma but now one uses that g* < a + dp(x+p,) for some
a € Rand e >0, so that g(y) > —a+ (p, Ky) +¢||y|| and f*(p) € R so that f(z) > (p,z) — f*(p).
Then, if ,, — x and y,, is such that f(z, — Ky,)+9(yn) < h(x,)+1/n, and if lim inf,, A(x,) < 400,
one find that along a subsequence ||y, || is bounded, hence we may assume it converges weakly to some
y (and as a consequence Ky, converges weakly to Ky). Hence

hz) < f(z = Ky) + g(y) <liminf f(z, — Kyn) + g(ya) < liminf A(z,)

and the semicontinuity follows. In addition, we deduce that the “inf” is in fact a “min”.
A useful application is the following: let g be convex, Isc and proper and K a continuous operator,
and define

K .
z):= inf .
g-(z):= inf g(y)
Then, if there exists p where ¢g* is continuous at K*p, g% is Isc and g% = [¢*(K*-)]*. It is enough to
apply the previous result with f = d;g), so that f* =0 and p € dom f*.
4.3.2 Fenchel-Rockafellar duality

Consider now a minimization problem of the form
min f(Kz) + g(z) (30)
where K : X — ) is a continuous linear map and f, g are convex, Isc. Then, clearly
(P) = min f(Kz) + g(z) = minsup {y, Kz) — f*(y) + 9()
Yy

> Sup inf (K*y, ) + g(x) = [*(y) = sup - (6" (=K"y) + [*(y) = (D)

A natural question is when there is equality: this is true under various criteria: we will give a simple
example below.
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The problem “(P)” is usually called the primal problem and “(D)” the dual problem (observe though
that there is a symmetry between these problems...) Notice that the primal-dual gap

G(z,y) = f(Kz) + g(x) + g" (=K y) + f*(y)

is a measure of optimality. If it vanishes at (z*,y*), then (P) = (D), and (a*,y*) is a saddle point of
the Lagrangian
L(z,y) = (y, Kx) = [*(y) +9(2), (31)

as one has
L(x*,y) < L(x",y") < L(x,y") (32)

forall z € X? ye y [Indeed7 for all Y, Z, ﬁ(l'*7y) < f(KI*)+g(I’*) = 7f*(y*)7g*(7K*y*) < E(Ivy*)]

Theorem 4.25. If there exists & € domg with f continuous at Kz, then (P) = (D). Moreover under
these assumptions, (D) has a solution.

We show the result following a classical approach, see [25, (4.21)] for more general variants. In
finite dimension, it is shown in [57, Cor 31.2.1] that equality holds if there exists z € ridomg with
Kz € ridom f, or even more generally that 0 € ri (dom f — Kdom g) (the proof works as below).

Proof: the method is called the “perturbation method”: We introduce, for z € ),

D(2) := wnelif(K:n +2) + g(x).

Assume ®(0) > —oo (otherwise there is nothing to prove), then by assumption, one can find M and ¢
such that for |z| < e, ®(2) < f(KZ+2)+¢(Z) < M < +00. Being ® convex, we deduce that it is locally
Lipschitz near 0 and in particular thanks to Corollary [1.16, (0) = ®**(0) = sup, —®*(y). We compute:

®*(y) = sup (y, 2) — f (f(Kz +2) + g(x))
zey ze

=sup (y,z + Kz) — (K*y,z) — f(Kz +2) — g(z) = f*(y) + g (—K"y).

T,z

The claim follows. Moreover, since ® is Lipschitz near 0 it is also subdifferentiable: there exists y € 0®(0).
This subdifferential provides a solution to the “dual” problem max, —®*(y).

Exercise: show the result in finite dimension if 0 € ri (dom f — Kdom g) (one needs to show again that
® is Isc at 0).

Observe that one has by optimality in that Ka* — 0f*(y*) 2 0, K*y* 4+ 9¢(z*) 3 0, which may

be written .. ( gfg*(fy))) . (_OK ;g) (Z) (33)

4

meaning the solution is found by finding the “zero” of the sum of two monotone operators (see Sec-

tion .

Example Consider the problem
1
min \|Dz||; + = ||z — 2°||?
z 2

where D : R"® — R™ is a continuous operator, 2 € R™, ||-||; is the £!-norm. One has

1
F=AH K=D, g=]l -

40



Then the Lagrangian is

L(z,y) = (y, Dx) — [*(y) + g(x)
where f*(y) = 0 if |y;] < A for i = 1,...,n, and +oco else. To find the dual problem, we compute
g*(z) = <z,:£0> + ||2]/2/2, and we obtain

1
maX{<D*y,xO> — §||D*yH2 Hul < A i=1,. .. ,n} .
This can be rewritten as a projection problem:

min ||[D*y — 2°||?.
\y7¢|§AH Y [

4.4 Generalization: Elements of monotone operators theory

For more results, see [10]. We mostly mention the main properties, which extend the properties shown
so far for subgradients.
Observe that if f is convex, one has for all z,y, p € df(z), ¢ € 0f(y)

fy) = f@)+ py—x), f(x) > f(y) +{(g,z —y)

so that, summing,
p—qx—y)=0.

This leads to introduce the class of operators which satisfy such an inequality, which share many prop-
erties with subgradients. Consider in the Hilbert space X' a multi-valued operator A : X — P(X). By a
slight abuse of notation, we will also denote A the graph {(z,y) : x € X,y € Ax}.

We introduce the following definitions:

Definition 1. The operator A is said monotone if for all x,y € X, p € Ax, q € Ay,

(p—q,z—y)>0.

It is (u-)strongly monotone if

(p =g, —y) > ple -yl
It is (u-)co-coercive if

(p—qx—y) = plp—al.

It is mazimal if the graph {(x,p) : p € Ax} C X x X is mazimal with respect to inclusion, among all
the graphs of monotone operators.

In dimension 1, monotone graphs are graphs of nondecreasing functions. Obviously then, they also
coincide with (sub)gradients of convex functions. In higher dimension, this is not true anymore (example:
an antisymmetric linear mapping in R%, d > 2).

One sees that the subgradient of a convex function f is monotone, strongly monotone if f is strongly
convex, co-coercive if V f is Lipschitz (¢f Theorem [2.3)).

A subgradient is maximal if and only it is the subgradient of a lower-semicontinuous function. A
simple proof is due to Rockafellar: if f is Isc, to show that df is maximal we must show that if z € X
and p € Of(x) then one can find y and ¢ € 9f(y) with (p — ¢,z — y) < 0. Replacing f with f(z)— (p,x)
we can assume that p = 0. Saying that 0 ¢ Jf(x) is precisely saying that = is not a minimizer, that is,
there exists y € X with f(y) < f(z).

41



Consider now y = prox ;(z), the minimizer of f(y) +[ly — =|[*/2. As we have seen, ¢ =z —y € df(y).

One has
p—a.z—y)=(-qz—y) =—llz—y|* <0,

unless y = z. But y = x would imply that ¢ = 0 € df(z), a contradiction. Hence df is maximal. (The
proof can be extended to non-Hilbert spaces, see [5§].)

Conversely if Jf is maximal, since df** O Of, then this operator is also the subgradient of the
convex, Isc function f**. We are not proving here that f = f** only that Jf is also the subgradient of
the convex, lsc function f**.

A monotone operator is not necessarily a subgradient: for instance, in R?, the linear operator

(4

is monotone but not the subgradient of a convex function. In order for a monotone operator to be
(included in) the subgradient of a convex function, it needs to be cyclically monotone [56, 2]: for any
T, T1...,Tp = o and p; € Ay, Po = Pn,

n—1
Z (Pis Tit1 — x5) < 0.
i=0

An important case of monotone operator is obtained from nonexpansive (1-Lipschitz mappings) T,
as in Section [3] Indeed, it is obvious to check that I — T is maximal monotone:

((# = Tz) = (z = Ty),x —y) = [lz = y|* = (Tz = Ty,z —y) > 0

thanks to Cauchy-Schwartz inequality and the fact T is 1-Lipschitz.
Given A a monotone operator, its inverse is simply A=! : p — {z : Az > p}, with graph {(p, ) :
p € Az}, Tt is therefore maximal if A is maximal, co-coercive if A is strongly monotone (¢f Prop. 4.19)).

Clearly, (9f)~! = af* (see (24)).
Theorem 4.26 (Minty [38]). The resolvent of a maximal-monotone operator A, defined by

ry=IT+A) o= Jyrey+Ayszx

is a well (everywhere) defined single-valued nonexpansive mapping. (Conversely, for a monotone operator
A if (I + A) is surjective then A is mazimal.)

One will see that the resolvent is also a (1/2)-averaged operator (and any (1/2)-averaged operator
has this form).

Proof: Let us introduce the graph G = {(y + z,y — z) : € X,y € Ax}. If (a,b), (d/,V') € G, with
a=y+z,b=y—zanda =y +2',b=y — 2/, then

b=V =lly=yI? =2y~ v,z =) +lly + /I = lla = o|* =4y = y/,2 = ') < [la = /|

showing that G is the graph of a 1-Lipschitz function. Moreover, if G’ O G is also the graph of a
1-Lipschitz function, then defining A" = {((a — b)/2,(a + b)/2) : (a,b) € G’} the same computation
shows that A’ D A is the graph of a monotone operator, hence A’ = A if A is maximal. (Conversely, if
G is defined for all a then clearly G and therefore A are maximal, as being 1-Lipschitz G is necessarily
single-valued.)

So the theorem is equivalent to the question whether a 1-Lipschitz function which is not defined
in the whole of X can be extended. This result (which is true only in Hilbert spaces) is known as
Kirszbraun-Valentine’s theorem (1935). [The proof we give is derived from [27], 2.10.43].]

The basic brick is the following extension from n to n + 1 points:
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Lemma 4.27. If (x;)i-, (yi)7—, are points in Hilbert spaces respectively X, Y such that¥i, j , |ly; — y;|| <
lz; — x|, then for any x € X there exists y € Y with |ly; — y|| < ||lx; — x| foralli=1,...,n.

It is enough to prove this for z = 0: we need to find a common point to B(y;, ||z;||). There is nothing
to prove if © = x; for some i, so we assume x; # 0, i =1,...,n. We define

c= min{c >0: mB(yi,cHxiH) # (7]} >0
i=1

(if the y; are distinct, which we may also assume). This is a min because the closed balls are weakly
compact, and we can consider y such that ||y —y;|| < €||z;]|, ¢ = 1,...,n. Then we observe that y
must be a convex combination of the points (y;);er such that ||y — y;|| = ¢€||z;||. Indeed, if not, let ¢’
be the projection of y onto ¢o{y; : i € I}. As for any i € I, (y; —v',y —y') < 0 one has, letting
ye = (1 — t)y + ty’, that for any i € I:

Iy = yell® = llys —y + ty — v ) = llys =yl + 2t (i — oy — o) + £y — /|
= lyi —yll> +2t (i =/ y— o) — 2ty — ' I> + *ly — ¢/II?
<y = yl* =t =)y = y'II* < llyi -yl
if t € (0,2). Hence if ¢ > 0 is small enough, one sees that |ly; — vl < llyi —yl| = ||z for i € I,

while since for ¢ & I, |ly; — y|| < €||z;]|, one can still guarantee the same strict inequality for y; if ¢ is
small enough. But this contradicts the definition of ¢, since then there would exists ¢ < ¢ such that

vt € Nizy By, cllai))-
We therefore can write y = >
2(a,b) = [lal* + [Ib]* = lla — b]|?,

0= 0w —yll> = > 0:6; (i — v, 55 — v)

ser 9iyi as a convex combination (6; € [0,1],3 .., 6; = 1). Then since

iel i,j€1
1
=5 2 065 (lvi —wll” +lly; = vlI* = llv: — 1)

i,5€l
1 ~ _

= > 005 (@llwill® + s |1” — llws — 25%)

i,j€Il
1—¢
=) 00y (i xy) — —5— s —
i,j€1
which shows that
(1=2) Y 0:b5llws — x> > 22> i ?
ijel iel

so that ¢ < 1. Hence, y satisfies ||y — y;|| < ||«;||, as requested, which shows Lemma
We can conclude the proof of Theorem if there exists x € X such that {x} x YNG = 0, consider

the set
K= () B®|z—al)
(a,b)eG
which is an intersection of weakly compact sets.
We show that because the compact sets defining K have the “finite intersection property”, K can
not be empty: Choosing (ag,by) € G, if By = B(bo, ||z — bo|), we see that

K=Byn| () B lz—al)
(a,b)eG
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hence By \ K = By N U(a’b)a;B(b, |z — al))¢. If this is By, by compactness one can extract a finite
covering 7, B(bs, ||z — a;|)¢ for (a;,b;) € G, i=1,...,n. We find that

n
Byn U B(bi, ||z — ail|)* = By
i=1
or equivalently that
Bon () B(bi, ||z —ail]) =0
i=1
which contradicts Lemma Hence, By \ K # By which means that K # (). Choosing y € K, we find

that G U {(x,y)} is the graph of a 1-Lipschitz function and is strictly larger than G, which contradicts
the maximality of A.

The non-expansiveness of (I + A)~! follows from, if y + Ay > o, v + Ay’ > 2/, p =1 —y € Ay,
p=a —y €Ay
lz —2'II* =y = y'II> +2p =y —y") +llp =211 = ly = y'II* + llp — 2|1,
that is, for T = (I + A)~%:
[ Tx — Ta'|> + [|(I = T)z — (I = T)a'||* < [|lz — 2/ (34)
An operator which satisfies is firmly non-expansive.
Let us now consider the “refiexion operator”
Ra=2Jp—T1=2(T+A) -1 (35)
Lemma 4.28. Ry is nonexpansive, and in particular, J4 = I/2+ Ra/2 is (1/2)-averaged.

More generally we prove the following: An operator T is firmly non-expansive if and only if it is
1/2-averaged, that is, R = 2T — I is non-expansive (so that indeed T = I/2 + R/2 is 1/2-averaged).
It follows in an obvious way from the parallelogram identity, since for any z, z’,

|Rx — Rz'|]? = |(Tx — ) — (T2’ — ) + Tz — Ta'||?

=2|(I -T)x— (I =T)2'||* + 2||Te — T2'||* — |z — '||* < [l — 2'|?
e (I =T)(x)— T -T)(")|?>+ Tz - T2'||?> < ||z — 2'||%

We have shown that if A is maximal monotone, then J4 = (I+A)~1! is defined everywhere and single-
valued, then that it is firmly non-expansive, and eventually that an operator is firmly non-expansive if and
only if it is (1/2)-averaged. We conclude by showing that if an operator T' = I /2+ R/2 is (1/2)-averaged
(R is non-expansive), then there exists a maximal monotone operator A such that T = J4.

The proof follows by the same (or reverse) construction as in the beginning of the proof of Minty’s
theorem: we consider the graph

G={lz+y)/2,(x—v)/2):z e X,y=Rax} ={(Te,I —T)z):x € X}

and denote by A the corresponding operator (y € Az < (x,y) € G). Then A is monotone: if
(&), (&,n') € G, then for some z,2' € X, £ = (x + Rx)/2, n = (x — Rx)/2, etc., and we find:

1 1
(E-&n—n)= 1 (t+ Rx —2' — Ra!,x — Rx — 2’ + Ra') = 1 (|lz = 2'||* — ||Rz — Rz'||*) > 0.
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Moreover, A is maximal, if not, one could build as before from A’ D A a non-expansive graph {(§ +
n,& —mn):n € A&} strictly larger than the graph {(z, Rz) : x € X'}, which is of course impossible. By
construction, ATz > (I — T)x for all z, hence (I + A)Tz >z < Tax = (I + A)~ .

To sum up, we have shown the following result:

Theorem 4.29. Let T be an operator, then the following are equivalent:
o T'=(I+ AL for some mazimal operator A;
o T is firmly non-expansive;
o T is (1/2)-averaged (2T — I is nonexpansive).

A consequence is that if 2° € X and 2! = (I + A)~'2%, k > 0, then 2% — 2 where x is a fixed
point of (I + A)~!, that is, Az = 0, if such a point exists (Theorem . We will return soon to these
iterations.

Another way to interpret Theorem is to observe that it says that a strongly monotone maximal
operator has a well-defined single-valued inverse everywhere. Indeed, if A is maximal y-monotone, then
A" = A/p — I is maximal monotone hence I + A’ is surjective with single-valued inverse, and so is A.
From

(p—a.x—y) > plle —yl* pe Ar,ge Ay
we deduce if B = A™! that
(p —q,Bp— Bq) > u||Bp — Bql|*,

showing that B is co-coercive and (1/p)-Lipschitz.

The maximal monotone operator A, = [x — (I + 7A)~'z]/7 is called a Yosida approximation of A:
it is a (1/7)-Lipschitz-continuous mapping, with full domain (in case A = 9f, A, = Vf.). TA, is firmly
non-expansive, since I — 7A, is. It has very important properties, see in particular Brézis’ book [I0].
We mention in particular Theorems 2.2, Prop. 2.5, and Cor. 2.7 in that book: the first two say that for
a maximal monotone operator A, C' = dom A is convex and lim,_,q J; 42 is the orthogonal projection of
x onto C, in addition if x € dom A4, A,z — Az, the element of Az with mininolal norm, while if not,

|Arx| — oo. The last shows that if for A, B two maximal monotone operators dom A Ndom B # (), then
also A + B is maximal monotone. The Yosida approximation is used in [10] to show the existence of
solutions to & + Az 3 0 for A maximal-monotone, by showing it is obtained as the limit of the solutions
of £ + A,x 3 0 (which trivially exist because of Cauchy-Lipschitz’s theorem). This allows to define
properly the “gradient flow” of a convex lIsc function, which is the time-continuous equivalent of the
gradient descent algorithms. An exhaustive study of maximal monotone operators in Hilbert spaces is
found in [3].

We will use the generalization of Moreau’s identity :

= T4+7A)"Ya)+7(I + %Ail)fl(ﬁ). (36)

T

which is proved exactly in the same way as .

5 Algorithms. Operator splitting

We introduce here the “Forward-Backward splitting” technique. We discuss convergence rates and
introduce acceleration, in particular the famous “FISTA / Nesterov acceleration”.

We also introduce other splitting: Douglas-Rachford (DR), Alternating directions method of multi-
pliers (ADMM), Primal-Dual.
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5.1 Abstract algorithms for monotone operators

In this section, we describe rapidly general algorithms for solving the equations
0cAx or 0€ Az + Bz

where A, B are maximal monotone operators (sometimes subgradients, sometimes not). The idea is to
generalise algorithms already seen, and then to have at hand general results which will be useful for
studying more concrete algorithms.

5.1.1 Explicit algorithm
Let us first consider the equivalent of the “gradient descent”:
oh Tt =gk —mpk pF e Axk,

Even if A is single-valued and continuous, then this might not converge. For instance, if A = (O 01)

1
k
1 -7
k __ 0
x(T 1>x.

But the eigenvalues of this matrix are 1 + +7i and have modulus v/1 + 72, so that the iteration always
diverges.

So one needs to require a further condition on A. We recall (Baillon-Haddad) that the gradient
descent works for convex functions with Lipschitz gradient, whose gradient is a co-coercive monotone
operator. We can show here the same:

then

Theorem 5.1. Let A mazimal monotone be u-co-coercive (in particular, single-valued):

(Az — Ay,x —y) > pl| Az — Ay,
Assume there exists a solution to Ax = 0. Then the iteration x*Tt = 2% — 7 Ax* converges to x* with
Az* =0if 0 < 7 < 2u.

For the proof we just show that I — 7A is an averaged operator. Let us compute

(I = 7A)x — (I = TA)y|* + [|T Az — 7 Ay|®
= [l —y|? - 2r (z — y, Az — Ay) + 27%|| Az — Ay|?
< o —yl* = 27(p — 7)[| Az — Ay|*.
This shows that if 0 < 7 < p, 7A and (I —7A) are firmly non-expansive hence (1/2)-averaged. It follows
that for 0 < 7 < 2u, (I — 7A) is averaged. Hence by Theorem the iterates weakly converge, as

k — o0, to a fixed point of (I — 7A) (if it exists). If 7 = 0 this is not interesting, if 0 < 7 < 2, then it
is a zero of A, which exists by assumption.

5.1.2 Proximal point algorithm

Then we consider the “implicit descent” 21! € z¥ — 7Az¥+1. This is precisely which is solved by
Pl = (I + 7A)~ 12, which is well-posed if A is maximal monotone (Th. . The corresponding
iteration

oF L = (I +7A)" 1k
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is known as the proxzimal point algorithm. It obviously converges to a fixed point as the operator is
(1/2)-averaged (if the fixed point, that is a point with Az = 0, exists). Moreover, as we have seen, one
can consider more generally, if R4 = 2(I +7A4)™! — 1,

ZF = (1- 0p)x" + 0p Ry az® = z¥ + 20, ((I +7A) "tk — xk) =k —20,7A, 2",

for 0 < < 6, < 6 < 1 and still get convergence. More generally, we prove:

Theorem 5.2 (PPA Algorithm). Let 2% € X, 7, >7>0,0< A< A\, <A <2, and let
2FH = 2k A\ (T 4 7 A) " Lab — b)), (37)
If there exists x with Az > 0, then z* weakly converges to a zero of A.

Proof. The proof follows the lines of the proof of Thm

A first remark is that one obviously has [|2*+! — z||? < ||2* — 2|2 for each  with Az > 0, which is a
fixed point of J.4 for any 7, as in that case (37)) is iterating an averaged operator with same fixed point.
But we can be more precise. We have:

2P — 2)? = ||l2% — 2||* + A2|| T az® — 2F)% + 22 <xk —z, Jy 4zt — l'k>
= [|lz* = @lf* + || Jr a2 — 2|2

+ A (| Jraz® = zf|* = fla* — 2]|* — || Jr,a2" — 2"||?) .
Now, as Jr, 4 is firmly non-expansive,
1Treaz® = 2|2 + (1 = Tro )2 — (I = Trpa)el® < Jla* - 2|?
where in addition (I — J;,_4)x = 0. Hence:

1257t — 2 < la® = al® + Al Tr az® — 22 = 20kl Jraa® — 2

= [la® — 2]* = Ae(2 = A) | T a2® — ¥,

Letting ¢ = A\(2 — \) > 0, we deduce that (z*);, is Fejér-monotone with respect to {x : Az > 0} and that

n
e I naz® — P + o —al® < J|2® - 2ff?
k=0

for all n > 0, in particular ||J,, az* — 2¥|| — 0, as well as, by the scheme, z**! — z*. We want to

conclude as in the proof of Theorem However with varying 7, it is not obvious that a limit point
7 of a subsequence z* is such that Az > 0. To see this one can use the maximal-monotonicity of A. If
' 3 X,y € Az’, denoting e, := J,, ax* — 2F — 0 we have:

A(z® +e*) 5 e—k,

so that .
<y' —e g -2k — ek> > 0.

In the limit along the subsequence x**, we find (y’,2’ — ) > 0, so that AZ > 0. The rest of the proof

relies on Opial’s lemma and is as in the proof of Theorem
We could also consider (summable) errors. See [3] for variants, [24] for a similar proof with errors.
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5.1.3 Forward-Backward splitting
We now consider a mixture of the two previous, namely the “forward-backward” splitting
" = (I 4+ 7A)"Y(I — 7B)2* (38)

where A is maximal monotone and B p-co-coercive. Then, as before, if 0 < 7 < 2u, the algorithm is the
composition of two averaged operator and converges weakly to a fixed point if it exists. We see that

(I+7A) Y (I-7B)xr=v<<x—TBr€x+7Ar & Ax + B 3 0.

As B is continuous, this is equivalent to (A + B)x > 0. Hence, if A + B has a zero, this algorithm
converges to a zero of A+ B.

5.1.4 Douglas-Rachford splitting
This method was introduced under the following form in a paper of Lions and Mercier (79):
"t = J 42T, — Da* + (I — J.p)a” (39)

Theorem 5.3. Let 20 € X. Then if 2 defined by , ¥ — z such that w = J,gx is a solution of
Aw + Bw 3 0 (if it exists).

Proof: we use
Jra=31+3Rra, Jrp =31+ 3R:p.

Hence the operator in the algorithm is
%RTB + %RTA o RTB + (%I - %RTB) == %I + %RTA o RTB

so that it is (1/2)-averaged (and hence a resolvent). We deduce from Thm[3.1]that the iterations converge
to a fixed point, if it exists, of R, 4 o R.g. One has

RiaoRpr =2 2J, 42,z —2) — 2J;pr —z) =x < Ja(2Jrgx — x) = Jr BT
< 2J,pr—x € Jypx +TA(J-gx) & Jrpr € v+ TA(JrBX).

Letting w = J-px, we see that w satisfies
w € w+ TBw + TAw

hence Aw + Bw = 0. Conversely, if w satisfies this equation and x = w + Bw = w — Aw, we see that
z is a fixed point. We know, then, by Theorem that ¥ — 2. Then w = J,px is a solution of
Aw+ Bw > 0. Further conditions on A, B ensuring that .J, pz* converges to a solution are found in [36],
variants with errors in [24].

The iterations z*+t! = R, 4 R,pxz* are known as the Peaceman-Rachford splitting algorithm and
converge under some conditions to the same point.

5.1.5 Three-operators splitting

This approach, introduced in [20], generalizes the two previous methods. Given A, B, C three maximal-
monotone operators with C co-coercive: for all x,y € X

(Cz —Cy,z —y) > 7|z —y[?
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one wants to find £ € X such that A + B¢ + C¢ 3 0, and we assume there is at least a solution. One
introduces for 7 > 0:
T, :=1—J,g+Jrao(2J;, —I —7CoJ,p).

We observe that if A or B is 0, T is similar to a forward-backward algorithm, while if C' = 0, it
reduces to the previous Douglas-Rachford operator. The following is easy:

Lemma 5.4. A point x is a fized point of T, if and only if £ = J,px satisfies AL + BE+ CE 3 0.

Hence, given & which solves A + B + C' > 0, any point x € £ + 7B¢ is a fixed point of T.. The main
result in [20] is then the following:

Theorem 5.5. For 0 < 7 < 2v, T is averaged.

As a consequence, for such values of 7, the algorithm given by 2% € X, 2*+! = T,2* k > 0, produces
a sequence which weakly converges to a fixed point x, such that J,x solves the problem.
Proof of the theorem: First, we have seen already that if 7 < 27, (I —yC) is averaged, and more precisely
there exists S nonexpansive such that

I—-~yC=(1-0)I+65S=:5

for 6 = 7/(27). In addition, one can write J,p = (I + R.p)/2 and J,, = (I + R;4)/2. Hence,

1 1
T-=I—-Jp+Jrao (JTB —I+ SG © JTB) = 5 (I - JrB+ SGJTB) + §RTA © (J’TB —I+ SGJTB) .
This can be written:
T, =521+ 8(I~Jp+SJp)+ iR (1 —0)Rep+0(Jop — [ +SJ,5) = (1 — L1+ 20T

with
T =150~ Jp+S))+ 15 Rea (1 = 0)Rep +0(Jrp — I+ 5J-p)) .

Then, for x,y € X we have:

1T = Ty|* < %511 = Jop + Srp)e — (I = Jop + SJrp)y|?
+ 135l Rra((l = O)Rrp + 0(Jrp = T+ SJrp))x = Rrea((1 = 0)Rrp + 0(Jrp — 1 + STr5))yl?
< 510 = Jop+ ST p)x — (I Jop + STyl
+1igll((1 =) Rep +0(Jrp — T+ STr5))3 = (1= O)Rep + 0(Jr5 — I + ST-5))yl”

where we have used that R, is 1-Lipschitz. In addition,

I((1-60)R.,g+60(Jrg —I+SJ:5))x—((1—0)R.5+0(J.5—1I+SJ5))yl?>
S (1 - H)HRTBJ; - RTBZUHZ + 9”(‘]7'3 -1 + SJTB)J: - (JTB -1 + SJTB)yHQ
<A =0z —yl>+06|(Jrg —I+ST.5)x — (Jrg — I + STyl

using now that R,p is 1-Lipschitz. In the end we obtain:

| Tz —Ty|? < 1_{;‘QH(I —Jrg+SJg)x — (I —J.5+ ST )yl
+ 195 (Jrp — T+ STrg)e — (Jop — T+ ST, )yl + =8 a — y)?
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We conclude with the parallelogram identity which shows that

I = Jrp + STep)x — (I = Jrp + STyl
+(Jep = I+ STep)x = (Jop — 1+ ST-p)yl*
=2(|( = Jrp)x — (I = Lep)yl* + 11STr57 — ST Byll%)
<2(I(I = Jep)z — (I = Tp)yl? + | Jrp2 — Jrpyl?) < 2]z -yl

since S is 1-Lipschitz and since J;p is firmly non expansive. Hence,

1Tz~ Tyl < Zylle—oll* + 520z — oll* = |z — ol

showing that T is (1 + 0)/2-averaged.
Remark 5.6. The averaging here is not as good as the one found in [20], which is 1/(2 — ).

5.2 Other splittings: Extragradient, Forward-Backward-Forward method

The previous methods correspond to iterating an averaged operator, and rely on the co-coercivity of the
“explicit” (forward) step. Yet, one might encounter variational inequalities of the form: find z* € X
such that (for A, B maximal monotone operators)

Az* +Bz* >0

where one know the resolvent of A, B is L-Lipschitz, but not co-coercive. This is for instance the case
for primal-dual form , where the second operator is linear and bounded, but skew-symmetric and
hence clearly not co-coercive. We present here rapidly two approaches which tackle this issue. The first
one is “only” designed for solving Bx* 5 0 for B L-Lipschitz (even if the original version is a bit more
general than the one we describe here, and includes projection at each step, which would correspond to
A being the subgradient of the characteristic of a closed, convex set).

5.2.1 The Extragradient method

The following algorithm has been proposed by G. M. Korpelevich in 1976 [34]. We present a simplified
version. Given 2% € X, we let for k > 0:

{yk = zF — Bz

2L = gk By (40)

Theorem 5.7. If 7L < 1, then the algorithm generates sequences x* and y* which (weakly) converge to
a solution of Bx = 0, if there exists one. In addition, ¥ — y* — 0.
Proof. We consider a solution x*, hence such that Bx* > 0. Then:
ka—i—l _ $*||2 — ||.’Ek o x*”2 + 2<$k o x*’xk-i-l o $k> + ||:17k+1 _ xk”2
= ||lz* —z*|? - 27 <xk — ", Byk> + [Jzf Tt — 2|2,
We use then that <xk -z Byk> = <xk —y* 4 y* — 2z, ByF — Bx*> > <$k —yk, Byk> and deduce:
”xk—H _ x*HQ < ||£L'k _ $*||2 — 97 <£L'k o yk,Byk> + ”xk-i-l _ ka2

— ka _ x*HQ + 2<$k _ yk,CEkJ’_l o mk> + ||xk+1 _ kaQ'
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It follows:

2" = a2 < fla® = a2+ 2 =yt )P Yl -y

= ||2* — &*|? + |7 By* — 7Ba*|* —||l2* — ¢*|* < [|l2* — 2| — (1 - T2L2) " - 2F|*.

We deduce, when 7L < 1, that ||z — 2*|| is decreasing (Fejér-monotonicity of the sequence), that
|lz¥ — 4*|| — 0 (and therefore also ||z¥*1 — y*|| and ||2*** — 2%||) and can continue as in the proof of
Krasnoselskii-Mann’s theorem. O

We miss something in this proof: we have not checked that a fixed point is a solution! This is easy,
again: if y = x — 7Bz, x = x — 7By then one has y — z = 7(By — Bxz), so that ||y — z|| < 7L|ly — z||. If
7L <1 then y — 2z =0 and Bx = 0.

The original algorithm in [34] has an additional projection at each step: the proof is not much more
difficult, and is covered by the more general method introduced in the next section.

5.2.2 The Forward-Backward-Forward algorithm

Now, in case one wants to solve the full problem Ax* + Bx* 3 0, knowing J,4 for 7 > 0, one needs
to modify a bit the algorithm. One way is the straighforward modification: y* = J,4(z* — 7Bz"),
2P+ = J 4 (zF — 7By*) (which is the simplest extension of Korpelevich’s initial work where .J; 4 is the
projection onto a closed convex set C' — which corresponds to A = dg for ¢ the indicator function of
(). This is shown to work if A = dg is the subgradient of a convex, Isc function [39].

A variant (with less computations, and for a general A) was proposed by Tseng in [64]. We present
again a simplified version (the original paper has varying steps, backtracking, and does not require to
know L in advance). Given z° € X, the method is as follows:

y* = Jra(z® — 7Ba*), (41
o* =Tl yri1 (y* + 7B2® — 7By") )

Here, X**1 is any closed convex set which is known to contain the solution. One could take X*+! = X
yet it might be useful to consider this more general setting, in particular if B is not defined everywhere
in X' (it should be defined at least in the domain of A, and in X*, k > 1). The case A =0, X**! = x
clearly boils down to .

With this generalization of Korpelevich’s method, one can check that a fixed point will be a solution.
This will follow from the proof below. Again, one has:

Theorem 5.8. If 7L < 1, then the algorithm generates sequences x* and y* which (weakly) converge to
a solution of Az + Bx = 0, if there exists one. In addition, ¥ — y* — 0. The convergence is linear if
A + B is strongly monotone.

Proof. The proof is almost identical to the previous one. Let v > 0 (possibly vanishing) be the modulus
of monotonicity of A+ B. We denote #**! := y* + 7Ba* — 7By* so that 2**! = ITyxs1(2**1). Since
we have assumed z* € X**! one has

kaJrl o :L'*H < ||£ik+1 o {E*”
and we can concentrate on bounding the right-hand side. Note that one has, for all k:

7(Ay* + Bz®) 3 oF — ¥,
7(Ay* + By*) 5 oF — zF L
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(The first line is the first line of the algorithm, then adding the definition of Z**! we obtain the second
line.) We denote p* € Ay* the element of the subgradient involved in these equations (that is, p* =
(x% — y*) /7 — Ba¥). We write as before:

#4550 — a2 = A+ — 2k 4+ ok — a2 4 2 (o — o, o)
_ ||i‘k+1 _ $k||2 + ||J,‘k _ 73*H2 — 927 <.Z‘k _ .T*,pk —|—Byk>
Then,
(@ — 2%, p" + By¥) = (2" — " + o — 2" 0" + By*) > (¢ —¢* 0" + BYF) +ollyt - 2|
Here, we have used that 0 € Ax* + Bz* and the (y-)monotonicity of A + B. It follows that:
124 — 2| < [l = 2P [|ZH = 2P 2 (b -y =) - 2ry |yt -2t
= [la® — 2|2 + | =y )P — |zt — y*)® - 27y lly® - 2|

where in the first line, we have replaced again —7(p* + By*) with zF+1 — 2F.

1 — yk = 7(Bz*¥ — By*), so that this is also:

Now, by definition,

1255 — 2 |? < fla® — a* | + 72| Ba® — ByF|* — |ly* — 2"|® - 2mylly" — 27|

< la® = 2| + (L2 = Dyt = 2P = 2y llyt - 2.

Again, if 7L < 1, we conclude that ||z — 2*||? decreases (unless y* = x*, which means it is a solution
and 2*t! = ¢*), and we can conclude using y* — 2¥ — 0. We also see that a fixed point is a solution,

indeed this corresponds to the case where [|z**! — 2*||? = ||2* — 2*||? so that once more, y* = 2*.

Finally, if v > 0, letting ¥ = min{r, (1 — T2L2)/2}|Z]7 we find that
1Z5F = 2* )2 < fla® = 2*)12 = 23(1ly" — 212 + |ly* = 2*)1?) < (1 =7) [la* — "7,

showing also the linear convergence of z*¥ — x*. O

5.3 Descent algorithms, acceleration, “FISTA”
5.3.1 Forward-Backward descent

In case A = 8g and B = V[, algorithm (38), which aims at finding a point = where dg(z) + V f(z) 3 0,
or equivalently a minimizer of

min F(z) := f(z) + g(z) (42)

where g is, a “simple” convex Isc function and f is a convex function with Lipschitz gradient. The basic
idea of the Forward-Backward splitting scheme (FBS) is to combine an explicit step of descent in the
smooth part f with a implicit step of descent in g. It iterates the operator:

T & =T.2:=prox,, (2 —7V[f(Z)) = (I +709) (& — TV f(2)). (43)

Another name found in the literature [43] is the “composite gradient” descent, as one may see here
(z — z)/7 as a generalised gradient for F at Z. The essential reason why all this is reasonable is that
clearly, a fixed point & = Z will satisfy the Euler Lagrange equations V f(Z) + dg(z) 5 0 of . Observe
that in the particular case where g = d¢ is the characteristic function of a closed, convex set C, then

7If v, L are known, the best step seems to be 7 = (/1 + (v/L)2 —~/L)/L.
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prox, () reduces to Ilc(z) (the orthogonal projection onto C') and the mapping 7’ defines a projected
gradient descent method.

Algorithm 1 Forward-Backward descent with fixed step

Choose xg € X
for all K > 0 do

Pl =T 2k = prong(ack — 7V f(z"h)). (44)

end for

The theoretical convergence rate of the plain FBS descent is not very good, as one can merely show the
same as for the gradient descent:

Theorem 5.9. Let 2° € X and ¥ be recursively defined by , with 7 < 1/L. Then not only x*
converges to a minimiser, but one has the rates

F(a*) = F(a*) < giglla” — 2°|? (45)

where x* is any minimiser of F. If in addition f or g are strongly convex with parameters iy, piy (with
w=py~+pg >0), one has

F(a*) = F(a) + 52 a* — 2| < wh ke ||2® — 272, (46)
where w = (1 —7ps) /(1 + Tpg).

However, its behaviour is improved if the objective is smoother than actually known, moreover, it is
quite robust to perturbations and can be overrelaxed, see in particular [16].

5.3.2 FISTA

An “optimal” accelerated version is also available for this method, ¢f Section[2:4:3] This is well described
in [45], [43], although a somewhat simpler proof is found in [6], where the algorithm, in the cases where
= ps+pg=0,is called “FISTA”. The general iteration takes the form:
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Algorithm 2 FISTA with fixed step

Choose 2° =z~ 1 € X and t; > 0
for all £k > 0 do

y* =2k 4 B (ak — 2P (47)
af = Toy* = prox, (v = 7V f(y")) (48)
where, in case =0,
14+4/144¢t2
bepr = —5— = 55, (49)
B = 8 (50)
and if p = uyp + pg > 0,
1—qt2++/(1—qt2)2 1412
tk+1 - L (2 %) k? (51)
1 14T7pe—t T
Bk = tt];_Hl l{irﬂkf+l M’ (52)

where ¢ = Tp/(1 + Tg) < 1.
end for

In the latter case, we assume L > puy, otherwise f is quadratic and the problem is trivial. The
following result is then true:

Theorem 5.10. Assume to = 0 and let 2 be generated by the algorithm, in either case j =0 or p > 0.
Then, one has the decay rate

* . 1+7 g *
F(a*) = F(e*) < min {(1+ @) (1 = va)*, gy | 25222 — 212

It must be mentioned that in the case p = 0, a classical choice for ¢y, is also ¢, = (k+1)/2, which gives
essentially the same rate. An important issue is the stability of these rates when the proximal operators
can be only evaluated inexactly — the situation here is worse than for the nonaccelerated algorithm,
which has been addressed in several papers.

The proof of both Theorems [5.9] and [5.10| relies on the following essential but straightforward descent
rule: let £ = T,-Z, then for all x € X,

|z —Z|* _ 1-7L|&—Z| R [l — 2|
F 1— > F 1 53
In particular, if 7L < 1,
x— 7|? x— z|?
)+ (10— I s by s+ (g (54)

The proof is elementary: by definition, # is the minimiser of the (ug + (1/7))-strongly convex function

|l — 2|

v g(@) + (@) +(Vf(@),2 —2) + —-
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It follows that for all z (cf (20)):

Fa)+ (127
> (o) + £(3) + (V(E), 2~ 7+ 120
7 —z|? x— z|?
> (&) + 13 + (@) & - )+ 1T gy 22

But since V f is L-Lipschitz, f(Z)+(Vf(zZ),2 — Z) > f(2)—(L/2)||2 — Z||* so that equation follows.

Remark 5.11. One can more precisely deduce from this computation that

lle—2I” | F(2) + (1 + Tpy) le— 2", (”“% ;f”2 - Df(fc,w)) - (55)

Fla)+ (1= 1) =

where Dy (z,y) = f(z) — f(y) — (Vf(y),z —y) < (L/2)||x — y||? is the “Bregman f-distance” from y to
z [9]. In particular, holds as soon as

R &

Dy (@,2) < o

which is always true if 7 < 1/L but might also occur in other situations, and in particular, be tested “on
the fly” during the iterations. This allows to implement efficient backtracking strategies ‘a la’ Armijo for
the algorithms described in this section when the Lipschitz constant of f is not a priori known. Bregman
distances are studied more systematically in Section |§|7 where the Euclidean term ||# — Z[|?/2 is itself
replaced with a Bregman distance.

Remark 5.12. Observe that if X C X is a closed convex set containing the domain of F', and on which
the projection IIx can be computed, then the same inequality holds if # = T, 11 xZ (requiring only
that Vf is Lipschitz on X). This means that the same rates are valid if one replaces with

yF =Tx (2" + Bi(a® — 2"71))

which is feasible if X is the domain of F'.

5.3.3 Convergence rates

Unaccelerated scheme We start with the rates of the unaccelerated FB descent scheme and prove

Theorem [5.91
First, if uy = pg = 0: we start from inequality (54)), letting, for k¥ > 0, Z = 2* and & = 2", It
follows that for any x:
> F( k+1)+ ”:L._xk-‘rl”2
— x _—.
- 27

Choosing = 2* shows that F(z*) is nonincreasing. Summing then these inequalities from k& = 0 to
n—1,n > 1 yields

n n—1
Y F@E) - F@)+ Y Flle—aP <Y e — o)
k=1 k=1 k=0

After cancellations and using F'(z*) > F(2™) for k = 0,...,n, it remains just

n(F(z") = F(2)) + 5-|lz — 2" < 5[l — 2°|?
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so that, in particular F(2") — F(z*) < ||a* — 2°||?/(2n7).
Now, if 1 > 0 or p1y > 0 we can improve this computation: we now have for any x:

k2 E+1))2
r—x T—x
Fa)+ (- s ey 4 g 222
Choosing * = z* shows that F(z*) is nonincreasing. Letting
1—
w=-—"H <4, (56)
1+ 7pg
and summing these inequalities from k = 0 to n — 1, n > 1, after multiplication by w=*~1, yields

n n n—1
YW HF @) - Fa) + ) w ez — 2b)2 <Y T wh A g — 2k 2,

k=1 k=1 k=0

After cancellations and using F(z*) > F(z") for k =0,...,n, we get

n—1
W (Z w’“> (P(a") = F(@)) +w " 222 |z — 2|2 < 222 o — 29
k=0

We deduce, in case p = puy + p1g > 0 so that w < 1,

F(a%) — Fa*) + Hle||a? — 2|2 < wh Hle |0 — 2%||2, (57)
which is a “linear convergence rate” (however we will see that one can do better).
Convergence rates for FISTA Now we show the accelerated convergence rates. The basic idea
consists in first choosing in a generic point of the form ((t — 1)z* + z)/t, t > 1, which is a convex

combination of the iterate 2* and another generic point (in practice a minimizer) 2. We find after some
calculation (systematically using the strong convexity inequalities when possible)

t—1
2

t(t = D(EF@") - Fx) = p—— o — 2"

[(t = Da +x — ty*|?
2T

> *(F(a") — F(2)) + (1 + 74)

+ (1 —Tuy)

|(t — 1)k + x — tak+1)|2
2T '

(58)
Consider first the case where p = p1y + pg = 0. Then we have

|(t — 1)a* + 2 — tab+12

[(t = 1)z* + x — ty*|?
27 '

2T

We see that the term F(z¥) — F(z) is “shrunk” at each step by a factor (t — 1)/t < 1, while the other
term is not. How can we exploit this?

The basic idea in the proof is to use a variable parameter ¢t = t; 1, and choose y* to ensure that the
term (tg41 — 1)z¥ +2 — 44 19" in the right hand side is the same as the term (tp1 —1)a* + 2 —tp 28+
of the left hand side at the previous iterate, that is,

t2(F(z*) — F(z)) + <t(t —1)(F(zF) — F(z)) +

(tegr — D + 2 — tp1y® = (b — D)2+ 2 — 2t

so that if we sum the inequalities for £k = 0,...,n the norms will cancel. Hence, we choose:

56



o tigp1(thpr —1) =17 ;
oy =2k + 5k(zk — :Ekil) with B, = (tx — 1)/tr+1;
we obtain the recursion

[(thsr = D + @ — tppr a1

thp (F(a*th) — F(z)) +

2T
tr—1 k—1 —¢ k|2
T
which we can sum from k£ =0,...,n — 1 to obtain
n 1 n—1 ni2 0 2
F(z )fF(x)+%H(tnfl)x +z —tyz"| §%Hx —z|°.

Observe that ¢}, — tpp1 — 7 = 0 yields 11 = (1 + /1 +4t3)/2 (one can choose to = 0,t; = 1), and
in particular ¢x11 > 1/2 + ¢, > (k+1)/2 for k > 1, by induction. Therefore, choosing = = z*,

F(a") — F(z*) <

> m”xo —$*||2' (59)

An important remark is that, if one takes x = z*, F(z¥) — F(2*) > 0 so that in fact one can get the
same inequalities if one only ensures tg41(tg+1 — 1) < t%, and not =. For instance, the sequence tg = 0,
tp = (k+1)/2 for k > 1 is admissible and yields the same rate.

It can be interesting to take slightly smaller ¢, such as (k + 1)/« for & > 2. One can show in
particular the convergence of the iterates (2*) to a solution in this case, while it is still an open problem
for « = 2. It has been even observed by Charles Dossal (U. Bordeaux) that in that case, one can show

that
Fuﬂ—F@ﬂ=o<1>

2
n
which does not contradict the lower bound @

Convergence rates for FISTA, strongly convex case We start again from but now we assume
that = py + pg > 0. Then, we observe that

t—1 k(2 o —a* +t(z" — ")
_ _ 1_
p S = a4 (L ) X
k|2 k_ k|2
r—z 1—7p ¥ —y
:(1—7',uf—/u'(t—1))” o I + - ft<x—xk,xk—yk>+t2(1—7ﬂf)7” o I
_ (Lt 7py —tpr) k Iy kL ky2 4 42 l—7ps 2 — y*|?
= T o — 2 b @R — P+ 2 = Tay) (1 - )

e 1— k _ k|2
1—7py (ack—yk)||2—t2(t—1) T/J( TMf) Hx Y H )

— k
= V- — — t———H8
||$ x" + T+Tg—tpt L+ Ty — tur 2

It follows that for any =z € X,

1—
o — ¥ — trpe (o — DI

t(t = D(F(a*) = F(2)) + (1 +Tpy — tpr) S
> () - Fla)) + (14 ) =2 = ;Tl)(wl —)I
+t2(t— 1) T“(I_Tﬂf) Hlik _yk”Q. (60)

14+ 7pg —tur 2T
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We let t =t 41 above, then we can get a useful recursion if we let

1+ Tpg — tpp1pr WT
Wi = =1-t € 0,1 61
o= Ll el (61)
tea1 (tesr — 1) < wyty, (62)
t, — 11 —t t, — 11
B = & + Ty kAT _ T *Thy (63)
te+1 1—7Tpy te+1 1 —Tuy
y* =P + Br(ah — 2T (64)
Denoting ay = 1/t and
7 TR T+ Tl <1, (65)

- 1+ 7p, N 14+ 7pg

one finds the same rules as in formula (2.2.9), p. 80 in [45] (with the minor difference that here we may

chose ty = 0,¢; = 1, and we have shifted the numbering of the sequences (%), (y*)). In this case, we
find
1+7 )
B (F@h) = F(2)) + — 2l = ab* = (e = D = 2b)]?
1
< (B(PEH) - Fla) 4 2522 o = 0¥ — (0= )t - <)

so that

1
T g — gk — (= 1t — P

B (F(*) - F(z) + —
k—1

< <H wn> {t%(F(wO) ~ F(z)) + 1*27:’”‘9”:,: - xoﬂ (66)
n=0

The update rule for ¢; reads
trr(thyr — 1) = (1 — qtrga)ty, (67)
so that,
1—qtf + /(1 —qt3)? + 4t
5 .

We need to make sure that gtx11 < 1 so that holds. This is proved exactly as in the proof of
Lemma 2.2.4 in [45]. Assuming (as in [45]) that \/gtx < 1, we observe that yields

tht1 = (68)

Qtipr = qtisr + (1 — qtigr)qti-
If gti41 > 1, it yields qt%+1 < qtr+1 hence gtx11 < g < 1, a contradiction. Hence gtx11 < 1 and we

obtain that qti 41 is a convex combination of 1 and qt%, so that /qlx+1 < 1. We have shown that as
soon as /qto < 1 (which we will now assume), \/qty < 1 for all k. Eventually, we also observe that

thon = (1= ati)tiss +

showing that ¢; is an increasing sequence. It remains to estimate the factor
k—1
O = t;.° H wn  (k>1).
n=0
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From (with an equality) we find

so that
(2 kel k 1
tgek:tgﬂwn: 11 (1—t) < (1 -
k
since 1/t > \/q. If to > 1 it shows 0, < (1 — /q)¥/td. If to € [0, 1], we rather write
wo Ty wo 1o 1
b= <0 T wn = 22 (1_)

and observe that yields (using 2 —¢ > 1> q)

=g+ /1+2(2— @t + 3t} -
- . >

t1 1.

Also, wg < 1 — ¢ (from ), so that
O < (1+va)(1 - o).
The next step is to bound also by O1/k?. We exactly follow Lemma 2.2.4 in [45]. In our notation, it
reads
1 Or — Ot (1 — (1 —1/tgs1))

1
— = >
Vi1 VO 0k0r1 (VO + /Ok1) 201/ 0141

since 6 is nonincreasing. It follows

S S U SR SR
Vi1 VO 2tii1\/Oks1 2 /kaown -2

showing that 1/v/8) > (k —1)/2 + t1/\/wo > (k + 1)/2. Hence, provided /gty < 1, we also find:

O < (k—li%)Q (69)

We have shown the following result, due to Nesterov and stated, with a different proof, in [45]:

Theorem 5.13. If \/qto < 1, tg > 0, then the sequence (x*) produced by iterations ¥ = T, y* with ,
, , satisfies

_ k -
Pty - ) < min { S0 o (G0 - pey 4 0 ) o

ifto > 1, and

F(z) - F(z*) <

4

wmin { (14 VA1 =V i b (AP - P+ 510 - P) ()

if to € [0,1], where x* is a minimiser of F.
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Theorem [5.10]is a particular case of this result, for ¢ty = 0.

Remark 5.14. (Constant steps.) In case p > 0 (which is ¢ > 0), then an admissible choice which satisfies

,, , is to take t = 1/,/q, w =1 — ,/q,

ol +Trg N1+ THg — /TR

/B:w == .
L=rpy 1+ Tpg+ /TH

Then, ([70) becomes
ky * _ k 0y * ||(E0 — ‘T*‘|2
F(2") = F(z*) < (1—-/q)" | F(z") = F(z )+M72 :

Remark 5.15. (Monotone “FISTA”, monotone algorithms.) The algorithms studied here are not nec-
essarily “monotone” in the sense that the objective F' is not always nonincreasing. A workaround
implemented in various papers [65} 6] consists in choosing for 28! any point with F(zF*1) < F(TTyk)Iﬂ
which will not change much except that in the last term, 2**! should be replaced with T,4*. Then,
the same computations carry on, and it is enough to replace the update rule for y* with

ko _ k k k—1 ty 147w k—1 k
y* = x4+ Bz’ —x )+wktk:€»1 1_wi(TTy — )

(64])
= ok By (k= 2h )+ gl (Tt — o)

to obtain the same rates of convergence. The most sensible choice for z¥*1 is to take T,y* if F(T,y*) <
F(2%), and z* else, in which case one of the two terms (z* — 2%~ or T,y*~! — 2*) vanishes in )

Conclusion: compare the geometric rate with w = 1—,/q for ¢ given by , what do we observe?

5.4 Restarting

The last result, in the strongly convex case, is complicated to show and not very simple to implement.
In addition, it requires (i) the objective to be strongly convex (ii) the exact knowledge of the parameters.
In practice, it might be better to use a Restarting strategies (see [59] for a general and complete intro-
duction). Here, for simplicity, we still will assume that the parameters are known (very few strategies
are really able to “guess” these, see for instance [43] §5.3] or [53]), but we can relax the strong convexity
to:

For any ™ € X*, F(x) — F(z*) > %dist (z, X*)2. (72)

Here, X* is the set of minimizers of F'.

Then, we observe that Theorem with the choice of parameters for ;1 = 0 as in —, ensures
that for any z* € X*,

2L
gdist (2% X*)? < F(aF) — F(z*) < WH&CO —z*|?

provided we choose 7 = 1/L. As a consequence,

: k *\2 L 1 : 0 *\2

dist (2%, X*)* <4————dist (27, X*)*.
pw(k+1)

8this makes sense only if the evaluation of F' is easy and does not take too much time.
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Assume we run the algorithm for kg = [0/+/k] iterations, where 6 > 0 is a fixed number and k = /L < 1
(and [] is the integer part). Then, one has

4
dist (2%, X*)? < Q—Qdist (z°, X*)2.

We propose therefore the following method:

Algorithm 3 restarted FISTA
Choose 0 > 2, 2°, 7 =1/L.
for all n > 0 do
Run kg iterations of FISTA starting from 20 := 2",
Let 2"t .= gho.
end for

Then, after n outer iterations, one has:

4 n
dist (2, X*)? < <2> dist (20, X*)2.

Since we need N,, = nky iterations to reach z”, the rate of contraction of the squared distance to
optimality of the algorithm is

2\ @/ VA
Po = 9 .
To get the best rate, we should pick # which minimizes:
2 2 22
———In-~+k=-In-.
NG Vrgng
when k < 1. This is minimal for 2/0 = 1/e, that is, 6 = 2e, with value —/k/e. We obtain the following
rate:

. _ V/KNn
dist (2", X*)? <e e,

which is of similar order as the rate found in Theorem (or (70)) — well, up to the factor e, but we
only used rather than the full strong convexity.

5.5 ADMM, Douglas-Rachford splitting

We now consider a class of method which solves another kind of problem, namely of the form

i f@) +9(y) (73)

where in practice one will ask that the convex, Isc functions f, g are “simple” (and even more than this).
Observe that if f* is continuous at some point A*p and if g* is continuous at some point B*q,
cf Section. m (or, in finite dimension, if A*p € ridom f*, B*q € ridom ¢g*), we can define

f(§) = min_f(z), g(n) = min g(y),

Ax=¢ By=n

moreover the min is reached in both cases.

61



Then, one has f*(p) = f(A*p), §*(q) = g(B*q) and the problem reads
min f(€) +9(C — &);

it can be seen as an inf-convolution problem. Moreover Corollary shows that the value of is
also

sup (¢,p) = f(A"p) — g"(B"p) (74)

which gives a dual form for .

An “augmented Lagrangian” approach for consists in introducing the constraint in the form

minsup (z) + g(y) — (2, Ax + By — ) + 2 || Az + By — (|1

Y 2z

which we observe is equivalent (as the sup is +oo if Az + By # ().
If we introduce the function

D(z) = inf f(z) +9(y) — (2 Av + By — ) + 3| Az + By — |

we find that, denoting Z, 3 the solution of the problem for z and Z, g, the solution for z + h (the min
is reached, why?),

D(:) = £(2) +9(5) = (= + h, AT+ By = ) + 2| Az + By — C||* + (h, Az + By = ()
> f(Zn) + 9(Gn) = (z + h, ATy, + Byn — () + %HA@ + By — ¢|?
+ 21 A@ = n) + B — 3| + (b, AT + By — Q)
where we have used the strong convexity of the norm with respect to Az + By. We find
D(z) — {h, AT+ By~ ) > D= + ) + (A7 + By — ) — (Az + By — Q)|

which shows that ¢ — AZ — By € 07 D(2) (the super-gradient of the concave function D at z) and that
z — AZ+ By —( is vy-co-coercive, and (1/7)-Lipschitz. Hence a natural algorithm, known as “augmented
Lagrangian”, consists in iteratively solving

{(I’““, y**h) = argming, f(z) + g(y) — (2", Az + By — () + 3| Az + By — (||,

2Pl = 2k 4y (¢ — Akt — Byktl) (75)

it is precisely a gradient ascent with fixed step for the concave function D, and will converge (it should
be shown then that also %, y* converge to a solution).

Unfortunately, this algorithm is usually not implementable, as the joint minimization step cannot in
general be performed. This is why it was proposed [30] [29] to perform these minimizations alternatively
instead than simultaneously, see Algorithm [4]

Algorithm 4 ADMM
Choose v > 0, y¥, 2V.
for all £ > 0 do
Find zF*1 by minimising z — f(z) — (¥, Az) + 2||¢ — Az — By*|?,
Find y**! by minimising y — g(y) — (¥, By) + %||¢ — Az*T' — By|?,
Update zFH1 = 2F 4 4(¢ — Azkt! — ByF+l).
end for
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We will relate this approach to other known converging algorithms. Then in a next section, we will
show how we can derive rates of convergence for this approach. A classical reference for the convergence
is [24], see also http://stanford.edu/~boyd/admm.html.

Let us observe that in terms of the functions f, g, the algorithm computes, letting ¥ = Az*, n* =
By*:

¢4t = argmin f(§) — (5,€) + 11¢ € —n*|? = prox, (C+ 325 —o); (76)

k+1

. ¥
0t = argming(n) - (2, n) + Sl ghtt

I = prosgy (G LeF gty )
Thanks to Moreau’s identity ,
prox 7. (2% + (¢ =n*)) = 28 + (¢ = 1*) — €M, (78)
prox g. (2 + (¢ = €M) = 2F 44 (¢ = €M) — it = 2 (79)
Letting fg (p) := f* (p) — (¢,p) = f*(A*p) — ((,p), the first line can also be rewritten
Y(EF = Q) = 2" —n* — prox . (2" — ). (80)
If we let uf = 28 —ynk oF+l = 2k 4 ~(¢ — ¢5F1) we find that
= 2F 4 (¢ = €M) — prox g (2F +9(¢ = €FF)) = o — prox 5. (VP ).

and

uf = 2P Rt = 2prox

On the other hand, gives

Ic+1) o k+1'

(% [

wé*(

prox, 7. (u¥) +n* = 28 + (¢ — €51 = o*

Hence the iteration reads

k+1

vt = prox, . (2prox., ;- (V%) = v*) 4 ok — Prox, ;- (v"),

which is precisely a Douglas-Rachford iteration for the problem
0€0g§"+0f¢

which is the equation for .

The theory seen up to now shows that v — v a fixed point of the iteration, which is such that
prox. s (v) is a solution of the dual problem. In practice, 2% will converge to a Lagrange Multiplier
for , and x*, y* to a solution, as soon as there is enough coercivity (in particular, in finite dimension).

5.6 Other saddle-point algorithms: Primal-dual algorithm
We remark that thanks to and , one has
k_ k-1
T
Y

hence
gl = prOXfM(fk + %(22’1€ — k)
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while as before

1 = prox . (F — (€4 — Q).

This is the form of a primal-dual algorithm (of “Arrow-Hurwicz” type) which aims at solving a fixed
point problem of the form (letting 7 = 1/7):

E+TOf(€) €6+ 72, 2+795"(2) 32— (€ —C).

More generally, for a problem in the standard form
min f(Kz) + g(x) = minsup (Kz,y) + g(z) - f*(y),
y

one can implement the Algorithm [5| described below.

Algorithm 5 PDHG
Input: initial pair of primal and dual points (z°,°), steps 7,0 > 0.
for all £ > 0 do
find (zF+1, y**+1) by solving

il = prong(xk — 7K*yk) (81)
yFt = prox, ;. (yF + o K (22 — 2*)). (82)

end for

Let us write now the iterates as follows:

{:pk+lajk + ag(le»l) 3 7K*yk — K*(yk+1 _ yk) o K*ykJrl

ket
gt

Ufyk n af*(yk+1) 3 K(xk"'l _ xk) + K.’L‘k+1,

L1 —K*\ [kt — gk dg(zF+h) 0 K*\ [aFt!
(—K 2 ) (y’““ - y’“) i <5f*(yk“)) " (—K 0 ) (y’““> > (%)
We find that this algorithm is a proximal point algorithm for the variable z*F = (2%, 4*)T, the
monotone operator which is the sum of the subgradient of the convex function (z,y) — (g(z) + f*(v))
K*
-K 0

1 *
=1 -K
Mo = (_T K 1 )
g
if this metric is positive definite. To see this we observe that if A is a monotone operator and M a

symmetric positive definite operator, M ~! A defines a monotone operator in the scalar product (-, -) M=
(M-,"):if pe M~YAx, g € M1 Ay,

that is

and the antisymmetric linear operator ( ), in the metric

p—qx—y) =Mp-q),z—y) >0

as Mp € Az, Mq € Ay. Hence, in this metric, the resolvent Jﬁ/l is given by y = (I + M ~1A)~ 'z, which
satisfies the equation y + M ~1Ay > z, that is, M (y — z) + Ay > 0.
When is the matrix M, , positive definite? We have

(3 (5)(5)) = 2060+ 2P -2 o
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which is positive if and only if for any X,Y >0

X2 y?
sup  2(K&m) =2|K||XY < — 4 —
el <X lInl <y — T

if and only if
2

2K < i X + Y
mn —+—%=
x>0,y>0717Y X \TO

if and only if
To||K||* < 1. (84)
We deduce:

Theorem 5.16. If is satisfied, then ¥ = (2%, y*)T defined by Algorithm @ converges to a fized
point (z,y)T of the operator, that is, a solution of (if one exists).
5.6.1 Rate

To find a rate, we do as follows. Taking the scalar product of with z*t! — 2 where z is an arbitrary
point, we find

0 K* k+1 k+1
<Zk+1 — zk7zk+1 — Z>Mf,a + <(K 0 ) (zk—H) , (zk_H . Z>>
+ (@) 4 ) < g(x) + (y)

The scalar product is
_ <K*yk+1,x> n <ka+1’y>

while

A r W1 Pl - M 1 Elas el MRS 1 LR P

Therefore, introducing the Lagrangian of , as
L@ y) = L, y") = g™ ) + (y, K" = f*(y) — gl@) = (", Ka) + £ (")
we obtain for any z = (z,y)7:

LM y) = £,y ) + 3 = M+ L = 2R, < R -l

Summing from k& = 0 to n — 1 and using the convexity of (&,7)T = L(&,y) — L(x,7n), we find if we let
Zm = (X" y"T = (3)_, 2")/n that

1
LX)~ LY < 52 =2 (85)

This is a weak form of a rate (as it depends on (z,y)), and there is still some work to convert it into
a true rate for the energy. The simplest case is when dom f*, dom g are bounded, then one can take the
sup in x,y to find that

c
n ny «
gx"Y") < o

where C' = sup{|2° — 2|3,  : 2= (2,y),2 € domg,y € dom f*}.
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5.6.2 Extensions

We present here an extension of Algorithm |5 due to Condat and in a generalized form to Vu (referred
usually as Condat-Vu’s primal-dual algorithm). A first observation (¢f Vu, Bot) is that one can replace
dg and Jf* with monotone operators, and get similar results.

A second observation, due to Condat, is that one can iterate the operator with an explicit step of a
co-coercive operator. Typically, if h is a convex function with Lj-Lipschitz gradient, one can replace

with
%I —_K* k1 _ ok N 8g(xk+1) N 0 K* k1 S —Vh(xk)
-K %I yk:+1 _ yk af* (yk+1) -K 0 yk:+1 0 :
This iteration is of the form and will converge if the operator

C =M} <V%(”T))

is p-co-coercive with y > 1/2, in the metric M, ,. That is, if for all z, 2"

(M; o (2 —2"),Cz—C2') > pu|]|Cz — Cz’||?\/[7’a.

jo: — €1, = (aaz (VM VY (VR TTHY

Note that

and that

M‘ra

s

(g) _ (Vh(ﬂf) BWLW)> = = (- orK*K) " (r(Vh(z) — Vh(z'))),

hence (using also the 1/Ly-co-coercivity of Vh):

1€z = C/I3y. . = (&, Vh(x) — Vh(a')) < Vh(z) — Vh(')|?

—
1—o7L?

L
< 1 (o — o, Vh(z) - Vh(2'))
= % (M, 5(2—2"),Cz—CZ').

Here, L = ||K|| (the operator norm). Hence C is u-co-coercive for u = (1—o7L?)/(7Ly,) and one deduces
the algorithm converges provided

1 /1 L

E ( - h) > 2,

o\T 2

In this case again we get the convergence of the Vu-Condat algorithm, which reads:

Algorithm 6 PDHG with explicit step
Input: initial pair of primal and dual points (z°,°), steps 7,0 > 0.
for all £k > 0 do
find (21, y¥*+1) by solving

il = prong(mk — 1(K*y* + Vh(z"))) (86)
Yt = Prox, . (y* + oK (22" — 2F)). (87)

end for
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Exercise: Show that a fixed point of these iterations solves

min f(Kx) + g(x) + h(z) = min Sup (y, Kz) — f*(y) + g(x) + h(z).

6 Non-Euclidean geometries, Bregman distances and mirror de-
scent

In all the algorithms of Section [5 the Hilbertian structure of X plays a central role: each iteration is (or
contains) a step of the form

. 1 _

and the Euclidean term ||z — Z(|?/(27) is what makes the “descent rules” (such as (54)) work. There are
at least two reasons for wanting to replace this term with something else:

e the natural norm of a problem may not be Euclidean: for instance, for problems on the simplex
(probability vectors), the £! norm is often much more relevant, and the relevant Lipschitz constants
(measured in the appropriate norms) can be much smaller than the Euclidean ones;

e the geometry of the constraints (positivity, simplex, cones) can be encoded in a “distance” adapted
to the domain, which makes the subproblems explicit where a Euclidean projection would be
expensive.

This section presents the tools which allow to do this. We first discuss what remains of gradient descent
when X is a Banach space with a non-Hilbertian norm, and establish the duality between strong convexity
and Lipschitz differentials in this setting (Section . We then introduce Bregman distances and the
“three-point inequality”, which allow to revisit the forward-backward descent, its acceleration, and the
primal-dual algorithm, in a non-Euclidean geometry (Section . As an illustration, we conclude with
an application to optimal assignment/transport problems. Classical references are [15], 42} [5 [65], 41]; the
material on “relative smoothness” follows [4, [37, [62].

6.1 Optimization in Banach spaces
6.1.1 Nonlinear norms

Most of the time we will work in finite dimension. However the general setting we consider here is the
one of a Banach space X with dual X*, and respective norms || - || and || - ||+, related by

yll« = sup{{y, ) : [l <1}, lzll = sup{{y, ) - [lyll« <1}, (83)

where (y,z) = (y,2) . , denotes the duality pairing (we drop the subscript) — the first identity is the
definition of the dual ﬁorm, the second one is a consequence of the Hahn-Banach theorem. In finite
dimension, X = R? with an arbitrary norm and everything below is elementary; the standard examples
are the ¢? norms, with || - ||, = || - ||, 1/p+ 1/p’ = 1, and in particular the pair (|| - |1, || - ||loo)-

Given f: X — R a differentiable function, its differential df (z) € X* is defined, as in Section [4.1] by

f@') = f(z) + (df (z), 2" — x) + o([|2" — z])),

but in the absence of a scalar product there is no canonical way to identify df (z) € X* with a direction
in A there is no “gradient”. We say that f has L-Lipschitz differential if it is differentiable everywhere
and

ldf (x) = df (&) ]|« < Lljz — 2’| Va2’ € X,

where each norm is taken in the appropriate space. Then the “descent lemma” holds exactly as before:
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Lemma 6.1. If f has L-Lipschitz differential, then for all z,x’ € X,

L
Slle’ — al (89)

f@') < f@) + (df (2),2" — 2) +
If in addition f is convez, then 0 < Dy (', x) := f(z') — f(z) — (df (z),2" — z) < L2’ — 2|

Proof. One has
1
fa') = f() + / (df (@ + s(2' — )2 — z) ds

0
— (@) + [@f(2).2 — ) + / (df (@ + s(z’ — ) — df (), 2" — ) ds
< f(@) + (df(2).2 — 2) + / ldf (& + (2’ — 7)) — df @) |12’ — ]lds

1 L

< f(2) +{df (@)’ —z) + / Lile! — all?ds = f(x) + {df(x).2' 2} + la’ —

The lower bound Dy > 0 is the convexity. O

The following elementary lemma will be used many times. It replaces the identity (5 ||- 12)* = ﬁ - 1%
of Example [I]in Section [£.2.2]

Lemma 6.2. Let p > 0 and F(z) = pl|x||?/2. Then its conjugate is F*(y) = ||y||?/(2u). Symmetrically,
Jor & € X, supyee (y,2) — Iyl2/(20) = pllall?/2. Moreover, if y € OF(z), then

(y,x) = 2F(z) = 2F " (y) = pll||* = %Hyllf (90)

so that in particular ||y||« = pllz]|.

Proof. We write, using ,

. JT— ut2> pt> 1
F =su ,x) — =||z||* =sup su ,x) — — | =sup t||ylls — — = —|lylli,
() = sup (. 2) = Slel? = sup swp (G2) =25 ) = swp Ayl — 55 = oo
and the symmetric statement is proved in the same way (using the second identity in (88)). If y € 0F(z),
then for all t > 0, F(tz) > F(z)+ (t—1) (y,z), that is (t* — 1) F(x) > (t —1) (y, x); dividing by ¢t — 1 and
letting t — 1% we find (y, ) = 2F(x) (this is Euler’s identity for the positively 2-homogeneous function
F). By the Legendre-Fenchel identity ([24), F*(y) = (y,z) — F(z) = F(x), and follows. O

Observe that (by the chain rule for the composition of the nondecreasing convex function ¢ +— ut?/2
with the norm) 0F (z) = pllz|| 9| - ||(x), where 9| - |[(x) = {y € X* : ||ly|l« <1, ({y,z) = ||z||} is the set of
“unit normals” to the ball at = (the whole unit ball of X* if = 0). If the norm is not strictly convex,
it is not differentiable at every point and 9|| - ||(z) may be a large set.

6.1.2 Nonlinear “gradient” descent

Although there is no gradient, we can easily generalize the gradient descent as follows: given z*, we let
2**1 be a minimizer of )
: k k k k2
d , T — — ||z — , 91
min f(*) + (df (@), 2 — %) + o [le — 2| (1)
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provided such a minimizer exists. This is the case for instance in finite dimension, or if X is reflexive
(the objective is convex, continuous, coercive, hence weakly lsc and a minimizing sequence has a weakly
converging subsequence), or if X is the dual of a separable space and one uses the weak-* topology. We
assume that one of these conditions holds. Observe that the minimizer need not be unique if the norm
is not strictly convex.

Let us describe the iteration more precisely. Letting 7 = 5-|| - ||* (that is, p = 1/7 in Lemma ,
the optimality condition for reads —df (z%) € OF (x*+1 — x%) Hence, by (90)),

2"t = 2* = 7lldf (M), = (df(@®), 2T = a®) = F(aF T —a®) + Fr(=df (V) = Tlldf (2")]I]2,
(92)
and the value of the minimum in is f(z%) — F*(—df (%)) = f(aF) - T||df(xk)\|§ Also, by (and
the symmetry of F*), 2F*! — 2k ¢ 8]:*( If (%)) = —7||df (xF)[|.9]| - ||« (df (x*)) (in X** = X), so that
the algorithm can be written

et =ab —rph Pt e |ldf(@")]]. Bl - [l (df (=) : (93)

p* is a vector of X with ||p¥| = ||df(2*)||. and (df(z*),p*) = ||df (z*)||?, which plays the role of the
gradient. In a Hilbert space p* = V f(2*) and we recover the usual gradient descent.

Example 6.3. Let X = R%,

o If ||-|| =", then || - ||« = || [loo and 9| - |0 (¥) is the convex hull of the vectors sign (y;)e; for the
indices ¢ such that |y;| = ||y||c. Hence moves only one coordinate (or a convex combination

of the coordinates where the partial derivative is maximal): it is a (greedy) coordinate descent
method, ¢f Section [7]

e If |- || = |loo, then || - |« = || - |1 and sign (df (z*)) € || - ||1(df (x*)) (componentwise sign): one
possible iteration is 2**t! = z¥ — 7||df (x*)||1sign (df (z*)), where all the coordinates move by the
same amount.

As in the Hilbertian case, we can show the following:

Theorem 6.4. Assume f is convex with L-Lipschitz differential, has a minimizer x*, and let ¥ be the
iterates of with 7 = 1/L. If C := sup{||lx — z*||* : f(x) < f(2°)} < +oo (for instance if the level
set {f < f(2%)} is bounded), one has the rate:

. 2LC
f@®) = fx )Sﬁ-

—_

Proof. Using Lemma [6.1] and (92)),
L
f(.%‘k+1) < f(:ck) + <df($k),al‘k+1 _ $k> + §||xk+1 _ kaQ

= 1)+ (5 - o ) Ih = aHP - Tl

so that if 7 =1/L,
FE) < F4) — ). (94)

In particular f(z*) < f(2°) and ||2* — 2*||* < C for all k. Now we proceed as in the Euclidean setting
(¢f Theorem : by convexity,

F@) > f@h) + (df (2¥), 2" —a*) = f@@*) = f2") < |ldf@@)]ll2* — 2™ < VOldf ()]l
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so that if Ay, = f(z*) — f(2*), we deduce from

2

A
Apq <A, — —E
k+1 > k 2LC

and Lemma [2.6] yields the result. O

Remark 6.5. In the Hilbertian case, the assumption C' < +o0 is not needed since Lemma [2.4] shows that
|z* — || < ||2° — z*||. This was a consequence of the co-coercivity of Vf (Theorem , which has no
simple counterpart in Banach spaces: the iteration is not non-expansive in general. For the same
reason, the theorem says nothing on the convergence of the iterates (z*).

6.1.3 Strong convexity in Banach spaces

The definition of strong convexity given in Section makes perfectly sense in a Banach space: f is
p-strongly convex (p > 0) if and only if for any z,2’ € X and t € [0, 1],

t(1—1t)

e — ') (95)

fltz+ (1 —t)a’) <tf(z)+ (1 -t)f(a') —n

Remark 6.6. In a Hilbert space this is equivalent to the convexity of f—4|-[|? (thanks to the parallelogram
identity), but this is not true in general. For instance in (R%, || - ||1), d > 2, the function % - ||7 is not

strongly convex at all: for x = ey, 2’ = ey, t = 1/2, would give < % — &. Yet there are many

strongly convex functions on (R?, || - ||1), see the entropy in Section below. In ¢P spaces, 1 < p < 2,
one can show (Clarkson’s inequalities) that | - |2 is (p — 1)-strongly convex.

The characterization of strong convexity by the subgradient inequality remains true, with a
slightly more involved proof (the proof in Section used the convexity of f — £ - ||?).

Theorem 6.7. Let X be reflexive and f : X — R U {+o0} be convez, proper, lower semi-continuous.
Then f is p-strongly convez if and only if for all x,2’ € X and all y € Of(x), one has:

F@) 2 @) + (o’ =)+ Sl — /| (96)

(The implication “strongly conver = ” holds in any normed space, without lower semicontinuity.)

Proof. One direction is easy: if f is strongly convex and z,2’ € X, y € df(x), then for any ¢ € (0, 1),

ftz+ (1 —t)a') > f(z)+ (1 —t) (y,2’ — z), and from (OF]), we deduce

t(1—1t)
2

f@)+ A=) {y,2" —2) <tf(x) + A=) f(2') = p l — ="||”.

Dividing by (1 —¢) it follows f(2') > f(z) + (y,2’ — ) + p5llz — 2’||* and letting ¢ — 1 we conclude.
For the converse, we need to use points where the subgradient exists, and this is where reflexivity and

lower semicontinuity are used. Let z,2’ € X and t € [0, 1], and let x; = ¢tz + (1 — t)a’. We may assume

that f(x), f(2') are finite (otherwise, there is nothing to prove). For n > 1, let §,, be a minimizer of

min f(€) + 51€ — ]

A solution exists: as f is convex, Isc, proper, it is bounded from below by a continuous affine function,
so that the objective is coercive and a minimizing sequence is bounded, hence (as X is reflexive) has a
weakly converging subsequence; the objective being convex and lsc, it is also weakly lsc (Hahn-Banach)
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and the weak limit is a minimizer. The optimality condition (the second function being continuous, the
sum rule for subgradients holds) reads

0 € 0f(&n) +nll€n =)0l - [[(€n — 1), that is ny := —nll&, —2illgn € O (§n) for some g € O|-[[(€n — ).

Using
F(E) + 51160 — @il < () < tf(@) + (1= D) < +o0

and the affine lower bound on f, we deduce that (&,,) is bounded and then that &, — x; (strongly); then,
that f(z¢) < liminf, f(&,) (lower semicontinuity), and eventually that %[|&, — z¢[|> — 0 as n — oo.
Now, we can write, thanks to at the point &,:

f@) = f(&n) + (7 = &) + Sl — &all?
f(@') = f(&n) + (2" = &a) + 512" = &l

We multiply the first inequality by ¢ and the second by (1 — t), and sum:
1
tf@) + (1= f (@) 2 F(&) + (= &) + S0z = &ll* + (1 =Dl = &)

Since q,, € || ||(€, —x¢), one has (qn, &, — x4) = ||€n — 24| and therefore (n,, z¢ — &,) = nl|zs — &> — 0
as n — oo. In the limit (and because f is lsc) we find

EF(@) + (L= () > flae) + S (tlo = mel>+ (1 = )2 = 2]?)

\V]

ut(l;t)

lz — 2],

which is . O

We now extend Proposition to Banach spaces: it is a duality result between convex functions
with Lipschitz differential and strongly convex functions. Observe that the Hilbertian proof relied on
the identity (§|-?)* = ﬁ |- ||I* and on (20), which are now replaced with Lemma and Theorem

Theorem 6.8. Let X be reflexive and f : X — RU{+o00} be convex, proper, lsc. Then f has L-Lipschitz
differential (in particular, it is finite everywhere) if and only if f* is (1/L)-strongly convex on X*.

Proof. Assume f has L-Lipschitz differential. As X™* is reflexive and f* is convex, lsc, proper, by
Theorem it is enough to show that for all y,4' € X* and x € 9f*(y),

PO 2 5 W)+~ 9w+ ol (97)

If x € 8f*(y), then by (as f is Isc, convex), y € Of(x) = {df(x)} and (y,z) = f(x) + f*(y).
From (B9), for all 2/, f(2') < f(z) + (y,2’ — x) + £ |lz — 2’|, and taking the conjugate of this inequality
at the point ', we find thanks to Lemma [6.2]

. L L
P 2 sup by’ o) = F@) {0’ — )= 5 o=’ = (') — (@) bsup (' — 2 — 2y 2 o~
— (1) — F(@) 4 =l — 9l = )+ —p2) + =y — y]?
b 2L * b 2L ERd
which is .
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Conversely, assume that f* is (1/L)-strongly convex. We first show that dom df # 0: f* is coercive
(indeed, from with ¢ = 1/2 and a point yo € dom f*, f*(y) > 2f*(y+%) — *(yo) + ﬁ”y —oll?,
and f* is bounded from below by a continuous affine function), weakly lsc and X'* is reflexive, hence it
has a minimizer g: 0 € 9f*(y), that is, by and since f = f** (Fenchel-Moreau’s theorem, valid in
any Banach space, see [25]), g € 9f(0).

Now let z € domdf and y € df(z), so that « € df*(y) and (y,z) = f(z) + f*(y). By Theorem [6.7]
(easy direction), holds for all y’ € X*. We take the conjugate: using f = f** and Lemma

f@) =sup (v, 2") = f*(y) <sup (y' ) — f*(y) = (' =y, 2) — iIIy’ —y|?

= (y,a') = £ ) sy —y o' — ) = 5zl — ol = F@) + (7'~ 2) + 2l P

Y’

for all ' € X. Applied at z = 0, this shows that f is finite everywhere, hence continuous (a convex,
Isc, finite function on a Banach space is continuous, see [25] or Lemma [{.1)), hence f(z) # 0 for every
x € X. Then for any z and y € Jf(x), the above inequality together with f(z') > f(z) + (y,2’ — z)
shows that f(z) = f(x) + (y,2' — x) + O(||]2’ — z||?): f is (Fréchet) differentiable at x, with df (z) =y

Eventually, let z,2’ € X, y = df (z), y' = df (2’). Writing (97) at (y,%) and at (y/,y) and summing,
we find

1
' —y.2' —2) >~y —¥I2,
and since (y' — y, 2’ — x) < ||z — 2'||||ly — ¥/'||« it follows that ||df(x) — df (z)||« < L]z — 2| O
Remark 6.9. The last inequality in the proof shows that, as in Theorem df is “co-coercive” in the
sense that (df (2) — df (z),2’ — z) > 1 ||df () — df (z)|2.
6.1.4 Example: the entropy on the simplex

A fundamental example is given by the (negative) entropy on the unit simplex ¥ := {x € R? : x; >

O’Ei Tr; = 1}:
£() = {ZZ zilogr; ifzxeX (98)

+00 else
(where 0log0 is defined as 0; £ is convex, lsc, and continuous on X).

Lemma 6.10. The conjugate of £ is the “log-sum-exp” function
=log Y _ exp(y:),
i

also called “soft-max”, since e£*(y/e) — max; y; as € — 0. Its gradient is VE*(y) = 0(y) with 0;(y) =
evi/ > ;€% . Moreover, for x € ¥, 0¢(x) # 0 if and only if x; > 0 for all i, and then 0¢(x) = {(logz;); +
Al: X e R}

Proof. Given y € R? and 2 € ¥, by concavity of the logarithm (Jensen’s inequality),

(y, ) =

i:x; >0 i:x; >0

ey7,

L

with equality if and only if 2; > 0 for all ¢ and e¥ /x; is constant, that is x = 0( ). This shows the
expression for £*; and that the sup in its definition is attained exactly at x = 6(y). By (24 . S 0&(x) if
and only if z = V{*( ) = 0(p) (the function £ is smooth), that is, if and only 1f x; = ePi=¢ P > 0 for
all 4, that is p; = logx; + &*(p). O
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In particular, for x € ¥ with z; > 0 and p € 9¢(x), one has for all 2’ € ¥ (as ), (z} — ;) = 0)
§(') —&(2) — (p.a’ —2) = Y allog * = KL(x'|a), (99)

the Kullback-Leibler divergence (or relative entropy) of z’ with respect to z. The following classical
inequality is now an immediate consequence of the duality result of Theorem

Lemma 6.11 (Pinsker’s inequality). ¢ is 1-strongly convex for the {* norm. Equivalently, for all z,x' €
> with x; > 0 for all 1,

xf 1
KL(2'|z) = Zx 1oggc7 > §||x'fx||¥. (100)
Proof. We work in X = (R?, || -||1), so that || ||« = || - ||oo, and we apply Theoremto the finite convex
function ¢* (whose conjugate is £** = &): it is enough to show that V&* is 1-Lipschitz from (R%, || - o)

to (RZ, || - ||1), which is a statement on the Hessian of £*:

1
[VE(y') = VE (y)]l1 < /O V2 (y+ s(y' — y)) (¥ — y)llids < sup V26" (2)loos1 1Y — Ylloos

where ||Alloos1 = sup{{c, Ah) : ||lo|lec < 1,||h|lec < 1}. Letting 6 = 6(z) € X, one computes A :=
V2¢*(z), Aij = 0;6;; — 0;0;. The function (o, h) — (o, Ah) is bilinear, hence its maximum over the cube
[~1,1]¢ x [~1,1]¢ is attained at vertices: o,h € {—1,1}4. Writing h = 2¢ — 1 with ¢ € {0,1}¢ and
s:=(0,¢) €10,1], we find (Ah); = 0;(h; — (0, h)) = 20;(¢; — s), hence

max (o, Ah) = [[ Akl =2} 051G, — s :2[ Sooi-9+ Y ejs} —4s(1—s) < 1.
s - ot =,

Hence [|[V2£*(2)[loos1 < 1 for all z, and € is 1-strongly convex in (R?, || - ||1). Then (T00) follows from
Theorem and . O

Remark 6.12. The constant 1/2 in is sharp (it is attained asymptotically for d = 2 and 2/ — z)
and the inequality is usually attributed to Pinsker [49] (with a worse constant) and Csiszér, Kullback
and Kemperman (with the constant 1/2, see [I8]). The more usual proof reduces to the case d = 2;
the proof above, through duality, has the advantage of being systematic: strong convexity of £ in a
norm is equivalent to the Lipschitz continuity of V&* in the dual norm. Observe also that KL(a/|z) >
2|’ — 2|3 > 3|l2’ — x||3: the entropy is also 1-strongly convex in the Euclidean norm on ¥ (on %, ¢! is

the “largest” of the /7 norms), but the ¢! statement is much stronger since || - ||; can be v/d times larger
than || - ||2.

6.2 Bregman distances and mirror descent

In this section we work for simplicity in finite dimension, X = R? endowed with an arbitrary norm || - ||
(with dual norm || - ||, on A™* ~ R?); everything extends to reflexive Banach spaces with minor changes.
We denote D the interior of a set D.

6.2.1 Legendre functions, Bregman distances and the three-point inequality

Definition 2. Let £ : X — RU{+oo} be convez, lsc, proper, with domain D = dom¢ such that D £ .
We say that & is a Legendre function (or a “distance generating function”) if

(i) € is differentiable in D;
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(i) ||VE(x™) ||« — +o0 whenever ™ — x € D (“essential smoothness”);
(iii) € is strictly convez in D.

This is the definition of [57, §26], sce also [I5]. The main consequence of (i)-(ii) is that dom d¢ = D,
with 8¢(z) = {VE&(z)} for z € D and 9¢(z) = 0 for z € D ([57, Thm. 26.1]). Hence, if g is convex,
Isc, proper, with ridom g N D # (), and if £ is a minimizer of £ + g, then the sum rule for subgradients
(Section shows that 0 € 9¢(2) + dg(2), so that necessarily 2 € D and —V&(2) € dg(d): the
boundary of D acts as a barrier. One can also show ([57, Thm. 26.5]) that £* is then also Legendre and
that V¢ : D— dOI;’lf * is a bijection with inverse VE&* (the “mirror map”, which is the origin of the name
“mirror descent” in [42]).

Definition 3 (Bregman distance [9]). Given & Legendre, we define for x € D and T € D:
De(z,7) = §(z) — §(7) — (VE(Z), 2 — I) . (101)

One has D¢ (z, ) > 0 by convexity, with equality if and only if x = Z (by strict convexity), and De(-, Z)
is convex; if £ is p-strongly convex (for the norm || - ||), then D¢(z,z) > 4|z — Z||* by Theorem
Observe that D¢ is not symmetric and does not satisfy the triangle inequality in general: it is not a
distance. This is the “Bregman &-distance” already encountered in Remark

Ezample 6.13. 1. If € = 1| - ||? is the squared Euclidean norm, D¢(z,Z) = 1|l — Z||?. More generally
if £(z) = § (M=, ) for a symmetric positive definite M, De¢(x,z) = 3[lo — Z||3,: this is the
“preconditioning” of Section [5( (¢f the metric M, , of the primal-dual algorithm).

2. (Boltzmann-Shannon entropy) &(z) = >, (z;logz; — x;) on D = R% (with 0log0 = 0), 400
elsewhere: D = (0, +00)%, V&(z) = (log z;); — —oo at the boundary, and
L4 -
De(z,z) = ilog — — x; + Ty,
e(x,Z) El:x Og@' x; + T

which reduces to KL(z|z) when Y .a; = >, z; = 1. It is 1-strongly convex on X (but not on
R%) for the ¢! norm, by Lemma The entropy on the simplex itself is also “Legendre”
provided the definition is understood relatively to the affine hull of ¥; it is more convenient to use
the present £ and to put the constraint ), x; = 1 in the function g.

3. (Burg’s entropy) &(z) = —Y;logz; on (0,+00)¢, for which D¢(x,z) = Zi —log Z — 1 (the

LT i
“Itakura-Saito” divergence). It is not strongly convex, but is useful for “relatively smooth” prob-
lems, see below.

We now fix a Legendre function £ and consider “Bregman proximal” steps of the form

& = argmin D¢ (2, Z) + g(x), (102)
xT

for z € D and g convex, lsc, proper. We will always assume that:

ridom g N D # ), and the problem (102)) has a solution for any T € D and any linear pertur- (103)
bation g + (p,-) of g.

The solution is then unique (strict convexity), it lies in D and satisfies
VE(z) — VE(E) € 0g(2). (104)
The existence holds for instance if domg is bounded, or if £ is strongly convex (or more generally

“supercoercive”). For the entropies of Example and simple g, (102)) is often explicit: for & the
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Boltzmann-Shannon entropy and g(x) = (p,x), one finds &; = Z,e P, and for g(z) = (p,z) + dx(x)
(where 0y is the characteristic function of the simplex),

(105)

a “multiplicative” or “exponentiated gradient” update, which is computed in O(d) operations (whereas
the Euclidean projection onto ¥ requires a sorting, or a median search).

Recall (see Remark that in the Euclidean case, the whole analysis of the forward-backward
descent relies on the inequality (cf )

|l — 2|2

=2 A =2
|z — 2| >g(i)Jrllx z|| s

gla)+ T > T (14 )

for # the minimizer of the (1 + p4)-strongly convex function g + 1| - —z||?. Its “Bregman” counterpart
is the following, where the strong convexity of g is replaced with the following notion (see [37]).

Definition 4. Let 4 > 0. A convex function g is p-strongly convez relatively to & if g — pug is convex. If
g is differentiable in D, this is equivalent to Dg(x, &) > puDe(x, %) for allz € D, T € D.

In the Euclidean case (¢ = 3| - ||?) this is the usual p-strong convexity; in general it is a different
notion, adapted to the geometry of £: for instance, ¢ = p& + h with h convex is p-strongly convex
relatively to &.

Lemma 6.14 (Three-point inequality [15,65]). Let g be convez, lsc, proper, pq-strongly convez relatively
to & (g > 0), and satisfying (103). Let T € D and & be the solution of (102). Then for all x € D,

De(,7) + g(x) > De(#,7) + g(&) + (1 + pty) De (w, ). (106)
Proof. The proof relies on the following elementary “three-point identity”, valid for z € D and &, Z € D:
Dg(:L‘, j) = Dg(l’, :%) + Df(ia j) + <V§(j) - v&(j)v T — i.> ) (107)

which is checked by expanding the definitions (all the terms £(z), (VE&(Z),x — &) cancel).
By (104), ¢ := V&(z) — V&(2) € 0g(z). Since £ is differentiable at & and g — p14€ is convex, one has
q— pgVE(E) € 0(g — pg€)(&) and therefore, for all z € D,

9(x) — pg&(z) = 9(2) — pgé(2) + (¢ — ugVE(2),z —2) &  g(x) =2 9(2) + (¢, — &) + pgDe(z, 2).
Hence, using ,
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6.2.2 Mirror descent, relative smoothness

We consider again the problem

min F(z) i= [(2) + 9()

where ¢ is convex, lsc, proper, satisfying (103)), and f is convex, finite and lsc on D and differentiable in
D. The “mirror descent” (or “Bregman forward-backward”, or “Bregman proximal gradient”) algorithm
is the natural extension of Algorithm

(0]



Algorithm 7 Mirror descent / Bregman forward-backward splitting

Choose 2° € ﬁ, 7> 0.
for all k¥ > 0 do

o = argming(r) + (V (), 2) + = De(r, 2%, (108)

end for

In the Euclidean case this is exactly (44). In the analysis of the latter (Remark , the Lipschitz
constant of V f was only used to ensure that Dy(z*+1 2%) < L||ght1 — oF||2 = LD%‘|“|2(:E’““,I’“). This
suggests the following definition [4, [37]:

Definition 5. The function f is L-smooth relatively to & if LE — f is convex, that is, if
Dy(x,2) < LD¢(x,2) Yz eD, zeD. (109)

(Indeed, Dr¢— ¢ = LD¢ — Dy, and a differentiable function on the open convex set D is convex if and
only if its Bregman distance is nonnegative; the extension to z € D follows by lower semicontinuity.)
By Lemma and Theorem if Vf is L-Lipschitz for the norms (|| - ||, || - ||«) and & is 1-strongly
convex, then f is L-smooth relatively to £&. But the converse is not true, and may hold for
functions whose gradient is not Lipschitz: see the examples in [4] [37], such as the Poisson log-likelihood
f(z) =>,(Az); — bilog(Az); (A >0, b > 0) which is smooth relatively to Burg’s entropy on (0, +00)<,
although its gradient blows up at the boundary. Note also that if f is L-smooth and ff-strongly convex
relatively to &, then necessarily py < L (otherwise & would be affine).

Theorem 6.15. Assume that f is L-smooth and py-strongly convex relatively to &, that g is pg-strongly
convez relatively to & (py,pg > 0), and let 7 < 1/L. Then the iterates of Algorithm @ satisfy, for all
zeD and k >0,

1-— 1
Pla)+ =M De(w,a¥) 2 F(ah+) + T D, o441, (110)

As a consequence, F(x%) is nonincreasing and, if F has a minimizer z* € D,

* 0
Pty - ) < ) sy (111)
T
while if pp + pg >0, letting w = (1 —7uy) /(L4 Tpg) < 1,
1 1
F(z®) — F(z*) + MDg(x*, zk) < wkMDg(x*, ). (112)
T T

Proof. We apply Lemma to the function 7(g + <Vf(xk), >), which is 7p4-strongly convex relatively
to &, with 7 = 2%, # = ¥+, Dividing by 7 and adding f(z*) — <Vf(x"“‘), a:k> to both sides, we find that
for all x € D,

D, 7%) + 9(a) + F(a*) + (V)2 - a*)

> %Dg(xk“,xk) + g(@F ) + f(2F) + (Vf(@F), 2" — 2F) + @D§($71’k+1).
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In the left-hand side, f(z*) + (Vf(a*),z — 2*) = f(z) — Dy(x,2%) < f(x) — pyDe(z, z*) by relative
strong convexity. In the right-hand side, f(z*) + (Vf(a*),zF1 —a*) = f(a"t1) — Dp(ah 1, 2k) >
f(z**Y) — LD (x*+1, 2%) by relative smoothness. Hence

1-— 1 1+
TTMf De(x, %) + F(z) > (T - L> De (a1 2%) + F(2M ) + %%Dg(m,xkﬂ),

and ([110) follows since 7 < 1/L. The rates are then derived exactly as in the proof of Theorem
(Sect, replacing everywhere |z — z¥||> with D¢ (z, z%): the choice z = z* in shows the
monotonicity of F(x*); the choice z = z* and a summation from k = 0 to n—1 yield n(F(z") — F(z*)) <
1(De¢(x*,2°) — De(2*,2™)), which is (I1I); in the strongly convex case, one multiplies by w=*~! before
summing,. O

Remark 6.16 (“NoLips”). No Lipschitz continuity of Vf and no strong convexity of & are needed in
Theorem only relative smoothness, which is a joint property of (f,€). This observation is due
to [], where the algorithm is called “NoLips”, see also [37, [62]. The choice of £ should be made such
that both holds with a small L and the step is easy to compute. On the other hand, it is shown
in [22] that under the sole assumption of relative smoothness, the O(1/k) rate cannot be improved
by (Bregman) first order methods: acceleration requires additional assumptions, see Section m

Remark 6.17 (Mirror descent on the simplex). Let £ be the Boltzmann-Shannon entropy (Example|6.13))
and g = Jdy (so that all the points of interest are in X, where £ is l-strongly convex for || - ||; by

Lemma [6.11)). Then (108]) reads, thanks to (105)),
18, f(a*
e __okeTodE)
’ > ahe=T0if @)’
the “exponentiated gradient” or “entropic mirror descent” algorithm [5]. Assume ||V f(z) = Vf(2')|loo <
Loo||z — ||y on X, then f is Lo,-smooth relatively to & and with 7 = 1/L,, 2° = 1/d (for which
KL(z|2%) =logd+ ", z;logz; < logd), Theorem gives

fab) - fat) < T8

The projected gradient descent (Euclidean case) gives instead Ls||z* — 2°||3/(2k) < La/k, where Ly is
the Lipschitz constant of V f for the Euclidean norm. One always has Lo, < Lo, but Ly can be larger
by a factor of order d (for instance for f(z) = ||Az — b||?, Ly = || AT A||2—,2 while Loo = AT Al|100 =
max;; [(AT A);;]): the entropic geometry can gain a factor up to d/logd, at the same cost per iteration.

This “almost dimension-free” behaviour is the main motivation for mirror descent [42} [5].

Remark 6.18. The subgradient method of Section (for a nonsmooth, Lipschitz f) has a similar
“mirror” variant, obtained by replacing V f(z*) with a subgradient and using decreasing steps 7y; this
is in fact the original “mirror descent” of [42] [5], with rate O(M /D¢ (z*, 2°)/k) where M bounds the
subgradients in the dual norm. The proof is left as an exercise (start from Lemma and follow

Section [2.4.3)).

6.2.3 Accelerated mirror descent

We now assume that £ is 1-strongly convex for the norm || - || (so that De¢(x,z) > 3|lo — Z||*) and that
f has L-Lipschitz differential in D (so that D(z, &) < Lz —z|> forz e D,z € D). Then acceleration
is possible, following [46] 65 [I]. The scheme below is Tseng’s “Algorithm 1” in [65] (see also [46]); it
uses three sequences and, contrary to FISTA (Algorithm , Bregman proximal steps with an increasing
parameter oy.
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Algorithm 8 Accelerated mirror descent

Choose 29 = y° = 20 € D Ndom g, and let By = 0.
for all £ > 0 do
Let a1 > 0 be the largest root of S + ax1 = La%_ﬂ, that is

14+ I+4LBy
2L ’

Qi1 = Bit1 = Bk + a1 = Lag ,q; (113)

2* = (ag 412" + Bry®) /Bra;

Dg(z,zk); (114)

LRl — argmzing(z) + <Vf(ack+1), z) + P

Yt = (Oék+12k+1 + 5kyk)/5k+1~
end for

Observe that z¥ € DN dom g for all k, and x’i‘“l, y**1 are convex combinations (with positive weight on

2%, resp. z**1) of such points, hence also in D N dom g.

Theorem 6.19. Under the above assumptions, if F = f + g has a minimizer z* € D, the iterates of
Algorithm [§ satisfy for all k > 1,

Proof. Let z € D. Lemma applied to the function ag41(g+ <Vf(xk+1), >) and using the convexity
of f, yields

1 F(2) + De(2,2) > anya (9(2) + F(@™) + (V@) 2 = 240) ) + De(z, %)
> i1 (g(2k+1) _’_f(xk—i-l) + <Vf(xk+1),zk+1 _ {Ek+1>> + Dg(zk—i-l,zk) + DE(Z,Z]H_l).

Now we use that apr1 = Brs1 — Bk and app12*t = Brpy* ! — Bry® to write

aps1 (F@F ) + (V (2P, 2P — 2P 1))
= B (F@) + (VI =) ) = B (F@) + (VI 4" —2"))
> Br+1 (f(ykﬂ) - Df(ykﬂ,askﬂ)) — Bef W),

using the definition of D for the first term and the convexity of f for the second. Also, B4+1g(yF ) <
ap119(2FtY) + Brg(y*) by convexity of g. Hence, combining these inequalities,

a1 (9" + @) + (VM) 2P =B ) > B (F(yPY) — Dp(y™ 2™ — B F(y"),

and, recalling that ag1 = Brr1 — Bk,

Be(F(y*) = F(2)) + De(z,2%) > By (F(y* 1) = F(2)) + De(z,2")
+ Dg(szrl, zk) — ﬂk+1Df(yk+1,xk+1). (115)
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k+1 k+1 _ O%k+t1 (zk—H _ Lk

We now show that the last line is nonnegative. Indeed y —x = B z"), so that, using
the strong convexity of £, the Lipschitz continuity of V f and (113)),

Y

1
De(e1,2%) = Buaa Dy (1, h) = 5 (|5 252 = B L™+ = o+ 2)

:1 liLai%-‘rl ||Zk+1f2:k||2 =0
2 Br+1 '

Summing (L15]) from 0 to k¥ — 1 and using Sy = 0, we deduce
Br (F(y*) = F(2)) < Dg(2,2°) + Bo(F(y°) = F(2)) = De(2,2°).

Eventually, we show by induction that 8 > k%/(4L): thisis truefor k = 0 (and k = 1, as 81 = a; = 1/L),
and if it holds for some k, then by (113])

L+ VR +1 BP42+2vk2+1 (VEE+141)2  (k+1)°
ak+1ZTand5k+1:5k+ak+12 7 :( - ) 2( 4L)'

O

Remark 6.20. Letting ty := Lag, reads ti_H —tpyr1 = ti (with tg = 0): these are exactly the
parameters of FISTA. In fact, in the Euclidean case and for g = 0, eliminating the sequence (z*)
one checks (exercise) that y**! = zF+1 — LV f(2#1) and 2F 1 = yF + %(y’c —yk=hy: Algorithms
Nesterov’s accelerated gradient descent of Section When g # 0, it differs from FISTA, since the
proximal step involves g with an increasing parameter ay11 ~ k/(2L) instead of the fixed 7 = 1/L:
this subproblem may become harder to solve as k increases, and the sensitivity to errors in its resolution

is also higher (¢f the discussion after Theorem [5.10)).

Remark 6.21. As for FISTA, a backtracking strategy is available when L is not known (one replaces L
in with an estimate Ly, and checks a posteriori that Dg(2*+1, 2%) > By 1 Dy(y**1, 2%+1), which
is all what the proof needs). When ¢ (or f) is p-strongly convex relatively to £, one can obtain a
linear rate, with a factor 1 — \/p/L if u < L, by modifying the choice of (ay,fk), see [65] and [13]
for the primal-dual case. We stress again that the 1-strong convexity of £ and the Lipschitz continuity
of Vf (and not the mere relative smoothness) are needed here: some acceleration is possible under
intermediate assumptions, see [31], but not in general [22]. Also, relative strong convexity is a quite
restrictive assumption in practice: a typical example is g = pu€ + h, that is, a “smoothing” of the problem
min f + h by the addition of a small multiple of the entropy (¢f Section below).

6.2.4 Bregman primal-dual algorithm

The primal-dual algorithm [5| extends to the Bregman setting in a very simple way, see [4I] (for the
“mirror-prox” algorithm) and [I3]. We consider, as in , the saddle-point problem

min sup L(z,y) = g(z) + (y, Kz) — f*(y)

z€eEX yeY*
where K : X — ) is linear, X, ) are finite dimensional spaces endowed with norms || - || x, || - ||y, and
L= | K[ = sup{(y, Kz) : [[zflx < 1, [Jylly- <1}. (116)
We introduce two Legendre functions &, on X and &, on Y*, 1-strongly convex for the norms || - ||x

and | - ||y+, with domg C dom¢&,, dom f* C dom¢,, and denote D, D, the corresponding Bregman
distances. We assume that g and f* satisfy (103|) for the respective Legendre functions.
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Algorithm 9 Bregman PDHG

Input: initial pair of primal and dual points (2°,4°), in the interiors of dom &, and dom &y respectively,
steps 7,0 > 0.
for all £k > 0 do

find (21, y¥*+1) by solving

1
2" = argmin g(z) + (y*, K2) + =D, (z,2%), (117)
T T
. * 1
y* = argmin f*(y) = (y, K(22" = 2%)) + —Dy(y,4"). (118)

end for

In the Euclidean case, this is exactly Algorithm

Theorem 6.22. Assume orL? < 1. Then for all (x,y) € dom¢&, x dom¢&, and N > 1, letting
(XN YN = %Zi\;l(xk,yk), one has

L) = £, Y™) < (20200 + 20,00) — (3= Ko = ) )
2

< 2 (F0.a)+ 20,000 (19

Proof. For k > 0 we apply Lemma (with pg = 0) to both steps: to the function (g + <yk, K>) with
T=x", =2 and to the function o — (- T —x with y =y*, y = . dumming the
k7 5 Ichl7 d he f : (f* <,K(2 k+1 k)>) : hy yk :g yk+1 S : h
two inequalities (divided by 7, resp. o), we get for any (z,y) € dom§, x dom&,:
k * k+1 k 1 k 1 k
9(@) + (u* K) + f*(y) = (y, K" = 2")) + —Du(w, %) + =Dy (y, ")
> g(aF*1) + <yk, Ka:k+1> + T — <yk+1, K(2z%+1 — mk)>
1 1 1 1
+ =Dy (" 2") + =Dy (", y*) + = Do, ") + =Dy (y, ™).

T o T o

Adding (y, Kz*T1) — (y**1, Kz) to both sides, we recognize the Lagrangian:

1 1
L(zF ) = L,y ) + —Da(a, ) + ~Dy(y, yFth

—_

1
—Dy(y**, y")
g

+ (W =y K (@ — M) + (0T, K (@M 2b))

1 1
< =Dy(w,2") + =Dy (y,y*) — =D (a™*,2") -
T o T

Then, one checks by expanding both sides (with the bilinear form (x,y) — (y, Kz)) the identity

<yk o yk+1,K($ o xk+1)> + <yk+1 o y’K(xk+1 o l’k)>
_ <yk+1 . y7K(.’Ek+1 _ $)> . <yk _ y,K({Ek o (E)> + <y/€+1 o yka(karl . .’Ek)>,

so that, introducing for (z,y) € dom§, x domé&, and k > 0
1 1
(I)k(l'7y) = ;Dx(xvmk) + ;Dy(yvyk) - <yk - va(xk - CU)>7
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we obtain

[’(xk_'_lvy) - £($,yk+1) + q)k-i-l(xvy)
1 1
< By(z,y) — {;Dz(xk“,wk) + ;Dy(yk“,y’“) — (" =y K (2" - wk)>]~ (120)

Now, for any u € domé&,, v € dom¢,, and @, v in the interiors of these domains, using the 1-strong

convexity of &;,&,, (116]), the inequality % + % > j(% and o7L? < 1:

1 1 1 1
~Da(u,1) + Dy (0,0) — (0= 0, K(u =) = —|lu—all% + 5_[lv —

1
> (o=~ L) u—allx|lv - o]

Jor

Hence the bracket in (120) is nonnegative, as well as ®x(x,y) for all k, and summing (120)) from k£ = 0
to N — 1 we find

- = Lllu—allxfv - 7]y

ye > 0. (121)

N

k=1
The first inequality in (119) follows from the convexity of (2',y’) — L(a',y) — L(x,y’) (Jensen),
and the second one from (121 (applied with u = z,4 = 2%v = y,9 = %), which shows that
—(y =9, K(z —a°)) < 1D, (2,2°) + 1Dy (y,1°). O

Remark 6.23. In the Euclidean case, ®x(z,y) = 3[|zF — 2|3, . and we recover exactly (85). As in
Section [5] if dom g and dom f* are bounded, one can take the supremum over (z,y) in and obtain
a rate for the primal-dual gap G(X~,Y"). The proof is remarkably simpler than the Euclidean one
based on the proximal point interpretation : the algorithm is here directly analyzed through the
three-point inequality , with no reference to a metric.

Remark 6.24 (Acceleration). If in addition g is pg-strongly convex relatively to &, (Lemma then
improves the first inequality in the proof by a factor (1 + 7,) on the term D, (z,z**1)), one can, as
in the Euclidean case, use varying steps: replace 2z%t1 — zF in with 25+ + 0, (251 — 2F), and
choose ogm9L? < 1,

1 Ok

Opi1 = —F/———=, Tht1 = Opr17r, Ok+1 = 7——
V31 pgT Or+1

(so that o7y is constant, 71, & 2/(uyk) and oy =~ pgk/(2L?) for large k). One then obtains an O(1/N?)
rate for the ergodic gap (with weights oy in the averages), see [13] for the proof and the precise statement.
6.2.5 Application: optimal assignment and optimal transport

We conclude with an example where the choice of the geometry has a dramatic influence on the com-
plexity. Let n > 1, C € R™*™ be a cost matrix, which we assume nonnegative (adding a constant to C
adds a constant to the objective below, since Zz ;Xiy = 1) and p,v € X, be two probability vectors
with positive entries. The (discrete) optimal transportation problem is

min {C:X : X1=y, XT1 =y, X >0} (122)
where C @ X =37, . Ci;Xi; 1= (1,..., )T, and the unknown X (a “transport plan”) is an n x n

matrix, whose entries sum to 1. For py = v = %1, this is the optimal assignment problem: the feasible set
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is then the “Birkhoff polytope” of bistochastic matrices (divided by n), whose vertices are the permutation
matrices (Birkhoff’s theorem), so that a solution is given by X; ; = L14.(;) ; for a permutation € € S(n)
which minimizes the cost Y, C; ;). The problem is a linear program which can be solved exactly
by combinatorial methods (Hungarian algorithm, network simplex...), with a complexity of order n?; the
point here is to study what first order methods can do.

Duality. Introducing multipliers ¢, € R™ for the marginal constraints, and using the notation (¢ @®
V)i = ;i +1j, sothat p- X1+ - XT1 =X : (p@®1), we find the saddle-point and dual formulations
(Section [4.3.2} strong duality holds for this finite-dimensional linear program):

min sup C:X+¢-(p—X1)+v¢ - (v—X"1)
X>0 P pERN

=max peptveY+min X (C—p@y) =max{p-o+v-v ity <Oy Vigh.
@, =

If (X*,*,9*) is a saddle point, the complementary slackness conditions hold:

ij>O:><pf—|—1/1;=C¢,j,
(Pf+¢;<0i,j$Xi*’j=0

Observe that (p,) is a dual solution if and only if (¢ + ¢,% — ¢) is, for any constant ¢ € R.

Ezercise: show that there is a dual solution (¢*,%*) with ||©*|lcc, [[¥*|lec < A := ||Cl|e0/2, where
|Cllooc = max; ; C; ;. [Hints: from the constraint, max; ¢; + max; ¥; < ||C||s; since each row and each
column of X* has a positive entry (u;,v; > 0), complementary slackness and C' > 0 give min; ¢; +
max;1; > 0 and max; ¢; + min;1; > 0; deduce that the oscillations of ¢* and ¢* are at most ||C||s
and choose ¢ appropriately.]

A bounded saddle-point problem. Thanks to the exercise, we may restrict the dual variables to
the box By = {(¢,?¥) : |¢lle < M\ ||¥]loc < A} and, in the primal, add the (redundant) constraint

Zi,j X;; = 1, without changing the saddle points, and consider

i LX,p,):=C:X—-X: +u-po+v-, 123
o max (X, 0,v) (p@Y)+p-o+v-v (123)

where X, x, :={X >0: Zi,j X, ; = 1} is the simplex of R™*". Both domains are now bounded, and
the primal-dual gap of at a point (X, ¢,1) controls the optimality of X: since maxp, L(X,-) =
C: X +A(lp—X1l1 + |lv— XT1|;), and the minimum of this “exactly penalized” function over ¥,y
is the value of , a small gap means that both the cost C' : X is nearly optimal and the marginal
constraints are nearly satisfied (in ¢! norm).

Bregman primal-dual algorithms. We apply Algorithm |§| to , choosing to update first the
variables (p, 1) (with a Euclidean Bregman distance and step 7) and then X (with a Bregman distance
Dx and step o), using an extrapolation of the first variables. Starting from X% € ¥,,.,,, (¢°,%°) = (0,0)
we let for k > 0:

1
k+1 k+1\ _ k. k12 k12y .
, =arg max o+ rv—X " (pdY) — — — + ||¢ — ;
(P ) =arg max p-p o (p@v) = o (Il =" I° + v = v*|1%)
(PHFH M) = 2 M) — (8, 08) 5 (124)
_ 1
XF —arg min X : (C — " @) + —Dx (X, X%).
Xex g

nxn
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The first step is explicit and uncoupled: @*™! =TI[_y yjn (" +7(u— X*1)), PP =TI\ yju (WP +7(v —
(X®)T1)) (componentwise truncation); its cost is dominated by the two matrix-vector products, that
is, O(n?) operations. Theorem (in which the roles of the primal and dual variables are exchanged)
yields, if o7L? < 1, a rate for the primal-dual gap Gy of at the averaged iterates, of the form

2 (1 1 2 (1 nA?
Gyv< == sup Dx(X,X")4+— sup 22 ) <= ~= sup Dx(X, X%+ —"—|,
" N("Xeznxﬂ 4 o (W’w)EBA(”SDH W% < 5 0 XESnun x T

(125)

where L = sup{X : (¢® ) : | X|| < 1, ||¢||*+ ||#||*> < 1} depends on the norm chosen on X, which must
be such that Dx is 1-strongly convex. Let us consider two cases:

1. (Euclidean case) Dx (X, X") = 1| X — X°||%. (Frobenius norm), || X|| = ||X||p. Then, since ||¢ &
UlE = nllell? + nllvl* + 2032, 0:) (3, ¥5) < nllell + 1R1)? < 2n(lel® + [[$]?) (with equality for
p=1v=1/v2n),

L=sup{llp @ vllp: llol® + [¢]* <1} = Van,
so one needs 7o < 1/(2n). Moreover, supx ey, 5| X — X°% < 5 (for X° = 51®1 or X° =0,
using || X||F < || X|l1 = 1), hence the rate is less than (2/N) times
1 nA\?

1
min  — 4+ — = min — + 2n?\%0 = 2n\,
or=1/(2n) 20 T >0 20

the optimum being for o = 1/(2n\), 7 = A: we find Gy < 4nA/N. Note that the X-update is the
Euclidean projection onto the simplex of R"*", which costs O(n?logn) (with a sorting) or O(n?)
(with a median search) operations.

2. (Entropic case) Dx (X, X%) = KL(X|X?) = > Xij log > X

>.i;Xij =1in g), which is 1-strongly convex on ¥,xn for the norm [|X| = [ X1 = 32, ; [Xi .
by Lemma Then

L=sup{llp®¥lo: oI+ 0> < 1} = sup {llolloc + IWlloc : o + [0I* < 1} = V2,

1 (Example [6.13[ with the constraint

so one needs 7o < 1/2: the constant L does not depend on n anymore. On the other hand, for
X0 = #1@1 one has

sup KL(X|X%) = sup ZXW- log Xi,j) +logn? < 2logn,

XE¥nxn XE¥nxn i7j

and the rate (125)) is less than (2/N) times

21 2 21
min ogn_’_ﬂ_mi 981 | 9nA2o = 4\y/nlogn,
g

or=1/2 o T o>0
the optimum being for o = %w/logn/n, T = %\/n/logn: we find Gy < 8Ay/nlogn/N. The
X-update is explicit, ¢f (105)):

Xk exp ( (C @ic+1 ,(/}k:+1))

Xk—i—l
i X8 sexp (—o(Cijr — ghrt wf,ﬂ))

and costs O(n?) elementary operations.
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To reach a gap Gy < ¢, the number of iterations is thus of order nA/e in the Euclidean case and
Av/nlogn/e in the entropic case, at the same cost O(n?) per iteration: the entropic geometry gains a
factor \/n/logn, for a total complexity O(n?®\/e) instead of O(n3\/e). The gain comes from the two
facts that (i) the entropy is strongly convex for the £* norm, in which the operator K : X + —X1® X771
has a dimension-free norm, and (ii) the “diameter” of the simplex for the entropy is only logn?.

Remark 6.25. The multiplicative updates of the entropic case are the same as in Sinkhorn’s algorithm
for the entropic regularization of [19, [7], which consists in adding to C' : X a small multiple of
the entropy e Zi, j X jlog X; ; (a “relatively strongly convex” perturbation, in the sense of Definition
and alternately projecting, in the Bregman sense, onto the two marginal constraints. For a comparison
of the complexity of Sinkhorn-type and accelerated first order methods for 7 which are also of order

O(n??/e), see [23]; methods with complexity O(n?/e) have been proposed more recently [33].

7 “Large scale” optimization

In this lecture, we only mention rapidly two techniques currently used to avoid computing full gradients.
Such approaches are useful for solving very large dimensional problems.

7.1 Coordinate descent and stochastic coordinate descent
7.1.1 Does coordinate descent / alternating minimization work?

Assume one wants to solve

min  f(z1,...,2,)
T1y.e0y Ty
and one knows how to solve, for any ¢ = 1,...,n and given (z;);2;
mginf(mlv cee 7xi717£7xi+17 cee ;xn)'

Then, it is natural to consider the following algorithm: (z") being given, one computes for k& > 0,
t=1,...,n:

zhtt ¢ arngin Flfth et ek a2k, (126)
Denoting « = (z1,...,,), does this converge? It depends. The following straightforward (classical)
example shows that it is easily not the case.

Consider, for x = (x1,72) € R?, f(21,22) = 23/2 + |21 — 2|, which is minimal for (21, x2) = (0,0).
From (z¥,z%), the algorithm will first produce z7™" = max{—1, min{z%,1}} and then xg'H = x’f'H.
Hence, one has z¥ = 25 = 4 for any k£ > 1 and unless 29 = 0, one never converges to the minimizer.

On the other hand, assume f is C!, bounded from below, coercive (infinite at infinity, so that the
sequence (z¥) is bounded), and we are in finite dimension. A first remark is that by construction, f(z*)
is decreasing, and converges to some value f*. In addition, one has (with obvious notation, and without
assuming particularly that the x; are one-dimensional scalars):

k+1 k+1 c 4
aif(371+ a$i+ 77354-1’“-’332)

Bz =0.

If (z%)x converges, then one easily deduces that Vf(z*) = 0, hence z* is a critical point with value

f(x*) = f*. But (z¥) could have subsequences converging to different limits.
In case f is convex, one can show that these limits are minimizers. Indeed, assume lim; zfl =
kitl (possibly passing to another subsequence). Clearly, one has f(x) =

%

x; and let also z} = lim;z
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fl&") = f* = f(2},....2;_1,zi,...,x,) for any i, and one also easily finds that x} is a minimizer of
fl@h, .. xh_y,e,x41,...,2n), as well as z; since f has the same value at all these points. In particular,

of (@, ... af wigr, ... xn)  Of(h,.. iy, i, )

We show by induction that V f(z') = 0. To start with, from for i = 1,2 we deduce that (7, x2) is
a minimizer the convex function f(e, e x3,...,x,). But since f(z], 25, x3,...,2,) = f(a), 2x2,...,2,) =
f*, also (2!, x%) is a minimizer and in particular, the gradients of f with respect to 1 and xo vanish at
this point. By induction, if we assume that the gradient of f with respect to =;, 7 =1,...,m vanishes in
(2, T Tmg1y - - -y Tn), USING for i =m and i = m + 1 we find that (z},, m+1) is @ minimizer
of the convex function f(z],...,2,_1,, Zpio,...,2,), and using the induction assumption, we have
that (z9,...,2.,, Tm+1) is a minimizer of the convex function f(e,...,e Ty yo,...,2,). As the value
is f*, also («9,...,2},,,) is a minimizer and the (m + 1) first gradients of f vanish at this point. By
induction we deduce that Vf(z') = 0 and that 2’ (hence also z) is a minimizer. A similar proof in a
more complex situation (with a convex, separable nonsmooth term) is found in [63] (Tseng).

=0. (127)

7.1.2 Block coordinate descent

Instead of finding the minimizer of f with respect to one variable, one could perform a step of gradient
descent. In particular, if f has Lipschitz gradients, one could rather replace ([126)) with

I R A VA R s b AL } (128)
Here, V; := 0/0x;. Assume that 0;f is L;-Lipschitz (uniformly). Then one has as usual (see ()
f(xlfH, otk ey < bt el ek k)
- Ti(l - %)Hvlf(xllwrl’ s 7x§j11a m?’ R 7-'17]:L)H2
Choosing for instance 7; = L%_, we deduce
flak+t ,J;f+17mf+17 L af (@R ek ko aky))2
< flaf ek ek k)

and in particular, one can reproduce the same proof as before in the convex case and show that any limit
point is a minimizer. One interesting point here is that in general, the Lipschitz constant with respect to
one variable is smaller than with respect to all the variables (think for instance to (z1,z2) — (1 + x2)%:
its gradient is v/2-Lipschitz, while its partial gradients are 1-Lipschitz), so that the steps performed in
the coordinate descent method are longer than for a gradient descent.

Up to now, we have considered alternating minimizations or block coordinate descent with a cyclic
rule, where each coordinate is optimized in ascending order. This is a bit arbitrary. Let us now show
that (on average) one can obtain good performances with a random update. This is our first example of
a stochastic algorithm.

7.1.3 Random coordinate descent

We consider the following algorithm, with a notation slightly differing from the previous sections: we
pick 29, At iteration k > 0, we consider z*. We pick randomly a coordinate i with some probability p;
>k, pi=1,p; >0), and let it := 4. Then we let ka = x? for j # ik, and

pFtl = x =7, Vi f(x ) (129)

2
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As before, we have
FE) < fah) = (1= 280 |V5, f2))? (130)

As a consequence, knowing the point ¥, the expectation E(f(x*+1)|z¥) satisfies

E(f (")) Zml

if @),

We can pick for instance 7, = 1/L; and p; = Li/(zj L;), meaning that we pick more often the coordinates
with larger Lipschitz constants. In this case, the previous estimate becomes

B(f(@**)le) < f(a*) - 22 T Z VI =16 - g IV s
Computing then the expectation with respect to 2*, we obtain
E(f(a"*) <E(f(z")) — ﬁE(IIVf(x’“)H?) (132)
g I

In particular, this is a decreasing sequence, and one has

L S E(VF)IP) < Fa) <

g

which shows that E(||V f(x*)||?) — 0 (Vf(2*) — 0 almost surely, up to subsequences)).
More generally, we pick 7; = 6/L; for 6 €]0,2[ and introduce the norm ||g||3, := >, m;|g;|?, for
m; := p;/L;. Then the same computation as above yields

" 9(2 6(2 —0)
E(f(z")|2") Z B2 = fa*) - 5 IV )3
i=1
We assume that there exists a minimizer z* and let Ay := f(2*) — f(2*), and show the following

result:
Lemma 7.1. Assume {f < f(2°)} is bounded. Then
207 1

S 02—0)k+1

E(Ag) < (133)

where C > SUP (3)< p(20) |2 — 2| pr-1-

Proof. By convexity, we observe that

f(@) = f@7) < (Vf(x),x —2%) < [IVF(@)l[mlla” = xllar-1,
which is < C||V f(z)| if f(z) < f(2°) and C is as in the statement. Hence using (I31]), we find that

0(2—0) (f(=*) — f(@"))*

E(f(z"1) = fl@")|2%) < f@a") = f(2") = == 2

Now, by convexity (from Jensen’s inequality), we know that E(Ag)? < E(A2) so that

0(2 - 0) 0(2 - 0)

E(AkJrl) < ]E(Ak) - 202 202

E(A2) < E(AR) — E(Ag)2
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Inequality (133)) follows then from Lemma

One sees here that it might be interesting to use non-uniform probabilities to improve the pro-
cess, however it is not obvious how (one should minimize the “diameter” C, which is given by C? =
SUD f(2)< f(20) 2o Lilzi — 271?/pi)-

To compare with a standard gradient descent, one can use the choice already mentioned above, 8 = 1
and p; = L;/ 3, Lj, for which m; =1/3 7, L;. The rate becomes

*||2

2 — SUD# ()< f(x9) |z —a
EA) <= L, =
(Anie) = n Z / kE+1/n

j=1

after k “epochs” (i.e., passes over all the data, at least on average: we consider that it requires n iterations
to approximate one step of a full gradient descent). This is to be compared to the rate in Theorem

at the kth iteration of a gradient descent, where now L is the global Lipschitz constant of f.
So the relevant question here is: which is smallest of L and + - ;L7 One always have

n
. 2
max Lj < L < ZL]., (134)

hence

whereas the upper bound in (134) satisfies

1 1
N
n;J_\/ﬁ

Hence, in the worst case, the complexity of the random coordinate descent is similar to the gradient
descent, while if L is closer to the upper bound in (134)), the complexity is smaller by a factor 1//n,
where n is the number of coordinates.

This approach has of course many extensions. It was first extended to the (separable) non-smooth
case in [54]: it is shown that for an objective of the form f(z)+ Y., ¢;(x;) one can replace the kth
iteration (129) with the proximal iteration

xf,jl = (I +7;,00:) (25, — 70, Vi, f(z¥))
with 7;, = 1/L;, , and obtain essentially the same rate. Acceleration has been proposed shortly after, for a

very complete variant (including non differentiable separable terms, parallel updates, and Nesterov-type
acceleration...) see in particular [2§].
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7.2 Stochastic gradient descent for learning problems

We now consider a different problem, arising for instance in statistical learning, when one has to minimize
(for large n > 1) a sum of convex functions of the form

1
in — i 135
win - 37 (o) + 0(a) (135)
Note that if v is strongly convex, one can derive a dual problem
1 *
n A yz Z yz

where now 9* has Lipschitz gradient, and tackle the problem by a proximal variant of the (random)
coordinate descent algorithm (such as in [63] [54] 28]), as mentioned in the last section. See also the
variant termed “stochastic dual coordinate ascent” [60} 61].

We will focus on a direct gradient descent approach for the objective function f(x) := (1/n) >, fi(x)
(and hence the case ¥ = 0, to simplify), considering however that if n is too large, it might not be a
good idea to evaluate Vf at each iteration. We assume here that each f; is convex with L;-Lipschitz
gradient. We study the following “stochastic gradient” algorithm: starting from 20, for each k > 1, we

e pick i, =i € {1,...,n} with probability 1/n;
o let 2%+l =2k — 7V £, (2F), for some 7 > 0.

We observe immediately that E(z**![z%) = 2% — 7Y, 1V fi(2*) = 2F — 7V f(2¥), so that this
corresponds to a stochastic gradient descent where the gradient of f is replaced by a random variable
with expectation V f(z) (and one could indeed consider this more general situation).

As usual, one can write that for j =1,...,n, if i =1,
k+1 k k k L;r? ky(2
Fia®h) < fi (@) = 7 (V£ (@), Vfi(a®)) + (20)|l
and summing, we find that
FE@H) < f@) = 7 (V ("), Vi(a" ZL IV fi(=*)].

We denote L := (3 j L;)/n the average Lipschitz constant. Hence, knowing x*, one has (using that each
i appears with probability 1/n)

E(f(2"|a%) < f(a*) = |V £+ 2 L( ZHVﬂ |2>

n
< f@¥) = (1= )IVIEHIP+ %L (711 > IV Fila*) - Vf(:v’“)ll2>

i=1
One sees that now, there is a problem: for 7 < 2/L, one can expect that E(f(x*)) will decrease, until
E(|[V f(2*)]|*) (which is of the order of [|z* — z*¥1]|?) becomes comparable to E(+ >1" | [V fi(z*) —

V f(x*)||?), which is the variance of the random gradient V f;, averaged on the random point x*.

Hence, with constant step size, one cannot expect this to converge. The only hope is that the “bad”
variance term is of second order in 7. So that the standard solution is to replace 7 in the iteration with
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a variable 7, with 7, — 0. To simplify, we make also the assumption that the “variance” is globally
bounded

S IV - Vi@ < o
i=1

for all z (or all z in some set, provided we can show that the iterates z* will remain not too far from z*:
this is the case for instance if we assume that all the gradients —V f;(x) point rougthly towards z* (or
the origin) for large |z|, in the sense (=V f;(x),z — z*) > 0|V f;(x)||x — z*| for some 6 € (0,1), for all 4
and for |z| large enough). Assuming also 7, < 1/L, one has then for n > 1

n—1 . o
<,;) Tk) o E(||Vf(xk)”2) < f(l’o) I 502 Z’rlf

=0,..., n—1

k=0
so that B L
0 2\ n—1_2
o)+ 5 —
min B(V(h)?) < L)L 2T 2imo T
=0,...,n—1 n T
k=0 Tk

One obtains a rate which is governed by the ratio

n—1 9
k=0 Tk

n—1 :
k=0 Tk
for instance for 7, ~ 1/k, this is like C/log n, while for 1/v/k, it is like logn/\/n.
The latter choice is nearly optimal, indeed, if one knows all the parameters of the problem and fixes

the number of iterations in advance, one can use a fixed step 7: in this case, the best choice is to let
Lo®*n7?/2 = f(20), yielding

- f(x%) + %027172 _ 2f/f(:r0)a

i B(|VS@h)]?) - 5

This approach is originally due Robbins and Monro [55].

7.2.1 Improvements of SGD

We only refer here to some recent improvements developed in the machine learning literature. The basic
idea is to “reduce” along the iterations the variance of the gradient estimate, so that one does not have to
send the step 7 to zero to compensate. Starting from the early 2010’s, a few variants have been proposed,
called for instance “SVRG” (stochastic variances-reduced gradient algorithm) [67], “SAG” (stochastic
average gradient) [35], or “SAGA” [21].

For instance, the latter addresses problems of the form , where all f; are supposed to have L-
Lipschitz gradient, in the following way: assuming at iteration k one knows z* and the values V f; (yf),
i=1,...,n, at k+ 1 one does:

1. pick randomly an index i € {1,...,n} with uniform probability distribution;

2. let y* ™ = ;. and for j # i, let y" T = y;?. Store V f;(y*) = Vfi(2*) in memory (points y need

i 7 i
not be recorded, only the gradients are needed);

3. set

1 n

k

=P = | VAT - VD + z;vmy;“)
g

k+1

" = prox,,, (2.
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Then, the results reported in [21I] show that:

e If the f;’s are p-convex with L-Lipschitz gradient (L > g > 0), then if 7 = 1/(2un + L) one has

k -
Bl - o) < (1- 52 ) [l = a0l 4 D0,

while for 7 =1/(3L) (not depending on p), one has:

4n’ 3L 3L

k- -
1 2
E(|z" — 2*||?) < (1 —min{ K }) {Hm* — 222 + 2Dy (a0, %)

e If the f;’s have L-Lipschitz gradient, then again for 7 = 1/(3L) one has, introducing the averages
= (1/k) Ty o,

B(P() — F) < °F |2 - o+ Dyta”, )

where F is the global objective in (135]). Here, Df(x,y) := f(z)—f(y)—(Vf(y),z — y) is the f-“Bregman
distance” of x to y ¢f Remark in Section [5.3.2
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