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Paths of minimal energy

Looking for a path along
which a feature Potenti
P(X,y) Is minimal

example: a vessel
dark structure
P =gray level

Input : Start poinp0=(x0,y0)
End point p1 =(x,y)

Image

Output: Minimal Path
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Paths of minimal energy

Looking for a path along
which a feature Potenti

.

P17y P(x,y) is minimal
\ example:
n.-‘ - ‘r'!.
= -~ ‘j.
xS 3 . - Input : Start poinp0=(x0,y0)
— 1 p. -

= End point p1 =(x,y)

-

Image

Output: Minimal Path
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Minimal Paths: Eikonal Equation

Potential P>0 takes lower values near interesting features :
on contours, dark structures

STEP 1 : search for the surface of minimal actioof pOas the minimal energy
Integrated along a path between start pp@dnd any poinpin the image

Startpoint C(0) = p0,

Up(P= inf EO= inf [PCOX

C(0)=pG,C(L)=p C(0)=pG,C(L)=p

STEP 2: Back-propagation from the end p@ibto the start poinp0:

Simple Gradient Descent alo U p0
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Minimal Paths: Eikonal Equation

STEP I nnrmmmaabatbob of pOas the minimal energy integrated along a pat
between start poirgOand any poinp in the image

Startpoint C(0) = p0,

Uo(P= inf EO= inf [ PCEX

C(O)=pG,C(L)=p C(O=p0,C(L)=p
Solution of EHKaved equetiom:

10U ,o(x)] = P(x)andu ,,(p0) =0

Example P=1ULEHcklidaatdistaceddm
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Minimal Paths: Eikonal Equation

STEP 2: Back-propagation from the end p@iato the start poinp1l:
Simple Gradient Descent an

Theorem 1: (Euler Lagrange of E) Any curve C which is a local minimum of energ

E is a solutior of -
VP(C) - i = P(C)k

Definition 2 (Critical curves) We say that C'is a critical curve of the energy E if

C' is a solution of the Euler-Lagrange equation (3).
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Minimal Paths: Eikonal Equation

Definition 2 (Critical curves) We say that C' is a critical curve of the energy E if
C' is a solution of the Euler-Lagrange equation

VP(C) - it = P(C)x

Definition 3 (field lines) We will say that C is a field line of VU, if it is the solu-
tion of the ordinary differential equation

(11)

where p is a point of the image domain.
And we have the following property:

Theorem 4 (Field Lines and Euler-Lagrange equation) If Uy, is solution to the
problem ||VU,, || = P with Uy, (p1) = 0, every line field of VU, is a critical
curve of the geodesic energy E.
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FAST MARCHING in 20

very efficient algorithm O(NlogN) fok iktixoaiai Eamiamn
Introduced bySsédtraarTssidkbs

Numerical approximation of U(xij) as the solution to the discretmetlem with
upwind finite difference scheme

ou|=Pr

max( u-U(x_;),u-U (>§+1,,-),0)2

i max( u-U(x ,),u-uU (Xi,j+1)’0)2 = hZP(Xi,j)Z
This 2nd order equation induces that :

action U at {i,j} depends only of the neighbors that have lower actions.

Fast marching introduces order in the selection of the grid pointslfang this
numerical scheme.

Starting from the initial point pO with U = 0,
the action computed at each point visited can only grow.

Level sets of U can be seen as a Front propagation outwards.
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Fast Marching Algorithm

Initialization
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Fast Marching Algorithm

Itération #2

).

(Trial point with smallest value of
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Fast Marching Algorithm

Itération #k
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Minimal Path between pl and p2

© C. Bouzigues
|
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Minimal Path between pl and p2




Minimal Path between pdnanal?p

Minimal action solufion of Eikonal equation :




Minimal Path between pl and p2

minimal action




Minimal Path between pl and p2

minimal path

min / P(v(s))ds
-

"YEApl P2

= simple gradient descent on
[ZAfrom p, to p,

minimal action




Minimal Path between pl and p2

Step #1

VU (x)|| = P(x) pourx € (
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Minimal Path between pdnanal?p

Step #1

VU (x)|| = P(x) pourx € (

| action urent COHEN, College de Fran@g92
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Minimal Path between pl and p2

Step #1

VU (x)|| = P(x) pourx € (

Step #2
gradient descent on U [fo)s
extraction of minimal path

| action urent COHEN, College de Fran@g92
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Minimal Path between pl and p2

Step #1

VU (x)|| = P(x) pourx € (

Step #2
gradient descent on for
extraction of minimal path[¢SEs

| action urent COHEN, College de Fran@g92
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Minimal Pathlbettwessapi laacico?

VU (x)|| = P(x) pourx €

U (p1) = 0

Step #2
gradient descent on for
extraction of minimal path [
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Minimal pathsférrZDssegnesritdtoonm

Energy to minimize

E(y) = [ P(y(t) )t

1

P:XO0Q - ———————
1+a|01,(X)P
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Minimal paths for 23seggreatdaton
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Minimal pathsféor2D segmemtzitiom

» P(x) = w + (I(x) — I(x0))? == chemin d’intensité homogene

Chemin Carte de distance
aurent COHEN, College de Fran@é9




meeting point

Reference:

T. Deschamps and L. D. Cohen

Minimal paths in 3D images and application to virtual endoscopy.
Proceedings ECCV00, Dublin, Ireland, 2000.
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Examples of BOViviimmabPRHithS
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Riemannian Manifolds, Anisotropy and
Geodesic Distances

« 2D Riemannian manifolds defined over a compact planar domain QcR?
* Length of a curve [0,1]-0Q

-~ - l
'/()

with H:(2—IR#*2 a metric tensor field of anisotropy «:(2—[0,1]

« Geodesic distance
dix,y)= min L(y), V(x,y)eR’
yEP(X,Y)
« Distance map U.:(2—R of a point set 5=|x,|,
Us(x) =min, .cd(x,X,), VXeQ
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Anisotropy ancdiddkoasEmqumim

Theorem: U,, is the unique viscosity solution of

the Hamilton-Jacobi equation
HV [‘TTD HH(::L')_l — ] ’With (J'T:-PD(JT(}) — 0,

vl Av.

where |v||a =

Geodesic curve v between x1 and xg solves
iy = HOW) VU
¥ g e T
| | H(7(t)) =tV Uy, |

with ¥(0) = 1.

-
A7

Erample: isotropic metric H(x) = W(x)ld,.
) V
|V Ug,| = W(x) and Y(t) = — %
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Anisotropy and Geodesics
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Anisotropy and Geodesics

Tensor eigen-decomposition:
Hz) = )\1(:1.‘.)61(1‘.)61(113)T + Ag(z)es(x)eq (;r)T with 0 < A1 < Ag,

Local anisotropy of the metric:

29/01/2009 21:20 L/ A1 dlitent COHEN, Collége de Frang92




Anisotropic Voronol Segmentatior

Voronol segmentation:

.88 6,866 0.0
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Perceptual Grouping using Minimal Paths & = 3

The potential is an incomplete ellipse and 7 points are given.

Reference:

L. D. Cohen

Multiple Contour Finding and Perceptual Grouping using Minimal Paths.
Journal of Mathematical Imaging and Vision, 14:225-236, 2001.
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Reference:

L. D. Cohen

Multiple Contour Finding and Perceptual Grouping using Minimal Paths.
Journal of Mathematical Imaging and Vision, 14:225-236, 2001.
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Perceptual Grouping using Minimal Paths & = -
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Perceptual Grouping using Minimal Paths & .=

Using the orientation with anisotropic geodesics

~ Anisotropic f_?s

Dense nietric Td(:r:) Isotropic grouping Anisotropic grouping
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3D Minimal Patihsdotubularsrapesir2PC

2D in space , DDoioradids sfofesssel
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Mimimal Pathsféortubularsiegpesin 20
otivation




Orientation dependent Energy

Minimal paths method : looking for a path minimizing the energy

E(C) = [, P(C(s))ds

Since the tubular structures have directions, we should consider the orientation:

Y P(C(s),C'(s))ds

ol

where | P(C,C") = /C'TM(C)C’

way C, relative to a metric M.
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3D Mimmmal Pathftortubulargieapesin 2D

T

point p(x(s), y(s), (s))

N
P

Figure 1. A tubular surface 1s presented as the envelope of a family

of spheres with continuously changing center points and radii.
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Examples of BOMiviimmabPREiS S
for tubular shapes in 2D

Anisotropic Fast Marching algorithm to solve
|VU(z) || p—2 = /VU(Z)T M (2)VU(z) =1 and Uy, (po) =0

and back-propagation | C' o« M~1VU

——

29/01/2009 21:20 Laurent COHEN, Collége de Fran@é92 74




Examples of 3D Minimal Paths
for tubular shapes in 2D
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Examples of BOViviimmaElPaths
for tubulargepesin 2D

2D In space , 1D for radius of vessel
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Examples of 3D Minimal Paths
for tubular shapes in 2D

2D in space , DDoioradids sfofesssel
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Examples of 3D Minimal Paths
for tubular shapes in 2D

2D |n space 1D for radlus of vessel
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Examples of BOIviimmabPRELIS S
for tubular shapes in 3D
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Examples of BOIviimmabPRELIS S
for tubular shapes in 3D
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Examples of 4D Minimal Paths
for tubular shapes in 3D

3D in space , 1D for radius of vessel

N\
i:

\
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Finding a closed contour by growing
minimal paths and adding keypoints

Potential P
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Finding a closed contour by growing
minimal paths and adding keypoints

Potential P Euclidean path length £ Minimal action map/  Voronoi partition V
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Finding a closed contour by growing
minimal paths and adding keypoints

Potential P Euclidean path length £ Minimal actionmap{  Voronoi partition VV
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Adding keypoints: Stopping criterion

The propagation
mus be stopper as
soon as the domain
visited by the fronts
has the same
topology as a ring.
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Finding a closed contour by growing
minimal paths and adding keypoints

Potential P Euclidean path length £ Minimal actionmap{  Voronoi partition VV
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Finding a closed contour by growing
minimal paths and adding keypoints

Potential P Euclidean path length £ Minimal actionmap{  Voronoi partition VV
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Finding a closed contour by
growing minimal paths
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Finding a closed contour by
growing minimal paths
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Finding a contour between two points
by growing minimal paths
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Finding a contour between two points
by growing minimal paths
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Extension to 3D vessel segmentation
Example of results of the

keypoints method in a 3D image
of Pulmonary Arteries

29/01/2009 21:20 Laurent COHEN, Collége de Fran@é92 108


































Overview

m Minimal Paths, Fast Marching and Front Propagation

m Anistropic Fast Marching and Perceptual Grouping

m Anistropic Fast Marching and Vessel Segmentation

m Closed Contour segmentation as a set of minimalspat2D

m Fast Marching on surfaces: geodesic lines and Range—
Isotropic, Adaptive, Anisotropic

29/01/2009 21:20 Laurent COHEN, Collége de Fran@é92 121




3D extension: Finding a closed surface
growing minimal paths.
Result Is a Geodesic Mesh

e On a 3D synthetic 1mage
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3D extension: Finding a closed surface
growing minimal paths.
Result Is a Geodesic Mesh

m Mesh Is completed to a surface usir
Transport equation
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m Mesh is completed to a surface using a
Transport equation

m Example for a 2D image.
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m Example for a 3D sphere: geodesic mesh
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m Example for a 3D sphere: geodesic mesh
m Mesh completed to a surface by Transport
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m Example for a 3D real image: geodesic mesh

e On a 3D real image

29/01/20(



m Example for a 3D real image: geodesic mesh
m Mesh o to a Transport

T - i P
T s Ca e i =i
T T y et e . :
3 -:::"-—-r _____..-':_ H g,
; i *‘f-. " "
L '
: . —
| {

T T i _____"'——_________ - -( h ) P -._-‘-________._-""-
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Fast Constrained Surface Extraction by Minimal Bath

> Input:
1. 3D image.
2. Two closed curves (C1,C2) drawn
by expert on two slice

> Goal:

 Fast algorithm to obtain a surface
lying on the two curves and
segmenting the object of interest.
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Solution proposed

From a potential (P) describing the image
features

We create a network of patﬁ linking
the given curves C1 and CZ agidbally

minimizing
Network of Minimal Paths
E(C) = jc P(C)ds

We interpolate them in order to generate
the segmenting surfa 4

Interpolated Surface

If further precision is needed an active
model can be used to refine the
segmentation.

Refinement with Level Sets
29/01/2009 21:20 Laurent COHEN, College de Fran@é92 134




Hypothesis: W satisfiesonimagedomain

Op0Q,(0%(p).0U, (p))=0

Op0Q, pOW™(0) = CP [ LIJ"l(O)

l

W (0) is composed only of minimal paths leadind to

L7 ]
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Pathmettwarik: inpicttapproach aserelmxaiset of solution of a transpartagtianor

Construction of W when[ 1 and I'2 are planar (usual case for applications).

{Dp 0Q,(0%(p).0U, (p))+ H(w)=0fMV2 ={pOnN, such thaid,(p) < 7}

r,OY™*o
.00 0= iniQ)-V;

1
pOW™(0)= C° OW™(0)

§: 0w*(0)

By choosing HW) =a.¥, we have t«
solve this problem: 1

0 if pOo
d,(p) if pOV?
min(d,(p)) if pOIQ

Vi
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Step 1: numerical Resolution of eikonal equation by :
Fast Marching, Group Marching, Fast Sweeping

VG |

Etape 2. Resolution of transport equat

By iterative approach
By Fast Marchingapproach.
By Fast Sweepingpproach.

Step 3: Detection of zero level set

by Marching Cube, Marching
Tetrahedra...
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Examples opp#imettmanik .impiaitapproach aserelsyadiset of a transpodiop il




Overview

m Minimal Paths, Fast Marching and Front Propagation

m Anistropic Fast Marching and Perceptual Grouping

m Anistropic Fast Marching and Vessel Segmentation

m Closed Contour segmentation as a set of minimalspat2D
m Geodesic meshing for 3D surface segmentation
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Fast Marching on a surface and Remes|

Front Propagation on a surface from one po

-
GW -- Test of peodesic computations Q@@
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Fast Marching on a surface
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Geodesic lines on a surface
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Example of Voronol
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Sampling with uniform distribution

Choose first update the
point anywhere geodesic distance

choose the The two new
furthest point furthest points
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Sampling with uniform distribution
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Sampl
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Uniform Remeshinc
) 4 | n & S
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Non constant speed function

High Low A little
Speed speed later ...
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Farthest Point Sampling
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Farthest Point Triangulation
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Adaptive Remesh
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Density Given by a Texture

m A texture: T:SIO? - [01]° I - IR
WCENI RIS - =1/ P(v) =1/ g+‘gr_a’c(|)(¢(v))‘
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Examples of Anisotropic Meshing
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Isotropic vs. Anisotropic
Meshing
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Anisotropic Meshing
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Anisotropic Meshing
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Thank you !

Publications @myour screen:
www.ceremade.dauphine.fr/~cohe
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Publications @myour screen:

www.ceremade.dauphine.fr/~cohen

Laurent D. Cohen and R.~Kimmel. ir
International Journal of Computer Vision, Augus919
, Laurent~D. Cohen, In Mathematical
Models in Computer Vision: The Handbook, Nikos Bara and Yunmei Chen and Olivier Faugeras Editc
Springer 2005.
, RobertcArdon and Laurent D. Cohen. Internatiot
Journal on Computer Vision, Special Issue on ama and Level Set Methods in Computer Vision (VLS
2003), 69(1):127--136, August 2006.
, Gabriel Peyre and Laurent D. Cohen. Internatidoalnal
on Computer Vision, Special Issue on Variational badel Set Methods in Computer Vision (VLSM 2003
69(1):145--156, August 2006.
, Roberto Ardon, Laureni
D. Cohen and Anthony Yezzi. Applied Mathematics @mdimization, 55(2):127-144, March 2007.
. Sebastien Bougleux and Gabriel
Peyr\'e and Laurent D. Cohen. Proc. tenth Eurosarierence on Computer Vision (ECCV'08)}, Marseill
France, October -18, 200€
. Fethallah
Benmansour and Laurent D. Cohen. Journal of Matheatdimaging and Vision. To appear, 2009.
,‘Gabriel Peyre and Laurent D. Cohen in Advances ir
Computational Vision and Medical Image Processiigthods and Applications, Springer, 20009.
Tubular anisotropy for 3D vessels segmentation. Feth&enmansour and Laurent D. Cohen. Preprint,
20009.
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et Segmentation d'images

Laurent D. COHEN

Directeur de Recherche CNRS
CEREMADE, UMR CNRS 7534 Université Paris-9 Dauphine
Place du Maréchal de Lattre de Tassigny 75016 Parance

http://www.ceremade.dauphine.fr/~cohen
Some joint works with G. Peyré, S. Bougleux,
and PhD students R. Ardon, S. Bonneau and F. Benmsaur.

College de France, 16 Janvier 2009

DmNE

UNIVERSIT

Laurent COHEN, College de Fran@892

E PARIS

194




