Using a dictionary to define the
constraint for image restoration

Francois Malgouyres
malgouy@math.univ-paris13.fr
http://www.zeus.math.univ-paris13.fr/~malgouy




Context

We look for v € L?(T) from
Um,n = S * v(m, n) + bman

e The interpolation
- Ways: total variation minimization.

e Deconvolution: We neglect aliasing and look
for the low frequencies of v.
- Ways: Wavelet packets and total variation
minimization.

e Denoising: we look for s x v(m,n)

- Ways: wavelet (and other bases) approaches
and total variation minimization.



A single framework for both wavelet and
variational approaches

Let us consider the minimization of an energy F(w),
under the constraint

skw—u € Np » = {b' € Lz(T),V\If €D, (b, V)| <7},

for a dictionary

D = {‘I’l}la



Wavelet soft-thresholding

Let us consider D = (¥;);, a wavelet basis, and any
energy of the kind

E(w) =) fi(|{w, ¥)])
[

where f; is an increasing function.

Advantages:

e The threshold 7 is relatively small (6v/41In N
for an image of size N x N)

e Fast
e Forany [, [(s*xw —u,U;)| <7
Drawbacks:

e Local in the dictionary D (bad when some in-
formation is lost).

e The dictionary is a basis.



Rudin-Osher-Fatemi method

B(w) = [ Vol

with
D ={¥ € L*(T),||¥||; = 1}.

(s xw —ull2 < o)

Advantage:
e Retrieves some lost information
Drawbacks:

e The same constraint whatever the direction
(including ﬁ!)

e The “threshold” 7 is large (¢ N for an image
of size N x N)



A combination of both approaches

{ E(w) = f’]I‘ V| (1)

D a dictionary to be determined
e There exists a solution under the hypotheses
— BV(T)N{w € L*(T),sxw—u € Np .} # 0

—3C > 0,Yw € {w € L*(T), sxw—u € Np .},

|/w|§c
T

e The solution is computed as the limit (¢ — 0)
of the minimum of

1
— _ U — 2
/T Vw| + - E sup(|{s * w — u, ¥)| — 7,0)

veD

under the hypotheses above and:
- D is countable

- There exists 7/ < 7 such that

BV(T)N{w € L*(T),s*w—u € Np .} #0




Numerical issues

We compute a solution with a steepest descent algo-
rithm.

The difficulty comes from the fact that, if we de-
note by

Jy(w) = sup(|(s * w — u, ¥)| - 7,0)*,
we have, for (¢;),; an orthonormal basis,

=0
Dp;

if [(s*w™ —wu,¥)| <7, and

8J\1; (w”) )
= 2sign ((s *x w" —u, ¥
» ( )
<3 * 903'7\]:’> (|<8 * W' — ’LL,\II>| o T) )
otherwise.

Terms (s * ¢;, V) are difficult to compute and

store. We restrict ourselves to elements ¥ such
that s« ¥ ~ \U.



Figure 1: Left: the initial image (the black line is
the one extracted for Figure 2 and 3). Right: The
noisy image.
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Figure 2: Extracted lines from images. From up to
down: the initial image; the noisy image; the de-
noised image with a wavelet thresholding; a solution
of (1) when the dictionary is made of one wavelet
basis.
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Figure 3: Extracted lines from images. From up
to down: the noise selection approach in a wavelet
packet dictionary; a solution of (1) with a wavelet
packet dictionary; Rudin-Osher-Fatemi method.



Figure 4: Left: original image; Right : noisy image
(0 = 20).



Figure 5: R.O.F.; Wavelet thresholding; Solution of
(1) with a wavelet basis; Noise tracking in a wavelet
packet dictionary; Solution of (1) with a wavelet
packet dictionary.



Deconvolution: o = 2
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Figure 6: Sharpened images.

Original; blurred image; Noise tracking in a wavelet
packet dictionary; R.O.F.; Solution of (1) with a
wavelet packet dictionary.



