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1 Gaussian random variables

We begin by recalling the basic properties of Gaussian random variables. Brown-
ian motion will shortly be introduced as a particular instance of a Gaussian pro-
cess, and much of what makes such processes tractable ultimately reduces to ele-
mentary facts about Gaussian variables and vectors.

Let (Ω,F,P) be a probability space and let X : (Ω,F) −→ (R,B(R)) be a ran-
dom variable. Recall that the law of X , denoted PX , is the push-forward (image)
measure of P under X :

PX(dx) = X(P)(dx) = X# P(dx) = P(X ∈ dx),

a probability measure on (R,B(R)).
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Definition 1. A random variable X is called a standard Gaussian random variable (no-
tation X ∼ N(0, 1), or equivalently said to be centered, with unit variance) if its law is
absolutely continuous with respect to Lebesgue measure, with density

PX(dx) =
1√
2π

exp
(
− 1

2
x2
)
dx.

More generally, a random variable Y is called Gaussian if there exist σ ≥ 0
and m ∈ R such that Y = m+ σX for some standard Gaussian X . In this case the
law of Y is again absolutely continuous, with density

PY (dx) =
1

σ
√

2π
exp

(
− 1

2

(x−m
σ

)2)
dx.

Our first result shows that the class of Gaussian random variables is closed
under the natural notion of convergence in probability, and moreover that such
convergence automatically upgrades to convergence in every Lp. This result is
much deeper than it looks at first sight; it is the essential ingredient needed to
contruct Gaussian spaces.

Proposition 2. Let (Yn) be a sequence of Gaussian random variables such that Yn
P−→ Y

for some random variable Y . Then Y is itself Gaussian, and moreover Yn
Lp

−→ Y for every
p ≥ 1.

Proof of Proposition 2. Since convergence in probability implies convergence in dis-
tribution, we have Yn

d−→ Y , and hence, for every t ∈ R,

E[eitYn ] −→ E[eitY ].

Writing Yn = mn+σnXn withXn standard Gaussian, the left-hand side is explicit:

E[eitYn ] = eitmn− 1
2
t2σ2

n =: gn(t).

Since gn(t) converges (to a limit we temporarily denote `(t)) for every t, so does
its modulus, and therefore

e−
1
2
t2σ2

n −→ |`(t)|, i.e. σ2
n −→ σ2

∞

for some limit σ2
∞ ∈ [0,∞] (the value σ2

∞ = 0 corresponds to the degenerate case
where Y is almost surely constant; also, σ2

n cannot diverge to∞, otherwise E[eitY ]
would vanish identically, which is incompatible with Y being a genuine random
variable). It then follows that eitmn → `(t)/|`(t)| as well, from which we deduce
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that mn converges to some m ∈ R. Indeed, suppose first that (mn) is bounded,
and let m∞,m′∞ be two subsequential limits; then eitm∞ = eitm

′
∞ for every t ∈ R,

which forces m∞ = m′∞, so that the whole sequence converges. Suppose instead
that (mn) is unbounded, and extract a subsequence mnk

→ +∞. Fix a ∈ R and
choose b > a such that FY (x) = P(Y ≤ x) is continuous at b (possible since FY
has at most countably many discontinuities). By weak convergence along the
subsequence,

FY (a) ≤ FY (b) = lim
k→∞

P(Ynk
≤ b) ≤ lim

k→∞
P(Ynk

≤ mnk
) = 1

2
,

the last equality holding because (Ynk
−mnk

)/σnk
is a standard Gaussian variable,

symmetric about 0. As this holds for every a ∈ R, we would obtain FY (a) ≤ 1
2

for all a, contradicting FY (a) → 1 as a → ∞. This contradiction rules out the
unbounded case. We conclude that mn → m and σ2

n → σ2
∞ < ∞, so that Y ∼

N(m,σ2
∞) is indeed Gaussian.

It remains to upgrade convergence in probability to convergence in Lp, for
every p ≥ 1. We first record a classical lemma.

Lemma 3. If (Zn) is a sequence of random variables such that Zn
P−→ 0 and (Zn) is

uniformly integrable, then Zn
L1

−→ 0.

Recall that a family of (real-valued) random variables (Xi)i∈I is uniformly
integrable (u.i.) if

sup
i∈I

E
[
|Xi|1|Xi|>a

]
−−−→
a→∞

0,

and that a simple sufficient criterion is boundedness in Lp for some p > 1: indeed,
by Hölder’s inequality with 1

p
+ 1

q
= 1,

E
[
|Xi|1|Xi|>a

]
≤ E[|Xi|p]1/p P(|Xi| > a)1/q ≤ E[|Xi|p]1/p︸ ︷︷ ︸

.1

· 1

ap/q
E[|Xi|p]1/q︸ ︷︷ ︸

.1

−−−→
a→∞

0,

uniformly in i.

Proof of Lemma 3. Fix a > 0 and split

E[|Zn|] = E
[
|Zn|1|Zn|<a

]
+ E

[
|Zn|1|Zn|>a

]
.

The second term is at most ε/2 for a large enough, uniformly in n, by uniform
integrability. For the first term, further split, for any δ > 0,

E
[
|Zn|1|Zn|<a

]
= E

[
|Zn|1|Zn|<a1|Zn|>δ

]
+ E

[
|Zn|1|Zn|<a1|Zn|<δ

]
≤ aP(|Zn| > δ) + δ.
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Choosing δ = ε/2 and letting n → ∞, the first term on the right tends to 0 since
Zn

P−→ 0; hence E
[
|Zn|1|Zn|<a

]
≤ ε/2 eventually, for a fixed. Combining both

estimates yields E[|Zn|] ≤ ε for n large, which proves the Lemma.

Returning to the Proposition, it therefore suffices to check that supn E[|Yn −
Y |p′ ] < ∞ for every p′ ≥ 1, since the Lemma applied to (|Yn − Y |p) shows that
(|Yn−Y |p) is uniformly integrable (take p′ such that |Yn−Y |p

′
= (|Yn−Y |p)p

′′ with
p′′ > 1) so that convergence in probability to convergence in Lp. We estimate, for
a suitable constant cp,

E
[
|Yn − Y |p

]
≤ cp

(
sup
n

E[|Yn|p] + E[|Y |p]
)
≤ c′p(|mn|p + σ2p

n γp) + c′′p,

where γp = E[|ξ|p] for ξ ∼ N(0, 1), which is finite: indeed E[ξ2p+1] = 0 and E[ξ2p] =
(2p)!

2pp!
, as follows from the identity E[eiξt] = e−

1
2
σ2t2eimt (with σ = 1,m = 0), or

equivalently, after the substitution z = it and analytic continuation to z ∈ C, from
E[ezξ] = ez

2/2. Since (mn) and (σ2
n) are convergent, hence bounded, the right-hand

side is bounded uniformly in n, which completes the proof of Proposition 2

2 Gaussian space, Gaussian process

We now introduce the language of Gaussian spaces, which will allow us to ma-
nipulate whole families of Gaussian random variables — and eventually stochas-
tic processes — with the same ease as individual ones.

Definition 4. Let (Ω,F,P) be a probability space. A Gaussian space is a closed vector
subspace of L2(Ω,F,P) all of whose elements are centered Gaussian random variables.

Definition 5. Let (Xt)t∈T be a family of random variables. We say that (Xt)t∈T is a
Gaussian process if the following two conditions (which turn out to be equivalent) hold:

(i) vect{Xt, t ∈ T}, the closure in L2 of the vector space spanned by the Xt’s, is a
Gaussian space;

(ii) every finite linear combination of the Xt’s is a centered Gaussian random variable.

That (i) implies (ii) is immediate; the converse, that (ii) implies (i), is a conse-
quence of the projection results of Section 1 (a limit in L2 of centered Gaussian
variables is again centered Gaussian, by the Proposition above).
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Example 6. Let (X1, . . . , Xn) be a Gaussian vector, i.e. suppose G = vect{X1, . . . , Xn}
is a Gaussian space. Writing X =

∑n
j=1 λjXj for arbitrary λ1, . . . , λn ∈ R, we have

E
[

exp
(
i

n∑
j=1

λjXj

)]
= E

[
eiX
]

= exp
(
− 1

2
E[X2]

)
= exp

(
− 1

2

n∑
i,j=1

λiλj E[XiXj]
)
,

a quadratic form in (λ1, . . . , λn). Since the characteristic function of (X1, . . . , Xn) is thus
entirely determined by the second-order moments E[XiXj], these second-order character-
istics identify the law of the whole vector (X1, . . . , Xn).

The following proposition is the cornerstone of the whole theory: within a
Gaussian space, orthogonality (a second-order, L2 notion) and independence (a
genuinely probabilistic notion) coincide.

Proposition 7. Let (Gi)i∈I be a family of Gaussian spaces, all contained in a common
Gaussian space G. Then the σ-fields {σ(Gi), i ∈ I} are independent if and only if the
spaces Gi are pairwise orthogonal in L2.

Proof. Suppose first that the σ(Gi) are independent. ForXi ∈ Gi andXj ∈ Gj with
i 6= j, independence gives E[XiXj] = E[Xi]E[Xj] = 0, since both are centered;
hence Gi ⊥ Gj .

Conversely, suppose the Gi are pairwise orthogonal, and let us show that if
Xi1 ∈ Gi1 , . . . , Xin ∈ Gin are drawn from n distinct spaces, then (Xi1 , . . . , Xin) are
independent random variables (from which independence of the σ-fields σ(Gi)
follows; we leave the passage from finite families to full σ-fields as an exercise).
For λ1, . . . , λn ∈ R,

E
[

exp
(
i

n∑
k=1

λkXik

)]
= exp

(
− 1

2

n∑
k,k′=1

λkλk′ E[XikXik′
]
)

= exp
(
− 1

2

n∑
k=1

λ2
k E[X2

ik
]
)

=
n∏
k=1

exp
(
− 1

2
λ2
k E[X2

ik
]
)

=
n∏
k=1

E
[
eiλkXik

]
,

where we successively used thatXik ∈ G, a Gaussian space and the orthogonality
of the distinct Gik . Since the joint characteristic function factorises as the product
of the marginal ones, Xi1 , . . . , Xin are independent, as claimed.

An immediate and extremely useful consequence describes conditional expec-
tations within a Gaussian space purely in terms of Hilbert space projections.
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Corollary 8. Let G be a Gaussian space and G′ ⊂ G a closed subspace.

(i) For every X ∈ G,
E[X | σ(G′)] = projG′(X),

where projG′(X) denotes the orthogonal (Hilbert space) projection of X onto G′ in
L2(Ω, σ(G′),P). As an immediate consequence, X − projG′(X) is independent of
σ(G′).

(ii) Setting σ2 = E
[
(X − projG′(X))2

]
, the regular conditional law of X given σ(G′)

is again Gaussian: for every Borel set A ⊂ R,

P
(
X ∈ A | σ(G′)

)
(ω) = Q(ω,A) =

1

σ
√

2π

∫
A

exp
(
−1

2

(y − projG′(X)(ω)

σ

)2)
dy,

P(dω)-almost surely, with the convention Q(ω,A) = δprojG′ (X)(ω)(A) when σ = 0.

Proof. (i) Set Y = X − projG′(X). Since Y is by construction orthogonal to G′, and
both X and G′ lie in the Gaussian space G, the Proposition above shows that Y is
independent of σ(G′). Consequently,

E[X | σ(G′)] = E[projG′(X) | σ(G′)] + E[Y | σ(G′)] = projG′(X) + 0,

the first term being σ(G′)-measurable and the second vanishing by independence
and centering.

(ii) Let ϕ : R→ R be a bounded measurable function. Using X = projG′(X) +
Y and the independence of Y from σ(G′),

E
[
ϕ(X) | σ(G′)

]
= E

[
ϕ(projG′(X) + Y ) | σ(G′)

]
=

∫
ϕ
(
projG′(X) + y

)
PY (dy),

where PY = N(0, σ2) by construction, and where the last equality is an instance
of the elementary fact that, for Z measurable with respect to a σ-field G and Y
independent of G,

E
[
g(Y, Z) | G

]
=

∫
g(y, Z)PY (dy).

This yields precisely the stated Gaussian conditional density.

Remark 9. For a general X ∈ L2, one only has E[X | σ(G′)] = projL2(Ω,σ(G′),P)(X),
the L2-projection onto the (possibly much larger) space L2(Ω, σ(G′),P). The remarkable
feature of the Gaussian setting is that this conditional expectation coincides with the
Hilbert projection onto the much smaller subspace G′ itself.
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3 Gaussian measure, Brownian motion

We now construct Gaussian processes indexed by an arbitrary real, separable
Hilbert spaceH , of which Brownian motion will emerge as the canonical example
associated with H = L2(R+, dt).

Theorem 10. Given such an H , there exists a probability space (Ω,F,P) carrying a
family (X(h), h ∈ H) of centered Gaussian random variables such that

∀h, k ∈ H : E[X(h)X(k)] = 〈h, k〉H ,

and such that the map h 7→ X(h), from H to L2(Ω,F,P), is linear.

Several basic properties follow at once:

(i) E
[
(X(h)−X(k))2

]
= |h|2H + |k|2H − 2〈h, k〉H = |h− k|2H ;

(ii) consequently, the map X : H → L2(Ω,F,P) is an isometry;

(iii) if hn → h in H , then X(hn) → X(h) in L2, since E
[
(X(hn) − X(h))2

]
=

〈hn − h, hn − h〉H → 0.

In particular, (X(h), h ∈ H) spans a Gaussian space (which is closed, being the
isometric image of the closed space H).

Proof. We treat separately the finite- and infinite-dimensional cases.
Case dimH <∞. Let (e1, . . . , en) be an orthonormal basis of H and let (ξ1, . . . , ξn)
be i.i.d. standard Gaussian random variables on some (Ω,F,P). Define, for h =∑n

i=1(h, ei)ei,

X(h) =
n∑
i=1

〈h, ei〉H ξi.

Then E[X(h)X(k)] =
∑

i,j〈h, ei〉H〈k, ej〉H E[ξiξj] =
∑

i〈h, ei〉H〈k, ei〉H = 〈h, k〉H , as
required.
Case dimH =∞. Take (Ω,F,P) rich enough to support a sequence (ξi)n≥1 of in-
dependent, centered, standard Gaussian random variables, and let (ei)n≥1 be a
Hilbert basis of H . For h =

∑
i〈h, ei〉Hei, define

X(h) =
∞∑
i=1

〈h, ei〉H ξi,
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a series which converges in L2(Ω,F,P): indeed, its partial sums form a Cauchy
sequence, since

E
[( m∑

i=n

〈h, ei〉Hξi
)2]

=
m∑
i=n

〈h, ei〉2 −−−−→
n,m→∞

0,

the tail of a convergent series
∑

i〈h, ei〉2H = |h|2H . One checks similarly that h 7→
X(h) is linear, i.e. that E

[
(X(αh+ βk)− αX(h)− βX(k))2

]
= 0.

Example 11. TakeH = L2(T,G, µ) for some σ-finite measure µ ≥ 0 on (T,G), and write
X(f) for the corresponding family; one calls X a Gaussian measure of intensity µ. In
the particular case f = 1A with A ∈ G, µ(A) < ∞, one writes X(A) = X(1A), so that
X(A) ∼ N(0, µ(A)) for every such A; and if A =

∑
nAn is a countable disjoint union

with µ(An) <∞, then X(A) =
∑

nX(An), the series converging in L2(Ω,F,P).

We may now specialise this construction to obtain Brownian motion itself.

Definition 12. Take T = R+, G = B(R+), and µ(dt) = dt the Lebesgue measure. The
process

Bt = X([0, t]) = X(1[0,t]), t ∈ R+,

is a Gaussian process, and (Bt, t ≥ 0) is by definition a Brownian motion (BM).

Properties.

(i) For all A,C ∈ G, we always have

E[X(A)X(C)] = E[X(1A)X(1C)] = 〈1A,1C〉µ =

∫
1A1C dµ = µ(A ∩ C).

Applying this with A = [0, t], C = [0, s] immediately gives the celebrated
covariance formula

E[BtBs] =

∫ ∞
0

1[0,t](x)1[0,s](x) dx = min(s, t).

(ii) For any t1 < t2 < · · · < tn, the increments Bt1 , Bt2 − Bt1 , . . . , Btn − Btn−1

are centered Gaussian random variables which are, moreover, independent.
Indeed, by linearity of X(·),

X(1[0,t2])−X(1[0,t1]) = X
(
1[0,t2] − 1[0,t1]

)
= X

(
1[t1,t2]

)
,

and similarly for the other increments, so that the increments listed above
coincide with X([0, t1]), X([t1, t2]), . . . , X([tn−1, tn]); since the correspond-
ing indicator functions have disjoint supports, they are orthogonal inL2(dx),
and hence, by the Proposition of Section 2, the corresponding random vari-
ables are independent.
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More generally, if h1, . . . , hp ∈ L2(R+,B(R+), dt) are pairwise orthogonal, then
X(h1), . . . , X(hp) are independent random variables.

Notation 13. For f ∈ L2(R+,B(R+), dt), write

X(f) =

∫ ∞
0

f(t) dBt,

and call this the Wiener integral of f .

Exercise.

(i) If f is continuous with compact support, then∫ t

0

f(s) dBs = lim
|∆|→0

∑
i

f(ti)
(
Bti −Bti−1

)
in L2(Ω),

the limit being taken over subdivisions of [0, t] of mesh tending to 0 (this integral
coincides with

∫∞
0
f(s)1[0,t](s) dBs).

(ii) If moreover f ∈ C1, an integration by parts gives∫ t

0

f(s) dBs = f(t)Bt −
∫ t

0

f ′(s)Bs ds.

(Hint: show that X(f1[0,t]) = f(t)X([0, t]) −
∫ t

0
f ′(s)X([0, s]) ds; see the con-

cluding remark below regarding the measurability, in s, of ω 7→ X([0, s])(ω).)

We collect, in the following proposition, the basic invariance properties en-
joyed by Brownian motion; together they express the remarkable richness of the
symmetries of this single object.

Proposition 14 (Basic properties of Brownian motion). Let Ft = σ(Bs, s ≤ t)
denote the natural filtration of B. Then:

(i) (Time-homogeneity) For every fixed s ≥ 0, the process (Bt+s − Bs, t ≥ 0) is
again a Brownian motion, independent of Fs. (To be proved later.)

(ii) (Symmetry) (−Bt, t ≥ 0) has the same distribution as (Bt, t ≥ 0), and is thus
itself a Brownian motion.

(iii) (Scaling) For every c > 0, (cBt/c2 , t ≥ 0) is a Brownian motion.
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(iv) (Time-inversion) (t B1/t, t ≥ 0), with the convention that the process takes the
value 0 at t = 0, is a Brownian motion.

(v) (Time-reversal) (B1 −B1−t, t ≤ 1) is a Brownian motion (on [0, 1]).

The proof is left to the exercise sessions.

Concluding remark. It is worth stressing already at this stage that, for a general
f ∈ L2, the Wiener integral

∫ t
0
f(s) dBs cannot be defined pathwise, i.e. sepa-

rately for each fixed ω: “dBs(ω)” is not a genuine (signed) measure in s, and∫ t
0
f(s) dBs(ω) is therefore not a genuine (Lebesgue-Stieltjes) integral. Rather, the

Wiener integral is best understood through the identity X(f) ∼ N
(
0,
∫ t

0
f(s)2 ds

)
,

together with the picture of a Gaussian process indexed by L2 functions devel-
oped above. This is already, in embryonic form, the beginning of what it means
to make sense of a stochastic integral , a theme to which we shall return at length.

4 Brownian motion as a smooth (continuous) process

Given a Brownian motion (Bt)t≥0, it is tempting to think of it as producing, for
each outcome ω ∈ Ω, a genuine function (a “path”) t 7→ Bt(ω) from R+ to R.
This, however, is not entirely straightforward: it is not even clear a priori, and in-
deed it need not be true, depending on how B was constructed, that t 7→ Bt(ω) is
measurable for a fixed ω. The purpose of this section is to show that, up to a suit-
able modification, one may always assume that Brownian motion has continuous
paths.

Definition 15. Let (Xt)t∈T and (X̃t)t∈T be two processes indexed by the same set T ,
taking values in the same space E. We say that X̃ is a modification of X if

∀t ∈ T : P(X̃t = Xt) = 1. (∗)

Two processes related by (∗) automatically share the same law, in the sense of
having the same finite-dimensional distributions (a notion of “law of a process”
that we shall discuss more thoroughly later on). One should be careful, however,
that (∗) is a statement made separately for each fixed t: the negligible exceptional
set on which X̃t 6= Xt is in general allowed to depend on t, and this dependence
cannot in general be removed.
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This subtlety has a striking consequence: two modifications of one another
may have entirely different trajectories. For instance, take T = R+, Xt ≡ 0, and
let S ∼ U[0,1] be a uniform random variable; define

X̃t =

{
1 if t = S,

0 if t 6= S.

Since P(X̃t 6= 0) = P(S = t) = 0 for every fixed t, X̃ is indeed a modification
of X ; yet X̃ is not continuous (its path has a single spike, at the random time S).
One may push this further: setting X̃t = 1 if t− S ∈ Q and X̃t = 0 otherwise still
defines a modification of X , and now X̃ is everywhere discontinuous.

These examples motivate the introduction of a strictly stronger notion of com-
parison between two processes.

Definition 16. We say that X̃ is indistinguishable from X if

P
(
∀t ∈ T : Xt = X̃t

)
= 1

(one should note that the event {∀t ∈ T, Xt = X̃t} need not be measurable, so that this
statement should be read with the appropriate care (the complement set being included in
a measurable P-null set for instance).

If two processes are indistinguishable, then in particular one is a modifica-
tion of the other; the converse, as the examples above show, is false in general:
modification does not imply indistinguishability. If two processes are indistin-
guishable, they moreover have almost surely the same trajectories, as functions
of t. However, when T ⊂ R+ and both X and X̃ are known in advance to have
almost surely continuous trajectories, the gap between the two notions closes up
entirely:

Proposition 17. If T ⊂ R+ and X, X̃ have almost surely continuous trajectories, then
X is a modification of X̃ if and only if X and X̃ are indistinguishable.

Proof. One implication is immediate, as noted above. Conversely, if X̃ is a mod-
ification of X , then almost surely Xt = X̃t for every t in the countable set T ∩ Q;
by continuity of both paths, this equality then extends almost surely to every
t ∈ T , so that X and X̃ are indistinguishable. (The same argument applies, mu-
tatis mutandis, to càdlàg processes, replacing Q by rational approximation from
the right.)
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It is precisely this proposition that makes the search for a continuous modifi-
cation of Brownian motion so valuable: once found, it will be essentially unique,
unambiguous up to indistinguishability. This is the content of the fundamental
theorem we now state and prove.

Theorem 18 (Kolmogorov’s continuity criterion). Let (Xt)t∈I , with I ⊂ R bounded,
be a stochastic process taking values in a complete metric space (E, d). Suppose there
exist constants q, ε, C > 0 such that

∀s, t ∈ I : E
[
d(Xs, Xt)

q
]
≤ C |t− s|1+ε.

Then there exists a modification X̃ of X such that, for every α ∈ (0, ε/q), the map
t 7→ X̃t(ω) is α-Hölder continuous for (almost) every ω: more precisely, for every such α
there exists a random variable Cα(ω) such that

∀s, t ∈ I : d
(
X̃s(ω), X̃t(ω)

)
≤ Cα(ω) |t− s|α.

In particular X̃ is a continuous modification of X , unique up to indistinguishability by
the previous Proposition; and one may moreover choose Cα so that E[Cp

α] < ∞ for every
p ≥ 1.

Before turning to the proof of this essential result, a few remarks and applica-
tions are in order.

(i) The assumption ε > 0 is necessary, and cannot be relaxed to ε = 0. Consider
for instance a Poisson process (Nt)t≥0, Nt =

∑
n≥1 1Tn≤t, where T0 = 0 and

the inter-arrival times Tn − Tn−1 are i.i.d. Exp(λ). Then

E
[
|Nt −Ns|p

]
= E[Np

t−s] = E
[
Poiss(λ(t− s))p

]
≤ Cp |t− s|,

which is exactly of Kolmogorov type with ε = 0; yet N has (almost surely)
no continuous modification, since its paths jump. This shows that the strict
positivity of ε cannot be dispensed with.

(ii) If I = R+ rather than a bounded interval, one simply covers R+ =
⋃
k≥0[k, k+

1] and glues together the locally Hölder modifications obtained on each
compact piece [k, k + 1].

As a first, and central, application we obtain the celebrated Hölder regularity
of Brownian paths.

Corollary 19. Brownian motion (Bt)t≥0 admits a continuous modification which is, in
addition, locally Hölder continuous of order 1

2
− δ, for every δ ∈

(
0, 1

2

)
.
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Proof. For s < t, Bt −Bs ∼ N(0, t− s), so that for every q > 0,

E
[
|Bt −Bs|q

]
= (t− s)q/2 E[|N |q] = cq (t− s)q/2.

For any q > 2, this is precisely the hypothesis of Kolmogorov’s criterion with ex-
ponent ε = q

2
− 1 > 0; we thus obtain a continuous modification of B which is

α-Hölder for every α <
q − 2

2q
. Letting q →∞, the admissible range of Hölder ex-

ponents
q − 2

2q
↑ 1

2
exhausts every exponent strictly below 1

2
, which is the claimed

statement. �

Exercise. Show that the resulting continuous version (t, ω) 7→ B̃t(ω) can furthermore
be chosen to be jointly B(R+)⊗ F-measurable.

From now on, Brownian motion will always refer, tacitly, to this continuous
modification. We defer the proof of this theorem to the end of the chapter, once
the canonical construction of Section 5 is in place.

5 Canonical representation of Brownian motion; the
Wiener measure

Having established the existence of a continuous version of Brownian motion,
we now describe a particularly convenient way of constructing it once and for
all: rather than working with an arbitrary probability space (Ω,F,P) carrying a
Brownian motion, we transport the whole construction onto the space of contin-
uous functions itself.

Let C(R+,R) denote the space of continuous real-valued functions defined on
R+. Given a continuous Brownian motion B on (Ω,F,P), one may regard B as a
single random variable taking values in C(R+,R), via the map

Ω −→ C(R+,R), ω 7−→
(
t 7→ Bt(ω)

)
.

To make sense of the measurability of this map, we equip C(R+,R) with the small-
est σ-field, denoted C, making all the coordinate (or canonical) maps

Xt : C(R+,R)→ R, Xt(ω) = ω(t) (t ≥ 0)

measurable; that is, C = σ(Xt, t ≥ 0).

13



Exercise. Show that C coincides with the Borel σ-field on C(R+,R) associated with the
topology of uniform convergence on compact sets.

Definition 20 (Wiener measure). Let B be a Brownian motion on (Ω,F,P), and let
ψ : Ω → C(R+,R), ψ(ω) =

(
t 7→ Bt(ω)

)
, be the associated path map, which is C-

measurable1. The Wiener measure is the push-forward of P under ψ:

W = ψ(P) = ψ#P,

a probability measure on
(
C(R+,R),C

)
.

The whole point of this construction is that, under W, the canonical process
(Xt, t ≥ 0), now living directly on

(
C(R+,R),C

)
, is itself a Brownian motion.

Indeed, for any 0 ≤ t0 < t1 < · · · < tn and Borel sets A0, . . . , An ∈ B(R),

W
(
Xt0 ∈ A0, Xt1 ∈ A1, . . . , Xtn ∈ An

)
= P

(
ψ−1

(
{ω(t0) ∈ A0} ∩ · · · ∩ {ω(tn) ∈ An}

))
= P

(
Bt0 ∈ A0, Bt1 ∈ A1, . . . , Btn ∈ An

)
(∗)

= 1A0(0)

∫
A1×···×An

dx1 · · · dxn
(2π)n/2

√
t1(t2 − t1) · · · (tn − tn−1)

exp
(
− 1

2

n∑
i=1

(xi − xi−1)2

ti − ti−1

)
,

with the convention x0 ≡ 0, this last expression being simply the joint Gaus-
sian density of the increments of B. Crucially, the resulting measure W does not
depend on the particular Brownian motion B used to construct it: it is entirely
characterised by the finite-dimensional identity (∗), as we now explain.

A probability measure on
(
C(R+,R),C

)
is always characterised by its finite-

dimensional distributions, in the following precise sense.

Theorem 21. Let P and Q be two probability measures on
(
C(R+,R),C

)
, that are the

laws of two continuous processes Z ∼ P and Z̃ ∼ Q. If

(Zt1 , . . . , Ztn)
(d)
= (Z̃t1 , . . . , Z̃tn) for every choice of t1, . . . , tn,

then P = Q.
1Indeed, with (Xt)t≥0 denoting the canonical mappings on C(R+,R) we have that ψ(ω) =

(Bs(ω))s≥0 and also that Xt((s 7→ Bs(ω))) = Bt(ω). Therefore ψ(ω) = (Xt(s 7→ Bs(ω)))t≥0 =
(Bt(ω))t≥0

14



Proof. We use the classical fact that two probability measures µ, ν on a measurable
space (E,E) which agree on a π-system P (i.e. a family of sets stable under finite
intersections) generating E must coincide on all of E. Take

P =
{{
ω ∈ C(R+,R) : (Xt1(ω), . . . , Xtn(ω)) ∈ A

}
: n ≥ 1, t1, . . . , tn ≥ 0, A ∈ B(Rn)

}
.

This family is stable under finite intersections (intersecting two such cylinder
events, possibly enlarging the list of times involved, again yields a set of the same
form), and it generates C by definition of the latter (this iw explained in details in
the exercise session). Since, by hypothesis,

P
(
Z ∈

{
ω : (Xt1(ω), . . . , Xtn(ω)) ∈ A

})
= P

(
(Zt1 , . . . , Ztn) ∈ A

)
= P

(
(Z̃t1 , . . . , Z̃tn) ∈ A

)
= Q

(
Z̃ ∈

{
ω : · · · ∈ A

})
for every such cylinder set, P and Q agree on P, and therefore coincide on all of
C.

Proof of Kolmogorov’s continuity criterion

We first record a useful preliminary observation, essentially already established
above: if X̃ is a continuous modification of X , then almost surely Xt = X̃t for
every t in the countable set I ∩ Q, and hence, by continuity, almost surely for
every t ∈ I ; consequently X and X̃ are indistinguishable. In particular, any two
continuous modifications ofX are automatically indistinguishable, which is what
justifies speaking of the continuous version of X .

The proof of the theorem splits in three steps.

Step 1. We work first on I = [0, 1] (the general bounded case being identical up
to rescaling), and fix once and for all an exponent α ∈

(
0, ε

p

)
, where p ≥ 1 will be

chosen later. For a function x : [0, 1]→ E, define the (possibly infinite) quantity

Kα(x) = sup
n≥0

max
i=1,...,2n

2nα d
(
x(i−1)2−n , xi2−n

)
,

which measures the worst-case α-Hölder ratio of x across dyadic subdivisions.
Applying our moment hypothesis to each dyadic pair

(
(i−1)2−n, i2−n

)
and sum-

ming,

E
[
Kα(X)p

]
≤
∑
n≥0

2n∑
i=1

2nαp E
[
d(X(i−1)2−n , Xi2−n)p

]
15



≤ C
∑
n≥0

2n∑
i=1

2nαp 2−n(1+ε)

= C
∑
n≥0

2n(αp−ε),

and this last geometric series converges precisely when αp < ε, a condition we
impose from now on (which is compatible with α < ε/q once we take p ≥ q). We
record: E[Kα(X)p] <∞.

Step 2. We now show that control of the dyadic increments, encoded by Kα, in
fact controls the Hölder ratio over all pairs of dyadic points, not just adjacent
ones. Let D denote the set of dyadic numbers in [0, 1], i.e. t ∈ D iff t = k2−n for
integers k, n ≥ 0 (equivalently, t admits a finite binary expansion). We claim that,
for every x : [0, 1]→ E,

σα(x) = sup
s,t∈D
s 6=t

d(xs, xt)

|t− s|α
≤ 21+α

1− 2−α
Kα(x). (∗)

Proof of (∗). Fix s, t ∈ D with 0 ≤ s < t, and let n be the unique integer such that
2−(n+1) < t − s ≤ 2−n. Set k = b2nsc; since s, t ∈ D, we may write their binary
expansions relative to the scale 2−n as

s =
k

2n
+
εn+1

2n+1
+ · · ·+ εn+`

2n+`
, t =

k

2n
+
ε̃n
2n

+
ε̃n+1

2n+1
+ · · ·+ ε̃n+m

2n+m
,

with all εi, ε̃i ∈ {0, 1}. Introduce the two finite chains of intermediate dyadic
points

si =
k

2n
+
εn+1

2n+1
+ · · ·+ εn+i

2n+i
(0 ≤ i ≤ `), tj =

k

2n
+
ε̃n
2n

+ · · ·+ ε̃n+j

2n+j
(0 ≤ j ≤ m),

so that s0 = k/2n, s` = s, t0 ∈ {k/2n, (k + 1)/2n}, and tm = t. By repeated use of
the triangle inequality,

d(xs, xt) = d(xs` , xtm) ≤
∑̀
i=1

d(xsi , xsi−1
) + d(xs0 , xt0) +

m∑
j=1

d(xtj−1
, xtj).

Each term on the right is now controlled directly from the definition of Kα: since
s0 and t0 are two consecutive multiples of 2−n,

d(xs0 , xt0) ≤ max
i=1,...,2n

d
(
x(i−1)2−n , xi2−n

)
≤ Kα(x) 2−nα;
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similarly, since si and si−1 are consecutive multiples of 2−(n+i),

d(xsi−1
, xsi) ≤ Kα(x) 2−(n+i)α, and likewise d(xtj−1

, xtj) ≤ Kα(x) 2−(n+j)α.

Summing all these estimates,

d(xs, xt) ≤ Kα(x)
[
2−nα +

∑̀
i=1

2−(n+i)α +
m∑
j=1

2−(n+j)α
]
≤ Kα(x) 2−nα · 2

1− 2−α
,

the last inequality bounding both partial sums, together with the leading term,
by the full geometric series 2

∑
i≥0 2−iα. Finally, since 2−(n+1) < t − s ≤ 2−n gives

2−n ≤ 2|t− s|, hence 2−nα ≤ 2α|t− s|α, we conclude

d(xs, xt)

|t− s|α
≤ Kα(x)

21+α

1− 2−α
,

which is exactly (∗), since s, t were arbitrary in D.

Step 3. Combining Steps 1 and 2, E
[
σα(X)p

]
< ∞, so that the event A = {ω :

σα(X(ω)) <∞} has probability 1. For every ω ∈ A, the map t 7→ Xt(ω) is, by (∗),
Hölder continuous — hence in particular uniformly continuous — on the dense
set D ⊂ [0, 1]; since (E, d) is complete, it therefore admits a unique continuous
extension to all of [0, 1], with the same Hölder constant. Concretely, define

X̃t(ω) = lim
s→t
s∈D

Xs(ω) if ω ∈ A, X̃t(ω) = x0 otherwise,

for some arbitrarily fixed x0 ∈ E. By continuity and density of D, one checks
readily that

Cα = sup
s,t∈[0,1]
s 6=t

d(X̃s, X̃t)

|t− s|α
= sup

s,t∈D
s 6=t

d(X̃s, X̃t)

|t− s|α
= sup

s,t∈D
s 6=t

d(Xs, Xt)

|t− s|α
= σα(X) on A

(and Cα = 0 on Ac), so that X̃ is α-Hölder continuous everywhere on [0, 1], with
E[Cp

α] = E[σα(X)p1A] <∞.
It remains only to check that X̃ is indeed a modification of X . Fix t ∈ [0, 1]; by

dominated convergence, using the moment hypothesis once more,

E
[
d(X̃t, Xt)

p ∧ 1
]

= lim
s→t
s∈D

E
[
d(Xs, Xt)

p ∧ 1
]
≤ lim

s→t
s∈D

C |t− s|1+ε = 0,
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so that Xs → X̃t in probability as s → t along D. Since also Xs → X̃t almost
surely (by definition of X̃t, for ω ∈ A) and since limits in probability are almost
surely unique, we conclude X̃t = Xt almost surely, for every fixed t ∈ [0, 1]. This
proves that X̃ is a modification of X , and completes the proof of Kolmogorov’s
continuity criterion.
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