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Sheet 6. Stochastic Calculus.

Unless otherwise stated, we denote by B = (Bt)t≥0 a Brownian motion with respect to some filtration
(Ft)t≥0. We write ψ = (ψs)s≥0 ∈ Lp

loc(B) if ψ is a progressive process and if

∀t ≥ 0,

∫ t

0

ψp
s ds <∞, a.s.

We write ψ ∈ L2(B) if ψ is progressive and for all t ≥ 0,E
∫ t

0
ψ2
s ds <∞.

Exercise 1 1. Let ϕ ∈ L2
loc(B) and ψ ∈ L1

loc(B) and consider

dXt = ϕt dBt + ψt dt, X0 = 0,

that is

Xt =

∫ t

0

ϕu dBu +

∫ t

0

ψu du, t ≥ 0.

Prove that X is a square-integrable martingale if and only if ψ = 0 and ϕ ∈ L2(B).

2. Let f : R 7→ R be continuously twice-differentiable. Show that the process

Xt := f(Bt)−
1

2

∫ t

0

f ′′(Bs)ds, t ≥ 0,

is a continuous local martingale. Give a sufficient condition for X to be a martingale.

3. In each of the following cases, show that Mt is a martingale by computing its stochastic differential:

(a) Mt := B2
t − t.

(b) Mt := B5
t − 10tB3

t + 15t2Bt.

(c) Mt := exp
(
θBt − θ2

2 t
)
, with θ ∈ R.

(d) Mt := cos(θBt)e
1
2 θ

2t, with θ ∈ R.

(e) Mt := f(t, Bt), where f ∈ C2(R2) satisfies an appropriate condition.

Exercise 2 Let X and Y be two independent 1-dimensional Brownian motions and let H be a progressive
process. Set

βt =

∫ t

0

cos(Hs)dXs +

∫ t

0

sin(Hs)dYs,

γt =

∫ t

0

sin(Hs)dXs −
∫ t

0

cos(Hs)dYs .

Show that β and γ are two independent 1-dimensional Brownian motions.

Exercise 3 In this exercise, B = (B(1), B(2), B(3)) is a three-dimensional Brownian motion starting from
x0 ∈ R3 \ {0}. Consider the Green function

G(x) :=
1

∥x∥
, x ∈ R3 \ {0},

where ∥ · ∥ is the Euclidian norm and

Ta = inf{t ≥ 0: ∥Bt∥ = a}, a ≥ 0.

1. Check that ⟨B(i), B(j)⟩ ≡ 0 whenever i ̸= j, where i, j ∈ {1, 2, 3}.
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2. Check that ∆G(x) = 0 for all x ̸= 0.

3. Assume 0 < r < ∥x0∥. Using Itô’s formula, prove that {G(Bt∧Tr
)}t≥0 is a martingale.

4. Assume 0 < r < ∥x0∥ < R <∞. Show that TR <∞ a.s. and

P(Tr < TR) =
R−1 − ∥x0∥−1

R−1 − r−1
.

5. Deduce from the previous formula that a.s. Bt ̸= 0 for all t ≥ 0.

6. Prove that {G(Bt)}t≥0 is a continuous local martingale.

7. Check that {G(Bt)}t≥0 is a non-negative super-martingale and deduce thereof that ∥Bt∥ a.s. con-
verges to +∞, as t→ ∞.

8. Prove that {G(Bt)}t≥0 is bounded in L2 but is not a martingale.

Exercise 4 Let b ∈ R, a > 0 and set Xt = Bt − bt. Let T = inf{t ≥ 0 : Xt = a}.

1. Let t ≥ 0. Find a probability measure Q on F∞ under which (Xs)s∈[0,t] is a Brownian motion.

2. Deduce the values of P(T ≤ t), P(T <∞) and the distribution of Z = supt≥0Xt under P.

(We recall that E[exp{−uτa}] = exp{−a
√
2u} for all u ≥ 0, where τa = inf{t ≥ 0 : Bt = a}.)

Exercise 5 Let ξ be a bounded progressive process.

1. Suppose that M is a continuous Lp-integrable martingale for some 1 < p < ∞. Show that ξ ·M is
also an Lp-integrable martingale.

2. Suppose that M is a continuous local martingale such that M⋆ = (sups≤t |Ms|)t≥0 is an integrable
process. What can be said of ξ ·M?

Exercise 6 Let b : R+ × R → R be a bounded measurable function. Assume that there exists g ∈ L2(R+)
such that

|b(t, x)| ≤ g(t), ∀(t, x) ∈ R+ × R.

Using Girsanov’s theorem, find a probability measure Q on F∞ under which the process defined by

Bt −
∫ t

0

b(s,Bs)ds, t ≥ 0,

is a Brownian motion. Interpret this result in terms of an SDE property.

Exercise 7 (Cameron-Martin formula) Let B be a Brownian motion and let h ∈ L2([0, T ], dt). Show
that for any measurable function (positive or bounded) Φ : C([0, T ],R) → R, we have:

E

[
Φ

((
Bt +

∫ t

0

h(s) ds

)
t∈[0,T ]

)]
= E

[
Φ
(
(Bt)t∈[0,T ]

)
· exp

(∫ T

0

h(s) dBs −
1

2

∫ T

0

h2(s) ds

)]
.
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