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M2 Stochastic calculus

Sheet 6. Stochastic Calculus.

Unless otherwise stated, we denote by B = (B;);>0 a Brownian motion with respect to some filtration
(Fi)i>0. We write 1) = (1s)s>0 € LT (B) if 1 is a progressive process and if

loc

t
vt >0, / YPds < o0, a.s.
0

We write ¢ € L?(B) if 1 is progressive and for all ¢ > 0, Ef(;5 2 ds < oo.

Exercise 1 1. Let ¢ € L} (B) and ¢ € L{ (B) and consider

loc loc
dX; = ¢y dBy + ¢y dt, Xo =0,
that is
t t
Xt:/cbudBqu/wudu, t>0.
0 0
Prove that X is a square-integrable martingale if and only if ¢ = 0 and ¢ € L?(B).

2. Let f: R — R be continuously twice-differentiable. Show that the process

t
Xoo= (B, /0 f(Bods, >0,

is a continuous local martingale. Give a sufficient condition for X to be a martingale.
3. In each of the following cases, show that M; is a martingale by computing its stochastic differential:
(a) Mt = BtZ —t.
(b) M, := B} —10tB} + 15t2B,.
M, = exp (GBt - %t) . with 6 € R.
M, := cos(0B,)e2?’t, with 0 € R.
(e) My := f(t,B;), where f € C?(R?) satisfies an appropriate condition.

Exercise 2 Let X and Y be two independent 1-dimensional Brownian motions and let H be a progressive
process. Set

t t
By = /cos(Hs)dXer/sin(Hs)dYs,
0 0

t t
Vi / sin(H,)d X —/ cos(Hy)dYs .
0 0

Show that 8 and v are two independent 1-dimensional Brownian motions.

Exercise 3 In this exercise, B = (B("), B(®) B®)) is a three-dimensional Brownian motion starting from
zo € R®\ {0}. Consider the Green function

1
G(z) := el

r € R*\ {0},
where | - || is the Euclidian norm and
T, = inf{t > 0: || B:|| = a}, a>0.

1. Check that (B®, BU)) = 0 whenever i # j, where i, € {1,2,3}.



2. Check that AG(z) = 0 for all = # 0.
3. Assume 0 < r < ||xo||. Using Itd’s formula, prove that {G(Biar,)}t>0 is a martingale.
4. Assume 0 < r < ||zo|| < R < c0. Show that T < co a.s. and

R — Jlwo |~
P <Tr) = —por—
5. Deduce from the previous formula that a.s. By # 0 for all ¢ > 0.
6. Prove that {G(B;)}:>0 is a continuous local martingale.

7. Check that {G(B;)}>0 is a non-negative super-martingale and deduce thereof that ||By|| a.s. con-
verges to +00, as t — 00.

8. Prove that {G(B:)}+>0 is bounded in L? but is not a martingale.

Exercise 4 Let b€ R, a > 0 and set X; = B, — bt. Let T = inf{t > 0: X; = a}.
1. Let t > 0. Find a probability measure Q on Fo, under which (X),c[o is a Brownian motion.

2. Deduce the values of P(T" < t), P(T' < c0) and the distribution of Z = sup,~, X under P.

(We recall that E[exp{—ur,}] = exp{—av/2u} for all u > 0, where 7, =inf{t > 0: B; = a}.)

Exercise 5 Let £ be a bounded progressive process.

1. Suppose that M is a continuous LP-integrable martingale for some 1 < p < co. Show that £ - M is
also an LP-integrable martingale.

2. Suppose that M is a continuous local martingale such that M* = (sup,<; |M;|);>0 is an integrable
process. What can be said of £ - M7

Exercise 6 Let b: R, x R — R be a bounded measurable function. Assume that there exists g € L?(Ry)
such that
bt 2)[ < g(t),  V(t,z) €Ry xR

Using Girsanov’s theorem, find a probability measure Q on F, under which the process defined by
t
B; — / b(s, Bs)ds, t>0,
0

is a Brownian motion. Interpret this result in terms of an SDE property.

Exercise 7 (Cameron-Martin formula) Let B be a Brownian motion and let h € L%([0, T, dt). Show
that for any measurable function (positive or bounded) ® : C([0,T],R) — R, we have:

? ((B - t h(s)ds)tew,ﬂﬂ —E [® ((Bheory) - exp ( / "h(s)d. - / "2 d)] .

E




