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M2 Stochastic calculus

Sheet 7. SDEs.

Notation: (Bt) is a standard Brownian motion defined on (Ω,Ft,P).

Exercise 1 1. Justify that for all T < 1 and x ∈ R, there exists almost surely a solution to the SDE:

Xx
t = x+Bt −

∫ t

0

Xx
s

1− s
ds, t ∈ [0, T ].

2. By applying the Itô formula to (
X0

t

1−t )t∈[0,T ], find an explicit formula for (X0
t , t ∈ [0, T ]).

3. Show that Xx
t = X0

t + x(1− t), t ∈ [0, T ] and determine its distribution.

4. Show that Xx can be extended to a continuous process on [0, 1].

5. What does (Xx
t , t ∈ [0, 1]) represent?

Exercise 2 Solve the stochastic differential equation

dXt = |Xt| dBt +
Xt

2
dt, X0 = x ∈ R.

Exercise 3 1. Let H,Z,X be continuous semimartingales such that

Xt = Ht +

∫ t

0

Xs dZs.

Express X as a function of H, Z, and E [Z]. Hint: Start with H ≡ 1 and use a variation of constants
method as in classical ODEs.

2. Solve

Xt = x+Bt − β

∫ t

0

Xs ds,

where x ∈ R and β ≥ 0 are constants. The process X is called the Ornstein–Uhlenbeck process.

Exercise 4 Let Mt :=
1
2 (B

2
t − t), t ≥ 0.

1. Justify that M is a martingale and express Mt as a stochastic integral.

2. Show that for all b ≥ 0, the exponential local martingale E (−bM) is a (true) martingale. For all
T > 0, justify that Q := E (−bM)T · P defines a probability measure.

3. Determine the SDE satisfied by (Bt, t ∈ [0, T ]) on Q. Deduce the distribution of Bt, t ∈ [0, T ] on Q.

4. Deduce that for all a, b ≥ 0,

E

[
exp

{
−aB2

t − b2

2

∫ t

0

B2
sds

}]
=

(
b

b cosh(bt) + 2a sinh(bt)

)1/2

.

5. (⋆) Using that for all α, β > 0 and s ≥ 0,

1

Γ(α)

∫ ∞

0

βαxα−1e−(β+s)xdx =

(
β

s+ β

)α

,

compute

E

[
exp

{
−b2

2

∫ t

0

B2
sds

}∣∣∣∣Bt = y

]
, b > 0, y ∈ R.
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Exercise 5 (Brownian motion on a circle) Prove that Xt = (cosBt, sinBt), t ≥ 0, is the unique
solution of the SDE:

dXt = −1

2
Xtdt+RXtdBt, X0 = (1, 0),

where R is (the matrix of) the rotation with angle π/2.

Exercise 6 Consider the solution X of the SDE E(σ, b) in dimension d = 1.

1. Let s : R → R be of class C2 such that

1

2
s′′σ2 + s′b = 0.

Show that (s(Xt), t ≥ 0) is a continuous local martingale. The function s is called the scale function
of X.

2. Assume that σ is continuous and that s′ and σ never vanish. Let a < x < b be real numbers, and set

Ta,b = inf{t ≥ 0 : Xt /∈ (a, b)} (with inf ∅ := ∞).

Show that Ta,b < ∞ almost surely, and that

P(XTa,b
= a) =

s(b)− s(x)

s(b)− s(a)
.

Exercise 7 1. Let X = (Xt, t ≥ 0) be the solution to E(σ, b) with values in an open set D ⊂ Rd. Let
λ ∈ R and f : D → R be of class C2 such that Lf = λf , where

(Lf)(x) :=
1

2

d∑
i,j=1

(σσ∗)ij(x)
∂2f

∂xi∂xj
(x) +

d∑
i=1

bi(x)
∂f

∂xi
(x).

Show that (f(Xt)e
−λt, t ≥ 0) is a continuous local martingale.

2. Let B = (B1, B2, B3) be a Brownian motion in R3, and B0 = a ∈ R3 \ {0}. Let X = |B|2, where |B|
is the Euclidean norm of B. Show that X satisfies some SDE E(σ, b), and find the coefficients σ and
b.

3. Assume now that λ ≥ 0. Show that

2tf ′′(t) + 3f ′(t) = λf(t), t > 0,

for f(t) =
sinh(

√
2λt)√

2λt
.

4. Let x > |a|2 and Tx = inf{t ≥ 0 : Xt = x}. Show that for every λ ≥ 0,

E[e−λTx ] =
sinh(

√
2λ|a|2)√

2λx
√
2λ|a|2 sinh(

√
2λx)

.

Exercise 8 Let X = X0 +M + V be a continuous semimartingale. Assume that there exists K > 0 such
that ∫ ∞

0

|dVt| ≤ K and sup
t≥0

|Mt| ≤ K.

Set, for each x ∈ R,

Y (x) =

∫ ∞

0

sgn(Xs − x) dMs,

where sgn(x) = 1 if x > 0 and −1 otherwise. Let p > 0 and x < y.

1. Justify that Y (x) is well-defined.
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2. Show that

E[|Y (x)− Y (y)|p] ≤ Cp E

[(∫ ∞

0

1{x<Xs≤y} d⟨M⟩s
)p/2

]
,

where Cp > 0 depends only on p.

3. Let g : R → [0, 2] be a C1 function such that

g′(u) ≥ 1(0,1](u), ∀u ∈ R.

Define
G(u) =

∫ u

0

g(v) dv, φ(u) = G

(
u− x

y − x

)
, u ∈ R.

Prove that

1

2(y − x)2

∫ ∞

0

1x<Xs≤yd⟨M⟩s ≤ |φ(X∞)− φ(X0)|+
∣∣∣∣∫ ∞

0

φ′(Xs)dMs

∣∣∣∣+ ∫ ∞

0

|φ′(Xs)||dVs|.

4. Deduce that ∫ ∞

0

1{x<Xs≤y} d⟨M⟩s ≤ 12K(y − x) + 4(y − x)

∣∣∣∣∫ ∞

0

g

(
Xs − x

y − x

)
dMs

∣∣∣∣ .
5. Deduce the existence of a constant CK,p depending only on K and p, such that

E[|Y (x)− Y (y)|p] ≤ CK,p(y − x)p/2.

6. Does the random process (Y (x), x ∈ R) admit a continuous modification?

Hints.

• For Exercise 2, first consider the equation without the absolute value.

• For Exercise 4, Question 3, solve the SDE by variation of constants.

• For Exercise 4, Question 5, think of |Bt = y) as |Bt ∈ dy) and find the density of B2
t on the measure

PG(·) = E[G·]
E[G] where G = e−

b2

2

∫ t
0
B2

sds.
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