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M2 Stochastic calculus

Sheet 7. SDEs.
Notation: (B;) is a standard Brownian motion defined on (2, 7, P).

Exercise 1 1. Justify that for all T' < 1 and « € R, there exists almost surely a solution to the SDE:

T

t X
Xf:x-i-Bt—/ : S _ds, t€][0,T].
0

X7
1

2. By applying the Ito6 formula to (7=

)tefo, 7], find an explicit formula for (X7, ¢ € [0,T7).
3. Show that X¥ = X? +x(1 —t), t € [0,T] and determine its distribution.
4. Show that X7 can be extended to a continuous process on [0, 1].

5. What does (X7F,t € [0,1]) represent?

Solution.

1. o(t,x) = 1 and b(t,z) = z/(1 —t) satisfies |b(t,z) — b(t,y)| < |z —y|/(1 = T) for all t < T'. Hence
there exists of a strong solution and there is pathwise unicity.

XP b1 D ¢ |
- dx? s _4s= [ ——dB,.
1t /01—3 5+/0(1—s)28 /01—5

Hence X? = fg 1=t4B,.

1-s

2. By the It6 formula,

3. Let Y; = X? + (1 —t). Then Yy = x and

X0 Y,
t qt =dB, — —.
t 1-—¢

dY; = —xdt + dB; — T

Therefore Y; is a (strong) solution of the SDE satisfied by X, and thus Y = X* by pathwise unicity.
By the previous question, (X}):<7 is a centered Gaussian process of covariance (let s < t)

E[X°XY] :(1_15)(1_5)/05 o= (=0 = (=019 = s -1),

Thus, X® is a Gaussian process with the above covariance and mean z(1 — t).

4. By question 3, it is enough to show it for X7. Observe that by the formula of question 2, X? is well-
defined as a continuous Gaussian process on [0, 1). One can check continuity at t = 1 (with X? = 0)
using Kolmogorov’s continuity theorem. Alternatively, one can use that X? has the same distribution
as the Brownian bridge as continuous processes on [0, 1). Therefore, P(lim;—,; X; = 0) = 1 as the
same holds for Brownian bridge.

5. X7 is a Brownian bridge from z to 0, since they are both continuous Gaussian processes on [0, 1]
with the same mean and covariance.

Exercise 2 Solve the stochastic differential equation

X
dX, = \Xt|dBt+7tdt, Xo=z€R.



Solution. o(t,x) = |z| and b(¢,z) = |z| are Lipschitz. Hence there is pathwise uniqueness of the solution.
Moreover, if z > 0, then X; = zexp{B;} is a solution. If < 0, then X; = z exp{—DB;} is a solution.

Exercise 3 1. Let H,Z, X be continuous semimartingales such that
t
X, = H; +/ X dZ,.
0

Express X as a function of H, Z, and £[Z]. Hint: Start with H = 1 and use a variation of constants
method as in classical ODEs.
2. Solve .
Xo=a+B,-5 [ X.ds
0

where x € R and 8 > 0 are constants. The process X is called the Ornstein—Uhlenbeck process.

Solution. (i) Par définition, d&(Z), = &(Z);dZ;. Comme &(Z) est a valeurs dans R*, on applique
la formule d’It6 pour voir que

AL )= A dED) 4z Az
&(2): E(2); &(2); E(Z)  E(Z)
Let Y; = é,,g(zt)t. Par intégration par parties,
B 1 dX; 1
d¥e = X, d(z?(Z)t) T e, T ax, 22) ),

X, dz, X, d(z), dH, X.dZ, Jd(H, Z); X;d(Z);
62y T E2) 6@ 62 EZ)y 62

_ dHy — d(H, Z);
&2
D’ou : . Cay >
dH d(H, Z
X, =E(Z)0Y, = EZ (He—Z°+/ —5—/ 7)
A= SO @), )y e,
(ii) Comme les coefficients sont lipschitziens, on sait qu’il y a unicité trajectorielle. Par (i) (avec H; :=
x + By et Z; := —ft), on voit que quel que soit l'espace filtré (Q, F,(F#;),P) (vérifiant les conditions
habituelles) et quel que soit le (.%;)-mouvement brownien B, I'unique solution (qui est une solution forte)
de 'EDS est X; = e P*(z + fg ef* dBy). O

Exercise 4 Let M; := (B} —t),t > 0.
1. Justify that M is a martingale and express M; as a stochastic integral.

2. Show that for all b > 0, the exponential local martingale &(—bM) is a (true) martingale. For all
T > 0, justify that Q := &(—bM)r - P defines a probability measure.

3. Determine the SDE satisfied by (By,t € [0,7]) on Q. Deduce the distribution of By, t € [0,7] on Q.

4. Deduce that for all a,b > 0,

5 b2 t ) b 1/2
E —aB?—~ [ B2s'|= ,
{exp { @By /0 s SH <bcosh(bt) + 2a sinh(bt))

5. (%) Using that for all &, 3 > 0 and s > 0,

L[ gagat—Brap :( 5 )a
I‘(a)/o B e dz s+ 3)

v: ot
E{exp{—2/ des}
0

compute

Bt:y:l’ b>0,y€R



Solution.

1. We have dM; = B;dB; where B € L?(B) and B is a martingale hence M is a martingale.

2. We have &(—bM); = exp{—bM; — %(M)t} where (M), = fot B2ds. Tt holds that &(—bM), <
exp{bt/2}, hence E[sup,, &(—bM),] < oo for all ¢ > 0, implying that the (non-negative) local
martingale &(—bM) is a (true) martingale.

3. By Girsanov’s theorem, (B; — (B, —bM)):<r is a Brownian motion on Q, where d(B, M), = B;dt.
Hence, on Q, B satisfies the SDE ~
dBt == dBt - bBtdt7

where B is a Brownian motion. By Exercise 3, B; = e bt fot ebsdBS. (This is an Ornstein-Uhlenbeck
1_e—2bt
%)

process.) Under Q, B is a Gaussian process with distribution B; ~ N(0,
4. We have,
v2 [t
E {exp {—aBt2 — 5/ Bgds}] = e*bt/QEQ [exp {(b/2 — a)Btz}]
0

Using that for X ~ N(0,1), E[e*X’] = (1—2A)~1/2 when A < 1/2, we get from the previous question
that
e U/2E, [exp{(b/2 — a)B}}] = e P2(1 — (b/2 — a)(1 — e~ 2%%) /1)~ 1/2,

This is equal to

(bebt —(b/2 —ba)(ebt — e—bt)>1/2 .

Exercise 5 (Brownian motion on a circle) Prove that X; = (cos By, sin By), t > 0, is the unique
solution of the SDE:

1
dX; = —; Xudt + RXdBy,  Xo = (1,0),
where R is (the matrix of) the rotation with angle 7/2.

Exercise 6 Consider the (well-posed) solution X of the SDE E(o,b) in dimension d = 1.

1. Let s : R — R be of class C? such that

1

~s"0? +5'b=0.
2

Show that (s(X;),t > 0) is a continuous local martingale. The function s is called the scale function

of X.

2. Assume that o = o(z) is continuous and that s’ and o never vanish. Let a < < d be real numbers,
and set
Toqg=1inf{t >0: X, ¢ (a,d)} (with inf @ := o0).

Show that T, 4 < oo almost surely, and that

s(d) — s(x)

P S =)

Exercise 7 1. Let X = (X,,t > 0) be the solution to E(c,b) with values in an open set D C R?. Let
A€Rand f: D — R be of class C? such that Lf = \f, where

d 5 d
> (00" )is(0) g () + 3 bile) 5 ().
A% i—1 i

i,j=1 i=

(L) (@) ==

DN | =

Show that (f(X;)e™*t,t > 0) is a continuous local martingale.

2. Let B = (B, Bz, B3) be a Brownian motion in R?, and By = a € R\ {0}. Let X = |B|?, where |B]|
is the Euclidean norm of B. Show that X satisfies some SDE E(o,b), and find the coefficients o and
b.



3. Assume now that A > 0. Show that

2tf"(t) + 3f'(t) = Af(t), t>0,

for f(t) = sinh (v 2)\t).
V2At
4. Let # > |a|* and T, = inf{t > 0: X; = 2}. Show that for every A > 0,
E[e= ] = sinh(v/2A|a|?) .
V2 z V2X|a|? sinh(v2Az)

Exercise 8 Let X = Xg+ M + V be a continuous semimartingale. Assume that there exists K > 0 such
that

/ |[dVi] < K and sup|M; < K.
0 >0
Set, for each = € R,
Y(z) = / sgn(X, — x) dMs,
0
where sgn(xz) = 1 if £ > 0 and —1 otherwise. Let p > 0 and = < y.

1. Show that Y () is well-defined.

2. Show that
E[lY(z) -Y(y)[!] < C,E

) P/2
(/0 1{x<Xs<y}d<M>s> ]

where Cp, > 0 depends only on p.

3. Let g: R —[0,2] be a C* function such that

g'(u) > Lgqy(u), VueR.

Define u
G(u):/ g(v) dv, ga(u)—G(u_x>, u€R.
0 y—x
Show that
1 oo oo oo
s | Leexadd, < o) — o)l +| [ xam + [V
2(y —x)? Jy 0 0
4. Show that

/O 1oex, <y (M), < 12K (y — ) +A(y — )

/ g<XS“T> dM,| .
0 y—x

E[[Y (2) = Y ()I"] < Crply — 2)P"?,

5. Show that for every p > 0,

where Ck, depends only on K and p.

6. Does the random process (Y (z),z € R) admit a continuous modification?

Solution.
1. Let H, = sgn(X, — x) which is progressive. Since H2 = 1, we have
| [ H2an.| = EL0n] = fim B = Jim E[M2] < K? <,

where the second equality is by monotone convergence and the third equality uses that M is a (true)
martingale as it is a bounded local martingale. Therefore H € L?(M) and so Y is well defined.



2. Let V; = fot(sgn(Xs — ) —sgn(Xs — y))dM, which defines a martingale since Y € L?(M) by the
previous question. We have |V (x) — Y(y)| < Y, where Y;* = sup <, |Y|, hence

E[IY (2) = V()] < EVZP) < GE [(12?].

by the Burkholder-Davis-Gundy inequality. Moreover,
V) = [ (0¥, —2) = sen(X. = 9)Pa(0).

g /O Y1 - sgn(X, — 2)sen(Xe — y)d(M), = 4 /O e ey AT,

3. By hypothesis [ dV; converges absolutely hence V; converges almost surely to a limit V. Moreover,
we saw that M is a bounded martingale which thus converges almost surely to a limit M. Hence
X; converges almost surely to a limit X.. Since ¢ is continuous (actually C?), we obtain that
¢(Xi) = ¢(Xs) almost surely. Furthermore, [;°¢'(X,)dM, is well defined as the limit of the
martingale fot ¢©'(Xs)dM, which is bounded in L2, which can be seen by using that ¢ is bounded.
By Ito’s formula,

o) = o(x0) = [ xart+ [ eavi+ g [ a0,

Observe that ¢ (X) = (y — a:)’zg’(%) > (y — ) ?1,<x.<y by hypothesis. Hence,

1 t oo ,
- / Loy, <y d (M), < [o(X)) — 9(Xo)| + + / ¢ (X)|dVal.

2(y —)* Jo

/ SDI(XS)dMs
0

Take t — oo to obtain the result by monotone convergence.

4. Since G is 2-lipschitz, ¢ is 2/(y — x)-Lipschitz and we get

1 oo 2 o0 oo
= 1m<xs<yd<M>s<H|Xoo—Xo|+\ | eecian )+ [T ipceav

2(y — )% Jo

We conclude using ¢’ (u) = y%xg(“yfi) < y%m, | Xoo — Xo| < 2K (by hypothesis) and [, |dV;| < K.

5. Let M} = sup,, |My|. Recall that g < 2. By the Burkholder-Davis-Gundy inequality (two times),

E / g<Xs_$> dM,
0 y—x

We conclude combining the results of the previous questions.

p/2
] < G2 e (] < ¢ [(Mz 2] < .



