UNIVERSITE PARIS-DAUPHINE

Introduction to the Ising model

Master 2, MATH

BEATRICE DE TILIERE

Based on the lecture notes and book of

Y. VELENIK [VEL|, V. TAsSION |TAs18|, S. FRIEDLI AND Y.VELENIK [FV17|







CONTENTS

1 DEFINITIONS AND NOTATION

1.1 The Ising model with free boundary conditions . . . . .. ... ... .. .....
1.2 Boundary conditions, magnetization, phase transition . . . . . . . ... ... ...
1.2.1 Ising model with boundary conditions . . . . .. ... ... .. .. ....
1.2.2 Magnetization and phase transition . . . . . .. .. ... . 0oL

DoMAIN MARKOV PROPERTY, CORRELATION INEQUALITIES

2.1 Domain Markov property . . . . . . . . . . . .
2.2 Increasing functions and local functions . . . . .. ... ... ... ... . ....
2.3 Correlation inequalities and consequences . . . . . . . . . . .. .. ... ...

THERMODYNAMIC LIMIT

3.1 Prerequisites . . . . . .. L
3.1.1 Structure of compact metric spaceon Q . . . . ... ... ...
3.1.2  Weak convergence and the Riesz-Markov-Kakutani theorem . . . . . . ..

3.2 Two infinite volume Gibbs measure . . . . . . . . .. . ... ... ... ...

3.3 A characterization of the phase transition . . . . .. .. ... ... ... .....
3.3.1 Magnetization and phase transition, rigorous definitions . . . . . . . . ..
3.3.2 Characterization of the phase transition . . . . ... ... ... ... ...

MAGNETIZATION AND PHASE DIAGRAM

4.1 Non-uniqueness at low temperature . . . . . . . . . . ...
4.1.1 Low temperature expansion d =2 . . . . . . . . . .. ...
4.1.2 Proof of Theorem 4.1 . . . . . . . . . . . .

4.2 Uniqueness at high temperature . . . . . . . . .. .. ... ... ... ... ..
4.2.1 High temperature expansion . . . . . . . . . .. ... L
4.2.2 Proof of Theorem 4.2 .. . . . . . . . . . . .

4.3 No phase transition in dimension 1 . . . . . . . . .. ... L.

U W W

00 1

1

e}

13
13
13
14
15
16
16
17



BIBLIOGRAPHY

26



CHAPTER 1

DEFINITIONS AND NOTATION

1.1 THE ISING MODEL WITH FREE BOUNDARY CONDITIONS

We start by describing the context and defining the Ising model.

e The material (piece of metal, liquid) is represented by a finite, connected subgraph (A, E) C
7%, for some fixed d > 1; that is, A is a subset of vertices of Z%, and F is the corresponding
subset of edges:

E={zy: z~yinZ z,yecA}.

e On A, we consider the set of spin configurations, denoted by 4, defined as

Op = {-1, 1" ={0 = (04)ser : VEEA, 0, € {—1,1}}.

Figure 1.1: An example of subgraph (A, E) of Z? together with a spin configuration o.

e The inverse external temperature is represented by a parameter 8 > 0.

e For every o € Qy, the energy of the configuration o, denoted by Hy g(o) is defined to be

Hpp(o) =-0 Z T20y.

zyel



CHAPTER 1. DEFINITIONS AND NOTATION

e The probability of occurrence of a spin configuration is given by the Ising Boltzmann
measure, denoted by pp g, and defined by

1
v o € QA7 /"LA,['}(U) = mefHA,B(U),

where Z) g = ZO’EQA e Has(0) i the partition function. Note that this measure favors
neighboring spins that agree, and that this tendency becomes greater as the temperature
lowers (f increases).

1.2 BOUNDARY CONDITIONS, MAGNETIZATION, PHASE TRANSITION

Assume that A contains the origin 0. Under the measure p g, since for all o € Qy, pp g(o) =
pa,3(—0o), the expected spin at 0 is

(00)a,8 = pa,s(o0 = +1) = paglog = —1) = 0.

In order to break this + symmetry, one introduces more general boundary conditions.
1.2.1 ISING MODEL WITH BOUNDARY CONDITIONS
Consider (A, E) C Z% as before. Let us define

0o ON={recZi\A: JycA, z~y},

o A:=AUOA,

0o OE ={azy:ax~yinZ% x € A, y € OA},

o E=FEUOJE.

A boundary condition for A is the data of w € {—1,0, 1},

(CHON®)
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Figure 1.2: A subgraph (A, E) of Z2, its boundary vertices OA, the edges OF (dotted), and
the edges E (plain and dotted); the vertices of A are assigned a boundary configuration w €
{—1,1}97,

Given a boundary condition w, the corresponding definitions of energy and Ising Boltzmann
measure are:



CHAPTER 1. DEFINITIONS AND NOTATION

e For every o € Qy, the energy of the configuration o is:

HY 5(0) = =8 Z 0z0y — 3 Z OpWy.

rzyel zy€eoE

e The Ising Boltzmann measure with w-boundary conditions is:

VoeQn prglo)= 7o
A?/B

where Zj‘\” 5= > e e s is the corresponding partition function.

Notation. From now on, we try and simplify notation and depending on the context, we will
use the notation:

Hig=Hg = H", p§gz=ps=p",
For every function f: Qx — R, ()R 3= (g = ()" = /Q fdu® = Z flo)u(o).
A SN

EXAMPLE 1.1. Here are some examples of boundary conditions (b.c.).

o + b.c: Ve dA, w, =+1, with the notation H*, u™, (f)7.
e — b.c:Vuxe€dA w, =—1, with the notation H=, u=, (f)~.

e Free b.c.: YV x € O\, w, = 0, and we recover the Ising model with free boundary conditions
of Section 1.1. The usual notation is H? = H, u@ = u, (f)m = (f).

1.2.2 MAGNETIZATION AND PHASE TRANSITION

Let us get ahead of ourselves and explain one of the main goals of these lectures. We want
to prove that, when d > 2, the Ising model undergoes a phase transition between a low and a
high temperature regime; in the first regime, neighboring spins are expected to influence each
other, while in the second, the model is closer to independent. One way to study this is to see
how boundary conditions in a box influence the value of the spin at the center of the box. This
motivates the following definitions.

An ezhaustion of Z¢ is a sequence (Ay)n>1 of increasing subsets of Z%, such that Un21 A, = 74

The magnetization is defined to be:

(e0)f = Jim (00)f, s

Remark 1.2. As we go along, we will be proving that:

o this limit exists,

o for all 8 >0, (ag>;§ >0,
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o (00>E is increasing as a function of 3.

Assuming this for the moment, one defines the critical inverse temperature B.(d) as the largest
[ such that the magnetization is zero:

Be(d) = sup{B > 0: (o0)} = 0}.

When d > 2, we will show that for 8 small enough <00>;§ = 0, and that for § large enough
<Uo>§ > 0.

f f > 3
0 (00)f =0 Be (00)5 >0

Figure 1.3: Pictorial view of the phase diagram of the Ising model.

As a consequence, the Ising model undergoes a phase transition between the high temperature
regime where the magnetization behaves as if it had free boundary conditions (it does not feel
the effect of the boundary), and a low temperature regime where the model feels the boundary
(the + on the boundary influence the spin at 0).

We will also prove that, when d = 1, for all § > 0, <00>; = 0, meaning that there is no phase
transition in this case; this result was originally established by Ising.

Another goal of these lectures is to prove an equivalent characterization of the phase transition
using uniqueness/non-uniqueness of the infinite volume limits of the Boltzmann measures with
different boundary conditions, which we will first need to construct.



CHAPTER 2

DOMAIN MARKOV PROPERTY, CORRELATION IN-
EQUALITIES

In order to study limits of Boltzmann measures and phase transition, we need to study the
Ising model in infinite volume. This relies on a good understanding of the model defined on a
finite subgraph of Z¢. Our main target for this section is to state correlation inequalities and
their consequences, but we start with another interesting property known as the domain Markov

property.

In all this section (A, E) is a finite, connected subgraph of Z¢, and the inverse temperature 3 is
assumed to be fixed.

2.1 DoMAIN MARKOV PROPERTY

An interesting feature of the Ising model is that it satisfies a spatial Markov property, referred
to as domain Markov property, as stated by the following, see also Figure 2.1.

Proposition 2.1. Let A’ C A (where the inclusion is assumed to be strict), and letw € {—1,1}7
be a boundary condition on A. Let & be a fized spin configuration on A\ A’ inducing a boundary
condition w' on ON: Vo € ON, wl, =6,. Let C ={oc € Qp: Ve € A\ N, 0, =37,}. Then,

HR(-10) = pi ().

Proof. Note that there is a natural bijection between C and Q,,. We need to show that, for all

oeC, % = 1%, (o). We have,

—Hy(o) =8 Z 030y + B Z OgWy

zyel zy€eoE
=p Z Ox0y + Z U:cw;‘i‘ﬁ Z O30y + Z Oz Wy
zyeE’ Ty€OE’ zy€E\E' ry€OFE

= —HY/(0) + C(7,w),
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where C(G,w) = nyeE\E/ 00y + nyeaE 0wy does not depend on o € C. As a consequence,

1 (o) e~ H{(0) C(F.w) o —HS (0) Y o) .
= ) = " - ,LL \O).
HR(C)  Ypece MR ceww) Y ece ) A

Remark 2.2. This implies that, for every function f : Qx — R,

O
@O0 O8O0

X

Figure 2.1: Hlustration of the domain Markov property.

2.2 INCREASING FUNCTIONS AND LOCAL FUNCTIONS

We define two special kinds of functions that will play an important role in the sequel, namely
increasing, resp. local functions. In all that follows, we let Q = {—1, 1}Zd.

Definition 2.3. A function f: Q — R is said to be increasing if
oc<o = flo) < f(o),

where o < ¢’ means that, for all z € Z¢, o, < 7/,.

EXAMPLE 2.4.

1. For every € Z%, the function & — 0,(F) = &, is increasing.

2. For every subset A C A, define the multipoint spin function o4 to be

5 04(6) = [[ 02(6) = [] =

T€EA z€EA

8
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This function is not increasing if |A| > 2. For example, take A = {x1,z2} with 1 # z2, and

+1  ifx ¢ {x1, 22}

+1 ifx T, T - - .
i g {o, w2} o = (5,) with ), =< 1 if v =14

& = (5,) with &, = ,
(62) ¢ {—1 if x € {1, 22}

-1 if x = 9.
Then 6 < &', and 04(5) > oa(d’).

3. For all = € Z%, the function n, = Lig,=1y 10— % = lf,,—1}(5) is increasing.

4. For all A C A, the function ng = [[,c4 7 = lyyzea, 0,1} is increasing.

5. For all A C A, the function (3, 4 ns) — n4 is increasing. Indeed,

ot RS

TEA
Consider ¢ < &’. If both configurations are equal on A, it is trivial; else, if & < &’ on A,
{reA:a,=1}>{zeA: o, =1}+1 and Iyyacaor=1) < Iiveca:a,=1) + 1,
concluding the proof.

The fact that these functions are increasing will turn out to be crucial in forthcoming proofs.

Definition 2.5. A function f : Q — R is said to be local if there exists A C Z¢ such that f is
Qa-measurable. Otherwise stated, a function f is local if it only depends on a finite number of
spins. We denote by supp(f) the support of f, that is the smallest subset of Z? whose values
determine f.

ExXAMPLE 2.6. The functions o,,04,n.,n4 are all local functions, with respective support
x, Az, A

The next lemma gives two useful basis of local functions. Consider A C Z%, and define £, to be
the set of local functions with support included in A:

La={f:Q—=R: fislocal and supp(f) C A}.

This set has dimension 23!, the number of spin configurations in Q4. Indeed, any function f
in £, is 2p-measurable and can be written as f = ZerA f(o)l,. On Ly, consider the inner
product (f,g) = E[fg], where the expectation is taken with respect to the uniform measure on
Qp.

Lemma 2.7. We have that (04)aca is an orthonormal basis of L with respect to the scalar
product (-,-), and (ng)aca is a basis of Ly.

Proof. Let us prove that (04)aca are orthonormal. Let A, B C A. Then,

. diff. ind.
(04,08) = Eloqpoansopaopnal = Eloaap] = Elo,] =
\ \

CCAAB 1 otherwise.

{0 if A+ B

The proof is concluded by observing that (o4)4ca has 2lAl elements, which is the dimension of
L.

By definition, for every A" C A, 04 = [[,c4/(2ns — 1) is a linear combination of (na)aca
(with some coefficients equal to 0), implying that (n4)aca generates £,. Since it also has 2!
elements, it is a basis. O
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2.3 CORRELATION INEQUALITIES AND CONSEQUENCES

The goal of this section is to state two fundamental correlation inequalities: the GKS and FKG
inequalities; we refer to [FV17, Section 3.8] for their proofs.

Note that the coming assumption supp(f) C A on a local function f : € — R is there to ensure
that f is 2p-measurable. This implies that f can be seen as a function f : Q4 — R, and that
(f)a is well defined.

Theorem 2.8 (Griffiths-Kelly-Sherman inequalities). Let A, B C A, then
i) (oa)k 20
it) (oaop)y > (oa)} (oB)}-

Theorem 2.9 (Fortuin-Kasteleyn-Ginibre inequality). For every pair of increasing, local func-
tions f,g : Q — R such that supp(f), supp(g) C A, and for every boundary condition w €
{—1,1}9*, we have

(f9)x =z (HX (9%

Here are two consequences. The first allows to compare boundary conditions, while the second
allows to compare nested domains.

Lemma 2.10. For every increasing, local function f : Q — R such that supp(f) C A, and for
every boundary condition w € {—1,1}9%, we have

Proof. Define I¥(0) = B Layeom oz (l—wy) Then, since 1 — w, > 0, the function I* is increasing.

Moreover, for every o € Q,,

—H+<O')=BZO'mO'y+5 Z oz -1

zyeE ry€dE
=0 Z 020y + 3 Z oawy + log(1¥(0)) = —H"(0) + log(I*(0)).
zyeE ry€dE

As a consequence, for every o € (25 and every local function f,
e O = HY O (g) MO () = MO [%(5) f(0).

Using that I¥ is increasing and the FKG inequality we deduce that, for every increasing, local
function f,

Yocan @ T OS0)  Yoeq e TOIN0)fl0) 1)y RO
+ SN _ SN _ A w
<f>A a ZUEQA 67H+(O.) B ZUEQA e_HW(U)Iw<O—) B <Iw>o/< Z <f>A -

Lemma 2.11. Let A’ C A (where the inclusion is assumed to be strict). Then for every increas-
ing, local function f:Q — R such that supp(f) C A, we have

AL > (H5

10
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Proof. Let C' = {0 € Qp: V2 € A\ A, 0, = 1}. Note that we have, Ig = ny\, which is an
increasing function. Let f be as in the statement, then by the domain Markov property (and
Remark 2.2), and by the FKG inequality, we have

+ oup (f naa)y FKG
(F)ar 7<”A\A’>X > (flr-

11
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CHAPTER 3

THERMODYNAMIC LIMIT

The goal of this section is to define infinite volume versions of the Ising Boltzmann measures.
This poses some natural questions: how are such Ising probability measures defined 7 Are there
many or just one 7 How do you construct such measures ?

Let us stay informal at this point. A natural definition uses the DLR (Dobrushin-Lanford-Ruelle)
approach: an infinite volume Ising Gibbs measure is a probability measure on (£, F) (where ¥ is
the o-field generated by cylinder sets) such that, when conditioning on a fixed spin configuration
outside of a box, the conditional measure inside the box is the Ising Boltzmann measure with
the induced boundary conditions. We refer to [FV17, Section 6.2.1] for more details on this
definition.

An explicit approach for constructing infinite volume Gibbs measures consists in considering
weak limits of the Boltzmann measures ,uX’;, where (Ap,)n>1 is an exhaustion of Z%, and (wp,)n>1
is a sequence of boundary conditions, and to use the Riesz representation theorem. Infinite
volume Gibbs measures are then defined to be accumulation points of these weak limits. It can
be shown that this definition is consistent with the one given by the DLR approach, see for
example [FV17, Chapter 6, Equation (6.11)].

In this section we consider the second approach, and explicitly construct two Ising Gibbs mea-
sures as the weak limit of the Boltzmann measures with + boundary conditions. We will also
address the question of (non)-uniqueness.

3.1 PREREQUISITES
Recall that € = {—1,1}2".

3.1.1 STRUCTURE OF COMPACT METRIC SPACE ON ()

Consider 2 as a topological space, with the product topology arising from the discrete topology
on {—1,1}. Then, © is a compact topological space as the cartesian product of the compact
topological space {—1,1}.

The space €2 can also be seen as a metric space with distance function d defined by

1
/ n_ § : ,
VO',O' € Q? d(O’,O’) - 2||xHooH{ffx7éUx}’

x€Z4

13
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where ||z 0 = max;eqy,.. gy [2:]- This metric induces the product topology on 2. Intuitively, two
spin configurations should be thought of as “close” if they coincide on a large ball surrounding
the origin. The space € is thus now equipped with a structure of compact metric space.

Let C(£2) be the set of continuous function on €. Note that since € is compact, it coincides
with the set of uniformly continuous functions:

{f:Q=R: Ve>0,35>0, st. Vo,0', d(o,0') <= |f(o) — f(o')] <&}

One can check that continuous functions are bounded, and that the set of local functions of
Definition 2.5 is dense in C'(€2). More details can be found in [FV17, Section 6.4.1].

3.1.2 WEAK CONVERGENCE AND THE RIESZ-MARKOV-KAKUTANI THEOREM

Let us denote by F the o-field generated by cylinder sets on €1, that is, F is defined to be

F= U(UACZdGA);
where Cp = {0 € Q: o|p € A, A € P(Qn)} is the cylinder corresponding to the box A. Then,
one can check that F coincides with the Borel o-field on 2, see [FV17, Exercice 6.10].

We can now introduce the notion of weak convergence for Boltzmann measures. A sequence of
Boltzmann measures (u3" )n>1 on (£, F) converges weakly to a probability measure p on (€2, F),
if for every bounded continuous function on §2,

lim ()3 = (Fus

n—0o0

one then writes p3" = pu.

Remark 3.1. In our case, continuous functions are bounded and local functions are dense in

the set of continuous functions. One can check that ,uj(’; = p if and only if, for every local

function f: Q — R, limnﬁoo<f>xz = (f)u
Suppose that we have proved:

For every local function f, li_}rn (A =L(f), (3.1)

for some value ¢(f). Then the functional ¢ : {Local functions} — R, is positive, linear and
satisfies £(1) = 1. Since local functions are dense in continuous functions, the functional ¢ can
be extended to the set of continuous functions C(f2).

Can we deduce the existence of a probability measure p on (€2, F) such that £(f) = (f), 7 The
answer is yes and is given by the following.

Theorem 3.2 (A version of the Riesz-Markov-Kakutani representation theorem). Let X be
a compact metric space. If £ : C(X) — R is a positive linear functional on C(X) such that
0(1) =1, then there exists a unique probability measure on (X,F) such that

of) = <f>uv
where F is the Borel o-field of X.

Definition 3.3. An infinite volume Ising Gibbs measure is defined to be an accumulation point
of the Boltzmann measures (43" )n>1, as described above.

The bottom line of this discussion is that as soon as we prove Condition (3.1) for a sequence of
Boltzmann measures, this establishes weak convergence of this sequence to an infinite volume
Gibbs measure.

14
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3.2 TWO INFINITE VOLUME GIBBS MEASURE

We now prove weak convergence of the Boltzmann measure with + boundary conditions.

Theorem 3.4. Let us fit 3 > 0. Then, for every ezhaustion (Ay)n>1 of Z%, the sequence of
measures (,uj{n)nzl, resp. (Ky, Jn>1, converges weakly to an infinite volume Ising Gibbs measure
w, resp u=, and this limit is independent of the choice of exhaustion. Moreover, the measures
w, u” are invariant by translation.

Proof of Theorem 3.4. Let (A,)n>1 be an exhaustion of Z¢. By Section 3.1.2, we need to prove
Condition (3.1), i.e., that for every local function f, (( f>Xn)n21 converges; we also need to prove
that this limit is independent of the choice of the exhaustion (Ay),>1.

Let A C Z%, then ny is a local increasing function. Let m be large enough so that A,, D A.
Then, by Lemma 2.11, for every n > m, we have (nA>Xn+l < (nA>Xn. Moreover n 4 is a bounded
function, so that ((n A>Xn)n2m is a bounded decreasing sequence, thus convergent to a limit that

we denote by (n4)*.

Let f be a local function. Then by Lemma 2.7, we can write f = ZACsupp(f) fana and, since
the sum is finite, we deduce from the above that

lim (f)f = Y falna)t=(HT

n—0o0
ACsupp(f)

We now prove that the limit is independent of the exhaustion (Ay,)n,>1 of VA

Let (AL)n>1, (A2),>1 be two exhaustions of Z?, and let u], 3 be the two corresponding limiting
Gibbs measures. Define a new exhaustion (A,),>1 of Z¢ as follows

Ar=Af, VE>1, Age=({A2: A2 D Age}, Aoy = [|{AL: A D Ay}

n>1 n>1

Since (Ap,)n>1 is an exhaustion, /LX” converge weakly to a Gibbs measure u*. Since it converges,
it does so on subsequences and the limit is the same. As a consequence, it converges to u™ on
a subsequence of (AL),>1, resp. (A2),>1, implying that uf = uj.

J LI Ag
(A3) (A3)
Asg
Ag
Az
1 Ay
1 1

Figure 3.1: The two exhaustions (A}),>1, (A2),>1, and the exhaustion (A),>1.

Translation invariance follows from the definition of the Boltzmann measure. The same argument
holds for — boundary conditions. O

15
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3.3 A CHARACTERIZATION OF THE PHASE TRANSITION

The goal of this section is to characterize the phase transition of the Ising model using the
Gibbs measures u*. But before that, recall that in Section 1.2.2 we went ahead of ourselves
when defining the phase transition; we now have all the tools to do it rigorously, which is the
purpose of the next sub-section.

3.3.1 MAGNETIZATION AND PHASE TRANSITION, RIGOROUS DEFINITIONS

Since the value of the spin at the origin is a local function, by Theorem 3.4, we have that the
magnetization

(00)% = RILH;O<UO>XH,5

is well defined and independent of the choice of exhaustion (A,),>1. Moreover, using the first
GKS inequality (Theorem 2.8), we deduce that <00>E > 0. Hence, in order to prove that the
critical temperature is well defined, we are left with showing the following.

Lemma 3.5. The function 3+ <<70>;r is increasing.

Notation. Before turning to the proof of this lemma, let us introduce the following useful
notation for the Ising model with + boundary conditions. Recall the notation A, 9A, A, E,0E, E.
We now introduce B

Qf ={oc{-1,1}": Yz €A, 0, = 1},

which is in bijection with Q4. As a consequence,

1
Vo€ Q+7 HE(O—) = _ﬁ E 020y, M;(U) = F€7H§L(U), where ZE_ = E eiHEL(U).
B

wyek O'GQX

Proof of Lemma 3.5. Tt suffices to prove that the result holds for all finite A C Z¢. Note that
for a fixed A C Z%, the function B8 — (og) g is differentiable, and we have

S 0o €8 Layep 720y
0 + 0 O'EQX

876<0'0>A”3 = % Z eﬁnyeEgzUy
UEQX

> o Uxayo.oeﬁzzyeEUway )OS Uxo-yeﬁzzyeéawgy S gge Layer o2y

zyeE oeQf ryek oeQf oeQf
- + N + +

¥ 258 258

= Z [<UnyUO>X,5 - <‘70>X75<‘7xay>j\r,,3]-

zyel

Now, by the second GKS inequality (Theorem 2.8), each term in the sum is non-negative, so
that the derivative is. O

We are now ready for the following.

16



CHAPTER 3. THERMODYNAMIC LIMIT

Definition 3.6. The inverse critical temperature f.(d) is defined to be
Be(d) =sup{8 >0: (00>§ = 0}.

Remark 3.7. Since put (09 = £1) = p~ (69 = F1), we have that <00);§ = —(00) 5. This implies
that

(00)5 > 0= (00); # (00)3

3.3.2 CHARACTERIZATION OF THE PHASE TRANSITION

The next result characterizes the phase transition through the Ising Gibbs measures.

Theorem 3.8. Let 8 > 0. Then the following are equivalent.

1. There exists a unique infinite volume Gibbs measure.

Proof. The implications 1 = 2 = 3 are straightforward.

Consider an exhaustion (Ay),>1 of Z%. In all that follows, we let A C Z¢ be finite, and n be
large enough so that A, D A.

2=1. As a consequence of Lemma 2.10, we have that for every boundary condition w €
{717 1}8An7

(na)y < (na)y, < (na)j .
By Point 2., this implies that the limit is unique (independently of the choice of boundary

condition w and of the exhaustion). The proof is concluded by using Lemma 2.7 stating that
every local function can be decomposed in the basis (n.4) Acsupp(f)-

3 = 2. Since the function ) ., n; — na is increasing (see Example 2.4), as a consequence of
Lemma 2.10, we have that

(Ene=na), < (Emena),

T€EA T€EA "

Taking the limit n — oo gives

Z(<n$>+ - <n$>7) > <”A>+ —(na)” >0,

z€EA

where in the last inequality we used that ny4 is increasing. By translation invariance of u*, we
have that
+ _ +
Voe A, (ng)E = (no).

Moreover by definition, (ng)* = %(a@i + % As a consequence, if (og)™ = (00) ™, then (n;)™

(nz)~, implying that (na)™ = (na)~. The proof is again concluded by using Lemma 2.7.  [J

17
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CHAPTER 4

MAGNETIZATION AND PHASE DIAGRAM

We now turn to establishing the phase diagram of the Ising model for d > 1. Note that it
undergoes a phase transition if 0 < S, < oco.

4.1 NON-UNIQUENESS AT LOW TEMPERATURE

The goal of this section is to prove the following.

Theorem 4.1. For alld > 2, 5.(d) < co.

This theorem implies non uniqueness of the Gibbs measures when d > 2 and S is large enough.
The proof uses what is known as the Peierl’s argument and relies on the low temperature
expansion of Kramers and Wannier, which we now explain. In fact, we will prove this result for
d = 2. A way to extend it to higher dimensions consists in proving that <00>Xm 5 Is an increasing
function of the dimension (when A, is the box of size 2n around 0), see for example |[Vel|.

4.1.1 LOW TEMPERATURE EXPANSION d = 2

Note that despite the name, this is an exact expansion of the partition function. We fix A C Z?,
and consider the Ising model with + boundary conditions. A slight adaptation of the argument
allows to handle other boundary conditions.

Consider the graph (A, E) where the boundary vertices A are merged into one vertex, and the
corresponding graph is embedded in the sphere. Denote by (A*, E*) the dual of this graph, and
observe that edges of E* are in bijection with those of E.

Let P(A*) denote the set of polygon configurations of (A*, E*), otherwise stated:

P(A*) = {P: P subgraph of (A", E*) such that all vertices of A* have even degree in P}.

19
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' : SRcRe
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e SN2 €] BHE] [C] ICAE)
(a) The graph (A, E) where boundary ver- NIEIREE
tices are merged into one (represented by
the grey line), thought of as embedded ®O
in the sphere. In green: the dual graph (b) A polygon configuration of P(A*) and
(A*, E*). the corresponding spin configuration.

Note that, for all o € Qj{,

B> owoy=PBlE| =B Y (1—0.0,) = B|E| - 28[{zy € E: 0, # 0y}

myEE xyeE

To every spin configuration o, assign the subgraph P(o) of (A*, E*) consisting of the dual edges
of the edges zy such that o, # o0,. Then, a simple case handling shows that every vertex of
P(0) has even degree; it is thus a polygon configuration. The configuration P(o) consists of the
contours separating the clusters of 4+ spins.

Conversely, to every P € P(A*), there corresponds a unique o such that P = P(o): the spins of
one cluster are fixed by the + boundary conditions, and then the spins of clusters change each
time a polygon edge is crossed. As a consequence on has,

VUGQX7 B Z Gxo'y:ﬁ|E|—2,8|P(O')|,
xyEE'
where |P(0)| is the number of edges of P(o).
The Ising Boltzmann measure with + boundary conditions can thus be re-written as,
eBIE| o—2B|P(0)] e—28|P(0)]

 eBIE Zaer{ e—281P(0)| ZaeQJAF e—28|P(o)]”

Vo e Qf, ,uzg(a)

With the above bijection, the Ising Boltzmann measure um can be seen as a probability measure
on polygon configurations P(A*) where the probability of occurrence of a polygon configuration

P is proportional to [] e~25.
e*eP
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4.1.2 PROOF OF THEOREM 4.1

e We want to prove that <ag>; > 0 for § sufficiently large. It thus suffices to prove that,

uniformly in n,
<O’0>Xmﬁ > c,

for some ¢ > 0. Since

<00>Xn75 = MXnﬂ(O'O = 1) - MXn,B(O—O = —1) =1- 2“7\_7“5(0'0 = —1),
this is equivalent to showing that, for g sufficiently large, uniformly in n,

1
pa, (00 =—1) < 5 ¢. (4.1)

e Let A, be the square of size 2n centered at the origin. We have the following inclusion:
{op = —1} C {P € P(A}) : P contains a contour ~ surrounding 0 = (0,0)}.

Indeed, take a path from 0 to the boundary dA,, then along this path, the spin changes each
time a contour is crossed. If P does not contain a contour v surrounding 0, the number of
contours crossed from 0 to the boundary is even, so that the spin at 0 and the boundary are the
same thus proving the reverse inclusion for complementary events.

o If P € P(A}) and P contains a contour 7 surrounding the origin, then P\ v € P(A}). Given
such a contour -y, define

Py(Ay) ={P\~: PeP(A;) and P contains v} C P(A;,).

POOPIOOOODO

PPOOPOIOOOY
POOOOOD OO OO

DODOODDDO DD
Figure 4.2: A contour « surrounding the origin; the segment {(i—1/2,1/2) : i € {1,---, |k/2]}.
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e We are now ready to prove (4.1).

px, 500 = =1) < iy 5(3 contour 7 surrounding 0)

—28|P
Do PeP(A%), Py € 1Pl

)6—25|P\

<
{7 surr.0} ZPG?(Af

1

e—28(Pl-I) 281P|

—285] -
_ € ZPG?(A;:LPDW _ Z o261 ZPE?W(A;;) €

S pesias € 2P o—201P]

n {~ surr.0} ZPECP(A;@)

{7 surr.0}
< > el since Py(A}) C P(A})
{7 surr.0}

< Z e 2% {~ : ~ contour in Z? surrounding 0, and ~ has length k}|
k>4

< Z e 2Bky . 3’“_1;
k>4

Let us show the last inequality. A contour v in Z? of length k surrounding 0 necessarily contains
a vertex of the segment {(i —1/2,1/2) : i € {1,---,|k/2]}}. Indeed, a contour containing 0
either crosses this segment, in which case we are OK, or it strictly contains this segment, in
which case it has length > k and this is not possible. We can thus choose the starting point of
~ in this segment, and we have |k/2] choices. Given such a starting point, a contour of length
k containing 0 is obviously also a path of length k. For the first step of the path, there are 4
choices (since we are on Z?); then each subsequent step has 3 choices, since one has to choose a
new edge, giving the contribution 4 - 3=,

The proof is concluded by noting that, uniformly in n, > ;4 k(3e=28)k = 3e—27

8 — oo.

(I=3c-2y2 — 0 as

4.2 TUNIQUENESS AT HIGH TEMPERATURE

The goal of this section is to prove the following.

Theorem 4.2. For alld > 1, B.(d) > 0.

This theorem implies uniqueness of the Gibbs measure when d > 1 and $ is small enough. The
method of proof proposed here is also a Peierl’s type argument. 1t relies on the high temperature
expansion of Kramers and Wannier which we now turn to.

4.2.1 HIGH TEMPERATURE EXPANSION

Again, the high temperature expansion is an exact expansion of the partition function using
polygon configurations. This time the latter live on the graph itself and not the dual. As we will
see, there is no bijection between spin and polygon configurations. This expansion is nevertheless
very useful since it allows to express observables, as for example the partition function or the
expected spin at 0, in terms of polygon configurations.

Fix A C Z% such that 0 € A, and consider the Ising model with + boundary conditions.
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Similarly to the low temperature expansion (but this time on the primal graph) define,

P(A) = {P : P subgraph of (A, E) s.t. all vertices of A have even degree in P}
Po(A) = {P : P subgraph of (A, E) s.t. all vertices of A\ {0} have even degree, 0 has odd degree}.
.- i ----e . o ---- v .
0 . .-- : 0 )
& [ S --i ® ~----- L]
(a) An example of polygon configuration (b) An example of polygon configuration
of P(A). of Po(A).

The high temperature expansion relies on the following key identity.
VoeQf, %% = coshf + 0,0y sinh f = cosh f(1 + 0,0, tanh j3).

Using this, the partition function can be rewritten as follows

ZE = Z H ePIaou = (COShB)‘E| Z H (1 + 0,0, tanh f3).

oeQf zyek oeQf zyek

Let us set C := (cosh ﬁ)‘E |, and observe that a subgraph of A can be seen as a subset of edges
of E. Then, expanding the product gives

Z; = Z H b=y = ¢ Z Z H (040, tanh 3)

UGQX zyeE UGQX {P: subgraph of (A, E)} zyeP
d
_C Z Z (tanhﬁ)lpl H Uxegp(x)’
ggQX {P: subgraph of (A, E)} zeP

where |P| denotes the number of edges of P, and degp(x) the degree of the vertex z in P. Note
that we have

H gdesr(@) _ 1, since all vertices of A\ P have degree 0 in P
€A\ P

H ageg” @ 1, since all boundary vertices have spins equal to +1.
r€OANP
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As a consequence, we have

Z; =C Z (tanhﬁ)‘P‘ Z H ageg”(w),

{P: subgraph of (A, E)} o€Qp zEA

where we have replaced QX by Q4 since there is no dependence on the boundary spins. Now we
have

Z H O_gegp(x) = H Z Jgegp(m)a and Z Ugeg})(w) =2 ]I{degp(x) is even}>

cEQ) TEA z€A oe{-1,1} o.€{—1,1}
and we conclude that

zy =2Mc Y (tanh p)".
PeP(A)

Let us now turn to the expected spin at 0. Using a similar argument we obtain

ZHoia= ¥ o L

O’EQX wyek

=C Z (tanhﬁ)|P| Z Ugegp(o)-H H O_gegP(x)

{P: subgraph of (A, E)} SN zeA\{0}
—2lAlc Z (tanh B)171,
PecPo(A)
and we conclude that
(o)t 4 = > pemy(m (tanh 8)7
AB T

P Ypep)(tanh )P

4.2.2 PROOF OF THEOREM 4.2

Our goal is to prove that <00>Z§ = 0 for all § small enough (so as to have .(d) > 0).

e Let A, be the box of size 2n centered at the origin. We now use a rewriting of the high
temperature expansion of <00>Xn 5=0. Given a subgraph P of (A, E,), denote by

A(P) = {edges of A, containing no vertices of P}.

As a consequence, every P € Py(A,) can be decomposed as P = Py U P’, where Py is the

connected component containing the origin, P' C A(Fy) and P’ € P(A,,) (all vertices of A, have
even degree in P’).
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i i

Figure 4.4: An example of decomposition of P € Py(A) as Py (red) and P’ (blue).

Using this decomposition and the high temperature expansion, we have

— P/
<f70>7\r 8= Z (tanhﬂ)|P0| Z{P’Ef”(/\n):P’CA(PO)}(tfﬂﬂﬂ ﬁ)‘ |
N . P

{Po€Po(An): Py connected} Z{Pef}’(An)}(tanh 5)

< Z (tanh 8)I7!] since the second term is < 1
{Py€Po(Ar): Po connected}

=> > (tanh B8)°

£>1 {Py€Po(Ar): Py connected, |Py| = £}

= (tanh B)‘|{Py € Po(A,) : Py connected, |Py| = (}].
>1

e Before proceeding with the proof, let us prove the following lemma.

Lemma 4.3. Let G be a finite connected graph. Starting from an arbitrary vertex of G, there
exists a closed path in G crossing each edge of G exactly twice.

Proof. Let us show this by induction on the number m of edges of G. If m = 1, this is clear. We
now use the following fact: an arbitrary connected graph can be constructed by adding one edge
after the other while always staying connected. Suppose that G has m edges, and add an edge
2’y so that it stays connected, yielding a graph G’ with m + 1 edges. Suppose without loss of
generality that 2’ is a vertex of G. If one starts from a vertex x of G, we let 7o, be such a closed
path; when the path ~9,, reaches z’, stop, explore the edge 'y’ back and forth and then proceed
with 72,,. This gives a closed path starting from z, of length 2(m + 1) crossing each edge of G’
twice. If one starts from the vertex y' € G’ \ G (only possibility outside of G), explore (v, z’),
then proceed with a closed path of length 2m starting from 2/, and finally explore (2/,y'), giving
a closed path of length 2(m + 1) starting from y'. O

e Let us now bound [{Py € Po(A,,) : Py connected, |Py| = ¢}

First note that since each edge is incident to two vertices, we have

> degp, () = 2| Py.
z€A,
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Now since 0 has odd degree in Py, and all other vertices of A,, have even degree, there is an odd
number vertices of dA,, having odd degree, in particular there is at least one. This means that
Py contains a boundary vertex, and since it is connected it must contain at least n edges; hence
{>n.

By Lemma 4.3, each Py in the set above gives a path starting from 0 of length 2¢, and two
different polygon configurations yield different paths, so that

{Py € Po(Ay,) : Py connected, |Py| = ¢} C {Paths starting from 0 of length 2¢, £ > n}.

For each ¢, the number of such paths is smaller than (2d)% since there are 2d choices for each
of the 2¢ edges of the path.

Wrapping up, we obtain
(00)%, 5 < D (tanh B)'(2d)* = 3 (tanh 5(2d)?)"

>n >n
(tanh B(2d)%)" | 1
1~ tanh A(2d)2 A < g
1
"0, if tanh 8 < 1
As a conclusion, we have that for all 8 such that tanh 8 < ﬁ, <<70>BL = 0 implying that

Be(d) > 0.

4.3 NO PHASE TRANSITION IN DIMENSION 1

Using the high temperature expansion, let us prove that there is no phase transition in dimension
1, that is 5.(1) = oo, or otherwise stated that

VB>0, (o0)f=0.
Let A, be a segment of length 2n around 0. Recall that we have

(o)t = 3 pepy (i, (tanh §)I7]
0 - .
An,B ZPE?(]\n)(tanh IB)‘P‘

The set P(A,,) has two elements, one of length 0 and the other of length 2(n + 1), while the set

Po(Ay,) has two elements of size n + 1, see Figure 4.5.

hd f T f--e @ f

—-n 0 n —n 0 n

é

Figure 4.5: The two polygon configurations of P(A,,) (left), resp. Po(A;,) (right).

As a consequence, for all 8> 0, since 0 < tanh g < 1,

2(tanh B)" L
+
(90) 8,8 = 1 + (tanh 3)2(n+1) — 9

thus concluding the proof.
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