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1- Preliminaries on functional analysis

The fast diffusion equation

Consider the Fokker-Planck version of fast diffusion equation (FDE)
with exponent m € (<2,1), d > 3

%:Au"urv-(xu) t>0, xeR

with ug € L (RY) such that uf" € L1 (R?) and |x|? up € L (R?)

Any solution converges as t — oo to the Barenblatt profile

Uso(x) = (Cu + 322 |x[2) ™7 x € R?

J. Dolbeault Rates for the subcritical Keller-Segel model



1- Preliminaries on functional analysis

Asymptotic behaviour of the solutions of FDE

[J. Ralston, W.I. Newman] Define the relative entropy (or free
energy) by
1
m-—1
2 m— m— .

L Fu(t, )] = —(:25)" fpo u| VU™t = Vul 2 dx =: — T[u(t, )]
f[U(f I < 5 Z[u(t, )]

if m is in the range (3%, 1), thus showing that

Flu(t,)] < Flu)e™ ¥t>0

Flu] =

(U™ —uZ — muZ Y (u— ux)] dx

With p = 52, the inequality Flu] < L Z[u] can be rewritten in
terms of f = u™~1/2 a

Hf”L?P(]Rd < Cod [V FlIEaee) 11555 ey

foo = uT *? is optimal [M. del Pino, JD] [F. Otto]
[D. Cordero-Erausquin, B. Nazaret, C. Villani]
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1- Preliminaries on functional analysis

Gagliardo-Nirenberg inequalities

Consider the following sub-family of Gagliardo-Nirenberg inequalities
1fllzney < Cpa I VFIIT2qey I FIITri e
with 8 = 6(p) := p 7(”2 T P = _2m171
0 1<p<g 21fd>3 l<m<1
? 1<p<001fd—2 <m<1
[M. del Pino, JD] equahty holds in if f = F, with

Fo(x) = (1+ |x|2)*p—11 Vx eRY

All extremal functions are equal to F, up to a multiplication by a
constant, a translation and a scaling
@ When p — 1, we recover the euclidean logarithmic Sobolev
inequality in optimal scale invariant form [F. Weissler]
o If d > 3, the limit case p = d/(d — 2) corresponds to Sobolev’s
inequality [T. Aubin, G. Talenti]
e Ifd=2and p— c0...
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1- Preliminaries on functional analysis

Onofri's inequality as a limit case

When d = 2, Onofri’s inequality can be seen as an endpoint case of
the family of the Gagliardo-Nirenberg inequalities [JD], [del Pino, JD]

Proposition (JD)

Assume that g € D(R?) is such that [, g dpw =0 and let

i o= [F5 (1 + f—p). With p(x) := 2 (1 + [x[?)72, and dpu(x) := pu(x) dx,
we have
1< lim C N ||L2(R2) 7o ||ip+91(’1§)2 ew7 Ju Vel dx
im =
= pooo P2 1ol zn (e oo €€ dpa

The standard form of the euclidean version of Onofri’s inequality is

. . 1 .
|og</ egdu)—/ gduﬁ—/ [Veg|* dx
R2 R2 167T R2
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1- Preliminaries on functional analysis

The logarithmic HLS inequality

The classical logarithmic Hardy-Littlewood-Sobolev (logHLS) in R?
2
/ n log (i) dx+— n(x) n(y) log|x—y| dx dy+M (1 +logm) >0
R2 M M R2xR2
Equality is achieved by
1
M= T ey
Notice that —Alog u = 87 u can be inverted as

V x € R?

(~2) "= 5~ log(mp)

With M =8 and ny = 87 i (logHLS) can be rewritten as

[omoe () a5 [ 0= ) (-8) o ) o

=:F[n] =F3In
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1- Preliminaries on functional analysis

The two-dimensional case: Legendre duality

Onofri’s inequality

1
Fi[u] == log (/ e dp,) <— [ |Vu? dx+/ updx =: F[u]
R2 167 R2 R2

By duality: F*[v] = sup ( [z v u du — Fi[u]) we can relate Onofri’s
inequality with (logHLS)

Proposition (E. Carlen, M. Loss & V. Calvez, L. Corrias)

For any v € L} (R?) with [, v dx =1, such that v log v and
(1 + log |x|?) v € L}(R?), we have

A== [ viog (%) axotn [ (v (-8) M=) b > 0

4
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1- Preliminaries on functional analysis

The two-dimensional case: (logHLS) and flows

[E. Carlen, J. Carrillo, M. Loss|

Ha[v] := /Rz(v—u)(—A)_l(v—u)d —ﬁ/ﬂyvlog (5) dx

is related to Gagliardo-Nirenberg inequalities if v; = Ay/v
Q@ Alternatively, assume that v is a positive solution of

ov v
— =Alog(—) t>0 R?
ot og (H) >0, xe¢

Proposition (JD)

If v is a solution with nonnegative initial datum vy in L1(IR?) such that
Jge o dx =1, v log vo € L}(R?) and vy log 1 € L*(R?), then

SHalu(e, ) = g [ 1V o= [ (et ~1)wdu> Falil - Al

with log(v/p) = u/2
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1- Preliminaries on functional analysis
el m subcritical and small mas:
rum of n

3- Keller-Segel model

Linearization and welghted L2 spaces

Back to the fast diffusion equation 24 = Au™ + V - (x u) we
investigate the linear regime v = uoo(l +eful;m ase—0
of

= —Lf:=u"2V - (uy VF
o L ul7*V - (us V)

Use L?(RY, u?2™ dx) [A. Blanchet, M. Bonforte, JD, G. Grillo,
J.L. Vazquez]

1
Flu] = m/Rd [u™ —uZ — muZ (v — us)] dXNg Rd|f|2 u2s ™ dx

L Fu(t, )] = —Z[u(t, )] ~ — fua [VFI? too dx = — (f, L)
Flu(t, )] < 2 ZMu(t,)] = / |FI? u?s™ dx < %/ |VF|? uso dx
RY RY
for any m < 1, m # (d — 4)/(d — 2) i.e. Hardy-Poincaré inequality

(under zero average condition on f) and... A=1if me [(d—1)/d,1)
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Linearized fast diffusion: spectrum

Spectrum of £

(@=5)

Essential spectrum

=

Figure: Spectrum of L, appropriately normalized
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2- Keller-Segel model: subcritical and small mass results

The parabolic-elliptic Keller and Segel system

%:AU—V-(UVV) xeR?, t>0
—Av=u xeER?, t>0
u(t=0)=ng >0 x € R?

We make the choice:

1
v(t,x) = ~% /RZ log|x — y| u(t,y) dy

and observe that

1 X—y
Vv(t,x)=—— | —u(t,y)d
v(t,x) =~ = u(t,y) dy
) d
Mass conservation: — [ u(t,x) dx =0
R2
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2- Keller-Segel model: subcritical and small mass results

Blow-up

M =[5, nodx > 8 and [, |x|? ng dx < co: blow-up in finite time
a solution u of
ou

E:AU—V'(UVV)

satisfies

%/}RZ x|? u(t,x) dx

= - 2x-Vudx+— // 2x-(y— : u(t, x) u(t,y) dxd
/]RZ 37 [ oo ey B X)ult y) dxdy

—4 ) r=x) |)}:) %2 x) u(t,x) u(t,y) dx dy

2
:4M—&<0 if M>8rw
2
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2- Keller-Segel model: subcritical and small mass results

Existence and free energy

M =[5, no dx < 8x: global existence [W. Jager, S. Luckhaus],
[JD, B. Perthame], [A. Blanchet, JD, B. Perthame], [A. Blanchet,
J.A. Carrillo, N. Masmoudji]
If u solves

du

5 = V - [u (V (logu) — VVv)]

the free energy

satisfies

1
Flu] ::/ ulogudx——/ uv dx
R2 2 Jg2
d

EF[u(t, I =- /RZ u|V (log u) — Vv|* dx

(log HLS) inequality [E. Carlen, M. Loss]:
F is bounded from below if M < 871
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2- Keller-Segel model: subcritical and small mass results

The existence setting

0

8—:—AU—V (uVv) x€ER?, t>0
—Av=u xeR?, t>0
u(-,t=0)=ng >0 x € R?

Initial conditions

no € LL(R?, (1+|x]*) dx), nglogno € L'(R?, dx), M :=

no(x)dx < 8w

Global existence and mass conservation: M = [, u(x, t) dx for any
t >0, see [W. Jager, S. Luckhaus], [A. Blanchet, JD, B. Perthame]

v=—5 log| |*u
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2- Keller-Segel model: subcritical and small mass results

Time-dependent rescaling

1 X
u(x, t) = 0] n <W,T(t)) and v(x,t)=c (W,T(to
with R(t) = +/1+ 2t and 7(t) = log R(t)

%:An—v-(n(Vc—x)) XER2, t>0

c=——log|-|*n xe€R2, t>0
m

n(,t=0)=ny >0 x € R?

[A. Blanchet, JD, B. Perthame] Convergence in self-similar variables
Jim -+ ) = noclpgaey = 0 and i [Ve(s +€) = Vel e = 0
means intermediate asymptotics in original variables:

lu(x, €) = gy e (g0 7(8)) llgeny N\ O
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2- Keller-Segel model: subcritical and small mass results

The stationary solution in self-similar variables

ecoo—\x|2/2

1
_ = —A 00 3 oo — | ' 0
Jon €=~ PP72 dx g ¢ o logl [

Noo =

o Radial symmetry [Y. Naito]
@ Uniqueness [P. Biler, G. Karch, P. Laurencot, T. Nadzieja]

o As |x| — 400, ns is dominated by e=(=9X*/2 for any ¢ € (0,1)
[A. Blanchet, JD, B. Perthame]
o Bifurcation diagram of |[neol| e (gz) as a function of M:
li ool =
Mﬂh l[nooll, @) =0

[D.D. Joseph, T.S. Lundgren] [JD, R. Stafczy]
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The stationary solution when mass varies

1.0 1.5

Figure: Representation of the solution appropriately scaled so that the 87 case
appears as a limit (in red)
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2- Keller-Segel model: subcritical and small mass results

The free energy in self-similar variables

an
ot

Fln] ::/ nlogndx+/ 1|x|2ndx—1/ nc dx
R2 ]R22 2 R2

9 Fln(t, )] = —/ 0|V (logn) + x — V[ dx
dt R2

:V[n(logn—x—ch)}

satisfies

A last remark on 87 and scalings: n*(x) = A2 n(\ x)

Fln'] = F[n]+/n|og()\2) dx+/ =L x> n dx+i n(x) n(y) Iogl dx dy
41 JRr2xR? A

,2 1
/ Ix|2 n dx
R2
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2- Keller-Segel model: subcritical and small mass results

Keller-Segel with subcritical mass in self-similar variables

0

a_::An—V-(n(Vc—x)) xeR2, t>0

c=——log|-|*n x€R?, t>0
2n

n(-,t=0)=ng >0 x € R?

Jim (|4 1) = Al =0 and fim V(4 ) = Vel pgaz) = 0

oo Ix?/2
Moo =M——— = Acs,

1
oo e W2 dx Coo = =5 108 - [ oo
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2- Keller-Segel model: subcritical and small mass results

First result: small mass case

Theorem (A. Blanchet, JD, M. Escobedo, J. Ferndndez)

There exists a positive constant M* such that, for any initial data

ng € L?(n! dx) of mass M < M* satisfying the above assumptions,
there is a unique solution n € CO(R*, L1(R?)) N L°°((7, 00) x R?) for any
7>0

Moreover, there are two positive constants, C and §, such that

/ |n(t,x)—noo(x)|2£§Ce_5t Vt>0
R2

o0

As a function of M, § is such that limy_o, 6(M) =1

The condition M < 87 is necessary and sufficient for the global
existence of the solutions, but there are two extra smallness
conditions in our proof:

@ Uniform estimate: the method of the trap

@ Spectral gap of a linearised operator £
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2- Keller-Segel model: subcritical and small mass results

First step: the trap

For any M < M, there exists C = C(M) such that, for any solution
u € CORT, LY(R?)) N L>=(Rf, x R?)

loc

||“(t)||Loo(R2) <C 71 Vt>0

The method of the trap... Duhamel’s formula
H(t [Ju(:, )l oo 2y » M) < 0
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2- Keller-Segel model: subcritical and small mass results

Second step: LP and H! estimates in the self-similar
variables

on

E:An—v-(n(Vc—x)) xe€R2, t>0

c=——log||*n x€R2, t>0
2m

n(-,t=0)=ng >0 x € R?

With K = K(x) = el*’/2, rewrite the equation for n as

on 1 B 2
5~ 1V (KVn) =-Ve - Vn+2n+n

i/ |n|2de—|—/ |Vn|? K dx
dt R2 R2

:—/ nVc-Vanx+2/ n2de—|—/ n® K dx
R2 R2 R2

SE/ |Vn]? Kdx+ C
R2

N =
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2- Keller-Segel model: subcritical and small mass results

Third step: linearization and spectral gap

Proposition

For any M € (0, M), for any f € H(ns dx) such that

1
f N dx = fPne dx > —— [ |f|* ne d
o No dx =0 = 1R2|V|n X*/\(I\/I) 1R2| |“ noo dx

for some A(M) > 0 and limpy—o, A(M) =1

Corollary

If M < M5, then any solution n is bounded in
L=(R*, L2(n dx)) N L((7, 00), H* (n! dx))

for any T > 0
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

Fourth step: collecting the estimates

f 1
%—L(t,x,f,g):—n—v-[anOV(chO)] xeER? t>0
—A(cx g) = f noo xeER?, t>0

Multiply by f n., and integrate by parts

th/ |FI? noo dx+/ |VF|? no dx

V-V (gcso) Noo dx+ V- V(g cso) f Noo dx
R2 R2

=I =II

d/ 2 / 2 [1 —~(M) 2
— fl“ne dx < —[1 —~v(M Vilc e dx < ———= fl° nso dx
&L [t =) [ 19 o L

N~
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

A parametrization of the solutions and the linearized
operator

[J. Campos, JD] A " e— 3% IxI+c
— Cc = R
fRz ez XPHe dx

Solve
—¢" — lqb' —e i >0
r

with initial conditions ¢(0) = a, ¢'(0) = 0 and get with r = |x]|

M(a) := 27r/ e 20 gy
R2
e*; r2+¢a(r)

T = ei% r2+¢a(r)
21 [pore2 rPtds dx

na(x) = M(a)
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Mass

= 2 2 4 6 8 10

Figure: The mass can be computed as M(a) = 2 [ na(r) r dr. Plot of
a+— M(a)/8n
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1- Preliminaries on functional analysis
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Bifurcation diagram

1.5 20 25 30 35 40

Figure: The bifurcation diagram can be parametrized by
a = (5= M(a), || Calloo o)) With ||Call e (ze) = ca(0) = a — b(a)
(cf. Keller-Segel system in a ball with no flux boundary conditions)
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1- Preliminaries on functional analysis
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Spectrum of L (lowest eigenvalues only)

5 10 15 20 25

Figure: The lowest eigenvalues of —£ = (—A)~*(n, f) (shown as a function of
the mass) are 0, 1 and 2, thus establishing that the spectral gap of —L is 1

[A. Blanchet, JD, M. Escobedo, J. Ferndndez|, [J. Campos, JD],
[V. Calvez, J.A. Carrillo], [J. Bedrossian, N. Masmoudi]
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Spectral analysis in the functional framework determined

by the relative entropy method
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

Simple eigenfunctions

Kernel Let fy = BM Cso be the solution of
-A fb = N fO

and observe that gy = fy/coo is such that

iV- (noeV(fo — €0 80)) =: LTy =0

Neo
Lowest non-zero eigenvalues f; := 1 BB’LT associated with
g = Cl %CX"" is an eigenfunction of E, such that —Lfi = f
oo

With D :=x -V, letf2—1+ Dlognoofl—i—zn D n.. Then
—A(Dcy)+2Ac =Dny =2(fh — 1) neo

and so g = é (—A) Ynw ) is such that —LH =21
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

Functional setting...

Lemma (A. Blanchet, JD, B. Perthame)

Sub-critical HLS inequality [A. Blanchet, JD, B. Perthame]

Fn] :_/RZnIog(é> d —%/RZ(n—noo)(c—coo)dxzo

achieves its minimum for n = ns,

1
Q1[f] alm) = Flne(l+ef)] >0
if fRZ f nso dx = 0. Notice that fy generates the kernel of Qg

Lemma (J. Campos, JD)

Poincaré type inequality For any f € H*(R?, ny, dx) such that
Jra f Noo dx =0, we have

V(=D)L (F 1) noo dx:/ V(g co0) 2 oo dxg/ 12 oo dx
R2 R2 R2
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

. and eigenvalues

With g such that —A(g cx) = f noo, Q1 determines a scalar product

<f1,f2>::/ ﬂfznoodx—/ fi oo (g2 Coo)
RZ RZ

on the orthogonal space to fy in L?(nu dx)

1 1
Qa[f] ::/ |V(f—gcoo)|2 Neo dx with g=—— — log|-|*(f nso)
R2 C 27

o0

is a positive quadratic form, whose polar operator is the self-adjoint
operator £
(f,Lf) =Q[f] VfeD(Ly)

Lemma (J. Campos, JD)

L has pure discrete spectrum and its lowest eigenvalue is 1

J. Dolbeault Rates for the subcritical Keller-Segel model



3- Keller-Segel model: inequalities and spectrum of the linearized operator

Linearized Keller-Segel theory

Lf= iV- (N V(f — ¢ 8))

Neo

Corollary (J. Campos, JD)

(f, fy < (Lf,f)

The linearized problem takes the form
of _
ot

where L is a self-adjoint operator on the orthogonal of fy equipped

with (-,-). A solution of

d
dt

has therefore exponential decay

Lf

(f,fy=—2(Lf,f)
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

A subcritical logarithmic HLS inequality

Recall that

Lemma (A. Blanchet, JD, B. Perthame)
Sub-critical HLS inequality [A. Blanchet, JD, B. Perthame]

Fln] ::/]Rznlog<é> d —%/Rz(n—noo)(c—coo)dxzo

achieves its minimum for n = ns

N

Lemma (J. Campos, JD)

Poincaré type inequality For any f € HY(R2, n., dx) such that
Jga f noo dx =0, we have

V(=) "L(F 1) noo dx :/ V(g coo)2 oo dx < | [F[2 oo dx
R2 R2 R2

... Legendre duality
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3- Keller-Segel model: inequalities and spectrum of the linearized operator

A new Onofri type inequality

Theorem (J. Campos, JD)

coo— 5 Ix12

For any M € (0,8r), if noo = M —2 with coo = (=A) 7! no,

— 152
f]R2 et T2 x| dx

duy = % Nso dx, we have the inequality

1
log ( / ot dw) - / 6 dum < oo / VP dx V¢ € DEA(R?)
R2 R? R2

Corollary (J. Campos, JD)

The following Poincaré inequality holds

/ v -9 noodxs/ [V4[* dx  where E:/ W dpm
R2 R2 R2

J. Dolbeault Rates for the subcritical Keller-Segel model



4- Keller-Segel model, a functional analysis approach

An improved interpolation inequality (coercivity estimate)

Lemma (J. Campos, JD)

For any f € [>(R?, ny dx) such that [o, f fy ne dx = 0 holds, we have

o [ 6 na) toglx = y1 7(y) () oy
R2 xR?
< (1—5)-/Rz|f|2noo dx

for some & > 0, where g coo = G * (f no) and, if [, f nog dx = 0 holds,

/ V(g co)]? dx < (1 —5)/ If|? noo dx
R2 R2

J. Dolbeault Rates for the subcritical Keller-Segel model



1- Preliminaries on functional analysis
2- Keller-Segel model: subcritical and small mass results
3- Keller-Segel model: inequalities and spectrum of the linearized operator

- Keller-Segel model, a functional analysis approach

4 — Keller-Segel model, a functional
analysis approach

o F

Rates for the subcritical Keller-Segel model

J. Dolbeault




4- Keller-Segel model, a functional analysis approach

Exponential convergence for any mass M < 8x« Q

If no,.(o) stands for the symmetrized function associated to no,
assume that for any s > 0

(H) Jee€(0,8m7—M) such that / no,«(0) do < /( ) Noo,M+<(X) dx
0 0,4/s/m

Theorem (J. Campos, JD)

Under the above assumption, if ng € L2 (n} dx) and
M = fR2 ng dx < 8, then any solution with initial datum ng is such that

dx

Moo (X)

<Ce? V¥Vt>0

[ In(tx) = nelo)

for some positive constant C, where ny, is the unique stationary solution
with mass M
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Sketch of the proof

@ [J. Campos, JD] Uniform convergence of n(t,-) to ns can be
established for any M € (0,87) by an adaptation of the
symmetrization techniques of [J.I. Diaz, T. Nagai, J.M. Rakotoson]

@ Uniform estimates (with no rates) easily result

@ Estimates based on Duhammel’s formula inspired by [M. Escobedo,
E. Zuazua] allow to prove uniform convergence

Q@ Spectral estimates can be incorporated to the relative entropy
approach

Q@ Exponential convergence of the relative entropy follows

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 1: symmetrization (1/2)

To any measurable function v : R? — [0, +00),
we associate the distribution function defined by u(t,7) := [{u > 7}
and its decreasing rearrangement given by

U [0,4+00) — [0,+0], s +— w(s)=inf{r >0 : u(t,7) <s}.

@ For every measurable function F : RT — R, we have

/Rz F(u) dx = /R F(u.) ds

Q If u e WL9(0, T; LP(RV)) is a nonnegative function, with
1<p<ooandl<q< oo, then u, € WH9(0, T; LP(0, 00)) and
the formula

w(t,T)
/ 8u*(t,a) do = / @(t,x) dx
0 ot {u(t,”)>7} ot

holds for almost every t € (0, T) [J.I. Diaz, T. Nagai,
J.M. Rakotoson]

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 1: symmetrization (2/2)

If n is a solution, then the function

k(t,s) := /05 n.(t,o) do

satisfies k € L ([0, +-00) x (0, +00)) N H: ([o oo); WEP(0, +oo))

loc
n L2 ([O,—i—oo) W2P(0, + oo)) and
9k _ansdk —(k+2s)2k <0 a.e. in (0,400) x (0,400)
k(t,O) =0, k(t,+oo = Jge 1o dx  for t € (0,400)

s) = [y (o)« do fors>0

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 2: Uniform estimates

Proposition (J.I. Diaz, T. Nagai, J.M. Rakotoson)

Let f, g be two continuous functions on @ = R™ x (0, +00) such that ...

2
%—4775%—(7‘4—25)% < %—4775%—@4—25)% a.e. in Q
f(t,0) =0 = g(t, and f(t,+00) < g(t,+0) for any t € (0,+0c0

0)
f(0,s) < g(0,s) for s >0, and g(t,s) >0 in Q

then f < g on Q

Corollary

Assume that ng € L% (n}! dx) satisfies (H) and M := [, ng dx < 8.
Then there exist positive constants C; = Ci(M, p) and G, = Go(M, p)
such that

||n||L”(]R2) <G and ||VC||LOQ(R2) <G

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 3: Estimates based on Duhammel’s formula

Consider the kernel associated to the Fokker-Planck equation

[x—e~ty|?

1
=2t xeR?, yeR?, t>0

K(t.x,y) e ®

[N

If n is a solution, then

t
n(t, x) = / K(t.%.y) moly) dy+ / V. K(t—s,x,y)-n(s, y) Ve(s.y) dy ds
R2 0 JRr2

Assume that n is a solution. Then

lim |[n(t,) — neollLe@ey =0 and  lim [|[Vc(t, ) — Ve |Lorey = 0
t—o00 t—o00

for any p € [1,00] and any q € [2, ]

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 4: Spectral estimates can be incorporated

With Qu[f] = (f,f) and Qu[f] = (f, L)

@ For any function f in the orthogonal of the kernel of £, we have
Qu1[f] < Q2[f]
@ For any radial function f € D(L,), we have

2Q1[f] < Q2[f]

J. Dolbeault Rates for the subcritical Keller-Segel model
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Step 5: Exponential convergence of the relative entropy

of 1

%Ql[f(t, I =-2Qa[f(t,-)] + /R2 V(f — gcxo) f o - V(g o) dx

% Qu[f(t, )] < —2Qa[f(t, )] + 6(t, &) VQu[F(t, )] Qa[F(t,-)]
Quf(t,)]<Q Vt>0
G Qe )< = Qulr(e ] 2 0069 (@l D + Qulr (e D7)
As a consequence, we finally get that

limsup et Qq[f(t,-)] < oo

t—o00
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Some key ideas

@ Lyapunov / Entropy functionals and functional inequalities
©Q Linearization and best constants

@ Functional framework for linearized operators can be deduced
from the entropy functional
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Thank you for your attention !

J. Dolbeault
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