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@ Constructive stability results and entropy methods on R¢
@ Rényi entropy powers
e Stability for Gagliardo-Nirenberg-Sobolev inequalities on R
@ Stability in Caffarelli-Kohn-Nirenberg inequalities ?

© Interpolation inequalities on the sphere
@ Stability results on the sphere
@ Results based on a spectral analysis
@ Improved interpolation inequalities by the carré du champ method

© Gaussian measure and and log-Sobolev inequalities
@ Interpolation and log-Sobolev inequalities: Gaussian measure
@ More results on logarithmic Sobolev inequalities
@ Sobolev and LSl on RY: optimal dimensional dependence

> Patterns are Aubin-Talenti “bubbles”,
Barenblatt self-similar functions,

constants functions or Gaussian functions
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Interpolation s Ol
Gaussian measure and and | Sobo\ v inequalities

Entropy methods and stability: some basic references

@ Model inequalities: [Gagliardo, 1958], [Nirenberg, 1958]

Carré du champ: [Bakry, Emery, 1985], [Bakry, Gentil, Ledoux, 2014]
@ Motivated by asymptotic rates of convergence in kinetic equations:
t> linear diffusions: [Toscani, 1998], [Arnold, Markowich, Toscani,
Unterreiter, 2001]

> Nonlinear diffusion for the carré du champ [Carrillo, Toscani],
[Carrillo, Vazquez], [Carrillo, Jiingel, Markowich, Toscani, Unterreiter]
> Sharp global decay rates, nonlinear diffusions: [del Pino, JD, 2001]
(variational methods), [Carrillo, Jiingel, Markowich, Toscani,
Unterreiter] (carré du champ), [Jiingel 2016], [Demange] (manifolds)
@ Refinements and stability [Arnold, Dolbeault], [Blanchet,
Bonforte, JD, Grillo, Vézquez], [JD, Toscani], [JD, Esteban, Loss],
[Bonforte, JD, Nazaret, Simonov]

@ Detailed stability results [JD, Brigati, Simonov]

> Side results: hypocoercivity; symmetry in CKN inequalities
> Angle of attack: entropy methods and diffusion flows as a tool
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Rényr entropy powers,
inequalities and flow,
a formal approach
[Toscani, Savaré, 2014]

[JD, Toscani, 2016]
[JD, Esteban, Loss, 2016]

> How do we relate Gagliardo-Nirenberg-Sobolev inequalities on RY

0 1-9
||Vf||L2(Rd) ||f||LP+1(Rd) > Cans ||fHL2P(]Rd) (GNS)
and the fast diffusion equation
% = Au™ (FDE)

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Constructive stability results an
nterpolation
Gaussian measure and a

py methods on RrY Rényi entropy powers
lities on the sphere Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY
olev inequalities Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Mass, moment, entropy and Fisher information

(i) Mass conservation. With m > m. := (d — 2)/d and up € L} (R?)

d
< t,x) dx =
at Je u(t,x)dx =0
(ii) Second moment. With m > d/(d + 2) and
up € LL (R?, (1 + |x|?) dx)

d
—/ |X\2u(t,x)dX:2d/ u™(t, x) dx
dt Rd Rd

(iii) Entropy estimate. With m > my := (d — 1)/d, uf" € L}(R9) and
up € LL (R?, (1 + |x|?) dx)

m2

Bl mt_7 dx = vm—le
T Rdu( x) dx T Rdu| u™ T dx

Entropy functional and Fisher information functional
2

m
E = m | = m—1)2
[u] /Rd umdx and I[u] a—my /]Rd u|Vu™ " dx
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Entropy growth rate

Gagliardo-Nirenberg-Sobolev inequalities

HVfHLZ (R9) ||f||LP+1(]Rd > Cans Hf||L2P(]Rd) (GNS)

1
P= 35,1

u=f2P so that u™ = fP*1 and u|Vu™ 1? = (p — 1)? |Vf]?

— m—p+16[m1, 1)

1 2
= 1F1 2oy » ELU] = [FI7 gy M = (P+ 1) [V f2me)
If u solves (FDE) 24 = Au™, then E' = m|

p _
E/ Z (P-|— 1) C(%NS ”f”LZP(Rd ”f”LpH ]Rd) CO

a-m
/ u'"(t,x)dxz(/ ué”dx—&—Wt) ©ovt>0
R R ¢
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Self-similar solutions

1—m

/um(t7x)dx>(/ ug’ dx—&—(lm)c(’t)mmc Vt>0
R Rd e

Equality case is achieved if and only if, up to a normalisation and a a

translation
_a G X
60 = 2528 ()

where B is the Barenblatt self-similar solution

B(x) = (1+ [x[*)™"
Notice that B = ¢?? means that

p(x) = (14 |x?) 77
is an Aubin-Talenti profile
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Pressure variable and decay of the Fisher information

Gaussian measure and a

The derivative of the Rényi entropy power Ea =nlis proportional to

i =i=:
The nonlinear carré du champ method can be used to prove (GNS) :

> Pressure variable

> Fisher information

I[u] :/ u| VPP dx
RY
If u solves (FDE), then

v:/ A(u™) VP dx + 2/ uVP-V((m—1)P AP + [VP]) dx
R4 R4

_ _2/ o (ID?PI2 ~ (1~ m) (APY?) d

Rd
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Rényi entropy powers and interpolation inequalities

> Integrations by parts and completion of squares: with m; = %

— ﬁ% log (I9 Ez%)

= um
Rd

> Analysis of the asymptotic regime as t — +00

2 2

|
dx

AP+ =

1
D?P - — APId £

d

dx+(m—m1)/ u™

Rd

M ) = ) 1<) 1 i

0
m Ve (p+1)*? C&ks

18] e,

We recover the (GNS) Gagliardo-Nirenberg-Sobolev inequalities

I[u)’ E[ul? 5 > (p+ 1)2 (Cans) " MF
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Gagliardo-Nirenberg-Sobolev
inequalities on RY

in collaboration with M. Bonforte, B. Nazaret and N. Simonov

Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method
arXiv:2007.03674, to appear in Memoirs of the AMS

Constructive stability results in interpolation inequalities
and explicit improvements of decay rates of fast diffusion eq.
DCDS, 43 (3 & 4): 1070-1089, 2023
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Gaussian measure and and log-Sobolev inequalities

Entropy — entropy production inequality

Fast diffusion equation (written in self-similar variables)

ov m—1 B

S+ V- (v(VvmT—2x) ) =0 (r FDE)

Generalized entropy (free energy) and Fisher information
1

Flv]i=—— (v =B" —mB™ ! (v — B)) dx

m Jrd
Z[v] :—/ vIVyTl 4 2><|2 dx
Rd

satisfy an entropy — entropy production inequality

I[v] > 4 F[v]

[del Pino, JD, 2002] so that
Flv(t, )] < Flw]e™**
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The entropy — entropy production inequality
Zlv] > 4 Flv]
is equivalent to the Gagliardo-Nirenberg-Sobolev inequalities
||Vf||iZ(Rd) ||f||11;+91(Rd) > Cans [fllpze(gra (GNS)
with equality if and only if |f|?P is the Barenblatt profile such that
PP = B(x) = (L+ <) ™

v = f2P so that v™ = fP*1 and v |Vv"”1|2 =(p—1)2|VF?
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Spectral gap and Taylor expansion around B

5(m)
4
my = %
iy e
2
e Caise 1
Case 2
Case 3
0 m
1

[Denzler, McCann, 2005]
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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Strategy of the method

Choosde > 0, small enough

Get a threshold time ty (€)

tx(€ t
| Backward estimate ‘* Forward estimate
< | >
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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A constructive stability result (subcritical case)

Stability in the entropy - entropy production estimate
ZI|v] — 4 F[v] > ¢ F|v] also holds in a stronger sense

¢
Ilv] — 4 F[v] > mI[v]

d (m—me)
if [poxvdx =0 and A[v] =sup,or =™ f\x|>r vdx < 0o

Theorem

Let d > 1 and p € (1, p*). There is an explicit C = C[f] > 0 such that,
for any f € L?P(R?, (1 + |x[?) dx) s.t. Vf € L2(R?) and A[f?F] < oo

d—p(d—2)
p+1

> C[f] inf ’(p—l)Vf+f”chl_p}2 dx
pEM RY

(p— 1)? VIl 2qgey + 4 [{igse

2
LP+1(RY) ICGNS ||fHL5p’sz)

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Extending the subcritical result to the critical case

To improve the spectral gap
for m = m;, we need to
adjust the Barenblatt function

Ba(x) = A79/2B (x/ﬁ) in or-
der to match [p, [x|? v dx where

the function v solves (r FDE) or
to further rescale v according to

V(%) = sk w (t +r(b), ﬁ) ,

—4 (m—m¢)
dr _ (;% Jroa %2 vdx) 1, 7(0)=0 and R(t)=e2"(®)

t — A(t) and t — 7(t) are bounded on R™

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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A constructive stability result (critical case)

Let 2 p* = 2d/(d — 2) = 2*, d > 3 and
Wp (RY) = {f e LP"TH(RY) : VF € L2(RY), |x|fP" € LA(R?)}

Theorem

Let d >3 and A > 0. For any nonnegative f € Wy (R9) such that
/ (1, x,|x|?) F2 dx = / (1,x, |x|*) g dx and sup rd/ 2 dx < A
Rd Rd r>0 |x|>r

we have

IV I 2qmey — S IFIIE2e ey
- C«(A) /
- 4 +C*(A) Rd

C.(A) = C.(0) (1+AV/C d))_l and C,(0) > 0 depends only on d

d=2 55 Tg— 2|
Vf + &= fa2 Vg dx

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Stability in
Caffarelli-Kohn-Nirenberg
inequalities ¢

in collaboration with M. Bonforte, B. Nazaret and N. Simonov

Constructive stability results in interpolation inequalities
and explicit improvements of decay rates of fast diffusion eq.
DCDS, 43 (3 & 4): 1070-1089, 2023
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Caffarelli-Kohn-Nirenberg inequalities

Let D, p = { veLP(RY, [x|7Pdx) : |x|7?|Vv| € L? (RY, dx) }

. P 2/p 2
/ VP gy gcab/ IV e vven,,
ra |X|PP " Jre |x]22 '

hold under the conditions that a < b<a+1ifd>3,a<b<a+1
ifd:2,a—|—1/2<b§a+1ifd:21,danda<ac:=(d—2)/2

p:

d—2+2(b—a)
> An optimal function among radial functions:

_ a2
ve(x) = (1 + |x|P=2) ("‘73)> *  and Chp=

[ =2 v |15

IIERYAE

Let d > 2 and p < 2*. C,p = C}, (symmetry) if and only if
either a € [0,a.) and b > 0, or a < 0 and b > byg(a)
[JD, Esteban, Loss, 2016]

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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More Caffarelli-Kohn-Nirenberg inequalities

On RY with d > 1, let us consider the Caffarelli-Kohn-Nirenberg
interpolation inequalities

Hf”sz A (RI) = < Csp ||Vf||L2 B (R9) ||f||Lp+1 7 (RY)

d—~

d—2
-2 =< —o0,d 1,p] with p, = — "
12<f<——7, 7€(-00d), pe(lp] with poi=—— 5

with 0 = (d—=y) (p=1)
p (d+6+2—2 w—p(d—6—2))

_ 1/
i [|Fll o gy = (fao [£19]5177 o)
Symmetry: equality is achieved by the Aubin-Talenti type functions

B() = (1 + |27 ) 7

[JD, Esteban, Loss, Muratori, 2017] Symmetry holds if and only if
d—2
y<d, and y-2<f<——=9 and B<frs(7)

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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d=4and p=6/5: (v, /) admissible region
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Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY
Stability in Caffarelli-Kohn-Nirenberg inequalities ?
An improved decay rate along the flow
In self-similar variables, with m = (p+ 1)/(2 p)
0
|x|77 87‘; +V. (|x|75 vV =0V (x|x] 77 v)
Flv] = 2P Vs _gPtl L"’lgl—p (v—g2®) ) |x| 7 dx
1-pJre 2p

Theorem

In the symmetry region, if v > 0 is a solution with a initial datum vy s.t.

Alvo] := sup o G / vo(x) [x]77 dx < o0
R>0 [x|>R

then there are some ( > 0 and some T > 0 such that

Flv(t, )] < Flw]e @' t0t wi>2T

[Bonforte, JD, Nazaret, Simonov, 2022]

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Logarithmic Sobolev

and Gagliardo-Nirenberg inequalities
on the sphere

A joint work with G. Brigati and N. Simonov

Logarithmic Sobolev and interpolation inequalities on the
sphere: constructive stability results

arXiv:2211.13180

> Carré du champ methods combined with spectral information

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Stability results on the sphere
Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

(Improved) logarithmic Sobolev inequality: stability (1)

d F?
/ IVFI> dug > 7/ F?log | —%— | dua VF € HY(S, du)
8¢ 2 Joe 1F 120
(LSI)

dug: uniform probability measure; equality case: constant functions
Optimal constant: test functions F.(x) =1 +ex-v, v €S9 ¢ — 0
> improved inequality under an appropriate orthogonality condition

Let d > 1. For any F € HY(S?, dp) such that [,, x F dug =0, we have

d F2
/IVFIQde——/ Flog | —5— | dug > —— /lVF|2de
s 2 Jsd IFlITe(sq) g2

Improved ineq. [q, |VF[?dug > (§ +1) fs F? log (F2/||F||i2(gd)) ditg
Earlier/weaker results in [JD, Esteban, Loss, 2015]
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Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Logarithmic Sobolev inequality: stability (2)

What ifdeXqud;éO? Take F.(x)=1+ex-vandlete — 0

d F2
95 =5, 2 08 i ) b= 0 = 0 (19 )

IFelltz(sey

Such a behaviour is in fact optimal: carré du champ method

Proposition

Letd>1,v=1/3ifd=1andy=(4d —1)(d — 1)2/(d +2)? if
d > 2. Then, for any F € HY(SY, du) with HFHiZ(gd) =1 we have

VF|;
/ |VF\2d,ud—(—1/ P g = = — ” 2””(8")
2 =2 Y IVFlLasey +d

In other words, if [[VF|[;(sq) is small

fsd |VF|2 dpg — g fsd F? log F? dpg > 2 59 HVFHL?(Sd +o (”v":”L2 sd )

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Logarithmic Sobolev inequality: stability (3)

Let My F denote the orthogonal projection of a function F € L?(SY) on
the spherical harmonics corresponding to the first eigenvalue on S?
X

. F d
Tl /de (v)duly) YxeS

> a global (and detailed) stability result

an(X) =

Theorem

Let d > 1. For any F € HY(S?, du), we have

d F2
[iveton— [ o E )
S¢ S ||F||L2(sd)

p ( IV F I 2 g0y
= Jd 2 d 2
IVFlt2sey + 5 [IFlltegse)

+(IV(Id - M) F||iz(§d)>

for some explicit stability constant .y > 0

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Gagliardo-Nirenberg inequalities

Optimal interpolation inequalities on S with d > 1: [Bakry-Emery,
1984], [Bidaut-Véron, Véron, 1991], [Beckner,1993]

d
/Sd VFPduaz = (IFIE s ooy = IIF Iy ) ¥ F € HE(S?, d)

(GNS)
for any p € [1,2) U (2,2*), with du: uniform probability measure
2*:=2d/(d —2)if d > 3 and 2* = +oo otherwise
Optimal constant: test functions F.(x) =1+ex-v, v €S9, ¢ — 0

Q@ Logarithmic Sobolev inequality: p — 2
@ Sobolev inequality on S? with d > 3: p — 2*

[Frank, 2022]: let p € (2,2%) and F := [y, F dug

2
(ivr \|Lzsd+||F Fllao)
IVFT2

IV F[} 2y — d Ep[F] > c(d, p)

2 sty 7 TP oo

>> a compactness method; the exponent 4 in the r.h.s. is optimal

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Gagliardo-Nirenberg inequalities: stability

As in the case of the logarithmic Sobolev inequality, an improved
inequality under orthogonality constraint and the stability inequality
arising from the carré du champ method can be combined

Theorem

Letd > 1 and p € (1,2) U(2,2*). For any F € H'(SY, du), we have

[ IVFF dyg = d 1A

IV F T sy
> yd,p 2 2
IVFl L2y + I1FllTzse)

+(|V(1d — My) F||iz(gd)>

for some explicit stability constant /4 , > 0

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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A first stability result based on
an improved inequality
under an orthogonality constraint:
a spectral analysis
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Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Improved interpolation inequalities under orthogonality

Decomposition of L3(S9, du) = @2, H. into spherical harmonics
Let My be the orthogonal projection onto @;:1 He

Assume that d > 1, p € (1,2*) and k € N\ {0} be an integer. For some

ng,p,k € (0, 1) with (gd,p,k < (gd,p,l = %2

/d |VFI?dpg — d E[F] > Cupk / |V (1d = 11,) F|* dag
S S

Q@ #H; is generated by the coordinate functions x;, i =1, 2,...d +1
> Funk-Hecke formula as in [Lieb, 1983] and [Beckner,1993]

> Use convexity estimates and monotonicity properties of the
coefficients

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Improved inequalities
by the carré du champ method
(from linear to nonlinear flows)

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Stability results on the sphere

Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Introducing the flow

ou IVul?
— y—PA—m) mp—1)—_
5 = U (Au +(mp—1) ;

Check: if m=1+4 = (% - ) then p = ufP solves & 50 = Ap”
d

d i
ol =0, el =2(0=2) [ u™P0m [9uf dpg

d 2 _ B—1 av B _ 2
E||VUHL2(Sd)——2/Sd (Bv e (AVP) dpg = —2 5% [

Assume that p € (1,2*) and m € [m_(d, p), m(d, p)]. Then

4
dpg <0

1 Vv
757 5t (19l —d&plel) < = [

Nonlinear diffusions, Entropy methods and stability
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Stability results on the sphere
Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

An estimate

With b= (k+B8—-1) 93 and c = ;% (k + B — 1)+ k(B — 1)

HV] ::/Sd <Av - |V;|2) <Av +(8-1) |VVV2) dig

d 2 2 [Vv[* 2
:mHLv— bMy|| +(c—b)/Sd7dud+d/Sd|Vv\ dug

Let k = B(p — 2) + 1. The condition 7 := ¢ — b*> > 0 amounts to

1= 4581+ (148 -2) (8-1) - (28— 1)

Vvl

v2

Ji/[v]sz/Sd

dud+d/ Vv dpg
Sd

Hence J£[v] > d [, |Vv|? dug if v > 0, a condition on 3, i.e., on m
> A proof of the inequality
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Stability results on the sphere
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Admissible parameters

[
[ [

Figure: d =1, 2, 3 (first line) and d = 4, 5 and 10 (second line): the curves
p — mx(p) determine the admissible parameters (p, m) [JD, Esteban, 2019]

o 2
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Stability results on the sphere
Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Improved inequalities: flow estimates

With ||“||Lp(sd) =1, consider the entropy and the Fisher information

1 2 2 . 2
e:= 2 (HUHLP(Sd) - HUHLZ(Sd)) and i = [|Vul[zss)

Withé::% if p>2, 6:=1 if pe[l,2]

vie
(1-(p—2)e)’

If F € H'(SY) is such that [|F|l;,gq) = 1, then

(i—de) <

IVFIIEasey = d o (EIF])

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Stability results on the sphere
Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Some global stability estimates

[JD, Esteban, Kowalczyk, Loss|, [JD, Esteban 2020]
[Brigati, JD, Simonov]

EF 2
||VFHL2 s =de (IFIPZL[p(]"d)) IFllLe@eey VYFE€E H'(S9)

Since ¢(0) =0, ©'(0) = 1, ¢” > 0, we know that ¢ : [0,s,) — RT is
invertible and ¢ : R* — [0, s,), s = 9(s) := s — ¢~ 1(s), is convex
increasing: ¢ > 0, with ¢(0) = ¢/(0) = 0, lim;_, o0 (t — ¥(t)) = s,

Proposition

Ifd > 1 and p € (1,2%)

1 [IVFIZ.
IV~ dEoLF] > P10 (G TAREs2 ) ¥F € HOGS?)

p(sd)

> If p = 2, notice that ¥(t) =t — % log(1+~t)
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Interpolation inequalities on the sphere Results based on a spectral analysis
Gaussian measure and and log-Sobolev inequalities Improved interpolation inequalities by the carré du champ method

Stability:
the general result

It remains to combine the improved entropy — entropy production
inequality (carré du champ method) and the improved interpolation
inequalities under orthogonality constraints

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

The “far away” regime and the “neighborhood” of M

> I |VF 2oy / | Fllf ooy = Yo > 0, by the convexity of v

IVFI
IVF I~ €611 2 o 1Pl v 5 st )

LP(sd

d Jo
2 s ( ) IVFIIZ. ()

> From now on, we assume that ||VF||i2(Sd) < Y ||,l-"|ip(Sd)7 take
HFHLp(Sd) =1, learn that

d vy
d—(p—2)vo

from the standard interpolation inequality and deduce from the
Poincaré inequality that

2
M<(/ qud) <1
d -

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Stability results on the sphere
Interpolation inequalities on the sphere Results based on a spectral analysis
Improved interpolation inequalities by the carré du champ method

Partial decomposition on spherical harmonics

M = TyF and an:ffg/Where@(X):H%X-V,yegd
F=#(1+% +1nG)

Apply ¢! d) <1+ ey — (1 +apae® +bpact) < (t,) €
(with exphclt constants) to u =1+ ¢ % and r = 7 G the estimate

2 2
||U + r”LP (s9) — ||u||Lp(Sd)
HUHLP §9) Plsa Pt rdug+5(p—1) [cauP 2 rPdug
(
T Z2<k<p Gk fsd w5 K dpg + K, fsa |r|P C/Md)

Estimate [q, (1+ )P Gdug, Jeo (1 + )P |G|* dug, ete. to
obtain (under the condition that £ + n? < o)

/ IVF[? dpg—dEy[F] > M (A54 —Be?n+Cy? — Rp.d (19;7 + 195/2))
sd
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Constructive stability results and entropy methods on @ Interpolation and log-Sobolev inequalities: Gaussian measure
Interpolation inequalities on the sphere More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Gaussian interpolation inequalities

Joint work with G. Brigati and N. Simonov
Gaussian interpolation inequalities
arXiv:2302.03926,

to appear in Comptes Rendus Mathématique

> The large dimensional limit of the sphere

J. Dolbeault Nonlinear diffusions, Entropy methods and stability


https://arxiv.org/abs/2302.03926.pdf

Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Large dimensional limit

Gagliardo-Nirenberg-Sobolev inequalities on S9, p € [1,2)
2 2 2
IV el = 5% (161000 ay — 10132000

Let v € HY(R", dx) with compact support, d > n and

ug(w) = v(wl/\/g,wz/\Fd,...,w,,/\/g)

where w € SY € RI*tL. With dy(y) := (27)~"/? eIyl dy,

2
Jimd (V0622000 = 5% (10120 1) — N6l 2o, ) )

= V1 aqgo o — 725 (112 = V1o amy)

v
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Constructive stability results and entropy methods on
Interpolation inequalities on the sphere
Gaussian measure and and log-Sobolev inequalities Sobolev and LS| on R'

More results on logarithmic Sobolev inequalities

. optimal dimensional dependence

o Interpolation and log-Sobolev inequalities: Gaussian measure

Gaussian interpolation inequalities on R”
2 1 2 2
IV VIeran) = 5= (M) = 1)

@ 1 < p < 2 [Beckner, 1989], [Bakry, Emery, 1984]
@ Gaussian Poincaré inequality p = 1
Q@ Gaussian logarithmic Sobolev inequality p — 2

v[?

dvy
V12 av)

1
2 2
IV > 5 [ 17 1og

dy(y) = (2m) "2 e 2 b dy

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LS| on R?: optimal dimensional dependence

Admissible parameters on S?

Monotonicity of the deficit along

ou |Vul?
—=uPEM(Au+(mp—1
L =u ( u+(mp—1)

ma(d, p) == ﬁ(dp+2j:\/d(p—l) (2d—(d—2)p))

0.5

1 2 3 4

Figure: Case d = 5: admissible parameters 1 < p < 2* =10/3 and m
(horizontal axis: p, vertical axis: m)

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Constructive stability results and entropy methods on Interpolation and log-Sobolev inequalities: Gaussian measure
Interpolation inequalities on the sphere More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Gaussian carré du champ and nonlinear diffusion

ot
Ornstein- Uhlenbeck operator: L=A —x -V

ma(p)i= lim_ma(dp) =1% 2 o= 1) (2= p)

2
v = yP=m) (Ev +(mp—1) |Vv|> on R”
v

0.8+

0.6

Figure: The admissible parameters 1 < p < 2 and mv are independent-of n
J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

A stability result for Gaussian interpolation inequalities

For all n> 1, and all p € (1,2), there is an explicit constant c, , > 0
such that, for all v € H*(d"v),

1
1VVIanav) = 5= (I Eocenany = IV IEan.an)

||V|—|1V||i2(Rn d
> ¢, Id — My)v|f2 (e 7
> Cnp <||V( DVIITe(rn,ay) T HVVH%,Z(]R",dW) + ||VI|iz(Rn,d7)

... but the limit case p — 2 of the Gaussian logarithmic Sobolev
inequality is not covered

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



¢ Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Sobolev and LSI on RY: optimal dimensional dependence

Constructive stability results and entropy methods on
Interpolation inequalities on the sphere

Gaussian measure and and log-Sobolev inequalities

More results on logarithmic Sobolev
inequalities

Joint work with G. Brigati and N. Simonov

Stability for the logarithmic Sobolev inequality
arXiv:2303.12926

> Entropy methods, with constraints

J. Dolbeault Nonlinear diffusions, Entropy methods and stability


https://arxiv.org/abs/2303.12926.pdf

Interpolation and log-Sobolev inequalities: Gaussian measure
More results on Iogarit?mic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Stability under a constraint on the second moment

us(x) = 1+ ex in the limit as e — 0
d(us, 12 = [[UllF2 (g g,y = €% and  infue.r d(us, w)* < 5e* + O(°)
M = {Wac 1 (a,c) € RY x R} where w,c(x) = ce >

Proposition

For all u € H'(R?, dv) such that |[u|;2gey = 1 and ||x ””i?(n@d) <d, we
have

2 1 2 2 1 2 2 ?
IV ulrgzs g — 5 [, 17 toB|u dy > 5o ([ Juf® tog Juf* dy

and, with {(s) :=s— 9 log (1+ %s),

2 1 2
IVlse iy ~ 3 [, 10 g6 0> 0 (10l )

<

[JD, Toscani, 2015], [Fathi, Indrei, Ledoux, 2016}, [Brigati, JD, Simonov]

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Interpolation and log-Sobolev inequalities: Gaussian measure
More results on Iogarit?mic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Stability under log-concavity

1
G =1+ 1728~ 1.0005787

For all u € HY(R?, dv) such that u?+ is log-concave and such that

/ (1,) [uf dy = (1,0) and / X |ul2 dy < d
R4 R4
we have

2 Cg* 2 2
IVull e omy = 5 [, lof loglu? d7 > 0

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on RY: optimal dimensional dependence

Theorem

Let d > 1. For any € > 0, there is some explicit € > 1 depending only
on ¢ such that, for any u € HY(RY, dv) with

[ @nlutdr=0,0), [ kPluld<d, [ juPeh dy<oo
R4 JRA JRY

for some € > 0, then we have

(é}
2 2 2
IVullsgusy > 5 |1 oglul? ¢

Additionally, if u is compactly supported in a ball of radius R > 0, then

G —1

:1 —————
C=lt iR

J. Dolbeault Nonlinear diffusions, Entropy methods and stability
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Sharp stability for Sobolev and
log-Sobolev inequalities,

with optimal dimensional
dependence

A joint work with JD, M.J. Esteban, A. Figalli, R. Frank, M. Loss

Sharp stability for Sobolev and log-Sobolev inequalities, with
optimal dimensional dependence
arXiv: 2209.08651
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Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on R: optimal dimensional dependence

A stability results for the Sobolev inequality

Sobolev inequality on RY with d > 3
2 2 :
IVFliogga) = Sa If e ey ¥ F € HY(RY)
with equality on the manifold M of the Aubin-Talenti functions

_d—2
2

g(x)=c(a+|x—bP) , ac(0,00), beR?I, ceR

Theorem

There is a constant 3 > 0 with an explicit lower estimate which does not
depend on d such that for all d > 3 and all f € H(R?) \ M we have

2 2 B . 2
||Vf||L2(Rd) —Sq HfHL?*(Rd) = d gIEn./f/l [V — vg||L2(1R<d)

[JD, Esteban, Figalli, Frank, Loss|

@ No compactness argument
@ The (estimate of the) constant g is explicit
@ The decay rate 8/d is optimal as d — +00

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on R: optimal dimensional dependence

A stability results for the logarithmic Sobolev inequality

Use the inverse stereographic projection to rewrite the result on SY

1
IVF2. ) — 7 d(d -2) (||F||i2*(3d) - ||F||i2(8d)>

1
a |nf (|VF_VG||i2(Sd)+4d(d_2) ||F_G||i2(8d))

=

Corollary

With 5 > 0 as above

|FI?
G M 7
L2(R",d) RY HFHL2 R, dy)

> ks inf |F ce® | dy
a€R9, ceR

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



¢ Interpolation and log-Sobolev inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities
Sobolev and LSI on R: optimal dimensional dependence
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Gaussian measure and and log-Sobolev inequalities

A real world approximation of an Aubin-Talenti

function ?

J. Dolbeault Nonlinear diffusions, Entropy methods and stability



Constructive stability results and entropy methods on RY Interpolation and log-Sobolev inequalities: Gaussian measure

Interpolation inequalities on the sphere More results on logarithmic Sobolev inequalities
Gaussian measure and and log-Sobolev inequalities Sobolev and LSI on R: optimal dimensional dependence

These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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