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Constructive stability results
in Gagliardo-Nirenberg-Sobolev
inequalities

A joint work with M. Bonforte, B. Nazaret and N. Simonov

Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method

arXiv:2007.03674, to appear in Memoirs of the AMS
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Constructive stability estimates on RY
LSI and GNS inequalities on the sphere: results
LSI and GNS inequalities on the sphere: proofs

Entropy methods and flow estimates for some GNS inequalities
Stability results for the Sobolev inequality

Gagliardo-Nirenberg-Sobolev inequalities on RY

0 1-6
IVFllLa@ay IfllLemey = Cans(p) [IF Lo (o) (GNS)
Range of exponents:
1l<p< d = d_l—'m <m<l1
P=4=2 g M=

@ Sobolev inequality: p = %, m=rm

@ Logarithmic Sobolev inequality: p=1, m=1
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Constructive stability estimates on RY

1S e17e) @S Mepelhits e fim e el Entropy methods and flow estimates for some GNS inequalities

LSI and GNS inequalities on the sphere: proofs Siztifisy el o die Sethelley gz

Entropy — entropy production inequality

Fast diffusion equation (written in self-similar variables)

Vv (v (W - 2x)) =0 (r FDE)

Generalized entropy (free energy) and Fisher information

Flv] = 1 (v —B™ —mB™ ! (v—B)) dx

m Jrd
Ilv] := /]Rd vIvvTTl 4 2X|2 dx
satisfy an entropy — entropy production inequality
V] > 4 F[v]
[del Pino, JD, 2002] so that
Flv(t,)] < Flw]e **
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Constructive stability estimates on RY
LSI and GNS inequalities on the sphere: results
LSI and GNS inequalities on the sphere: proofs

Entropy methods and flow estimates for some GNS inequalities
Stability results for the Sobolev inequality

The entropy — entropy production inequality Z[v] > 4 F[v] is
equivalent to the Gagliardo-Nirenberg-Sobolev inequalities

Iy 1110 ey = Cans(p) [Flimmey  (GNS)

with equality if and only if

[f(x)|?P = B(x) = (1 + |x]*)™*

_ 1 _ pt : _d-1
p—m <~ me [ml, ) with ml—T

u = 2P so that u™ = P and u |Vu"7’1|2 =(p—1)?|VFJ?
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Constructive stability estimates on RY
LSl and GNS inequalities on the sphere: results
LSI and GNS inequalities on the sphere: proofs

Spectral gap

Entropy methods and flow estimates for some GNS inequalities
Stability results for the Sobolev inequality

y(m)

_dl
m2 = g

d+4
d+6

e Caase 1
— Case 2

e Caase 3

m

[Denzler, McCann, 2005]

[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]

Much more is know, e.g., [Denzler, Koch, McCann, 2015]

J. Dolbeault Recent results of stability in functional inequalities



Constructive stability estimates on RY
LSI and GNS inequalities on the sphere: results
LSI and GNS inequalities on the sphere: proofs

Strategy of the method

Entropy methods and flow estimates for some GNS inequalities
Stability results for the Sobolev inequality

Choosde > 0, small enough

Get a threshold time t(¢)

. tx(€ . t
‘ Backward estimate ‘ Forward estimate
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer
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CenprEiv ey esiiries o I Entropy methods and flow estimates for some GNS inequalities

Stability results for the Sobolev inequality

A constructive stability result (critical case only)

Let 2p* =2d/(d —2) =2*,d > 3 and
Wy (RY) = {f € LP"TH(RY) : VF € L2(RY), |x|fP" € LA(RY)}

Let d >3 and A > 0. For any nonnegative f € W,«(R9) such that

/ (1,x, |x[?) ¥ dx = / (1,x, |x|*) g dx and sup rd/ 2 dx < A
Rd Rd |x|>r

r>0

we have
2 2
IVl Loy = Sa I lIer (mo)
SO
- 4+C*(A) Rd

C.(A) = C.(0) (1+AVC d))fl and C,(0) > 0 depends only on d

T = = =

2
Vf+ 452 fa%2 Vg~ o3| dx
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LSI an (,C;izsfyy‘uit"‘\ﬁ ﬁtfb(”’:tyhemj‘ates ?", Dﬁ‘, Entropy methods and flow estimates for some GNS inequalities
and G € es on the sphere: results i B
LSI and GNS inequalities on the sphere: proofs Sty vEsulls oy i Soeiey (el

Sharp stability for Sobolev and
log-Sobolev inequalities,

with optimal dimensional
dependence

A joint work with JD, M.J. Esteban, A. Figalli, R. Frank, M. Loss

Sharp stability for Sobolev and log-Sobolev inequalities, with
optimal dimensional dependence
arXiv: 2209.08651
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Constructive stability estimates on RY
Y Entropy methods and flow estimates for some GNS inequalities

Stability results for the Sobolev inequality

Stability results for the Sobolev inequality

Sobolev inequality on RY with d > 3
IVF1Paggay = Sa IR0 ey ¥ F € HARY)

with equality on the manifold M of the Aubin-Talenti functions

g(x)=c(a+[x—bP) 7 , a€(0,00), beR?, ceR

There is a constant 3 > 0 with an explicit lower estimate which does not
depend on d such that for all d > 3 and all f € HY(R?) \ M we have

2 2 /8 . 2
IVl ey = Sa IFllLer mey = 5 g'en)i/[ IVF = Vgliz(re

[JD, Esteban,Figalli, Frank, Loss| Cf. R. Frank’s lecture yesterday
> The “far away” regime and the “neighborhood” of M

> Competing symmetries and a notion of a continuous flow
(based on Steiner’s symmetrization)
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Logarithmic Sobolev

and Gagliardo-Nirenberg-Sobolev
on the sphere

A joint work with G. Brigati and N. Simonov

Logarithmic Sobolev and interpolation inequalities on the
sphere: constructive stability results
arXiv:2211.13180
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Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

(Improved) logarithmic Sobolev inequality

On the sphere S¢ with d > 1

d F?
/ IVFP?du > 5/ F? log <2> du YF e HY(S?, du)
Sd Sd HFHLZ(Sd)
(LSl

dp: uniform probability measure; equality case: constant functions
Optimal constant: test functions F.(x) =1 +ex-v, v €S9, ¢ — 0
> improved inequality under an appropriate orthogonality condition

Let d > 1. For any F € HY(S?, dp) such that [, x F du =0, we have

/|VF|2d —5’/ F? log = d >L/ |VF|2d
d 73 - ||F||i2(Sd) F=d12 sd K

Improved ineq. [g, [VF|* dp > (% +1) Jso F? log (F2/||F||i2(Sd)) dp
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Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)

Result based on the generalized carré du champ method (nonlinear diffusions)

Logarithmic Sobolev inequality: stability (1)

What if [, x F dpu# 0?7 Take F.(x) =1+ ex-vand let € — 0

d F?

IVl [ P2 1og | i | din = O(*) = O (I litzer)
2 Jso [1Fellta(se)

Such a behaviour is in fact optimal: carré du champ method

Proposition

Lletd>1 v=1/3ifd=1andy=(4d —1)(d - 1)2/(d +2)? if
d > 2. Then, for any F € HY(S?, du) with HFHiz(Sd) =1 we have

1 vF|?*
/ IVFP dy — i’/ F2log F2dp > = — ” 2HL2(S")
59 2 Jsd 2 7 [IVFllrogey + d

In other words, if [[VF||;(sq) is small

Jos IVFI2 dpe = $ [ F? log F2dp > 55 IV F[[Eagsey + 0 (IVF hen))

J. Dolbeault Recent results of stability in functional inequalities



Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Logarithmic Sobolev inequality: stability (2)

Let My F denote the orthogonal projection of a function F € L?(SY) on
the spherical harmonics corresponding to the first eigenvalue on S?
X

= : F d
i [y Fmdny) vxes

> a global (and detailed) stability result

Let d > 1. For any F € HY(S?, du), we have

d F2
/ IVF|>du — 5/ F? log <2> du
s 5 I FllLagsey

( IV F [T se
d 2 2
IVFlzae) + § I1FII2sey

an(X)

+(IV(Id — ) F||i2(gd)>

for some explicit stability constant .y > 0

™ = = =

J. Dolbeault Recent results of stability in functional inequalities



Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)

Result based on the generalized carré du champ method (nonlinear diffusions)

Gagliardo-Nirenberg(-Sobolev) inequalities

d
/Sd IVF[2du > p— (||F||i,,(gd) - ||F||i2(sd)) VF e HY(SY, dp)

(GNS)
for any p € [1,2) U (2,2*), with du: uniform probability measure
2*:=2d/(d —2)if d > 3 and 2* = +oo otherwise
Optimal constant: test functions F.(x) =1 +ex-v, v €S9 & — 0
logarithmic Sobolev inequality: obtained by taking the limit as p — 2

Let d > 1. For any F € HY(S?, du) such that [, x F dju =0, we have

d
2 2 2 2
19 b= = (1Pl = I Flfs) = G [ VI

. 2d—p(d—2
with ng,p = #
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Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Gagliardo-Nirenberg inequalities: stability (1)

With F.(x) =1+ ex - v, the deficit is of order e* as ¢ — 0

Letd > 1 and p € (1,2) U (2,2*). There is a convex function ) on R
with 1(0) = 1'(0) = 0 such that, for any F € HY(SY, dyu), we have

d
IR GRIE =t (G P [

2
) IVFI2 0
> ||F (12 g0y ¥ (—”
T

This is also a consequence of the carré du champ method, with an
explicit construction of
There is no orthogonality constraint
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Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Gagliardo-Nirenberg inequalities: stability (2)

As in the case of the logarithmic Sobolev inequality, the improved
inequality under orthogonality constraint and the stability inequality
arising from the carré du champ method can be combined

Letd > 1 and p € (1,2) U (2,2*). For any F € HY(SY, du), we have

d 2 2
IR GRIE =t (G P [

IV F [T s
= Jdp P 2
IV FITe(sey + [1FIlL2(se

+ ||V(Id — nl) F”iz(gd))

for some explicit stability constant /4, > 0
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Constructive stability estimates on RY Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
LSI and GNS inequalities on the sphere: proofs Result based on the generalized carré du champ method (nonlinear diffusions)

Generalized entropy functionals

2 2
I FIEs sy = IF Itz
= b2

1 F?
E|F] ::7/ F?log | —5— | du
2 Jgo IF 1l Lasey

E[F] - if p£2

> The key idea is to evolve these quantities by a diffusion flow and
prove the inequalities as a consequence of a monotonicity along the
flow

J. Dolbeault Recent results of stability in functional inequalities



Stability results
LS| and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Heat flow estimates: fixing parmaeters

Let us consider the constant ~ given by

~1\? —1
7;:(d ) (p-1)(2* —p) if d>2, v=P"= if d=1

d+2 3
and the Bakry-Emery exponent
2
ot 2d°+1
(d—1)
Let us define
1
S, ::72 if p>2 and s,:=+40c0 if p<2
For any s € [0,s,), let
_ 1-(p-2)s-(1-(p-2)s) P2 ,
o(s) = -~ if v£A22—p and p#2
p(s) =315 (1+(2—p)s)log(L+(2—p)s) if y=2-p#0
p(s) =3 (e7°—1) if p=2
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Stability results
LS| and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Heat flow: stability estimates

[JD, Esteban, Kowalczyk, Loss], [JD, Esteban 2020]
&plFl

2
IVFliagey = d¢ ( 2
1F 1 Ln(se)

) HFHip(Sd) VF € H'(SY)

Since ¢(0) =0, ¢'(0) = 1, and ¢ is convex increasing, with an
asymptote at s = s, if p € (2,2%), we know that ¢ : [0,s,) — R* is
invertible and v : Rt — [0,s,), s = ¥(s) := s — ¢~ 1(s), is convex
increasing with 1(0) = ¢'(0) = 0, lim;— o0 (t — 1(t)) = s., and

¥"(0) = ¢"(0) = % (2% —p)(p—1) >0 Vpe(1,2#)

First stability estimates for Gagliardo-Nirenberg inequalities

Proposition

With the above notations, d > 1 and p € (1,2%), we have

1 Ve
IV FliEa@n = d EolF] = d [IFIEpes) ¥ (3 S| VF e HY(sY)
I ~

J. Dolbeault Recent results of stability in functional inequalities



Constructive stability estimates on RY Stability results
LSI and GNS mequalmes on the sphere: resu\ts Results based on the carré du champ method (heat flow)
LSI and GNS inequalities on the sphere: proofs Result based on the generalized carré du champ method (nonlinear diffusions)

A simpler reformulation

Let d > 1, v # 2 — p as above

d

IVFI2(s0) > P p—

2 2y
(||F||L2(§d —IFISET IFISE ) VF € H(SY)

[JD, Esteban 2020]
which is a refinement of the standard Gagliardo-Nirenberg inequality

d
/Sd VPR duz S (IF I — | Flien)  ¥F € HYE dn)

.. with the restriction p < 2# := (2d‘f1“)§ <2 =29 ifd >3

J. Dolbeault Recent results of stability in functional inequalities



Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

So far, we considered only the case 1 < p < 2#. Our goal is to cover
also the subcritical range p € [2%,2*)

ompls) = /0 oo [~ (1- (-2~ (1~ (p-2)5)"")] &

provided m is admissible, that is,

me oy =gl = {me[m_(d,p),m+(d,p)] : §m<lifp<4}

2
p

m4(d, p) ::@ (dp+2:t\/d(p1) (2d(d2)p))

The parameters § and ¢ are defined by

o —1) p?
0 =1+ G0k

__ (d+2)? p* m*—2p(d+2) (d p+2) m+d*(5 p?—12 p+8)+4 d (3—2p) p+4
¢ = (T=m) (727 72
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Stability results
LSI and GNS inequalities on the sphere: results Results based on the carré du champ method (heat flow)
Result based on the generalized carré du champ method (nonlinear diffusions)

Nonlinear diffusion flow: stability estimates

We consider the inverse function ¢!, : Rt —[0,s,) and
VUmp(s) =5 — @1 (s). Exactly as in the case m = 1, we have the
improved entropy — entropy production inequality

EplF]

2 2
||VF||L2(§d) >d ||F||Lp(sd) Pm,p ( 2
IF1In e

) YV F e HY(SY)

Proposition

With above notations, d > 1, p € (2,2*) and m € <7,, we have

2
IVFllese)

HVF||i2(Sd)—d€p[F] >d HFHip(sd) Vm,p <—2
d || FllLsse)

> Y F € H(SY)

The function ¢p, , can be expressed in terms of the incomplete I
function while ¥, , is known only implicitly

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

(Improved) logarithmic Sobolev inequality

Where is the flow ?

> The case of the logarithmic Sobolev inequality is a limit case
corresponding to p = 2 of the Gagliardo-Nirenberg-Sobolev
inequalities for p # 2

> We use the fast diffusion flow (m < 1), porous medium flow
(m > 1) and as a limit case the heat flow (m = 1) given by

0 _ A om
i

where A is the Laplace-Beltrami operator on R¢

... how do we relate p and F 7

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Algebraic preliminaries

Vve Vv 1|VvP

1
Lv:=Hv — 5 (Av)gsy and Mv:=

v d v &d
With a: b= al b; and ||a]|? := a: a, we have
vv|* —1 |Vv*
ILv]? = [Hv[? =L (Av)2, [My|? = || 2evy|® 1 T — a1 vyl

A first identity

|Vv|? d d / ) / Vv® Vv
A dy = Mv|dy—2 [ Lv: 22y
LAV s\ g0 ), MR =2 L v H

Second identity (Bochner-Lichnerowicz-Weitzenbock formula

d
/ (avpdp= / ILv|? du + d / Vv du
Sd - Sd S

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

An estimate

Wlthb—(IiJrB*l)T_i__z andc—d—ﬁ(/iJrﬁfl)Jrn(ﬁ—l)

H|v] ::/Sd (A +x |VV|2> <Av+(ﬂ—l)|v‘f|2>d

d 2 2 |V |4 2

Let k = (p — 2) + 1. The condition v := ¢ — b?> > 0 amounts to

1= 8-+ (148 (p-2) (B-1) - (4286~ 1)

4
a2y [l i [ ey
Sd N

Hence J¢[v] > d [, [Vv|* dp if v > 0, which is a condition on 3

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method

Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

. and finally, here is the flow

ou (- |Vul?
2 p-m) | Pl
57 = Y (Au+ (mp—1) ,
Check: if m=1+ % (% — 1), then p = uPP solves % = Ap"
d, 2 _ d 2 _ —p(1-m) 2
el =0, Sl =2(p=2) [ "= [Vu dp,

d 2 _ B—1 ov B _ 2
EHVU”LQ(Sd)——Z/Sd <5v E (AV )d,u-—2ﬁ L%/[V]

Assume that p € (1,2*) and m € [m_(d, p), m(d, p)]. Then

1 d 2 [Vv*
— = 2(gdy < - <
28 dt (HVU”L (s9) dgp[“]) = ’Y/Sd )2 dp <0

= 2= = = =

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Admissible parameters

s w
1 2 3 B B G
! [—\ [\
) ) u o0s u
b s 2 3 3 0 B 3

Figure: d =1, 2, 3 (first line) and d = 4, 5 and 10 (second line): the curves
p — mx(p) determine the admissible parameters (p, m) [JD, Esteban, 2019]

J. Dolbeault Recent results of stability in functional inequalities



Constructive stability estimates on RY Nonlinear carré du champ: main steps of the method

LSI and GNS inequalities on the sphere: results Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Inequalities and improved inequalities

4
From ;% & (||vu||§2(gd) - dep[u]) < = Lo 94 g < 0 ama
lime 400 (||Vu||i2(sd) - dSP[u]) = 0, we deduce the inequality
2
||V”HL2(Sd) > d&pu]
[Bakry-Emery, 1984], [Bidaut-Véron, Véron, 1991], [Beckner,1993]

... but we can do better

[Demange, 2008], [JD, Esteban, Kowalczyk, Loss]
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Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Improved inequalities: flow estimates

With ||“||Lp(sd) =1, consider the entropy and the Fisher information

1 2 2 - 2
SR (”UHLp(sd) - H“HL2(S")) and 1= [|Vullgaso)

Withé::% if p>2, 6:=1 if pell,2]

vie

i—de) < — 1 =
A g

2 2
s VPR d ElF] 2 dvr (§ IVFIRe)  VF € HAS?) st [Flpoqen
With F := fsd F dp, this improves upon [Frank, 2022]

2 12 2
(||VFHL2(sd) +||F - FHLZ(sd))
2 2
IV e + 55 IIF Il sey

IVFIlEzey — d EplF] = cu(d, p)

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Improved interpolation inequalities under orthogonality

Decomposition of L2(S?, du) into spherical harmonics
L2(Sd7 dM) = @HZ
£=0

Let Ny be the orthogonal projection onto EBif:l He

Assume that d > 1, p € (1,2*) and k € N\ {0} be an integer. For some

(gd,p,k € (0, 1) with (gd,p,k < %d,p,l = 2"215—&:;2)

/d IVFPRdpu— dE,[F] > Cpx / IV(1d — M) F| dp
S S

J. Dolbeault Recent results of stability in functional inequalities



estimates on R¢ Nonlinear carré du champ: main steps of the method
e sphere: results Improved interpolation inequalities under orthogonality constraints
the sphere: proofs Proof of the main results

Proof

Using the Funk-Hecke formula as in [Lieb, 1983] and following
[Beckner,1993], we learn that

EIF1 <> ¢(p) /S |Fi|?du VF € HY(SY, du)
j=1

hold for any p € (1,2) U (2,2*) with

_ug) -1t

Fx)rg+d—x)
G(p) : P

Md—x)F(x+j)

and j(x) =

> Use convexity estimates and monotonicity properties of the
coefficients

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

Proof of the main results

It remains to combine the improved entropy — entropy production
inequality (carré du champ method) and the improved interpolation
inequalities under orthogonality constraints

Let d > 1 and p € (1,2*). For any F € HY(S?,du), we have

/Sd |VF|?du — d E[F]

IV F Loy
> Sdp 2 2
IVFITe(sey + [1FllL2(se

+(|V(1d — My) F||i2(gd)>

for some explicit stability constant /4, > 0
V.

N.B. This relies on the computations of [Frank, 2022 (Bianchi-Egnell)
made quantitative

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
LSI and GNS inequalities on the sphere: proofs Proof of the main results

The “far away” regime and the “neighborhood” of M

> I |VF [ fagey / | FllEpe) = Po > 0, by the convexity of ¢im,p

p(sd)

¥
mo () 19l

> From now on, we assume that ||VF||i2(Sd) <Y ||FHip(Sd)7 take
HFHLp(Sd) =1, learn that

1 IVFIT
IVFIIT2 g0y — d ELF] = d IFI[En(se) Ymp p HF||2L2 - )
¥

d
>
= I

d vy
d—(p—2)do

from the standard interpolation inequality and deduce from the
Poincaré inequality that

2
M<</ Fd,u) <1
d ¢

J. Dolbeault Recent results of stability in functional inequalities



Nonlinear carré du champ: main steps of the method
Improved interpolation inequalities under orthogonality constraints
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Partial decomposition on spherical harmonics

With .# = MoF and MiF = ¢ % where & (x) = /< x - v for some

given v € SY
F=#(14+¢% +1G)

- +
For some explicit constants ap 4, bp ¢ and C[(L d)

c( 6 < ||1+5@||L,, 59y ~ (14 apage®+ bpae’) < C,(,,Z) e®
We apply to u=1+4+¢% and r = 1 G the estimate

|u+ r”Lp (s9) = HUHLP(Sd

L2 ) ) )
||u||Lp (8% (P/ uP lrdljﬂ——(p_l)/ uP 2,,2 dllf
p Sd 2 d

+ Y af e klrlkdu+K/||”du>

2<k<p

Estimate various terms like [i, (1+¢ )P Gdy,
Jea (L4 )72 |GP dpr, [oa (L+29) " |G|* dp, et
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... conclusion

With explicit expressions for all constants we obtain
/ IVF2dp—d E[F) > 4> (Ac* — B2+ C? = Ry (97 +0°2) )
Sd

under the condition that 2 + 7% < ¥...
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These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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