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Outline

@ Entropy and the fast diffusion equation: from functional
inequalities and characterization of optimal rates to best
matching Barenblatt functions and improved inequalities

@ Fast diffusion equations on manifolds and sharp functional
inequalities: rigidity results, the carré du champ or Bakry-Emery
method, and the use of nonlinear diffusion equations

@ An equivalent point of view: optimal Keller-Lieb- Thirring
estimates on manifolds

@ Symmetry and symmetry breaking in Caffarelli-Kohn-Nirenberg
inequalities; an introduction to the lecture of Michael Loss
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Entropy and the fast diffusion
equation

A summary

> Relative entropy, linearization, functional inequalities,

improvements, improved rates of convergence, delays
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The fast diffusion equation

The fast diffusion equation corresponds to m < 1
u=Au" xeR?, t>0

Self-similar (Barenblatt) functions attract all solutions as t — 400
[Friedmann, Kamin]

> Entropy methods allow to measure the speed of convergence of any
solution to U in norms which are adapted to the equation
> Entropy methods provide explicit constants

@ The Bakry-Emery method [Carrillo, Toscani], [Juengel,
Markowich, Toscani], [Carrillo, Juengel, Markowich, Toscani,
Unterreiter], [Carrillo, Vazquez|

@ The variational approach and Gagliardo-Nirenberg inequalities:
[del Pino, JD]

@ Mass transportation and gradient flow issues: [Otto et al.]

@ Large time asymptotics and the spectral approach: [Blanchet,
Bonforte, JD, Grillo, Vézquez], [Denzler, Koch, McCann], [Seis]

@ Refined relative entropy methods
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Time-dependent rescaling, free energy

@ Time-dependent rescaling: Take u(t,y) = R™94(1) v (t,y/R(T))

where dR
- _ Rdi-m)-1 R(0) =1 t=logR
. , R(O)=1, og
@ The function v solves a Fokker-Planck type equation
%:Avm—i—v-(xv), Vir=0 = Uo

@_ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

— v Lo
]-'[v].—/Rd (m_1—|—2|x| v) dx — Fo

Entropy production is measured by the Generalized Fisher
information

m

d Vv
E}"[v] =-TI[v], Z|v]:= /]Rd v + x| dx

4
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Relative entropy and entropy production

Q_ Stationary solution: choose C such that ||veo|p = |Jullp =M >0

1 —1/(1—m)
Voo (X) 1= (C + m |x|2)

2m n

Relative entropy: Fix Fo so that F[ve] =0
Q@ Entropy — entropy production inequalily

dZS,mE[%,+oo),m>%,m7é1

Zlv] > 2 F|v]

V.
Corollary

A solution v with initial data ug € L% (RY) such that |x|* up € L}(RY),
ug’ € Ll(Rd) satisfies Flv(t, )] < Fluo] =2

J. Dolbeault Entropy methods and sharp functional inequalities



Fast diffusion equations: new points of view : ’
Improved inequalities and scalings

Scalings and a concavity property
Best matching

An equivalent formulation: Gagliardo-Nirenberg inequalities

dx = %I[v]

VA B 1 v
= — — < —
Flv] /]Rd(m_1+2|X| v>dx ]:02/11@‘/‘ —tx

Rewrite it with p =

1 2P m _ . p+l
5o V=W, v =w as

2 2 1
( i ) IVw[2dx + (— - d) Iw|*Pdx — K >0
R 1-m R4

[Del Pino, J.D.] With 1 < p < 4% (fast diffusion case) and d > 3

Wil sy < Coia IV Wl ey Wl e
) )
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Spectral estimates: Keller-Lieb-Thirring estimates on manifolds

Improved asymptotic rates

[Denzler, McCann], [Denzler, Koch, McCann], [Seis]

[Blanchet, Bonforte, J.D., Grillo, Vdzquez], [Bonforte, J.D., Grillo,
Vézquez], [J.D., Toscani]

2(m)

= Case 1
— Case 2

e (Clase 3
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Fast diffusion equations:

some recent results

@ improved inequalities and scalings
Q@ scalings and a concavity property

@ improved rates and best matching
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Gagliardo-Nirenberg inequalities and the FDE

IV WPy W15 ey = Con l|Wlli2ee)

With the right choice of the constants, the functional
Il = 1 (0P=1) fy (VWP de B fg (W] dix—KC Ceig (Jo W27 )

is nonnegative and J[w] > J[w,] =0

Theorem

[Dolbeault-Toscani| For some nonnegative, convex, increasing ¢
Jw] > ¢ [B (fpa Iwa |9 dx — [oo [w]97t dx)]

for any w € L9 (RY) such that [,, [Vw|? dx < co and
i 10 2 i =y w2 e

4

Consequence for decay rates of relative Rényi entropies: faster rates of
convergence in intermediate asymptotics for % = AuP
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Scalings and a concavity property

> Rényi entropies, the entropy approach without rescaling: [Savaré,
Toscani]

> faster rates of convergence: [Carrillo, Toscani|, [JD, Toscani]
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The fast diffusion equation in original variables

Consider the nonlinear diffusion equation in RY, d > 1

Ju

AT

ot !
with initial datum u(x, t = 0) = up(x) > 0 such that [p, updx =1 and
Jge |XI? uo dx < 4-00. The large time behavior of the solutions is
governed by the source-type Barenblatt solutions

1 X
U (t, x) = B*( )
( X) (H tl/M)d K tl/#
where
| 2pm Yk

=2+d -1 = | —
a +d(m=1), = m—1

and B, is the Barenblatt profile

(C— xRV itm>1

B*(X) = ) 1/(m—1) )
(C*—|—|x|) fm<1
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The entropy

The entropy is defined by

E ::/ u™ dx
Rd

and the Fisher information by
I ::/ u|Vp|Pdx with p= Myt
R4 m-—1
p is the pressure variable. If u solves the fast diffusion equation, then
E=(1-m)l

To compute I, we will use the fact that

9p 2
—=(m-1)pA \Y%
5 = (m—1)pAp+|Vpl
. W 2 1 2 1
F—E° with o= —1 S am-1)=2—_1
with o d(l—m) +1—m(d+m ) dl—m

has a linear growth asymptotically as t — +oo
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The concavity property

[Toscani-Savaré] Assume that m>1—1 ifd > 1 and m> 0 ifd = 1.
Then F(t) is increasing, (1 — m)F"(t) <0 and

lim SF()=(1-m)o lim E7H = (1-m)oES L,

t—+oo t t—+oo

[Dolbeault-Toscani] The inequality
o F =EtI>ETL,
is equivalent to the Gagliardo-Nirenberg inequality
IV WL 2y Wl 1els zey = Can W llLzoge)

w 1

: 1 it g m—1/2 —
_ 1< N | A—
if 1 P m < 1. Hint: u I ”LZQ(]RCI)’ q 5 1
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The proof

If u solves 9% = Au™ with 3 < m <1, then

d
v:a/ IVl dx==2 [ ™ (DI + (m— 1) (Ap))
Rd R4

2

1
D%l = 5 (ap + | D% - 5 dpta

Q|+

1

e B E =a-me -y ([ |Vp|2dx)2

—2< +m—1>/udx/ Ap
Rd Rd

—2/ u dx/ D2p—1ApId
R4 Rd d
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Relative entropy and best matching

Consider the family of the Barenblatt profiles
_1
B,(x):=0"¢ (Co+LxP)™" VxeR?

The Barenblatt profile B, plays the role of a local Gibbs state if C, is
chosen so that [, B, dx = [pq v dx
The relative entropy is defined by

1
Folvli=—— . [v"— Bl —mBI ' (v - B,)] dx

To minimize F,[v] with respect to o is equivalent to fix o such that
O’/ x| B dx:/ x| B, dx:/ |x|2 v dx
RY R RY
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A Csiszar-Kullback(-Pinsker) inequality

Let m e (#12, 1) and consider the relative entropy

1

m-—1 R

Folu] = [u" —BY — mBI ' (u—B,)] dx

Theorem

[J.D., Toscani] Assume that u is a nonnegative function in L1(RY) such
that u™ and x — |x|? u are both integrable on RY. If ||ul|ygs) = M and
Jgo [XIPudx = [54 |x]? B dx, then

Foldl o m (ciu_B +1/ Pl Byldx)
Jg(l_m) el 8fRd B{n dx * o ||L1(R9) o Jre o

4
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Temperature (fast diffusion case)

The second moment functional (temperature) is defined by

ot) = %/R I u(t, x) dx

and such that

S (54 (1) 0L
0 (54 To0)OL
|
0 t

<> Too = limg— oo 7(s)
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Temperature (porous medium case)

Let U; be the best matching Barenblatt function, in the sense of
relative entropy F[u |U], among all Barenblatt functions (U3 )s>o.

s> (S + Too) Qf/z

Porous medium case

Too = liMg—to0 7(8)

A
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A result on delays

Assume that m > 1 — % and m # 1. The best matching Barenblatt

function of a solution u is (t, x) — U,(t + 7(t), x) and the function
t — 7(t) is nondecreasing if m > 1 and nonincreasing if1 — L <m <1

With G := 012, n=d(1—m) =2~ pu, the Rényi entropy power
functional H := ©~ 7 E is such that
G =puH with H:=0"%E
H’ dE? ol 1

—0 1% (O1-dE?) = ——(q— ! T dEe
=0 (01-dE) = Sy (a-1) with qi= o>

1—m

1 2 2
dEz_—<—/ x-V(u"’)dx) ——(/ x-qudx)
d Rd d Rd
<

l/ u|x|2dx/ u|Vpldx =0l
d Rd Rd
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Fast diffusion equations on manifolds

and sharp functional inequalities

@ The sphere
@ The line
@ Compact Riemannian manifolds

@ The Moser-Trudinger-Onofri inequality on
Riemannian manifolds
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Interpolation inequalities on the
sphere

Joint work with M.J. Esteban, M. Kowalczyk and M. Loss
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A family of interpolation inequalities on the sphere

The following interpolation inequality holds on the sphere

_92 2/p
PT/ |V ul? dvg—i—/ lul> dv, > </ |ulP dvg> Y ue HY(SY, dvg)
s s 8

@ for any p € (2,2*] with 2* = 2% if d >3

@ for any p € (2,00) if d =2

Here dv, is the uniform probability measure: vgz(S9) = 1

Q@ 1 is the optimal constant, equality achieved by constants

Q p = 2* corresponds to Sobolev’s inequality...
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Stereographic projection

The sphere

The line

Compact Riemannian manifolds

The Moser-Trudinger-Onofti inequality

J. Dolbeault
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Sobolev's inequality

The stereographic projection of SY ¢ R? x R > (p ¢, z) onto RY:
top?+22=1,z E [~1,1], p > 0, ¢ € S~ we associate x € RY such
that r = |x|, ¢ =

- \XI

-1 2 2r

:—:1—— e
‘ rr+1 rP4+1’ p r4+1

and transform any function v on S¢ into a function v on RY using
r % 41 % -2
uy)=(5) 7 v(x)=(51) 7 v(x)=(1-2)" = v(x)

@ p=2",S4=1d(d—2)[S?*? Euclidean Sobolev inequality

d—2

/ |Vv|? dx > Sy [/ |v|% dx} Vv € DV3(RY)
RY RY
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Schwarz symmetrization and the ultraspherical setting

(€0, &1, .-€q) €89, €9 = 2, 10 &[> = 1 [Smets-Willem]

Up to a rotation, any minimizer of Q depends only on £4 = z

la

o Let do() = S0 dp, 74 = \/—r(rf,ﬁ); Vv e HY([0, 7], do)

2

’%2 OW IV (0)2 da—l—/ow V(O)] do > </07T v(0)]? da)i

e Change of variables z = cos#, v(#) = f(z)

2
P—< 2 72 ' 2 ' ?
— |f| vdvg + |f|© dvg > |fIP dvy

-1 -1

where v4(2) dz = dvg(z) :== Z;* vildz, v(z) :=1— 22
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The ultraspherical operator

With dvg = Z;* vildz, v(z) := 1 — 22, consider the space
L2((—1,1), dvy) with scalar product

1 1 :
<f1,f2>:/ fih dvg, ||f||p—(/ fpdud>
—1 -1

The self-adjoint ultraspherical operator is
d
Lf:= (1—22)f”—dzf’:1/f”—|—§1/f’

which satisfies (f, L f) = f fifvdug

Proposition

Let pe[1,2)U(2,2"], d > 1

112 — 113

— Ve HY([-1,1], dvg)

1
—(f,Lf) :/ If'1? v dvg > d
-1
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Flows on the sphere

Q@ Heat flow and the Bakry-Emery method

@ Fast diffusion (porous media) flow and the choice of the exponents

Joint work with M.J. Esteban, M. Kowalczyk and M. Loss

J. Dolbeault Entropy methods and sharp functional inequalities



Fast diffusic

Fast dlffuslon equations on manifolds
Introduction t e

\\

The sphere

The line

Compact Riemannian manifolds

The Moser-Trudinger-Onofri inequality

Heat flow and the Bakry Emery method

With g = fP, d.e. f =g* witha=1/p

2a0 2
(Ineq.)  —(f,Lf) =—(g" Lg") =T[g] > d”gmp# =: Flg]
Heat flow
98 _
ot
Llali=0, Lg =202 (F.L) =2(p-2) [ [FF v
dt 1 ) dt 1 ) ) d

which finally gives

GFle(e ) =~ S e = ~2dTle(z. )

eq. = SFlg(t,)] < 2 Flg(t,)] = STla(t,)] < ~2dT[g(r. )]
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The equation for g = fP can be rewritten in terms of f as

of IdE

1d [,
—EE/_1|7(| I/dVd—

i d 12 712

dtI[g(t,~)] + 2d7Z[g(t,))] = p |f| vdug+ 2d |f| v dug

1 4 12 £11
d |f’| —1|f| f
=-2 2+ (p—1 —2(p—-1)—— 2
/_1<| e N L P S R

is nonpositive if

LS
f'

%(f,ﬁf)z(ﬁf,ﬁf>+(P—1)< v, L)

N =

d |f/|4 ( ) d—1 |f/|2 f
d+2 Pmds2 7
is pointwise nonnegative, which is granted if

-1

"2+ (p—1) —

2

d 242 +1 24
—_— 1 = p< = oF <~ —F
d+2} =P335 P=Tad-1) R
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Fast diffusi
Introduction to
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up to the critical exponent: a proof in two slides

i _ I r_ "o /
[dz’ﬁ] u=(Lu) —Lu=-2z4"—du

1 1 1
/ (Lu)? dvg = / |u" > v? dvg + d/ /)2 v duyg
-1 1

1 _
1 /12 1 /14 1 12 11
|| d u'to, d_l/ '[P
Lu)—vd = — dvg — 2 d
/1( u) v dvg 12/, 2 v° dug a2 )., o v° duy

On (—1,1), let us consider the porous medium (fast diffusion) flow

2-2 |2
v =" (Lut+ri—v
u

If Kk = B(p—2)+ 1, the LP norm is conserved
d 1 1

p ubP dud:ﬁp(/@'—ﬁ(p—Z)—l)/ uﬂ(”_2)|u'|21/ dvg =10
-1 -1
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f = u57 Hleiz(Sd) + p;iZ (||f||i2(§d) - ||f||iP(Sd)) >07

A._/l |u"|2l/2dl/ _2&(5_’_5_1)/1 uuwlﬂd’/
=/, d d10 » p d

-1+ =St B-1) /1 2 g,
d + 2 1 U2 d
A is nonnegative for some f if

G- D@ —p)>0

A is a sum of squares if p € (2,2*) for an arbitrary choice of 3 in a
certain interval (depending on p and d)
1 2 4
A:/ v dug >0 ifp:2*andB:6—
-1

_pt2 WP

u//
6—p u
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The rigidity point of view

712
Which computation have we done ? u; = u>=2# (C u+k % y)

|u'? A Ak
v+ u= u

—Lu—(8-1)

Multiply by £ u and integrate

1 1
u

/ Euu“dud:—ﬁ/ u —|dud
—1 —1 u

lu')?

Multiply by « =~ and integrate

’
u
1 /2
...:—i—/f/ u"|u| dvy

-1 u

The two terms cancel and we are left only with the two-homogenous
terms
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Improvements of the inequalities
(subcritical range)

@ as long as the exponent is either in the range (1,2) or in the range
(2,2%), on can establish improved inequalities

@ An improvement automatically gives an explicit stability result of
the optimal functions in the (non-improved) inequality

Q@ By duality, this provides a stability result for Keller-Lieb-Tirring
inequalities
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What does “improvement” mean ?

An improved inequality is

dd(e)<i VueH(SY) st.

||”||iZ(sd) =1

for some function ® such that ®(0) =0, ¢’(0) =1, ¢’ > 0 and
®(s) > s for any s. With W(s) :=s— (s)

i—de>d(Wod)(e) VuecH(S)) sit.

||U||i2(gd) =1

Lemma (Generalized Csiszdr-Kullback inequalities)
d

IV ulaeny = = [l = lullEzn]
2 llu ||2(1(§d’) r =r|2 1l/qd
> d [|ulfz(gey (W o ®){ C T2, oo [|u I La(s) VueH(S)

s(p) := max{2, p} and p € (1,2): q(p) :=2/p, r(p) := p; p € (2,4):
g=p/2,r=2p>4 q=p/(p—2), r=p—2
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Linear flow: improved Bakry-Emery method

Cf. [Arnold, JD]

wi=Lw+K——v
w

With 2¢ = 241

w'|?

-1

d—1\° 4 . p :
"= (p—=1)(27—=p) if d>1, mi=—— if

d+2

3

If p € [1,2) U (2,29 and w is a solution, then

d 1 |W/|4 |e/|2
—(i—de) < — dvg< -y ———
Gli—de = [ Bhan <o T
Recalling that ¢’ = — i, we get a differential inequality
/|2
e/I del > |e |
+ *7171—(p—2)e

After integration: d ®(e(0)) < i(0)

J. Dolbeault
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Nonlinear flow: the Holder estimate of J. Demange

2-2 w'[?
Wt—W_ﬁ<LW—|—Ii )
w

Forall p€[1,2*], sk =B(p—2)+1, & = 11 whP dud*O

g 8 SL (WY v+ 2 (w2 =) ) dvg 2 1, 2

Lemma (Demange)

For all w € H!((~1,1), dvg), such that f_ll whP dug = 1

Liwt o, 1 f VdVdf1|W v duy
v dZ/d_ﬁ2

(f—l w2h dVd) '

.. but there are conditions on

J. Dolbeault Entropy methods and sharp functional inequalities
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Admissible (p, 3) for d =5

The sphere
The line

Compact Riemannian manifolds

The Moser-Trudinger-Onofii inequality

J. Dolbeault

- Ll
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Spectral estimates: Keller-Lieb-Thirring estimates on manifolds

The Moser-Trudinger-Onofri inequality

The line

@ A first example of a non-compact manifold

Joint work with M.J. Esteban, A. Laptev and M. Loss

[m] = -

Entropy methods and sharp functional inequalities
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One—dimensional Gagliardo—Nirenberg—SoboIev inequalities

1Fllo@) < Can(p) 112y I i Pe(2,00)
11l < Can(p) 1 I Famy Iy i pe(1,2)

w1th0——andn—ﬁ

The threshold case corresponding to the limit as p — 2 is the
logarithmic Sobolev inequality

2 [lu"]]
J 0% log (—||u||uzL > dx < 3 [|ullf2(gy log <7re |u|2L2R))

If p> 2, u(x) = (cosh x)fﬁ solves

—(p—2%u"+4u—2p|uP2u=0

If p € (1,2) consider u.(x) = (cosx)ﬁ, x € (—7m/2,7/2)

J. Dolbeault Entropy methods and sharp functional inequalities
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Flow

Let us define on H!(R) the functional
4
FIv] = IV [If ey + -2p V2@ = ClIVIEsm) st Flu] =0

With z(x) := tanh x, consider the flow

ViR, 2p o, p VPR 2
Vfiﬂm{v +p_z”+§T+p_zv}

Theorem (Dolbeault-Esteban-Laptev-Loss)

Let p € (2,00). Then
—Flv(t)] <0 d lim Flv(t)] =0
; [v(®)] and i [v(t)] =

%]:[V(t)] =0 < w(x)=u(x—x)

Similar results for p € (1, 2)

J. Dolbeault Entropy methods and sharp functional inequalities
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The inequality (p > 2) and the ultraspherical operator

Q The problem on the line is equivalent to the critical problem for the
ultraspherical operator

/|v|2 dx—|— /|v|2 dx>C(/|v|pdx)

z(x) =tanhx, v, =(1- zQ)ﬁ and  v(x) = v (x) f(z(x))

With

equality is achieved for f = 1 and, if we let v(z) := 1 — 22, then

1 1 1 2

2p 2p P

f°v d +7/ 12 d >7</ fIP d )
/,1| [P dva (p—2)? 71| | Y2y 71| 1" dva

where dv, denotes the probability measure dv,(z) := c_l,, =

_ 2p _ 24
d*p—z — P=3

J. Dolbeault Entropy methods and sharp functional inequalities
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E noen - foweere
TRANSEORITATION

0 - [,7\& R

InTERPOLAI OV RaoiaL CAsE OF Ghstinepo - NigeNae =G
INCRUaLiTY Sogocav's ivEavALTY ow THE LINE
o THE ON THE (EJCLIDEAN
-1 ULTrns PHERIcPL S pAcE
Orer ATOZ

Change of variables = stereographic projection + Emden-Fowler
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Spectral estimates: Keller-Lieb-Thirring estimates on manifolds

The sphere

The line

Compact Riemannian manifolds

The Moser-Trudinger-Onofri inequality

Compact Riemannian manifolds

Q@ no sign is required on the Ricci tensor and an improved integral

criterion is established

Q@ the flow explores the energy landscape... and shows the
non-optimality of the improved criterion

J. Dolbeault
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Riemannian manifolds with positive curvature

(91, g) is a smooth closed compact connected Riemannian manifold
dimension d, no boundary, A, is the Laplace-Beltrami operator
vol(IM) = 1, R is the Ricci tensor, Ay = A\1(—Ag)

—inf inf M
pi=inf inf N(E.E)

Theorem (Licois-Véron, Bakry-Ledoux)

Assume d > 2 and p > 0. If

dp (d=1)(p-1)
< — _— =
A 9)/\1+9d—1 e d(d—|—2)+p—1>

then for any p € (2,2*), the equation

A
— - _ P =
Agv+p_2(v v =0

has a unique positive solution v € C?(IM): v =1

J. Dolbeault Entropy methods and sharp functional inequalities
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Riemannian manifolds: first improvement

Theorem (Dolbeault-Esteban-Loss)
For any p € (1,2) U (2,2%)

6d
{(1 —0) (Agu)* + —— SR(VU,VU)} dvg
. . d—1
O< A< A= inf
uEH? (9M) Jon [Vul? dvg

there is a unique positive solution in C2("M): u=1

limp—1, 8(p) = 0= limp_1, As(p) = A1 if p is bounded
M=A=dp/(d—1)=dif M =S since p=d — 1

(1—9)A1+9%§A*§A1

J. Dolbeault Entropy methods and sharp functional inequalities
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Riemannian manifolds: second improvement

(d=12(p—1)
dd+2)+p-1

Hgu denotes Hessian of v and 0 =

g (d-=1)(p—-1) [Vu®dVu g |Vuf?
= Hyu— & Agu— _eva
Qeu:=Heu = Bt = 30 u d u

(1=0) [ (@ dvg+ 75 [ [1Quul? +9(Vu. Vo)

inf
ueH2(IM)\{0} / |Vu|2 dvg

Theorem (Dolbeault-Esteban-Loss)

Assume that A\, > 0. For any p € (1,2) U (2,2*), the equation has a
unique positive solution in C?(IM) if A € (0,A,): u=1

J. Dolbeault Entropy methods and sharp functional inequalities
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Optimal interpolation inequality

For any p € (1,2)U(2,2*) or p=2*if d >3

A
19Vam) > 5= [IVIEscm) — 1vIEemy| Vv € M)

Theorem (Dolbeault-Esteban-Loss)

Assume N, > 0. The above inequality holds for some X\ = N € [A, M]
If Ny < A1, then the optimal constant N is such that

AN <A< )\

Ifp=1, then N = \;

Using u =1+ e as a test function where ¢ we get A < \;
A minimum of

Vi ||VV||i2(9n) - ﬁ ||v||ip(m) - ||V||i2(9n)

under the constraint ||v||ppon) = 1 is negative if A > Ay

J. Dolbeault Entropy methods and sharp functional inequalities
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The flow

The key tool is the flow

v 2
ut:uz—zﬁ Agu—knﬂ , ﬁ=l+6(p—2)
u

If v =u®, then %H V|Le(ony = 0 and the functional

2/p

f[u]:z/ |V(u/3)|2dvg—|—L / u?Pdv, — /uﬂ”dvg
m P=2|Jm m

is monotone decaying

J. Dolbeault Entropy methods and sharp functional inequalities
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Elementary observations (1/2)

Let d > 2, u € C?(9M), and consider the trace free Hessian

Leu:=Hgu— %Agu

d

d
/(Agu)2dvg:—/ ||Lgu||2dvg—|——/ R(Vu,Vu)dvg
o d—1 )y d—1 )y

Based on the Bochner-Lichnerovicz-Weitzenbock formula

1
54 IVul? = ||[Hgul? + V(Agu) - Vu +R(Vu, Vu)

J. Dolbeault Entropy methods and sharp functional inequalities
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Elementary observations (2/2)

2
/Agu [Vl dvg
m u

_d |Vul* Vu® Vu
*d—+z/§m 79V~ d+2/ (Ll [7]"

(Agu)’dvg >\ [ |VulPdv, YueH>(OM
- g g s g

and \1 is the optimal constant in the above inequality

J. Dolbeault Entropy methods and sharp functional inequalities
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The key estimates

G [ [P (ae+ (25— 52+ 9~ 5

u?

1 d
s == =0 [ (A dv -0l [ [VuPdy,

- u u Vul?
u::Lgu—%Z—é(n—i—ﬁ—l){V@V %‘ |}

u

0d Vult
g[“]:m {./931 ||er“||2dVg+/m§R(Vu,Vu)dvg]—u/m| ul2j| dvg
with 1= (S22 o B =1 = n (- 1) = (6 + 5= 1) 75

J. Dolbeault Entropy methods and sharp functional inequalities
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The end of the proof

Assume that d > 2. If 6 = 1, then p is nonpositive if

B-(p) < B < B+(p) Vpe(l,2)

2
where [y = 2Eyb—a vzt;La witha=2—-p+ {7('1_1) (p_l)} and b = 913°P

d+2 d+2
Notice that S_(p) < B+(p) if p € (1,2*) and S_(2*) = S+(2)

dd+2)+p—1

Proposition

J. Dolbeault Entropy methods and sharp functional inequalities
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The Moser-Trudinger-Onofri

inequality on Riemannian manifolds

Joint work with G. Jankowiak and M.J. Esteban

Q@ Extension to compact Riemannian manifolds of dimension 2...

J. Dolbeault Entropy methods and sharp functional inequalities
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We shall also denote by 9 the Ricci tensor, by Hgu the Hessian of u
and by

Lgu:=Hzu— % Agu
the trace free Hessian. Let us denote by M, u the trace free tensor
=Vu®Vu— % |Vul?
We define
./931 { | Lgu — 3 Mgu|]? + R(Vu,Vu)| e 2 dv,

= inf
ueH2(M)\ {0} / VuP e/ dvy,
m

J. Dolbeault Entropy methods and sharp functional inequalities
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Assume that d = 2 and A\, > 0. If u is a smooth solution to

1
—EAgu—i—)\:e”

then u is a constant function if A € (0, A)

The Moser-Trudinger-Onofri inequality on 20

1
2 ||Vu||iz(m) + A / udvg > X log </ e“dvg) Vu e HY(OM)
m m

for some constant A > 0. Let us denote by A; the first positive
eigenvalue of — A,

If d = 2, then the MTO inequality holds with A = A\ := min{4 7, A\, }.
Moreover, if A is strictly smaller than \1/2, then the optimal constant
in the MTO inequality is strictly larger than N\

J. Dolbeault Entropy methods and sharp functional inequalities
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The flow

of

E _ Ag(e—f/2) _ % |Vf|2 e—f/2

GAlf] == /m | Lgf — 3 Mgf |Pe "2 dv, + /m R(VF, Ve 2dy,

—)\/ |VF2e 2dy,
m
Then for any A < A, we have

i]-}[f( )= /an (=3 Dgf + ) (Ag(e—m) — L |vfP e—f/2> dvg

= —Ga[f(t,")]
Since F) is nonnegative and lim;—,o. Fx[f(t,-)] = 0, we obtain that

Falu] > /000 Galf(t,-)] dt

J. Dolbeault Entropy methods and sharp functional inequalities
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Weighted Moser-Trudinger-Onofri inequalities on the
two-dimensional Euclidean space

On the Euclidean space R?, given a general probability measure s
does the inequality

1
—— | |Vul?dx > X |log /e“du —/ udp
1671' R2 Rd R4

hold for some A >0 7 Let

inff — =& Alogpt
x€R2  8mp

Assume that p is a radially symmetric function. Then any radially
symmetric solution to the EL equation is a constant if A < A, and the
inequality holds with A\ = A, if equality is achieved among radial functions

J. Dolbeault Entropy methods and sharp functional inequalities
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Introduction to symmetry breaking in Caffarelli-Kohn-Niren
Spectral estimates: Keller-Lieb-Thirring estimate:

Caftarelli-Kohn-Nirenberg

inequalities

The symmetry issue

A brief introduction to
the lecture of Michael Loss

> Nonlinear flows (fast diffusion equation) can be used as a tool for
the investigation of sharp functional inequalities

J. Dolbeault Entropy methods and sharp functional inequalities
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Fast diffusion equations on manifolds sharp

[ o sy symmetry breaklng in Caffarell

Spectral estimates: Keller-Lieb-Thi

Caffarelli-Kohn- Nlrenberg inequalities and the symmetry
breaking issue

Let D, p 1= { veLr(RY |x|7Pdx) : [x|7?|Vv| € L2 (R, dx) }

p 2/p 2
(/ v dx> < Cos |, VVE b vy e,

ra |x|°P @ |x|?

hold under the conditions that a§b§a+lifd23, a<b<a+1
ifd=2,a+1/2<b<a+1lifd=1anda<a.:=(d—-2)/2

2d
d—2+2(b—a)

p:

> With
= IxI~2 v I3
v*(x) — (1 + |X|(P*2) (ac*a)) 2 and C*. _ _7;7
o X2 Vw3

do we have Cyp = C} , (symmetry)
or Cap > C3 , (symmetry breaking) ?

J. Dolbeault Entropy methods and sharp functional inequalities
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CKN: range of the parameters

Figure: d =3

p 2/p 2
/ V] dx < Cyp mdx
Rre |[X[PP " Jre |x]22

_

a<b<a+1lifd>3
a<b<a+lifd=2a+1/2<b<a+1lifd=1
and a < ac := (d — 2)/2

2d

p

T d—2+2(b-a)

J. Dolbeault Entropy methods and sharp functional inequalities
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The Emden-Fowler transformation and the cylinder

> With an Emden-Fowler transformation, Caffarelli-Kohn-Nirenberg
inequalities on the Euclidean space are equivalent to
Gagliardo-Nirenberg inequalities on a cylinder

a—ac

v(r,w)=r""%*p(s,w) with r=|x|, s=—logr and w=2
;

With this transformation, the Caffarelli-Kohn-Nirenberg inequalities
can be rewritten as

10s2lF2(ey + IVwbllTaey + Mlellae) = #A) @llae) Ve € HY(C)

where A := (a. — a)?, C = R x S9! and the optimal constant u(A) is

w(N) = with a=a.+ VA and b:%i\//_\

J. Dolbeault Entropy methods and sharp functional inequalities
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Symmetry vs. symmetry breaking:
the sharp result

A result based on entropies and nonlinear flows

[J.D., Esteban, Loss, 2015]: http://arxiv.org/abs/1506.03664

=] 5
J. Dolbeault Entropy methods and sharp functional inequalities

A


http://arxiv.org/abs/1506.03664

Spectral estimates on the sphere
Spectral estimates on compact Riemannian manifolds
Spectral estimates on the cylinder

Fast diffusion
Introduction to syr ities
Spectral estimates: Keller-Lieb-Thirring estimates on manifolds

Spectral estimates

@ Spectral estimates on the sphere

@ Spectral estimates on compact Riemannian
manifolds

@ Spectral estimates on the cylinder

J. Dolbeault Entropy methods and sharp functional inequalities
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Spectral estimates on the sphere
Spectral estimates on compact Riemannian manifolds
Spectral estimates on the cylinder

Spectral estimates on the sphere

Q@ The Keller-Lieb-Tirring inequality is equivalent to an interpolation
inequality of Gagliardo-Nirenberg-Sobolev type

@ We measure a quantitative deviation with respect to the
semi-classical regime due to finite size effects

Joint work with M.J. Esteban and A. Laptev

J. Dolbeault Entropy methods and sharp functional inequalities
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Fast diffus
Introductiol s
Spectral estimates: Keller-Lieb-Thirring estimates on manifolds

An introduction to Lieb-Thirring inequalities

Consider the Schrodinger operator H = —A — V on R? and denote by
(Ak)k>1 its eigenvalues

@ Euclidean case [Keller, 1961]

+i
<Ll [ vt
Rd

[Lieb-Thirring, 1976]

>l < L%d/ Vit

k>1 Rd
v>1/2ifd=1,v>0if d =2 and v > 0 if d > 3 [Weid]], [Cwikel],
[Rosenbljum]|, [Aizenman]|, [Laptev-Weidl], [Helffer], [Robert],
[Dolbeault-Felmer-Loss-Paturel]... [Dolbeault-Laptev-Loss 2008]

@ Compact manifolds: log Sobolev case: [Federbusch], [Rothaus];
case v = 0 (Rozenbljum-Lieb-Cwikel inequality): [Levin-Solomyak];
[Lieb], [Levin], [Ouabaz-Poupaud]... [Ilyin]

> How does one take into account the finite size effects in the case of

J. Dolbeault Entropy methods and sharp functional inequalities
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A Keller-Lieb-Thirring inequality on the sphere

Let d > 1, p € [max{1,d/2},+oc) and
=4 (p—1)

Theorem (Dolbeault-Esteban-Laptev)

There exists a convex increasing function o s.t. a(p) = pu if i € [0, pu.]
and a(p) > p if i1 € (ps, +00) and, for any p < d/2,

Mi(=A = V)| < a(lV]w@Es) YV eLP(S?)

This estimate is optimal

For large values of j, we have

o)t =L}y, (5ga ) (L+0(1))

If p=d/2 and d > 3, the inequality holds with a(p) = p iff pu € [0, ]

J. Dolbeault Entropy methods and sharp functional inequalities
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A Keller-Lieb-Thirring inequality: second formulation

Letd>1,vy=p—d/2

Corollary (Dolbeault-Esteban-Laptev)

d
A(-A-WV)"SLE, /Sd VIt: as pu= ”V”L"’*%(]Rd) — 00

if either v > max{0,1 — d/2} ory=1/2 and d =1

However, if u = ||V|| < i, then we have

L7t (RY) =

Pa(-a- V) < [ v
Sd

for any v > max{0,1 — d/2} and this estimate is optimal

L} ; is the optimal constant in the Euclidean one bound state ineq.

a(-A— @) <LL /w*w

J. Dolbeault Entropy methods and sharp functional inequalities
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Spectral estimates on the sphere
Spectral estimates on compact Riemannian manifolds
Spectral estimates on the cylinder

Holder duality and link with interpolation inequalities

Consider the Schrodinger operator —A — V and the energy

£lu] ;=/ Va2 —/ V |uf?
s4 sd
> [ VUl ol e
Sd
> —a(p) ||U||i2(Rd) if o = [| Vi [|Le(re)
> Is it true that
V025 ey + 22y = p() 0
In other words, what are the properties of the minimum of

||VUHL2 RY) +a HUH%}(Rd)

Qulu] :=
| “”Lq(Rd)

An important convention (for the numerical value of the constants):
we consider the uniform probability measure on the unit sphere S¢

J. Dolbeault Entropy methods and sharp functional inequalities
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Q flasymp(@) = Ko q1=9 9 .= di= corresponds to the

Kq,d
semi-classical regzqme and Kg g4 is the optimal constant in the
FEuclidean Gagliardo-Nirenberg-Sobolev inequality
d
Kaa lIvIEamey < IVVITa@e) + IVIEags ¥veH(RY)

@ Let ¢ be a non-trivial eigenfunction of the Laplace-Beltrami
operator corresponding the first nonzero eigenvalue

—Ap=dy

Consider u =1+ €@ as € — 0 Taylor expand Q, around u =1
H0) < Qull +eel = o+ [d+a2—a)] & [ o dv+o(e?)

By taking e small enough, we get u(a) < « for all a« > d/(q —2)
Optimizing on the value of € > 0 (not necessarily small) provides an
interesting test function...
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Another inequality

Let d > 1 and v > d/2 and assume that Ll_%d is the optimal
constant in

2y —d d
_ d — o~y
1= —gy2 MO P 2 —q 72
Theorem (Dolbeault-Esteban-Laptev)
- 1 4 _ —1—1
(/\1(—A + W)) < L, 4 L Wz2="7 as g=|W “L"’_%(Rd) — 00
However, if y > % +1 and B = ||W~ 1||— <1d(y-d+2)

L% (RY)

i—’}' d
M(=Aa+w))2 < [ we
sd
and this estimate is optimal

J. Dolbeault Entropy methods and sharp functional inequalities
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Kg.q 1s the optimal constant in the Gagliardo-Nirenberg-Sobolev
1nequahty

Ko IVIE2ay S IVVIT ey + IVIEaqsy Vv € H'(RY)

1 . * - . 2
and L2 ;= (K%d) with g =2 27 d+2, 0= sg—tay dfq?df2)

Lemma (Dolbeault-Esteban-Laptev)

Let g € (0,2) and d > 1. There exists a concave increasing function v
v(B)<B VB>0 and v(B)<B VBe (3, +x)
WB) =B VBE[0,,%] if qell,2)

v(B) = Ki g (kg B)’ (L+0(1)) as B — +oo
such that

IV ullZagey + B lulfogey = ¥(B) lullfaey ¥ u € HY(ST)
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The threshold case: g =2

Lemma (Dolbeault-Esteban-Laptev)

Let p > max{1,d/2}. There exists a concave nondecreasing function &
fla)=a Vae(0,a) and &(a)<a Ya>ap

for some ag € [ (p— 1), 4 p|, and &(a) ~ o™ as o — +oo

such that, for any u € H'(SY) with ||ul|i2ga) = 1

/ lul? log |uf* d vg + p log ( Sl )) < plog (1+ Lvuli?, Rd))

\

Corollary (Dolbeault-Esteban-Laptev)

A (—A—W)/ o w/ He
a2 ([ o g)
é‘()(/ ¢
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Spectral estimates on compact

Riemannian manifolds

Joint work with M.J. Esteban, A. Laptev, and M. Loss

@ The same kind of results as for the sphere. However, estimates are
not, in general, sharp.
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Manifolds: the first interpolation inequality

Let us define
K= volg(fm)l_2/q

Proposition

Assume that q € (2,2*) ifd > 3, or g € (2,00) ifd =1 or 2. There
exists a conze increasing function p : R™ — R such that p(a) = K«
for any o0 < - A wa) < ko fora > ﬁ and

IV ullEamy + o lullfa@ny > m(@) lullfo@n ¥u e H (M)

The asymptotic behaviour of i is given by u(a) ~ Kg.qal=? as
a — 400, with 9 = d %2 and K g defined by

||VV|| 2(RY) + ||V||L2 (RY)

= n
veH! (R9)\{0} | v||Lq(]Rd)
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Manifolds: the first Keller-Lieb-Thirring estimate

We consider || V/||pem) = i = a(p)

/|Vu|2dvg—/ V|u|2dvg+a(u)/ lul? d v,
m m m

> (| Vullfagony — 1 Ul ey + (i) ullf2om)
p and 3 are Hélder conjugate exponents

Theorem

Letd>1, pe(l,400) ifd=1and p € (4,+00) ifd > 2 and assume
that A, > 0. With the above notations and definitions, for any
nonnegative V € LP(9M), we have

M(=Lg = V)| < a([IVILoem)

Moreover, we have a(p)P~# =11 , 1P (1+ o(1)) as pu — oo with
L a=Kea) " v=p—1%

J. Dolbeault Entropy methods and sharp functional inequalities



Spectral estimates on the sphere
Spectral estimates on compact Riemannian manifolds

A g P g A Spectral estimates on the cylinder
Spectral estimates: Keller-Lieb-Thirring estimates on manifolds P 4

Manifolds: the second Keller-Lieb-Thirring estimate

Theorem

Let d > 1, p € (0,+00). There exists an increasing concave function
v: Rt — R*, satisfying v(3) = B/k, for any B € (0, pTH kN) if p>1,
such that for any positive potential W we have

M(—A+ W) >v(8) with 8= ([, WPdy)"”

Moreover, for large values of 5, we have
y(B)~ WD =L B (1+0(1)) as f — +oo
2),
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Spectral estimates on the cylinder

Joint work with M.J. Esteban and M. Loss
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Spectral estimates and the symmetry breaking problem on
the cylinder

Let (9, g) be a smooth compact connected Riemannian manifold of
dimension d — 1 (no boundary) with volg(9t) = 1, and let

C=RxM>x=(s,2)

be the cylinder. A" is the lowest positive eigenvalue of the
Laplace-Beltrami operator,  := infgp inf¢cga—2 Ric(€, §)

> Is
A(p) :=sup {X{[V]: V € LYC), || VILee) = 1}

equal to
M) = sup DE[V] - V € LR, [ Vilgey = 1} ?
—A{[V] is the lowest eigenvalue of —02 — Az — V and —92 — V on C

J. Dolbeault Entropy methods and sharp functional inequalities
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The Keller-Lieb-Thirring inequality on the line

- 1/q
Assume that g € (1, +00), 8 = %, w1 =q(g—1) (r\(/;+r1(/¢72))) .

M) = (g =1 (n/m)” Yy >0,

If V is a nonnegative real valued potential in L9(R), then we have

B
MIVI € A(IVlhow) where Au(n) = (g =1 (£)7 ¥p>0

and equality holds if and only if, up to scalings, translations and
multiplications by a positive constant,

V(s) = % = Vi(s) VseR

where || Vi ||Lo(r) = p1, AE[V4] = (g — 1) and @(s) = (cosh s)'
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Noi= (140092 ) k+0(1—0)AT with 6= 5o

(d—2) (n—1) (3n+1-d (3n+5))

= hi * =
A= Ao where O a2

Theorem

Let d > 2 and g € (min{4,d/2},+00). The function p — N(1)
convex, positive and such that

|

A(p)979/2 ~ L;ig 4P as p— +oo
g,
Moreover, there exists a positive u, with
A
2qg—1

b<ub < 5

2(¢-1" :

such that

Ap) =A(p) Ve p] and Au)>A(pn) Vo> p.

As a special case, if Mt = S?=1, inequalities are in fact equalities
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The upper estimate

I N () > 2 L7, then

sup {AT[V] : Ve LIC), [|VlLae) = 1} > A(p)

¢(5,2) == pu(s)+e (@u(s))pm di(z) and Vi(s,z):=p |pe (s, 2)|P~2

l6:12.2
where 91 is an eigenfunction of A{" and ¢,, is optimal for A, (i)

42

VL A <

(A" = 2 (P =) A1) + o(?)
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The lower estimate

IVIITeqey — 1105 Vi 1)/2||L2 © ~ Ve vieD22, .

J[V] = ||V q— 1)/2||L2(C

N() = sup {J[V] : [|V[lLaey = 1}

With a = ﬁ /A (), let us consider the operator £ such that

Lu” :z—%@s(ue*%‘s&( m—1 as))-l—e * Agu™

where m=1— %, n = 2gq. To any potential V > 0 we associate the
pressure function

pv(r):=rV(s) % VYr=e°°
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n—1 p’ Agp 2
K — 4 n_ ¥ 8 1 nd
[Pl n /Rd P r a?(n—1)r? P K
2
1 \Y _
+2a2/ = Vgp'——gp pl " du
Rd I r

P

2 Vqp|?
+ (&——Mu))/ Vel p' " dp
q— 1 Rd

where dy is the measure on R* x 91 with density r"~1, and ’ denotes
the derivative with respect to r

There exists a positive constant c such that, if V' is a critical point of J
under the constraint ||V ||racy = 1 and uy = V9~1/2, then we have

JIV +euyt Luf] - J[V] > ceKlpy] +o(e) as £—0

J. Dolbeault Entropy methods and sharp functional inequalities



Fast diffusion equations: new points of view

Fast diffusion equations on manifolds and sharp functional inequalities

Introduction to symmetry breaking in Caffarelli-Kohn-Nirenberg inequalities
S

Spectral estimates on the sphere
pectral estimates: Keller-Lieb-Thirring estimates on manifolds

Spectral estimates on compact Riemannian manifolds
Spectral estimates on the cylinder

These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul/Conferences/
> Lectures

Thank you for your attention !
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