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LOGARITHMIC SOBOLEV INEQUALITY
AND HEAT EQUATION

Heat equation:

w = Au  in R4

up(l +[z[%) € LT
ug logug € L1
fugder =1

Time-dependent rescaling:

R(t) = VIF2t, (&) =logR(t)

vr =QAv+ V- (zv), Vjr=0 = UQ

Stationary solution:

voo(z) = (21) Y2 = o?/2



A Lyapunov functional: the free energy

Lv] = /vlog (é) dx

i.e. L[v] =/<vlogv—|—%|w|2v> dr + C

d Vv 2
Sl =-10], 1) = [v]> " 4a] do

Logarithmic Sobolev inequality [Gross, 1975]

[lgl?loglg| du < [ |Vg|? dp

du(x) = veo(x) dz and [|g|2dp = 1.
Take |g|2 = -2

’Uoo.

I[v] > 2 L[v]

L[v] < Llug] e=27




Csiszar-Kullback inequality [1967]

lv — veol|2; < 4 L[v]

Intermediate asymptotics

1 x
Uoo(t, 1) = 0 Voo (R(t))

2 L{ug]

R(t)

[ = ool p1 = |lv = vool[ 11 <

||u—uoo||L1=O( ) as t — 400

Sl

Probability theory: [Bakry, Emery, Ledoux] Op-
timality: [Carlen, 1991] A new proof of Log
Sobolev: [Toscani, 1997], [AMTU, 1999]

£ [v] —2L[v]) .

— d 92w 1 Jw Jw w s
= —4 )X 0j=1 0200, ~ wow;oz; T 2%j| 9T

4



POROUS MEDIUM / FAST DIFFUSION
w = Au™  in R4
Ujp=0 = U0 = O
ug(L+ |z|?) e LY, ufrelLl
Intermediate asymptotics: ug € L=, [ug dx = 1,
the Green function: G(t) = O(t~4/(2=d(1-m)))
as t — +oo, [Friedmann, Kamin, 1980]

|u(t, ) — G, )|l e = o(t_d/(z_d(l—m)))

Rescaling: Take u(t,z) = R™%(t) v (7(t), z/R(t))
where

R=R¥I-m)-1 " pO)Y=1, +=IogR

vr = A"+ V- (zv), Vjr=0 = U0

[Ralston, Newman, 1984] Lyapunov functional:
Entropy

Um

Lvl]= [ <m_1 —|—%|x|2v) dx + C




2
d \V/ m—1
—L[v] = —1I[v], I[v]=/v Y + x| dx
dr v
Stationary solution: C's.t. ||[veo|l;1 = ||lull;1 =1

Lvl]=Jo (%) v 1 dy
with o(t) = mtl/m 141

Theorem 1 m € [d?Tl,—l—oo), m > % m #= 1

I[v] > 2 L[v]

— 1 — 2D
P=55,—1 V=W

K<O0ifm<l1l K>0ifm>1

2(2 ) J |Vw|2da: + (m—d) 1l |w|1+pd:v +K>0

m = 9=L: Sobolev, m — 1: logarithmic Sobolev

[Del Pino, J.D.], [Carrillo, Toscani], [Otto]



L[v] < L[ug] e 27+ Ciszar-Kullback inequalities
= Intermediate asymptotics [Del Pino, J.D.]

(l) L em<1ifd>3, and 1 s5<m<1lifd=2
1—d(1—m)
liM sup;_, 4 oo t2-40—m) ||y — ugboHLl < o0

(i) L<m<?2
14-d(m—1)
M SUP;_, 4 oo t2FAM=D|| [u — uco] uy™1 |71 < 400

Optimal constants for Gagliardo-Nirenberg in-
equalities [Del Pino, J.D.]

d>2,p>1, p< ;L ford>3

1-6
Jwll2p < A ||V’w||g ||w||p_|_1

0
_ (y(p—1)° 2y—d r(y)
A= <y gﬂ'd ) ( %y )2p (r(ﬁ%))
H — d(p—1) — ptl
p(d4+2—(d—2)p)’ ¥4 — p-1

QD

Similar results for 0 < p < 1. Uses [Serrin-Pucci], [Serrin-Tang].
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GENERAL NONLINEAR DIFFUSIONS
[Carrillo, Juengel, Markowich, Toscani, Unter-
reiter, 2000]

= Af(u) + V- (uVV)
with  V(x) ~ a|z|?

Generalized entropy
Llu] = [[H(u)4+ Vu]dz—C
= [[uh(u) — f(u) + Vu]/ de — C
with H’(u) — h(u) — #

Minimizer with given mass

uoco(z) = g(C — V(z))
where g is the generalized inverse of h.

Examples:
fw)=u h(u) = logu, g(t) =€
flw)=u™, hu)=_"gum !
—1

)1/(m 1)

g(t) = ( N



Llul = [[uh(u) — f(u) + Vu]de + C
such that Llucc] = O

L L[] = —Iu],

with I[u] = [u|h(uw)Vu + VV u\z dx

Generalized Sobolev inequality:
assume that f' > 0 + technical conditions

3K >0 Llu] < K I[u]

Rate and intermediate asymptotics:
[Biler, J.D., Esteban]

ur = Af(u) , Ujp—0 = ug > 0
Take u(t,z) = R~ (t) v (r(t),z/R(t)) where

R= RIA-m)=1 ¢ £(y) ~u™asm — 0
vr = eMITAf(e 90) + V- (zv)



Assumptions:
f(s) = s"F(s)
FeCORT) Nncl(o, +0)
F>0, FO=1
F'(s) = O(s*) with k > —1 as s — O
(m—1)sh(s) —m f(s) <O
Example: f(s) = s+ 359, g>m

Entropy

Lir,v] = e™7 [[H(e % v) — H(e~%v7T)] dx
+3 [z (v —v%) do

Theorem 2 Decay rate of the entropy

0< L[r,v] < Ke BT, 8 =min(d(k+ 1),2)

Corollary 3 Intermediate asymptotics

|H(u) — H(uso)||p1 < C R=Hm=1)=5/2
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A DRIFT-DIFFUSION-POISSON MODEL
[Gajewski], [Arnold, Markowich, Toscani], [Arnold,
Markowich, Toscani, Unterreiter] — use Holley-
Stroock’s perturbation lemma

m = 1: [Biler, J.D.]

m %= 1: [Biler, J.D., Markowich]

Debye-Huckel model for electrolytes, Drift-diffusion
model for semi-conductors.

w =V - (VU™ + uVV 4+ uVe)
v =V - (Vo™ 4+ 0vVV — Vo)
Ap=v—u

After a time-dependent rescaling (use abusively
same notations):

ur = V- (Vu"™ 4+ uVV 4+ B8(r)uVe)

vr =V - (V" 4+ oVV — B(7)vVe)

Ap=v—u, B(r)=el2D7
Entropy

Wil = [(uh(u) — f() + 5[l do

11



Llu,v] = Wlu] — Wluco] + Wlv] — Wlvoeo]
+552 [ (u —v)¢ da

Proposition 4 Entropy decay

AL — _2 [[u] — 21[v] — B2 [(u +v)|V|? da

Theorem 5 Rates, d =3

1) L has an exponential decay

2)m=1: L(7) <Ce 7
If [ugdx = [vgdx, L(1) < Ce 27

More general nonlinearities — Example:

F(o) = fRf} e—|—exp(\cfluv\2/2—a)
f(s) =sF1(s) — I F~1(2) dx
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Stationary solutions, singular limit (dielectric
constant — 0)

[Caffarelli, J.D., Markowich, Schmeiser]

[J.D., Markowich, Unterreiter]

Af(uw) +V-(uVV 4+uVep) =0
Af(v)+V-(wWVV —0vVep) =0
Ap=v—u—C(x)

€2 bounded domain, zero flux 4 insulator bound-

ary conditions
[vde =N, [udx= P given

Global electroneutrality: N—P— |o C(a;) der =0
Entropy: L = [ H(u)dz+[ H(v) da+3 [ |Ve|? do

H'(u) = h(u) = £ g =p-1
u=g(alg] +¢), v=g(Bld]—¢)
A¢p = g(ald] + ¢) — g(Ble] — ¢) — C(x)

A convex functional
Jl¢l = L1|Vel? dz + [ G(alg] + ¢) dx
+ /| G(Bl¢] — ¢) dx — NB[¢] — Pald]

which plays a crucial role in the study of sin-
qgular limits.
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ENERGY-TRANSPORT:
STREATER’'S MODELS

7

u =V - [6(Vu + %(eVé + (Vo))
(uh)y = V - (A\V0)
+V - [k(0Vu + euVeo 4+ (uVg)]
+(eVe + (Vo)
|K(Vu 4 4(eVe + (Vo))

| =AY =u
with the boundary conditions

Onu + 5(€0ng + (Ongpg) = 0 (no mass flux)
O =0 (no heat flux)

Mass: M = [u dx

Energy: [(uf+ ¢o + 5¢) dx
Entropy: [ulog(g) dx

ve2 \Y
W= [N o [ ulT 42 (Vo Voo)l? da
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Electrostatic case: [Biler, Esteban, J.D., Karch]
Stationary solutions: existence, uniqueness in
some cases

Llu, 0] — L[uco, 00]
= fsl(%) Uoo dx + fsz(%) wdzx

s1(t) =tlogt+1—1t
so(t) =t—1—logt

For uniqueness, use [Desvillettes, J.D.]:

Theorem 6 Q of class C1, bounded, ¢ € H3(S2)
o(t) =(—1+ \/1 + xt2)/t2, x = 2E/M?

€_¢
Joe ¥ dx’
has a unique solution for any M > 0 and E > 0.

o (VY 2) Ay = Plon =0

Lemma 7 Q of class C, bounded, ¢ € H}(S2)

log </Q e ¥ da:) > C—-2log (||V¢HL2) (140(1))
as ||Vl ;2 — oo.
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Gravitational case: [Biler, Esteban, J.D.,
Markowich, Nadzieja]

Theorem 8 Q bounded star-shaped in R
d > 3, of class C1

E/M? > ¢1: existence of bounded solutions
E/M? < £y, no nontrivial bounded solution
Ifd > 15, E/M? < Zy: no solution in H}(Q)

4

2

M & O o

Solutions of —A = mf(jTZx in the ball with

zero Dirichlet boundary conditions:
left: (m, ||¥]l 1), right: (m, ||| f00)
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FURTHER RESULTS
ON NONLINEAR DIFFUSIONS

ur = Apu™
Optimal constants for Gagliardo-Nirenberg ineq.
[Del Pino, J.D.]

Theorem 9 1<p<d, 1<a < p@%‘p”, b:p%

i~

lwllp < S IVwll) ||w|lcli_99 ifa>p
lwlla < SIVwiy llwll;™  ifa<p

O
Equality if ’w(aj) — A (]_ + B |x|p_1)+a—p

Ly — (g—p) d
a>p' 0=y (dp-d—p) @)

C 0 — (p—q)d
a<p 0= q(d(p—q)+p(¢—1))

Proof based on [Serrin, Tang]
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A new logarithmic Sobolev inequality, with op-
timal constant [Del Pino, J.D.]

Theorem 10 If ||u||zp = 1, then

jwuvnog|u|dxfg;%wog[zpf|vn4pdx]

p
_p (p=1\P~1_—B| FE+1) |?
L= (") ”2[wﬂ§+n

d _gp=1 d 1 e
Equality: w= nm 20 d p r(z+1) 6_5|$_$|p 1

p = 2: Gross’ logaritmic Sobolev inequality
p = 1: [Beckner]
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[Del Pino, J.D.] Intermediate asymptotics of
ur = Apu™

Theorem 11 d>2, 1 <p<d
1

d—(p—1) p _ 1
a0p—1) §m< ——gandqg=1+m =1

() Tt — uso(t. g < K R~ GTA—)

(i) |lud(t,-) —udo(t, M1 /g < K R2

(): 14 Smﬁ%,l(ﬁ): %_11)) <m< -l
a=1-1p-1)"7) 2, —<1+ws>1/’y
y=(md+1)(p—1)-(d-1)

1 €T
Uco(t, ) = Td vo(l0g R, —)

voo(w) = (C— 2L (q— 1) 2l Y@V m = 1
voo(z) = C e (P~ 1)2|$|p/(p D/p i m = (p—1)~1.
19
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