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Qe R4, C(z) € L®(Q)
A model arising in semiconductor theory

Global electroneutrality
N—P—/QC(:C) dr =20

Distribution of negatively / positively charged
particles ) )
—_ e - e
n(z) = NfQéb dz’ p(z) = Per_¢ dx
Poisson equation

eAp=n—p—C in{2

with Neumann boundary conditions (< global
electroneutrality)

L_ocal electroneutrality

n—p—C=0:>N—/QC+da;zO@P—/QC— dz > 0
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A. Existence, uniqueness, uniform estimates
(e > 0)

Space: {¢p € HI(Q) : [o dz = 0}
Functional
Tl = Jo (51VI? - Cy) da
+NIn (Jqevdz) + Pin (fqe Vdz)

J convex, coercive, log [qe¥dz > C|| Vi 2
Theorem 1 C € L®°(), 2] < 400, 9Q € C1

Iy € W2P(QQ) solution of the Poisson equation
(unique: up to an additive constant)

Intrinsic density: choose the constant such that

N P
Jo e dx - Joe ?dx

n; —



Proposition 2 n and p are uniformly bounded
in L°°(2)

Proof. maximum of ¢: t = e~ ¢

C+/C? + 4n,

QTLZ'

1 _

Let Q1 ={x e Q : ¢($)20}, Qo ={x e :
o(x) < 0}. Then

. N P 2
n; < min 5 3 < — max (N, P)
Ja,€e? dx o, e % dx 2]

[l

Lemma 3 Local electroneutrality = ¢ is uni-
formly (with respect to ) bounded in L°°(S2)



Proof.
N = Jg,ndz+ g, ndr <n; |2 + |, ndx
fQ p d:IZ < n; |Q‘
fQ C dx < fQC dx
O > e Jo, D¢ dx
= le(n p—C) dx > N— [ CT de—2n; ||
gives a lower bound on n; O

B. First case: Local neutrality

Theorem 4 IfN — [ CTdz > 0&P — [ C dx >0
and if C € HY(Q), then (ne,pe) — (no,po)
*-weakly in L*°(2) where (ng,pg) is such that

ng—po—C =20

Proof.

[(n—p—CleA¢pdx =e[(n+p)|Ve|?dx
—e V¢ -VC dx
= —[(n—p—C)2dx

/(n—p—C’)2 da:—l—C’sta/ V|2 do < €/V¢-VC dx
L]



Remark 5 ng—pg—C =0
e®0 — p e %0
fQ e?0 dx’ PO fQ e~ %0 dx

N P

Joe?odz  [oe %0 dx

ng =N

T herefore

:C-I—\/CQ—I—ZLnZ-

2?17;

e®0

Since
2N = /Q n;e®0 dx = /Q(C + \/C’2 + 4n;) do

n; IS uniquely determined




C. 2nd case: A double obstacle problem

Rescale the potential

AP=n—p—-—C, mnd=0

bd/e d/e
n(z) =N Jo Z<D/s dx’ plz) =P Ia ZCD/s dx

Let ® = maxd = P(zg). Using the uniform
bound in Wh>®: & — & < L |z — x|

/ e(CTD—CD)/s dor Z/ e—L|x—xo|/€ dx > C82d
Q Q

n < 2 el®=®)/e - 0 if & < &, thus leading

to the double obstacle problem

TLO:C, pO:O7 CDO: ) n Q—I—a
po=-C, mng=0, Py=0, in C2_
ngo=po=0, APyg+4+C =0, in NV .

with the additional condition

Cdr=N
2.4




Theorem 6 & — Ja, C dz is monotone

Corollary 7 As ¢ — 0, . — dg in CL(Q),
where ®q is the unique solution of the double
obstacle problem

D. Remarks

Remark 8 Variational formulation
Jo(W) =¢eJ (g) = Jo (%W\U\Q _ Cw) dz
+eN log <fQ ew/gda:)
+ePlog (fQ e_w/sdm) :
Second term on the right hand side:

W —supq \U) )
dr | ,
€

NsupW 4+ eN log (/ exp(
Q Q

Formally passing to the limit in Je
1
Jo(W) = / (—|V\U‘2 — CW) dr + NsupWw.
Q\2 Q

0 = LJo(rWo)l,=1 = Jo (IVWol? — CWo) du +
NSUDQ\UO=SUDQ\UO-(IQ+CCZZE—N).



Remark 9 Dual formulation
Tl = Jo (51V¥I? - Cy) da
+NIn (Jqevdz) + Pin (fq e Vdz)
Since
S Jo|VY|? do

= —¢ [qu Ay dz — § [o |V|? dz
= —fQ(n—p—C)wdaz—%fQ|V¢|2 dx |

and since for a solution

__ e¥ — _ _ (e
n_Ner¢dx = 1 = logn—log N—log | e¥ dx,
J[Y] = —E[n,p] with

_ 1 p € 2
Eln. p] _/Q (n 09(12) +p10g(2) + = |V ) da



E. Nonlinear diffusions

ng =V - (Vf(n) —nVo)

pt =V - (Vf(p) +pVe)
eAp=n—p—C

No flux + Neumann boundary conditions

(Vf(n)—nVe)v = (Vf(p)+pVe)v =Veér =20
Global electroneutrality
N—P—/QC(ZIZ) de =0

[Gajewski], [Arnold, Markowich, Toscani], [Arnold,
Markowich, Toscani, Unterreiter], [Biler, J.D.],
[Biler, J.D., Markowich]

[Del Pino, J.D.], [Carrillo, Toscani], [Otto],
[Carrillo, Juengel, Markowich, Toscani, Unter-
reiter]
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h(u) = £ g = p=1, b is the enthalpy
Stationary solution

n=g(alp] +¢), p=gBl¢]—e)

al[¢] and B[¢] are the Fermi levels given by the
conditions

N=[ galdl+¢)de, P= | g(3ls]-¢)da

nonlinear Poisson equation

eA¢ = g(alg] + ¢) — g(Blo] — ¢) — C(x)

A convex functional

J¢l = 5/q|Vel? dx+ [q Galg] + ¢) da
+ Jo G(Bl9] — ¢) dz — NB[d] — Pald]
Better: let H(u) = uh(u) — f(u) be a primitive
of h and consider the convex functional
& 2
Eln, p] = /QH[n] dw—l—/QH[p] dx—I—E/Q|Vq5| da

with the constraints

/ndeN and /pda:ZP
Y Y
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General case can essentially be reduced to the
following abstract result

Theorem 10 (B,| -||) Banach space, C C B, C # 0,
convex, closed set, E, F : C —- RU{oco} with infc E <
oo, infe FF < oco. Let

C':={zxe€C:FE(x) <oco}.

For \e RT let xy € C. If
1) =, is a minimizer of Ey == E + \"1F in C.
2) x\x — xo Weakly in B as A\ — 0.

Then
a) limsup F(x),) <inf F.
A—0 C

b) If F is weakly lower sequentially continuous at xg,
then F(xg) < infe. F.

c) If ' is weakly lower sequentially continuous at xqg and
if E(xg) < oo, then xzo is a minimizer of F in C*, i.e.
F(:Uo) = infe- F.

d) If x* is a minimizer of F in C*, then

limsup E(x)) < E(z").
A—0

e) If x* is a minimizer of F' in C* and if E is weakly lower
sequentially continuous at xg, then E(xq) < E(x*).
f) If E and ' are weakly lower sequentially continuous
at xo and if E(xg) < oo, then xzq is a minimizer of F' in C*
whose “energy” E(xo) is less or equal the energy E(x*)
of any minimizer x* of F in C*.
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