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Sobolev and LS| on RY: optimal dimensional dependence

An explicit stability result for the Sobolev inequality

Sobolev inequality on RY with d > 3, 2* = j—f’z and sharp constant Sy
IVFITa@e = Sa If e gy ¥ € HY(RY) = 2V2(RY)
with equality on the manifold M of the Aubin-Talenti functions

_d=2
2

gab,c(x) =c(a+ |x— b?) , a€(0,0), beRI, ceR

Theorem (JD, Esteban, Figalli, Frank, Loss)

There is a constant 3 > 0 with an explicit lower estimate which does not
depend on d such that for all d > 3 and all f € H}(R?) \ M we have

8 .
IVl = So Il ey 2 5 in€ 1IVF = Veliags)

@ No compactness argument
@ The (estimate of the) constant g is explicit
@ The decay rate 3/d is optimal as d — +0c0

J. Dolbeault Nonlinear 2024



Sobolev and LS| on RY: optimal dimensional dependence

A stability result for the logarithmic Sobolev inequality

@ Use the inverse stereographic projection to rewrite the result on S¢

IVF I ey~ 3 9 (@ = 2) (IFI2 o~ IF )

B 2 1 2
22t (IVF = V6l + 1 0(d=2) IF - Gl
@ Rescale by v/d, consider a function depending only on n
coordinates and take the limit as d — 400 to approximate the
Gaussian measure dy = e~ " X" dx

Corollary (JD, Esteban, Figalli, Frank, Loss)

With 8 > 0 as in the result for the Sobolev inequality

2
Vol gy — 7 | o108 | —d— ) 0
Rn HUHLZ R",d)

Br . / X2
s 0 inf u—ce? | d
T 2 aeR9ceR n| " dy

v
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Sobolev and LS| on RY: optimal dimensional dependence

Stability for the Sobolev inequality

> [Rodemich, 1969], [Aubin, 1976}, [Talenti, 1976]
In the inequality ||V f Hiz(Rd) >S4 |If ||i2 (re)> the optimal constant is

Sy =1d(d—2)[sd2/9
with equality on the manifold M = {g, 5} of the Aubin-Talenti
functions

> [Lions| a qualitative stability result

if Jim [V 3/1fl3- = Sq. then lim_inf [ Vf, ~ Vel3/[ VA3 =0

> [Brezis, Lieb], 1985 a quantitative stability result ?
> [Bianchi, Egnell, 1991] there is some non-explicit cgg > 0 such that

IVFIZ > Sa I

2 - 2
. f |[VF-V
> +CBEg'E”M I gll2

Q@ The strategy of Bianchi & Egnell involves two steps:

— a local (spectral) analysis: the neighbourhood of M
— a local-to-global extension based on concentration-compactness :
@ The constant cgg is not explicit the far away regime
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Sobolev and LSI on Id. optimal dlmensmnal dependence
Ex M it stabili sult for the Sobolev inequality: proof
Explicit stability re: n\t or the logarithmic Sobolev inequality

Stability for the logarithmic Sobolev inequality

> [Gross, 1975] Gaussian logarithmic Sobolev inequality for n > 1

|uf?
IV ullZ2 g 277/ v?log | —5———— | dy
L2(R",d) . ”u”L?(]R" i)

> [Weissler, 1979] scale invariant (but dimension-dependent) version
of the Euclidean form of the inequality

> [Stam, 1959], [Federbush, 69], [Costa, 85] Cf. [Villani, 08]

> [Bakry, Emery, 1984], [Carlen, 1991] equality iff

ue M = {w: (a,c) € RxR} where wuc(x)=ce®™ VxeR"

> [McKean, 1973], [Beckner, 92] (LSI) as a large d limit of Sobolev
> [Carlen, 1991] reinforcement of the inequality (Wiener transform)
> [JD, Toscani, 2016] Comparison with Weissler’s form, a (dimension
dependent) improved inequality

> [Bobkov, Gozlan, Roberto, Samson, 2014], [Indrei et al., 2014-23]
stability in Wasserstein distance

> [Fathi, Indrei, Ledoux, 2016] improved inequality assuming a

Poincaré inequality (Mehler formula)
J. Dolbeault Nonlinear 2024



Sobolev and LSl on RY

timal dimensional dependence
Explicit stability result for the Sobolev inequality: pre
Explicit stability result for the logarithmic Sobolev inequ:

oof
nequality

Explicit stability result
for the Sobolev inequality

Proof
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Explicit stability result for the Sobolev inequality: proof

Sketch of the proof

Goal: prove that there is an explicit constant § > 0 such that for all
d>3andall f e H! (Rd)

8 .
V713 > Sa 3. + 5 inf [ VF — Vel

Part 1. We show the inequality for nonnegative functions far from M
... the far away regime
Make it constructive

Part 2. We show the inequality for nonnegative functions close to M
. the local problem
Get explicit estimates and remainder terms

Part 3. We show that the inequality for nonnegative functions implies
the inequality for functions without a sign restriction, up to an

acceptable loss in the constant ) o ) )
... dealing with sign-changing functions
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Explicit stability result for the Sobolev inequality: proof

Some definitions

What we want to minimize is
o HVfH%P(Rd) - Sd Hf”iz* (RY)
N d(f, M)?

f e HY(RY) \ M

where

2. 2
d(f, M)" = g'enL IVE = Veglliage)
> up to a conformal transformation, we assume that
d(f, M)? = ||VF = Ve[, gey with
d—2

200 =817 ()

> use the inverse stereographic projection

f w; = ifil<j<d
Flw) = (x) x € RY with ! H‘ |2M2 J
g«(x) Wd+1 = T2
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Explicit stability result for the Sobolev inequality: proof

The problem on the unit sphere

Stability inequality on the unit sphere S¢ for F € HY(SY, dp)

2/2*
L (wrR Aty an-a( [ 1 an)
sd s

B .
> o inf {IVF = VGIge) + AIF = GliZen }

with A = 7 d (d — 2) and a manifold .# of optimal functions made of

1
4
d—2

Gw)=c(at+b-w) 7 weS? (ab,c)e(0,+0) xR xR

@ make the reduction of a far away problem to a local problem
constructive... on RY
@ make the analysis of the local problem explicit... on S¢
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Explicit stability result for the Sobolev inequality: proof

Competing symmetries

Q@ Rotations on the sphere combined with stereographic and

inverse stereographic projections. Let ey = (0,...,0,1) € RY
d—2
2 I X1 Xd—1 |X|2 -1
Uf = ——7: f .
O e B = ey B
E(UF) = E&(f)

@ Symmetric decreasing rearrangement Rf = f*
f and f* are equimeasurable
[VElarey < IVFlLe(re)

The method of competing symmetries

Theorem (Carlen, Loss, 1990)

Let f € L2 (R?) be a non-negative function with

I llL2* ey = |82 ma)- The sequence f, = (RU)"f is such that
limptoo 1fo — 8llo mey = 0. If f € HY(RY), then (||V£,l2(re))nen is a
non-increasing sequence
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Explicit stability result for the Sobolev inequality: proof

Useful preliminary results

o« = 0 where hs = ||f

2 8« /g« € M

@ (||V£]I3)nen is a nonincreasing sequence

2*4)2

Q limp oo || — hf

infger [[VF — Vg3 = [IVF3 — Sa supgen, gy =1 (&

| A

Corollary

(d(f,,, M))neN is strictly decreasing, n — supzc 4, (f,,, g2**1) is strictly
increasing, and

Tim d(f M) = lim V513 — Sa bl = lim 963 — Sa 1£1B-
”
.. 1V Fall? 2 gy = Sa N Fall? o
but no monotonicity for n— £(f,) = — LZ(DZd()f /\:)zn b
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Explicit stability result for the Sobolev inequality: proof

Part 1: Global to local reduction

The local problem
S(6) = inf {£(F) + £ 0, d(F, M2 < 5| VF| e

Assume that f € Hl(Rd) is a nonnegative function in the far away
regime

d(f, M)? = gien./t/l IVf = Veliage > 0 IVl g

for some § € (0,1)

Let f, = (RU)"f. There are two cases:
@ (Case 1) d(fy, M)? > 6 || V1|12, (rey for all n € N

@ (Case 2) for some n € N, d(f,, M)? <4 ||Vf, HL2 RY)
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Explicit stability result for the Sobolev inequality: proof

Global to local reduction — Case 1

Assume that £ € HY(R9) is a nonnegative function in the far away
regime

gienjf/[ IVF = VglT ey > 0 VFI2a

Let f, = (RU)"f and & € (0,1). If d(fy, M)? = 6 ||V 1,32 gay for all
n €N, then

E(f) >4

1 1
. 2 - ) . _ 2 _ = . 2
im [V < 5 tim nf, IV —Velz = 5 (ngrp [VEall2 — Sa |

)
2*
2 _ 2 2 2 2 2
£(F) = - VA3 — Sa I f > V3 5d2||f||2* > [VHall3 5d2||f|\2* > 5
infger [|[VF — Vg3 IVFII3 [VEall3
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Explicit stability result for the Sobolev inequality: proof

Global to local reduction — Case 2

F(6) = inf {5(f) L F>0, d(f, M)2 <5 ||Vf||i2(Rd)}

E(F) > 5.9(5)

i nf, IV, — VeElZogey > 0 ||ano||iz<Rd2) .
and g'enjf/l V41 — V&l Tame) < 0 Vin+1llio@ey

Adapt a strategy due to Christ: build a (semi-)continuous
rearrangement flow (f;)n <r<ny+1 With f,y = Uf, such that
[ frll2« = ||Ifll2, 7 — |V ]||2 is nonincreasing, and lim_p41fr = frot1
[I£]13- [ 113-

> d =0&(f,) >0 7(6
Gk (95, ~ 2 €] 20.700)

E(f)>21-54

Altogether: |if d(f, M)? > 4§ ||Vf||i2(Rd), then £(f) > min {6, .#(0)}
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Explicit stability result for the Sobolev inequality: proof

Part 2: The (simple) Taylor expansion

Proposition

Let (X, dp) be a measure space and u, r € L9(X, du) for some g > 2
withu >0, u+r>0and [, U rdp=0
> If g =6, then
-+ 173 <l + 1377 (8 w922+ 2 [y 9=
+5[uT ™ rrdp+2 [ uS P du+ L[, r®du)
> If3 < q <4, then

lu =+ rl[g = Ilul

2
q
< w29 (o1 fy w2 P dpp+ CDLE2 [ a3 Syt 2, (|7 dp)
> If2 < q <3, then

lu+ < Yul2 + 1279 (@0 fy w722 dp+ 2 fy rf dp)
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Explicit stability result for the Sobolev inequality: proof

Corollary

For all v > 0 and for all r € H'(S?) satisfying r > —1,

(Juo IF9dp)? <02 and [y rdp=0= [wjrdy Yj=1,...d+1
if dyu is the uniform probability measure on S9, then

Jso (VPR + AL+ r)2) din— A (fo (14 )7 dp)
>m(v) foa (IVr?P+Ar?) du

m(v) = g — 20972 if d>6
m(v) =zt —1(a-1)(q-2v—2v72 if d=4,5
my):=23-2y-5,2-2,2-1,* if d=3

V.

An explicit expression of #(§) if v > 0 is small enough so that m(v) > 0
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Explicit stability result for the Sobolev inequality: proof

Part 3: Removing the positivity assumption

Take f = f, — f_ with [|f]| 2 (zay = 1 and define m := [|f_[|72- gy and
1—m= ||f+HiZ*(]R<d) > 1/2. The positive concave function

hg(m):=m*T +(1-m)7 —1

satisfies
2hg(1/2) m < hg(m), hg(1/2) =2%7 —1

With 6(f) = ||Vf||i2(Rd) — 5S4 ||f||i2 (re)» one finds g1 € M such that

2hqe(1/2)

8(F) = G IVE = Verliegn + 407 5 1

2
IV |L2(re)
and therefore

. 2 hy(1/2)
d - 1 d
Chp = 2 min {02512(/2 0.7(9). ha(1/2) + 1}
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Explicit stability result for the Sobolev inequality: proof

Part 2, refined: The (complicated) Taylor expansion

To get a dimensionally sharp estimate, we expand (14 r)?" —1 —2*r
with an accurate remainder term for all r > — 1

r=min{r,7}, r=min{(r—7), M-~} and r;:=(r— M),
with 0 <y < M. Let § =4/(d — 2)

Lemma

Givend > 6, r € [-1,00), and M € [\/e, +0), we have

(1+r)?¥ —1-2*r
<I2(2* -1 (n+n)P+2(n+n)n+ (1 +CyoM Inﬂ) rZ
+ (37072 + Cuz073) Liesmy + Cug O M2 Loy

where all the constants in the above inequality are explicit
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Explicit stability result for the Sobolev inequality: proof

There are constants €1, €, ko, and €y € (0,1/8), such that

2 2
IV rlI 2oy + A lIrlITogey — A 1T+ rlfor s0)

3
4o 2 2
> =3 (Il + A lirlien ) + 2o

h=(1- Heo)fgd (|Vr1|2 +Ar12) dp— A" —1+¢€.0) fsd r? du—i—AkonSd (r3 +
h:=(1-0¢) [ (IVRP+AR)du—A(2* =1+ (ko+ Cep,) 0) Jou 2 dp
bhi=(1-0¢€) s (IVBP+AR)du— 2 A(1+eb) [y 3 dy — Ako [yridu

Q@ spectral gap estimates : ; > 0

Q@ Sobolev inequality : /3 >0
Q@ improved spectral gap inequality using that ,u({r2 > O}) is small: L >0
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Sobolev dLSI n RY: optimal dime n5|onald enden.
E \ bly sult for the Sobolev inequ. |yp oot
Explici bl ity re If the logari hmlchI nequality

Explicit stability result
for the logarithmic Sobolev
inequality
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Sobolev and w on RY: optimal dimensional dependenc
Explicit stabi sult for the Sobolev ir alit pvuu\
Explicit stability result for the Ioganthmlc Sobolev inequality

Subcritical interpolation inequalities on the sphere

Q@ Gagliardo- Nirenberg-Sobolev inequality
d
IVF IR0y 2 dEolF] =~ (IF sy — IFI )

for any p € [1,2) U (2,2*)
with 2* := 2% if d > 3 and 2* = o0 if d = 1 or 2

Q@ Limit p — 2: the logarithmic Sobolev inequality

F2
/|VF\2d/,L> /F2 log | —5— | du VF e HY(S, dp)
5 IFlltz(se)
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Explicit stability result for the logarithmic Sobolev inequality

Gagliardo-Nirenberg inequalities: a result by R. Frank

[Frank, 2022]: if p € (2,2*), there is ¢(d, p) > 0 such that

. 2
O

IV FIF a0y — d Eo[F] > <(d, p)
) IVl ey + 525 111720

where F := de Fdu

IVF g
2 2
IVFlltagsey + 522 IIF o)

HVF”iZ(Sd) —d&[F] = c(d,p)

Q@ a compactness method
Q@ the exponent 4 in the r.h.s. is optimal
@ the (generalized) entropy is

d 2 2
Eale] = =5 (Il ~ 101200
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Explicit stability result for the logarithmic Sobolev inequality

Gagliardo-Nirenberg inequalities: stability

An improved inequality under orthogonality constraint and the
stability inequality arising from the carré du champ method can be
combined as follows

Theorem

Letd > 1 and p € (1,2) U (2,2*). For any F € H'(SY, du), we have

IR G

IV F T s
2 d,p D) 2
IVFITe(sey + [1FllL2(se

+(IV(Id - M) F||iz(§d)>

for some explicit stability constant /4, > 0
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Explicit stability result for the logarithmic Sobolev inequality

Carré du champ — admissible parameters on S¢

[JD, Esteban, Kowalczyk, Loss| Monotonicity of the deficit along

ou p(1— [Vul]?
p(1—m)
il (Au+(mp—1) —

m(d. p) = gy (dp+2:|:\/d(p—1) (2d—(d—2)p))

RN

1 2 3 4

Figure: Case d = 5: admissible parameters 1 < p < 2* =10/3 and m
(horizontal axis: p, vertical axis: m). Improved inequalities inside !
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Explicit stability result for the logarithmic Sobolev inequality

Gaussian carré du champ and nonlinear diffusion

v Vv
p(1—m) _ n
o=V (Ev +(mp—1) — on R

[JD, Brigati, Simonov]| Ornstein-Uhlenbeck operator: L= A — x -V

1
my(p) = lim my(d, p)fli (p—=1)(2—p)
14+
12+
1.0
0.8
06+
0%5 1.0 1‘5 20

Figure: The admissible parameters 1 < p < 2 and m are independent of n
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Explicit stability result for the logarithmic Sobolev inequality

Large dimensional limit

Gagliardo-Nirenberg-Sobolev inequalities on S?, p € [1,2)

IV ula0t iy 2 525 (00000 ey — 190y

Let v € HY(R", dx) with compact support, d > n and

ug(w) = v(wl/rd,wz/rm...,w,,/rd) , Iy = \/%

where w € 7 C RIL. With dvy(y) := (2m) "2 e 2 1 dy,

0 2 d 2 2
Jim o (V02200 = 5% (10120 1) = el oot ) )

= VI 2e.am) = 255 (IVI2qge,a) = 1V IEogeoany)

y
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Explicit stability result for the logarithmic Sobolev inequality

Stability of LSI: some comments

2
HVUH%,Z(R" dy) ~ 7T/ u? log 2‘L dvy
’ R" HUHLz(Rn7d7)

T :
2/3— inf lu—ce®™|>dy
2 a€RY, ceR Rn

@ The H(R") does not appear, it gets lost in the limit d — 400

@ Two proofs. Taking the limit is difficult because of the lack of
compactness

@ One dimension is lost (for the manifold of invariant functions) in
the limiting process

@ Euclidean forms of the stability

Q@[5 |[V(u—ce®™)[*dy ? False, but makes sense under additioal
assumptions. Some results based on the Ornstein-Uhlenbeck flow and
entropy methods: [Fathi, Indrei, Ledoux, 2016], [JD, Brigati,
Simonov, 2023-24]
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Sobolev and LSl on R?: optimal dimensional dependence
Explicit stability result for the Sobolev inequality: proof
Explicit stability result for the logarithmic Sobolev inequality

These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeaul@ceremade.dauphine.fr
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Explicit stability result for the logarithmic Sobolev inequality
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