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Weighted Onofri inequality and
Caffarelli-Kohn-Nirenberg
inequalities in two space dimensions
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through fl Onofri vs log HLS ine equalitie:

T [ [T e el e s I v o o

Onofri's inequality

[E. Onofri. On the positivity of the effective action in a theory of
random surfaces. Comm. Math. Phys., 86 (3): 321-326, 1982]

|0g (/ e2u do’) —2/ udo < ||VUH%2(SZ do)
s s '

for all u € €& = {u € L}(S?,do) : |Vu| € L?(S?,do)}

By the stereographic projection from S? onto R?, we get an Onofri
type inequality in R2

v 1
log ( Ix du)— v < o= 19 e

for all v € D = {v € L}(R?,du) : |Vv| € L2(R?,dx)} and

dut — dx
He T+ xPy
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)

A first result: generalized Onofri inequalities

On R? for o > —1, consider the family of probability measures

a+1 |x|2< dx

Theorem (JD, M. Esteban, G. Tarantello)

1
! Y dpe | — Ay < ——— 2
o ([ e ane) = [ vno < gy 9Vl

holds in the space &, = {v € L}(R?, dpa) : [Vv| € L3(R?,dx)}
restricted to radially symmetric functions ¥V o > —1, and without
restriction if a € (—1, 0]
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)

Proof

Let a > —1. For all v € &,, there holds

/ eV_fRZ vdpa dlffa < e167r(1a+1) (||Vv||§+a (e+2) || 7 Bov ||§)
R2

C~R?>x=re? r>0,0¢c[0,2r). Stereographic projection: ¥
Let a > —1 and define the inverse of a dilated stereographic projection

. 2 potl oif r2Aatl) _q )
—1 0\ .__ _ 517 14+ Li0
Zoz (re ) T <1+r2(a+1) ’ 1+r2(a+1)> - Z0 (r € )
If f e C(R ) f(u), [Vul? € L1(S?) and v = u o £1, then
o [ f(u) do = [ f(v) dpua
o 47 [ IVul? do = 25 o (IVVP +a(a+2) ‘ L dyv

The result follows from Onofri’s inequality

2)dx
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Weighted Onofri and Caffarelli-Koh
The Ono Hm(qn Jlity as n(\dpomt of
Legendre duality thr ies
Suberitical \o HLS inequalities and the suberitical Keller-Segel model

Application to Caffarelli-Kohn-Nirenberg inequalities

irenberg inequalities (d = 2)
do-Nirenberg inequalities
s log HL 2

p 2/p 2
(/ lu dx) <o Mo vuen,,

|x|bP R |X]?2

witha<b<a+1lifd>3,a<b<a+1lifd=2,anda+# 2= a
2d

d—2+2(b—a)
- { x|"bu € LP(RY, dx) : |x|~?|Vul € L2(Rd,dx)}

p:

Dab

)

(3,2;-? 00
[Catrina, Wang]
[Felli, Schneider]
[Smets, Willem]
[Lin, Wang] a e

S
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)

Approaching Onofri's inequality (d = 2)

Theorem (JD, Esteban, Tarantello)

Foralle >03dn>0st fora<o, |al <n
(i) iflal > 522 (L + |al*), then Cyp > C} , ( symmetry breaking)

(it) if|a] < 23 (1+af), then Cop = C;, and upp = uf,

For d = 2, radial symmetry
holds if —y < a < 0 and
—e(m)a<b<a+l

e=>a=-1+(1-¢)2

2
P

Blow-up + Liouville equation
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The Onofri inequality as an endpoint
of Gagliardo-Nirenberg inequalities
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

Gagliardo-Nirenberg inequalities

Consider the following sub-family of Gagliardo-Nirenberg inequalities
1fllzney < Cpa I VFIIT2qey I FIITri e
with 8 = 6(p) := p 7(”2 T P = _2m171
0 1<p<g 21fd>3 l<m<1
? 1<p<001fd—2 <m<1
[M. del Pino, JD] equahty holds if f = F, with

Fo(x) = (1+|x]2)"77 VxeR?

All extremal functions are equal to F, up to a multiplication by a
constant, a translation and a scaling
@ When p — 1, we recover the euclidean logarithmic Sobolev
inequality in optimal scale invariant form [F. Weissler]
o If d > 3, the limit case p = d/(d — 2) corresponds to Sobolev’s
inequality [T. Aubin, G. Talenti]
e Ifd=2and p— c0...
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

Onofri's inequality as a limit case

When d = 2, Onofri’s inequality can be seen as an endpoint case of
the family of the Gagliardo-Nirenberg inequalities

Proposition (JD)

Assume that g € D(R?) is such that [, g dpw =0 and let

i o= [F5 (1 + f—p). With p(x) := 2 (1 + [x[?)72, and dpu(x) := p(x) dx,
we have

1< lim C NG ||L2(R2) 1o ||ip+91(’1§)2 e Jx Vel dx
< lim Cpp =
pooo " (| follL2v (R2) Jpo €8 dp

The standard form of the euclidean version of Onofri’s inequality is

Iog(/ egdu)—/ gdp<—/ |Vgl|? dx
R2
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

The Onofri inequality in higher dimensions ?

On RY with d > 3, let us define

L Jra Ha(x,Vu) dx — _d dx
Qd[u] T |0g(f]Rd eY dlld)_sz udp’ d‘ud(X) - (1+|X‘ﬁ>d

Ra(X,Y):= [ X+ Y[F = |X|9=d|X|2X-Y, (X,Y)eR?IxR?

Ha(x,p) := Ry <—“' = X,%P) , (x,p) eRI xR

Theorem (JD, del Pino)

log (/ e dud) —/ udp < ad/ Ha(x, Vu) dx (1)
Rd R2 Rd

The optimal constant oy Is explicit and given by

d'=91(d/2)
2(d —1)md/2
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

Comments

Let e € S9-1
x-e

d—2 _d_
x5 (14 |x|7*7)

. 1.
6Ilnon[av]fO[—d if v(x)=-d

Q If d =2, [py Ha(x, Vu) dx = 1 [0, |[Vul? dx: Onofri's inequality with
optimal constant 1/ap = 4 7.

Q If d =4, we find that Hs(x, Vu) is a fourth order polynomial and
Ra(X,Y)=4(X- Y2+ |YP(|YP+4X-Y +2|X]).

Extensions of the inequality to higher dimensions have been obtained
by [Carlen & Loss, 1992] and [Beckner, 1993] in the case of S¢ but
there natural conformally invariant, non-local generalizations of the
Laplacian were used
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

A general family of Gagliardo-Nirenberg inequalities

Theorem (JD, del Pino)

Let p € (1,d], a> 1 such that a < 241 if p < d, and b= p 2=1.
There exists a positive constant C, , such that, for any function

f € L2(RY, dx) with Vf € LP(RY, dx), we have

with 6 = (el

[fllLerey < Cpoa HVfHLP(]RZ [kl G-1)(dp—(d—p)a)

L R?)
if a > p. A similar inequality also holds if a < p, namely

If

Lo(g2) < Cpa | VF ey [FlEacey  with 8 = sresl

In both cases, equality holds for any function taking the form

p—1

fx)=A (1+ le—xolp—fl):’” Vx € RY

for some (A, B, xp) € R x R x RY, where B has the sign of a— p
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The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities

Remark: the other endpoint of the family

For a = p, inequality (2) degenerates into an equality. By
substracting it to the inequality, dividing by a — p and taking the
limit as a — py, we obtain an optimal Fuclidean 1LP-Sobolev
logarithmic inequality which goes as follows. Assume that 1 < p < d.
Then for any u € WHP(R?) with [o, |ulP dx = 1 we have

/ (ul? log |ul? dx < 2 log [@,_d/ |vu|de}
Rd p Rd

where the optimal constant 3, ¢4 is explicit. Equality holds if and only
if for some o > 0 and xg € RY

)= |- P r)
R PRSPy =)

1
de=t]|r
(&) | s e
g

[del Pino, JD], [del Pino, JD, Gentil|
[Cordero-Erausquin, Gangbo, Houdré]
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

Legendre duality through flows

From Onofri to logarithmic Hardy-Littlewood-Sobolev (log HLS)
inequalities: the critical case
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Legendre duality through flows: Onofri vs log HLS inequalities

Legendre duality

To a convex functional F, we may associate the functional F* defined
by Legendre’s duality as

F*[v] = sup (/R uv dx— F[u])

o To Fifu] =1 ||u||i,,(Rd), we associate F}[v] = 3 ||v||iq(]Rd) where p
and g are Holder conjugate exponents: 1/p+1/g=1
o To Ffu] = 1S4 ||Vu||i2(Rd), we associate

Fv] = %S;l /]Rd v(=A)"tv dx

where (—A)7lv = Gy * v, Gg(x) = 75 [S7H T x[>if d >3
As a straightforward consequence of Legendre’s duality, if we have a
functional inequality of the form F;[u] < F,[u], then we have the dual
inequality F[v] > FJ[v]
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Legendre duality through flows: Onofri vs log HLS inequalities

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
ullfes (gey < Sa I Vullfomey ¥ ue DVA(RY)

and the Hardy-Littlewood-Sobolev inequality

— 2d
Sd ”VHidZ_fz(Rd) > /Rd V(—A) 1y dx Vve Ld+2(]Rd)

are dual of each other. Here S, is the Aubin-Talenti constant and
o* — 2d
d—2
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Legendre duality through flows: Onofri vs log HLS inequalities

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

@:Avm t>0, xeR
ot

If we define H(t) := Hqa[v(t, )], with

Hy[v] := /R v(-8) v = Sa Vg

then we observe that

2
1 d -
ZH = —/ v dx + Sy </ vii dx) Vv . Vv dx
2 RY RY Rd

where v = v(t,-) is a solution of (3). With the choice m = 922 we

d+2°
find that m+1 = dz—fQ
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Legendre duality through flows: Onofri vs log HLS inequalities

Relating Sobolev and HLS inequalities through a flow

Theorem (JD)

Assume that d > 3 and m = Zé If v is a solution of (3) with

nonnegative initial datum in 1.24/(4+2)(R9), then

b4 vy o= SallviP g |
m 2/d
= (Joo v 0™ [Sa IVulaqge) = 0l gy = 0

Assume that d > 5 and let g = Z+§ There exists a positive constant

C<(1+2)(1- _d/2) Sy such that

Sa w92 24 —/ w9 (—A) " wa dx
LTZ(RY) g

< CIWIT gy (VW1 g0y — S llWB e ]
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Legendre duality through flows: Onofri vs log HLS inequalities

The two-dimensional case: Legendre duality

Onofri’s inequality

1
Fi[u] == log (/ e dp,) <— [ |Vu? dx+/ updx =: F[u]
R2 167 R2 R2

By duality: F*[v] = sup ( [z v u du — Fi[u]) we can relate Onofri’s
inequality with (logHLS)

Proposition (E. Carlen, M. Loss & V. Calvez, L. Corrias)

For any v € L} (R?) with [, v dx =1, such that v log v and
(1 + log |x|?) v € L}(R?), we have

A== [ viog (%) axotn [ (v (-8) M=) b > 0

4
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Legendre duality through flows: Onofri vs log HLS inequalities

The two-dimensional case: (logHLS) and flows

[E. Carlen, J. Carrillo, M. Loss|

Ha[v] := /Rz(v—u)(—A)_l(v—u)d _%/Wmog (5) dx

is related to Gagliardo-Nirenberg inequalities if v; = Ay/v
Q@ Alternatively, assume that v is a positive solution of

ov v
— =Alog(—) t>0 R?
ot og (H) >0, xe¢

Proposition (JD)

If v is a solution with nonnegative initial datum vy in L1(IR?) such that
Jge o dx =1, v log vo € L}(R?) and vy log 1 € L*(R?), then

SHalu(e, ) = g [ 1V o= [ (et ~1)wdu> Falil - Al

with log(v/p) = u/2
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Legendre duality through flows: Onofri vs log HLS inequalities

The two-dimensional case: the sphere setting

The image w of v by the inverse stereographic projection on the
sphere S?, up to a scaling, solves the equation

0
W Aglogw t>0, yeS?
ot
More precisely, if x = (x1,x2) € R2, then v and w are related by
_ u(t,x) _ (20a00) 112 o 2
W(t7y)747'r,u(x) 9 - (1+|X‘2 ’1+‘X|2> GS
The loss of mass of the solution of
ov
— =Alo t>0, xecR?
B g v X
is compensated in case of
0
—V—Alog(ﬁ) t>0, xecR
ot 1

by the source term —A log
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

Subcritical log HLS inequalities and
the subcritical Keller-Segel model

Optimal inequalities in the subcritical case provide a functional
framework for large time asymptotics of the Keller-Segel model

When mass increases to its critical value (M = 8 ), the log HLS
inequality is recovered as a singular limit
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

The parabolic-elliptic Keller and Segel system

%:AU—V-(UVV) xeR?, t>0
—Av=u xeER?, t>0
u(t=0)=ng >0 x € R?

We make the choice:
1
t,x)=—— I — t d
v(t,x) 27T/Rz og|x — ylu(t,y) dy

and observe that

1 X—y
VV( ’X) 27_[_ R? |X__y|2 U(,y) y
) d
Mass conservation: — [ u(t,x) dx =0
dt R2

Finite time blow-up if M = [o, no dx > 87
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Existence and free energy

M =[5, no dx < 8x: global existence [W. Jager, S. Luckhaus],
[JD, B. Perthame], [A. Blanchet, JD, B. Perthame], [A. Blanchet,
J.A. Carrillo, N. Masmoudji]
If u solves

du

5 = V - [u (V (logu) — VVv)]

the free energy

satisfies

1
Flu] ::/ ulogudx——/ uv dx
R2 2 Jg2
d

EF[u(t, I =- /RZ u|V (log u) — Vv|* dx

(log HLS) inequality [E. Carlen, M. Loss]:
F is bounded from below if M < 871
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

The existence setting

0

8—:—AU—V (uVv) x€ER?, t>0
—Av=u xeR?, t>0
u(-,t=0)=ng >0 x € R?

Initial conditions

no € LL(R?, (1+|x]*) dx), nglogno € L'(R?, dx), M :=

no(x)dx < 8w

Global existence and mass conservation: M = [, u(x, t) dx for any
t >0, see [W. Jager, S. Luckhaus], [A. Blanchet, JD, B. Perthame]

v=—5 log| |*u
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Time-dependent rescaling

1 X
u(x, t) = 0] n <W,T(t)) and v(x,t)=c (W,T(to
with R(t) = +/1+ 2t and 7(t) = log R(t)

%:An—v-(n(Vc—x)) XER2, t>0

c=——log|-|*n xe€R2, t>0
m

n(,t=0)=ny >0 x € R?

[A. Blanchet, JD, B. Perthame] Convergence in self-similar variables
Jim -+ ) = noclpgaey = 0 and i [Ve(s +€) = Vel e = 0
means intermediate asymptotics in original variables:

lu(x, €) = gy e (g0 7(8)) llgeny N\ O
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ution in self-similar variables

The stationary so

ecoo—\x|2/2

nOO = _—
fRz ece—IxX2/2 dx

1
= —Acy , Coo = —— log| | * neo
2w

o Radial symmetry [Y. Naito]
@ Uniqueness [P. Biler, G. Karch, P. Laurencot, T. Nadzieja]

o As |x| — 400, ns is dominated by e=(=9X*/2 for any ¢ € (0,1)
[A. Blanchet, JD, B. Perthame]

o Bifurcation diagram of |[neol| e (gz) as a function of M:
iy sl =0

[D.D. Joseph, T.S. Lundgren] [JD, R. Stafczy]
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

The stationary solution when mass varies

1.0 1.5

Figure: Representation of the solution appropriately scaled so that the 87 case
appears as a limit (in red)
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

The free energy in self-similar variables

an
ot

1 1
Fn] ::/ nlogndx—l—/ —|X|2ndx——/ nc dx
R2 Rz2 2 R2

iF[n(t,-)] = —/ n|V (log n) + x — Ve|? dx
dt R2

:V[n(logn—x—kVC)}

satisfies

A last remark on 87 and scalings: n*(x) = A2 n(A x)

Fln'] = F[n]+/n|og()\2) dx+/ =1 |x|%n dx+4i n(x) n(y) Iog% dx dy

R2xR?
M? A2 -1
F[n] — F[n] = (2M — —) log \ + / Ix|2 n dx
2 RZ
N—————’
>0 if M<gn
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Keller-Segel with subcritical mass in self-similar variables

0

a_::An—V-(n(Vc—x)) xeR2, t>0

c=——log|-|*n x€R?, t>0
2n

n(-,t=0)=ng >0 x € R?

Jim fn(,- 4+ 8) = noollpay =0 and  lim [[Ve(-, -+ 1) = Ve oz = 0

o Coo—IxI?/2 1
Noo =M-————-—— = —Ac Coo = —— lo < | kN,
N T e P2 dx oo o= g logl e

J. Dolbeault Singular limit problems related to the Onofri inequality



Subcritical log HLS inequalities and the subcritical Keller-Segel model

A parametrization of the solutions and the linearized
operator

[J. Campos, JD] A " e— 3% IxI+c
— Cc = R
fRz ez XPHe dx

Solve
—¢" — lqb' —e i >0
r

with initial conditions ¢(0) = a, ¢'(0) = 0 and get with r = |x]|

M(a) := 27r/ e 20 gy
R2
e*; r2+¢a(r)

T = ei% r2+¢a(r)
21 [pore2 rPtds dx

na(x) = M(a)
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

Mass

= 2 2 4 6 8 10

Figure: The mass can be computed as M(a) = 2 [ na(r) r dr. Plot of
a+— M(a)/8n
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| Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
inequality as an endpoint of Gagliardo-Nirenberg inequalities
egendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

Bifurcation diagram

The

1.5 20 25 30 35 40

Figure: The bifurcation diagram can be parametrized by
a = (5= M(a), || Calloo o)) With ||Call e (ze) = ca(0) = a — b(a)
(cf. Keller-Segel system in a ball with no flux boundary conditions)
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

Spectrum of L (lowest eigenvalues only)

L s s L L
5 10 15 20 25

Figure: The lowest eigenvalues of —£ = (—A)~*(n, f) (shown as a function of
the mass) are 0, 1 and 2, thus establishing that the spectral gap of —L is 1

[A. Blanchet, JD, M. Escobedo, J. Ferndndez|, [J. Campos, JD],
[V. Calvez, J.A. Carrillo], [J. Bedrossian, N. Masmoudi]
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
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Spectral analysis in the functional framework determined

by the relative entropy method

=] 5
Singular limit problems related to the Onofri inequality
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Simple eigenfunctions

Kernel Let fy = aM Cso be the solution of
—-A fb = N fO

and observe that gy = fy/coo is such that

iV- (noeV(fo — €0 80)) =: LTy =0

Neo
Lowest non-zero eigenvalues f; := 1 BB’LT associated with
g = Cl %CX"" is an eigenfunction of E, such that —Lfi = f
oo

With D :=x -V, letf2—1+ Dlognoofl—i—zn D n.. Then
—A(Dcy)+2Ac =Dny =2(fh — 1) neo

and so g = é (—A) Ynw ) is such that —LH =21
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Functional setting...

Lemma (A. Blanchet, JD, B. Perthame)

Sub-critical HLS inequality

Fln] :—/Rznlog<é> d —%/Rz(n—noo)(c—coo)dxzo

achieves its minimum for n = ns,

o1
Qi[f] = lim = Flne(1+ef)] >0
if fRZ f ns dx = 0. Notice that fy generates the kernel of Q

Lemma (J. Campos, JD)

HLS-Poincaré type inequality For any f € H*(R?, ny, dx) such that
Jg f noe dx =0, we have

/ IV(=A)"HF no)|? noo dx—/ V(g coo)? Noo dx < | ||? oo dx
R2
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

. and eigenvalues

With g such that —A(g cx) = f noo, Q1 determines a scalar product

<f1,f2>::/ ﬂfznoodx—/ fi oo (g2 Coo)
RZ RZ

on the orthogonal space to fy in L?(nu dx)

1 1
Qa[f] ::/ |V(f—gcoo)|2 Neo dx with g=—— — log|-|*(f nso)
R2 C 27

o0

is a positive quadratic form, whose polar operator is the self-adjoint
operator £
(f,Lf) =Q[f] VfeD(Ly)

Lemma (J. Campos, JD)

L has pure discrete spectrum and its lowest eigenvalue is 1
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Linearized Keller-Segel theory

Lf= iV- (N V(f — ¢ 8))

Neo

Corollary (J. Campos, JD)

(f, fy < (Lf,f)

The linearized problem takes the form
of _
ot

where L is a self-adjoint operator on the orthogonal of fy equipped

with (-,-). A solution of

d
dt

has therefore exponential decay

Lf

(f,fy=—2(Lf,f)
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More functional inequalities
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

A new Onofri type inequality

By Legendreduality, sub-critical HLS and HLS-Poincaré type
inequalities decome

Theorem (J. Campos, JD)

2
o003 x|
_1 2

I]RZ oo Q\X\ dx

dpm = 5 Neo dx, we have the inequality

1
log (/ o duM) —/ 6 diun < m/ VoP dx V¢ € DL(RY)
R2 R2 R?

For any M € (0,87), if noo = M with oo = (=)™ no,

Corollary (J. Campos, JD)

The following Poincaré inequality holds

/|w—¥|2 noodxs/ IVo[? dx where = [ 4 dum
R2 R2 R2
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

An improved interpolation inequality (coercivity estimate)

Lemma (J. Campos, JD)

For any f € [>(R?, ny dx) such that [o, f fy ne dx = 0 holds, we have

o [ 6 na) toglx = y1 7(y) () oy
R2 xR?
< (1—5)-/Rz|f|2noo dx

for some & > 0, where g coo = G * (f no) and, if [, f nog dx = 0 holds,

/ V(g co)]? dx < (1 —5)/ If|? noo dx
R2 R2
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Weighted Onofri and Caffarelli-Kohn-Nirenberg inequalities (d = 2)
The Onofri inequality as an endpoint of Gagliardo-Nirenberg inequalities
Legendre duality through flows: Onofri vs log HLS inequalities
Subcritical log HLS inequalities and the subcritical Keller-Segel model

An application:

Rates of convergence for the subcritical Keller-Segel model
(self-similar variables)

o F
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Subcritical log HLS inequalities and the subcritical Keller-Segel model

Exponential convergence for any mass M < 8x« Q

If no,.(o) stands for the symmetrized function associated to no,
assume that for any s > 0

(H) Jee€(0,8m7—M) such that / no,«(0) do < /( ) Noo,M+<(X) dx
0 0,4/s/m

Theorem (J. Campos, JD)

Under the above assumption, if ng € L2 (n} dx) and
M = fR2 ng dx < 8, then any solution with initial datum ng is such that

dx

Moo (X)

<Ce? V¥Vt>0

[ In(tx) = nelo)

for some positive constant C, where ny, is the unique stationary solution
with mass M
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Thank you for your attention !
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