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Sobolev inequality and Aubin-Talenti profiles

In Sobolev’s inequality (with optimal constant Sd ),

‖∇f ‖2
L2(Rd )

−Sd ‖f ‖2L2∗ (Rd ) ≥ 0

The manifold M of the optimal functions is generated by the multiples,
translates, scalings of the Aubin-Talenti functions

g(x) :=
(
1+|x |2

)− d−2
2 ∀x ∈Rd

A question raised in [Brezis, Lieb (1985)]: is there a natural way to bound
the l.h.s. from below in terms of a “distance” to the set of optimal
[Aubin-Talenti] functions when d ≥ 3 ?

B [Bianchi, Egnell (1991)] There is a positive constant α such that

‖∇f ‖2
L2(Rd )

−Sd ‖f ‖2L2∗ (Rd ) ≥α inf
ϕ∈M

‖∇f −∇ϕ‖2
L2(Rd )

B Various improvements, e.g., [Cianchi, Fusco, Maggi, Pratelli (2009)] but
the question of constructive estimates is still widely open
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Improved inequalities and stability results

Entropy – entropy production inequality

I [u]≥ ΛF [u]

B Improved entropy – entropy production inequality (weaker form)

I ≥ Λψ(F )

for some ψ such that ψ(0)= 0, ψ′(0)= 1 and ψ′′ > 0

I −ΛF ≥ Λ(ψ(F )−F )≥ 0

B Improved constant means stability
Under some restrictions on the functions, there is someΛ? >Λ such that

I −ΛF ≥ (Λ?−Λ)F ≥ 0 or I −ΛF ≥
(
1− Λ

Λ?

)
I ≥ 0
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Gagliardo-Nirenberg-Sobolev inequalities

We consider the inequalities

‖∇f ‖θ2 ‖f ‖1−θp+1 ≥CGNS(p) ‖f ‖2p (GNS)

θ = d (p−1)
(d+2−p (d−2))p , p ∈ (1,+∞) if d = 1 or 2 , p ∈ (1,p∗] if d ≥ 3 , p∗ = d

d−2

Theorem (del Pino, JD)

Equality case in (GNS) is achieved if and only if

f ∈M :=
{
gλ,µ,y : (λ,µ,y) ∈ (0,+∞)×R×Rd

}
g(x)=

(
1+|x |2

)− 1
p−1

Aubin-Talenti functions: gλ,µ,y (x) :=µg((x −y)/λ)

[del Pino, JD, 2002], [Gunson, 1987, 1991]
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Related inequalities

‖∇f ‖θ2 ‖f ‖1−θp+1 ≥CGNS(p) ‖f ‖2p (GNS)

B Sobolev’s inequality : d ≥ 3, p = p∗ = d/(d −2), θ = 1

‖∇f ‖22 ≥ Sd ‖f ‖22p∗

B Euclidean Onofri inequality : d = 2, p→+∞, θ = 1∫
R2

eh−h dx

π(1+|x |2)2
≤ e

1
16π

∫
R2 |∇h|2dx

p→+∞ with fp(x) := g(x)
(
1+ 1

2p (h(x)−h)
)
, h= ∫

R2 h(x) dx

π(1+|x |2)2
B Euclidean logarithmic Sobolev inequality in scale invariant form

d

2
log

(
2

πd e

∫
Rd

|∇f |2dx
)
≥

∫
Rd

|f |2 log |f |2dx

or
∫
Rd |∇f |2dx ≥ 1

2
∫
Rd |f |2 log

(
|f |2
‖f ‖22

)
dx + d

4 log
(
2πe2) ∫

Rd |f |2dx
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The Fokker-Planck equation (domain in Rd )

The linear Fokker-Planck (FP) equation

∂u

∂t
=∆u+∇· (u∇φ)

on a domainΩ⊂Rd , with no-flux boundary conditions

(∇u+u∇φ) ·ν= 0 on ∂Ω

is equivalent to the Ornstein-Uhlenbeck (OU) equation

∂v

∂t
=∆v −∇φ ·∇v =:L v

[Bakry, Emery, 1985], [Arnold, Markowich, Toscani, Unterreiter, 2001]
With mass normalized to 1, the unique stationary solution of (FP) is

us =
e−φ∫

Ω e
−φdx

⇐⇒ vs = 1
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The Bakry-Emery method (domain in Rd )

With dγ= us dx and v such that
∫
Ω v dγ= 1, q ∈ (1,2], the q-entropy is

defined by

Eq[v ] :=
1

q−1

∫
Ω
(vq −1−q (v −1))dγ

Under the action of (OU), with w = vq/2, Iq[v ] := 4
q

∫
Ω |∇w |2dγ,

d

dt
Eq[v(t, ·)]=−Iq[v(t, ·)] and

d

dt

(
Iq[v ]− 2λEq[v ]

)
≤ 0

with λ := inf
w∈H1(Ω,dγ)\{0}

∫
Ω (2

q−1
q ‖Hessw‖2+Hessφ:∇w⊗∇w)dγ∫

Ω |∇w |2dγ

Proposition

[Bakry, Emery, 1984] [JD, Nazaret, Savaré, 2008] Let Ω be convex.
If λ> 0 and v is a solution of (OU), then Iq[v(t, ·)]≤Iq[v(0, ·)]e−2λt

and Eq[v(t, ·)]≤ Eq[v(0, ·)]e−2λt for any t ≥ 0 and, as a consequence,

Iq[v ]≥ 2λEq[v ] ∀v ∈ H1(Ω,dγ) (Entropy-entropy production ineq.)
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From the carré du champ method to stability results

F denotes a relative entropy or free energy
I denotes the Fisher information
Entropy – entropy production inequality

I [u]≥ ΛF [u]

B Carré du champ method (adapted from D. Bakry and M. Emery)

∂u

∂t
=∆um ,

dF

dt
=−I ,

dI

dt
≤−ΛI

deduce that I − ΛF is monotone non-increasing with limit 0
B Using remainder terms and constraints, we look for entropy – entropy
production inequalities that are reinterpreted as stability results

Three points of view
decay rates in diffusion equations
entropy - entropy production inequalities and functional inequalities
rigidity problems in elliptic equations, bifurcation problemss
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Constructive stability results

in Gagliardo-Nirenberg-Sobolev

inequalities

Stability, a joint project with M. Bonforte, B. Nazaret and N. Simonov
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Joint work on Stability in Gagliardo-Nirenberg-Sobolev inequalities:
Flows, regularity and the entropy method arXiv:2007.03674, to appear in
Memoirs of the AMS, in collaboration with

Matteo Bonforte
B Universidad Autónoma de Madrid and ICMAT

Bruno Nazaret
B Université Paris 1 Panthéon-Sorbonne
and Mokaplan team

Nikita Simonov
B Ceremade, Université Paris-Dauphine (PSL)
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Fast diffusion equation
and entropy methods

∂u

∂t
=∆um (FDE)

The Rényi entropy powers and the Gagliardo-Nirenberg inequalities

Self-similar solutions and the entropy – entropy production method

Large time asymptotics, spectral analysis (Hardy-Poincaré inequality)

Initial time layer: improved entropy – entropy production estimates
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Rényi entropy powers
and

Gagliardo-Nirenberg-Sobolev
inequalities

[Toscani, Savaré, 2014]
[JD, Toscani, 2016]
[JD, Esteban, Loss, 2016]
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Mass, moment, entropy and Fisher information

(i) Mass conservation. With m≥mc := (d −2)/d and u0 ∈ L1
+(R

d )

d

dt

∫
Rd

u(t,x)dx = 0

(ii) Second moment. With m> d/(d +2) and u0 ∈ L1
+
(
Rd ,(1+|x |2) dx)

d

dt

∫
Rd

|x |2u(t,x)dx = 2d
∫
Rd

um(t,x)dx

(iii) Entropy estimate. With m≥m1 := (d −1)/d , um0 ∈ L1(Rd ) and

u0 ∈ L1
+
(
Rd ,(1+|x |2) dx)

d

dt

∫
Rd

um(t,x)dx = m2

1−m

∫
Rd

u |∇um−1|2dx

Entropy functional and Fisher information functional

E[u] :=
∫
Rd

um dx and I[u] := m2

(1−m)2

∫
Rd

u |∇um−1|2dx
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Entropy growth rate

Gagliardo-Nirenberg-Sobolev inequalities

‖∇f ‖θ2 ‖f ‖1−θp+1 ≥CGNS(p) ‖f ‖2p (GNS)

p = 1
2m−1 ⇐⇒ m= p+1

2p ∈ [m1,1)

u = f 2p so that um = f p+1 and u |∇um−1|2 = (p−1)2 |∇f |2

M = ‖f ‖2p2p , E[u]= ‖f ‖p+1
p+1 , I[u]= (p+1)2 ‖∇f ‖22

If u solves (FDE) ∂u
∂t =∆um

E′ ≥ p−1
2p

(p+1)2
(
CGNS(p)

) 2
θ ‖f ‖

2
θ

2p ‖f ‖−
2(1−θ)

θ

p+1 =C0E1− m−mc
1−m

∫
Rd

um(t,x)dx ≥
(∫
Rd

um0 dx + (1−m)C0
m−mc

t

) 1−m
m−mc ∀t ≥ 0

Equality case: u(t,x)= c1
R(t)d

B
(
c2 x
R(t)

)
, B(x) := (

1+|x |2) 1
m−1
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Pressure variable and decay of the Fisher information

The t-derivative of the Rényi entropy power E
2
d

1
1−m−1 is proportional to

IθE2 1−θ
p+1

The nonlinear carré du champ method can be used to prove (GNS) :

B Pressure variable
P := m

1−m
um−1

B Fisher information

I[u]=
∫
Rd

u |∇P|2dx

If u solves (FDE), then

I′ =
∫
Rd
∆(um) |∇P|2dx + 2

∫
Rd

u∇P ·∇
(
(m−1)P∆P+|∇P|2

)
dx

=−2
∫
Rd

um
(
‖D2P‖2− (1−m)(∆P)2

)
dx

J. Dolbeault Self-similar solutions, relative entropy and applications
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Rényi entropy powers and interpolation inequalities

B Integrations by parts and completion of squares: with m1 = d−1
d

− I
2θ

d

dt
log

(
IθE2 1−θ

p+1
)

=
∫
Rd

um
∥∥∥∥D2P− 1

d
∆P Id

∥∥∥∥2
dx + (m−m1)

∫
Rd

um
∣∣∣∣∆P+ I

E

∣∣∣∣2dx
B Analysis of the asymptotic regime as t →+∞

lim
t→+∞

I[u(t, ·)]θE[u(t, ·)]2
1−θ
p+1

M
2θ
p

= I[B]θE[B]2
1−θ
p+1

‖B‖
2θ
p

1

= (p+1)2θ (CGNS(p))
2θ

We recover the (GNS) Gagliardo-Nirenberg-Sobolev inequalities

I[u]θE[u]2
1−θ
p+1 ≥ (p+1)2θ

(
CGNS(p)

)2θ
M

2θ
p
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The fast diffusion equation
in self-similar variables

B Rescaling and self-similar variables

B Relative entropy and the entropy – entropy production inequality

B Large time asymptotics and spectral gaps
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Entropy – entropy production inequality

With a time-dependent rescaling based on self-similar variables

u(t,x)= 1
κd Rd

v
(
τ,

x

κR

)
where

dR

dt
=R1−µ , τ(t) := 1

2 logR(t)

∂u
∂t =∆um is changed into a Fokker-Planck type equation

∂v

∂τ
+∇·

[
v

(
∇vm−1− 2x

)]
= 0 (r FDE)

Generalized entropy (free energy) and Fisher information

F [v ] :=− 1
m

∫
Rd

(
vm−Bm−mBm−1 (v −B)

)
dx

I [v ] :=
∫
Rd

v
∣∣∣∇vm−1+ 2x

∣∣∣2 dx
are such that I [v ]≥ 4F [v ] by (GNS) [del Pino, JD, 2002] so that

F [v(t, ·)]≤F [v0]e
−4t
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Spectral gap: sharp asymptotic rates of convergence

[Blanchet, Bonforte, JD, Grillo, Vázquez, 2009]

(
C0+|x |2)− 1

1−m ≤ v0 ≤ (
C1+|x |2)− 1

1−m (H)

LetΛα,d > 0 be the best constant in the Hardy–Poincaré inequality

Λα,d

∫
Rd

f 2 dµα−1 ≤
∫
Rd

|∇f |2 dµα ∀ f ∈ H1(dµα) ,
∫
Rd

f dµα−1 = 0

with dµα := (1+|x |2)αdx , for α< 0

Lemma

Under assumption (H),

F [v(t, ·)]≤C e−2γ(m)t ∀ t ≥ 0 , γ(m) := (1−m)Λ1/(m−1),d

Moreover γ(m) := 2 if d−1
d =m1 ≤m< 1
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Spectral gap

0
mc = d−2

d

m1 = d−1
d

m2 = d+1
d+2

m̃2 := d+4
d+6

m

1

2

4

Case 1

Case 2

Case 3

γ(m)

(d = 5)

m̃1 := d
d+2

[Denzler, McCann, 2005]
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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Initial and asymptotic time layers
B Asymptotic time layer: constraint, spectral gap and improved entropy –
entropy production inequality

B Initial time layer: the carré du champ inequality and a backward
estimate
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The asymptotic time layer improvement

Linearized free energy and linearized Fisher information

F[g ] := m

2

∫
Rd

g2 B2−m dx and I[g ] :=m(1−m)

∫
Rd

|∇g |2 Bdx

Hardy-Poincaré inequality. Let d ≥ 1, m ∈ (m1,1) and g ∈ L2(Rd ,B2−m dx)
such that ∇g ∈ L2(Rd ,Bdx),

∫
Rd g B2−m dx = 0 and

∫
Rd x g B2−m dx = 0

I[g ]≥ 4αF[g ] where α= 2−d (1−m)

Proposition

Let m ∈ (m1,1) if d ≥ 2, m ∈ (1/3,1) if d = 1, η= 2(dm−d +1) and
χ=m/(266+56m). If

∫
Rd v dx =M ,

∫
Rd x v dx = 0 and

(1−ε)B ≤ v ≤ (1+ε)B

for some ε ∈ (0,χη), then
I [v ]≥ (4+η)F [v ]

J. Dolbeault Self-similar solutions, relative entropy and applications
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The initial time layer improvement: backward estimate

Hint: for some strictly convex function ψ with ψ(0)=ψ′(0)= 0, we have

I −4F ≥ 4(ψ(F )−F )≥ 0

Far from the equality case (i.e., close to an initial datum away from the
Barenblatt solutions) for (FDE), we expect some improvement

Rephrasing the carré du champ method, Q[v ] := I [v ]
F [v ]

is such that

dQ

dt
≤Q (Q−4)

Lemma

Assume that m>m1 and v is a solution to (r FDE) with nonnegative
initial datum v0. If for some η> 0 and t? > 0, we have Q[v(t?, ·)]≥ 4+η,
then

Q[v(t, ·)]≥ 4+ 4ηe−4t?

4+η−ηe−4t?
∀t ∈ [0,t?]
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Stability in
Gagliardo-Nirenberg-Sobolev

inequalities
Our strategy

Regularity and stability

Our strategy

Choose "> 0, small enough

Get a threshold time t?(")

0 t?(") t
Backward estimate

by entropy methods

Forward estimate

based on a spectral gap

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities

E
s

⇐
#↳

Initial time layer Asymptotic time layer
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The threshold time
and the uniform convergence

in relative error
B The regularity results allow us to glue the initial time layer estimates
with the asymptotic time layer estimates

The improved entropy – entropy production inequality holds for any time
along the evolution along (r FDE)

(and in particular for the initial datum)
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If v is a solves (r FDE) for some nonnegative initial datum v0 ∈ L1(Rd )
satisfying

sup
r>0

r
d (m−mc )
(1−m)

∫
|x |>r

v0dx ≤A<∞ (HA)

then
(1−ε)B ≤ v(t, ·)≤ (1+ε)B ∀t ≥ t?

for some explicit t? depending only on ε and A
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Global Harnack Principle

The Global Harnack Principle holds if for some t > 0 large enough

BM1(t−τ1,x)≤ u(t,x)≤BM2(t+τ2,x) (GHP)

[Vázquez, 2003], [Bonforte, Vázquez, 2006]: (GHP) holds if u0 . |x |− 2
1−m

[Vázquez, 2003], [Bonforte, Simonov, 2020]: (GHP) holds if

A[u0] := sup
R>0

R
2

1−m−d
∫
Rd \BR(0)

|u0|dx <∞

Theorem

[Bonforte, Simonov, 2020] If M +A[u0]<∞, then

lim
t→∞

∥∥∥∥u(t)−B(t)

B(t)

∥∥∥∥
∞

= 0
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Uniform convergence in relative error

Theorem

[Bonforte, JD, Nazaret, Simonov, 2021] Assume that m ∈ (m1,1) if d ≥ 2,
m ∈ (1/3,1) if d = 1 and let ε ∈ (0,1/2), small enough, A> 0, and G > 0
be given. There exists an explicit threshold time T ≥ 0 such that, if u is a
solution of

∂u

∂t
=∆um (FDE)

with nonnegative initial datum u0 ∈ L1(Rd ) satisfying

A[u0]= sup
r>0

r
d (m−mc )
(1−m)

∫
|x |>r

u0dx ≤A<∞ (HA)

∫
Rd u0dx = ∫

Rd B dx =M and F [u0]≤G , then

sup
x∈Rd

∣∣∣∣ u(t,x)

B(t,x)
−1

∣∣∣∣≤ ε ∀t ≥T
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The threshold time

Proposition

Let m ∈ (m1,1) if d ≥ 2, m ∈ (1/3,1) if d = 1, ε ∈ (0,εm,d ), A> 0 and G > 0

T = c?
1+A1−m+G

α
2

εa

where a= α
ϑ

2−m
1−m , α= d (m−mc) and ϑ= ν/(d +ν)

c? = c?(m,d)= sup
ε∈(0,εm,d )

max
{
εκ1(ε,m), εaκ2(ε,m), εκ3(ε,m)

}

κ1(ε,m) :=max

{
8c

(1+ε)1−m−1
,

23−mκ?
1− (1−ε)1−m

}

κ2(ε,m) := (4α)α−1 K
α
ϑ

ε
2−m
1−m

α
ϑ

and κ3(ε,m) := 8α−1

1− (1−ε)1−m
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Improved entropy – entropy
production inequality

(subcritical case)
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Theorem

Let m ∈ (m1,1) if d ≥ 2, m ∈ (1/2,1) if d = 1, A> 0 and G > 0. Then
there is a positive number ζ such that

I [v ]≥ (4+ζ)F [v ]

for any nonnegative function v ∈ L1(Rd ) such that F [v ]=G ,∫
Rd v dx =M ,

∫
Rd x v dx = 0 and v satisfies (HA)

We have the asymptotic time layer estimate

ε ∈ (0, 2ε?) , ε? :=
1
2

min
{
εm,d , χη

}
with t? = t?(ε)=

1
2

logR(T )

(1−ε)B ≤ v(t, ·)≤ (1+ε)B ∀t ≥ t?

and, as a consequence, the initial time layer estimate

I [v(t, .)]≥ (4+ζ)F [v(t, .)] ∀t ∈ [0,t?] where ζ= 4ηe−4t?

4+η−ηe−4t?
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Two consequences

ζ=Z
(
A,F [u0]

)
, Z(A,G ) := ζ?

1+A(1−m) 2
α +G

, ζ? :=
4ηcα
4+η

(
εa?

2αc?

) 2
α

B Improved decay rate for the fast diffusion equation in rescaled variables

Corollary

Let m ∈ (m1,1) if d ≥ 2, m ∈ (1/2,1) if d = 1, A> 0 and G > 0. If v is a
solution of (r FDE) with nonnegative initial datum v0 ∈ L1(Rd ) such that
F [v0]=G ,

∫
Rd v0dx =M ,

∫
Rd x v0dx = 0 and v0 satisfies (HA), then

F [v(t, .)]≤F [v0]e
−(4+ζ)t ∀t ≥ 0

B The stability in the entropy - entropy production estimate
I [v ]−4F [v ]≥ ζF [v ] also holds in a stronger sense

I [v ]− 4F [v ]≥ ζ

4+ζI [v ]
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Stability results
(subcritical case)

B We rephrase the results obtained by entropy methods in the language of
stability à la Bianchi-Egnell

Subcritical range

p∗ =+∞ if d = 1 or 2, p∗ = d
d−2 if d ≥ 3
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λ[f ] :=
(
2d κ[f ]p−1

p2−1
‖f ‖p+1

p+1

‖∇f ‖22

) 2p
d−p (d−4)

, κ[f ] := M
1
2p

‖f ‖2p

A[f ] := M

λ[f ]
d−p (d−4)

p−1 ‖f ‖2p2p

supr>0 r
d−p (d−4)

p−1
∫
|x |>r |f (x +xf )|2p dx

E[f ] := 2p
1−p

∫
Rd

(
κ[f ]p+1

λ[f ]
d
p−1
2p

f p+1−gp+1− 1+p
2p g1−p

(
κ[f ]2p

λ[f ]2
f 2p −g2p

))
dx

S[f ] := M
p−1
2p

p2−1
1

C(p,d)
Z(A[f ], E[f ])

Theorem

Let d ≥ 1, p ∈ (1,p∗)

If f ∈Wp(R
d ) := {

f ∈ L2p(Rd ) : ∇f ∈ L2(Rd ) , |x | f p ∈ L2(Rd )
}
,(

‖∇f ‖θ2 ‖f ‖1−θp+1

)2pγ
− (CGN ‖f ‖2p)2pγ ≥S[f ] ‖f ‖2pγ2p E[f ]
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With KGNS =C (p,d)C 2pγ
GNS , γ= d+2−p (d−2)

d−p (d−4) , consider the deficit functional

δ[f ] := (p−1)2 ‖∇f ‖22+4
d −p (d −2)

p+1
‖f ‖p+1

p+1−KGNS ‖f ‖2pγ2p

Theorem

Let d ≥ 1 and p ∈ (1,p∗). There is an explicit C =C [f ] such that, for any
f ∈ L2p(

Rd ,(1+|x |2)dx)
such that ∇f ∈ L2(Rd ) and A

[
f 2p]<∞,

δ[f ]≥C [f ] inf
ϕ∈M

∫
Rd

∣∣∣(p−1)∇f + f p∇ϕ1−p
∣∣∣2dx

B The dependence of C [f ] on A
[
f 2p]

and F
[
f 2p]

is explicit and does not
degenerate if f ∈M
B Can we remove the condition A

[
f 2p]<∞ ?
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Stability in Sobolev’s inequality
(critical case)

B A constructive stability result

B The main ingredient of the proof

J. Dolbeault Self-similar solutions, relative entropy and applications



A brief introduction to entropy methods
Stability, fast diffusion equation and entropy methods

Symmetry and symmetry breaking

Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalities
The threshold time and the improved entropy – entropy production inequality (subcritical case)
Stability results (subcritical and critical case)

A constructive stability result

Let 2p? = 2d/(d −2)= 2∗, d ≥ 3 and

Wp?(R
d )=

{
f ∈ Lp

?+1(Rd ) : ∇f ∈ L2(Rd ) , |x | f p? ∈ L2(Rd )
}

Theorem

Let d ≥ 3 and A> 0. Then for any nonnegative f ∈Wp?(R
d ) such that∫

Rd
(1,x , |x |2) f 2∗

dx =
∫
Rd

(1,x , |x |2)gdx and sup
r>0

rd
∫
|x |>r

f 2∗
dx ≤A

we have

δ[f ] := ‖∇f ‖22−S2
d ‖f ‖22∗ ≥

C?(A)

4+C?(A)

∫
Rd

∣∣∣∇f + d−2
2 f

d
d−2 ∇g−

2
d−2

∣∣∣2dx
C?(A)=C?

(
1+A1/(2d))−1 and C? > 0 depends only on d
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Peculiarities of the critical case

B We can remove the normalization of f , use the r.h.s. to measure the
distance to the Aubin-Talenti manifold of optimal functions (in relative
Fisher information) and obtain for

A[f ] := sup
r>0

rd
∫
r>0

|f |2∗
(x +xf ) and Z [f ] :=

(
1+µ[f ]−d λ[f ]d A[f ]

)
the Bianchi-Egnell type result

δ[f ]≥ C?Z [f ]

4+Z [f ]
inf
g∈M

J [f |g ]

with xf , λ[f ] and µ[f ] as in the subcritical case

B Notion of time delay [JD, Toscani, 2014 & 2015]
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Extending the subcritical result in the critical case

To improve the spectral gap
for m = m1, we need to ad-
just the Barenblatt function

Bλ(x) = λ−d/2 B
(
x/

p
λ
)

in order

to match
∫
Rd |x |2 v dx where the

function v solves (r FDE) or to
further rescale v according to

v(t,x)= 1
R(t)d

w
(
t+τ(t), x

R(t)

)
,

0
mc = d−2

d

m1 = d−1
d

m2 = d+1
d+2

m̃2 := d+4
d+6

m

1

2

4

Case 1

Case 2

Case 3

γ(m)

(d = 5)

m̃1 := d
d+2

dτ
dt =

(
1

K?

∫
Rd |x |2 v dx

)− d
2 (m−mc )−1 , τ(0)= 0 and R(t)= e2τ(t)

Lemma

t 7→λ(t) and t 7→ τ(t) are bounded on R+
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Symmetry and symmetry breaking
in Caffarelli-Kohn-Nirenberg

inequalities
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Caffarelli-Kohn-Nirenberg

5IF .FOUPS
.JOOFTPUB XBT BO FYDFMMFOU QMBDF CVU $PVSBOU XBT 	JT

JO UIF BSFB PG BOBMZTJT JUT SBNJýDBUJPOT BOE BQQMJDBUJPOT
BO FYUSBPSEJOBSZ QMBDF XJUI BMM UIF MFWFMT BOE BSFBT JOUFS�
UXJOFE BSPVOE UIF MJLFT PG .PSBXFU[ -BY 7BSBEIBO BOE
PG DPVSTF -PVJT� "NPOH UIF ZPVOHFS POFT XFSF 1BQBO�
JDPMBPV ,MBJOFSNBO ,PIO BOE WJTJUPST MJLF 4QSVDL BOE
(JEBT BMM TIBSJOH JEFBT BU OPPO BSPVOE UIF MVODI UBCMF�

-PVJT JO QBSUJDVMBS DSFBUFE BO BUNPTQIFSF PG PQFO EJT�
DVTTJPO BOE EFFQ DSFBUJWJUZ XIFSF VOEFSTUBOEJOH BOE BE�
WBODFNFOU XBT BDIJFWFE CZ BO PQFO FYDIBOHF PG JEFBT�
5IF XJEFS JNQBDU PG -PVJT PO BMM PG VT XBT UISPVHI IJT HFO�
FSPTJUZ IJT MPWF PG TDJFODF BOE IJT TFOTF PG DPNNVOJUZ�

*OEFFE JU JT FOPVHI UP MPPL BU IJT HFOFBMPHZ MJTU PG TUV�
EFOUT BOE EFTDFOEBOUT PS IJT NBOZ DPMMBCPSBUPST UP SFBMJ[F
IPX HFOFSPVT BOE JOþVFOUJBM IJT USBKFDUPSZ IBT CFFO IPX
EFFQ JT UIF NBSL IF IBT MFGU GPS NBOZ HFOFSBUJPOT UP DPNF
BOE IPX IJT NFNPSZ JT BO FOUJDFNFOU GPS VT UP GPMMPX JO
IJT GPPUTUFQT�

5IF 4DJFOUJTU
/FFEMFTT UP TBZ -PVJT XBT B EFFQ TDJFOUJTU� )F NBEF GVO�
EBNFOUBM DPOUSJCVUJPOT GSPN HFPNFUSZ UP BQQMJFE NBUIF�
NBUJDT� " SFNBSLBCMF BTQFDU PG IJT XPSL JT IPX PGUFO GSPN
B CBTJD QSPQFSUZ JO B TJNQMF DPOUFYU -PVJT EJTDPWFSFE BOE
EFWFMPQFE BO FYUFOEFE GVOEBNFOUBM UIFPSZ�

'JHVSF ��� 3PCFSU 7� ,PIO
-PVJT /JSFOCFSH BOE -VJT
$BGGBSFMMJ JO ���� BCPVU B ZFBS
BGUFS SFDFJWJOH UIF -FSPZ
1� 4UFFMF 1SJ[F GPS UIFJS XPSL PO
UIF /BWJFS�4UPLFT FRVBUJPOT�

5IF "HNPO %PVHMBT
/JSFOCFSH DPOUSJCVUJPOT BSF
FYBNQMFT BT BSF UIF DPMMBC�
PSBUJPOT XJUI #SF[JT XJUI
#FSFTUZDLJ XJUI ,JOEFS�
MFISFS XJUI :BOZBO -J BOE
NBOZ PUIFST�

* IBE UIF QSJWJMFHF PG
XPSLJOH XJUI IJN PGUFO BT
QBSU PG B HSPVQ BOE JU XBT
BMXBZT B SFNBSLBCMF JOUFSBD�
UJPO XIFSF " DIBUUJOH XJUI
# PWFS B DVQ PG DPGGFF IBE
TPNF WBHVF JEFBT PS EPVCUT
BOE UIFZ XFOU BOE BTLFE
BCPVU TPNF QPTTJCMF GBDUT UP
$ 	PGUFO -PVJT
 XIP PGUFO
IBE UIF BOTXFS BOE GVSUIFS

SFBMJ[FE UIBU JU XBT QBSU PG B XJEFS UIFPSZ BOE FOUJDFE VT
UP QVSTVF JU� *U XBT B WFSZ FYDJUJOH XBZ PG CPOEJOH BOE
XPSLJOH�

5IF 'SJFOE
"OZPOF XIP IBE TPNF QFSTPOBM SFMBUJPO XJUI -PVJT GFMU
IJT DPOHFOJBMJUZ BOE XBSNUI� -PVJT BOE 4VF 	BOE MBUFS
/BOFUUF
 XFSF XPOEFSGVM DPNQBOJPOT FOKPZJOH B XBML PS

B USJQ PS B 	HSFBU
 EJOOFS PS BOZ PUIFS BDUJWJUZ� 'VSUIFSNPSF
-PVJT XBT BMXBZT DPODFSOFE GPS B GSJFOE PS DPMMFBHVF�T XFMM�
CFJOH NBZCF IJT IFBMUI PS CFJOHNJTUSFBUFE JO IJT DPVOUSZ
GPS QPMJUJDBM SFBTPOT PS KVTU OPU CFJOH QSPQFSMZ SFDPHOJ[FE
CZ IJT JOTUJUVUJPO� -PVJT EJE BMM UIBU XBT QPTTJCMF UP IFMQ�

)JT MPTT JT PG DPVSTF TBEEFOJOH CVU IF MFBWFT BNPOH VT
BMM B USBJM PG FYDJUJOH TDJFODF XBSN GSJFOETIJQ BOE IBQQZ
NFNPSJFT� 'PS BMM UIBU XF BSF EFFQMZ HSBUFGVM�

4FSHJV ,MBJOFSNBO
*U JT IBSE UP TBZ TPNFUIJOH BCPVU -PVJT XIJDI XBT OPU BM�
SFBEZ TBJE� (SFBU NBUIFNBUJDJBO FOPSNPVT DSFBUJWF FO�
FSHZ HSFBU TFOTF PG IVNPS MPWF GPS JOUFMMFDUVBM QVSTVJUT PG
BMM UZQFT FUD� * QSFGFS UP UFMM B TIPSU TUPSZ BCPVU NZ JOUFSBD�
UJPO XJUI IJN BU B WFSZ EJGýDVMU QFSTPOBM NPNFOU�

* NFU -PVJT JO UIF GBMM PG ���� BU UIF CFHJOOJOH PG NZ
TFDPOE ZFBS BT B HSBEVBUF TUVEFOU BU UIF $PVSBOU *OTUJUVUF�
'PS NF UIJT XBT B ESFBN DPNF USVF� * LOFX BCPVU IJN
GSPN TPNF PG IJT QBQFST * IBE SFBE BT BO VOEFSHSBEVBUF JO
3PNBOJB� 8IFO * UPME IJN * XBOUFE UP CF IJT TUVEFOU IF
LJOEMZ BDDFQUFE� "T BO BEWJTPS -PVJT XBT FYUSFNFMZ QSPGFT�
TJPOBM� )F XPVME MJTUFO JOUFOUMZ UP XIBU * IBE UP TBZ NBLF
B GFX DPNNFOUT BOE TVHHFTUJPOT BGUFS XIJDI CFJOH B WFSZ
CVTZ QFSTPO IF XPVME MPPL BU IJT XBUDI BT B TJHO UIBU PVS
NFFUJOH XBT PWFS� 5IBU GPSDFE NF UP CF WFSZ QSFQBSFE UP
LFFQ IJT BUUFOUJPO GPDVTFE BOE EFMBZ UIBU ESFBEGVM iMPPL�
JOH BU IJT XBUDI NPNFOUw BT NVDI BT QPTTJCMF� 8JUI UJNF
-PVJT CFDBNF NPSF BOE NPSF XBSN UPXBSET NF JOWJUJOH
NF UP IJT IPNF BOE UBLJOH B GBUIFSMZ JOUFSFTU JO NZ QFS�
TPOBM TJUVBUJPO�

* IBE UIF HSFBU GPSUVOF UP HFU B QSPCMFN GSPN -PVJT PSJH�
JOBUJOH JO UIF XPSL PG 'SJU[ +PIO BOE UP QSPWF B SFTVMU UIBU
'SJU[ GPVOE TVSQSJTJOH� *U SFRVJSFE B WFSZ UFDIOJDBM QSPPG
CBTFE PO VTJOH UIF /BTI�.PTFS UFDIOJRVF JO B SBUIFS VO�
VTVBM TJUVBUJPO� "GUFS WBSJPVT QSFTFOUBUJPOT JO GSPOU PG
-PVJT JU BMM TFFNFE DPSSFDU UIPVHI * SFNFNCFS IBWJOH
UIJT TUSBOHF GFFMJOH UIBU * NJHIU ýOE B NJTUBLF BU BOZ NP�
NFOU� "OE BMBT UIBU NPNFOU DBNF BU B WFSZ JOPQQPSUVOF
UJNF B GFX EBZT CFGPSF * XBT TVQQPTFE UP UBML BCPVU UIF
SFTVMU JO UIF GBNPVT "OBMZTJT 4FNJOBS PG UIF $PVSBOU *O�
TUJUVUF JO GSPOU PG BO FYQFSU BVEJFODF JODMVEJOH '� +PIO
+� .PTFS 1� -BY $� .PSBXFU[ BOE FWFO -� )ÚSNBOEFS
XIPXBT TQFOEJOH UIF ZFBS BU UIF *"4� 0O 'SJEBZ BGUFSOPPO
MFTT UIBO B XFFL CFGPSF UIF TFNJOBS * BTLFE -PVJT UP MJTUFO
UP NZ SFIFBSTBM PG UIF UBML BOE HJWF NF IJT BEWJDF� &WFSZ�
UIJOH XFOU ýOF VOUJM UIF NPNFOU -PVJT BTLFE TPNFUIJOH
UIBU TFFNFE MJLF BO BCTPMVUFMZ SPVUJOF RVFTUJPO� * SFNFN�
CFS UIF TUSBOHF GFFMJOH PG GSFF[JOH JO QMBDF BT * JOTUBOUMZ

4FSHJV ,MBJOFSNBO JT B &VHFOF )JHHJOT 1SPGFTTPS PG .BUIFNBUJDT BU 1SJODFUPO
6OJWFSTJUZ� )JT FNBJM BEESFTT JT TFSJ!NBUI�QSJODFUPO�FEV�

+6/&�+6-: ���� /05*$&4 0' 5)& ".&3*$"/ ."5)&."5*$"- 40$*&5: ���
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Caffarelli-Kohn-Nirenberg inequalities

Let Da,b :=
{
v ∈ Lp

(
Rd , |x |−b dx)

: |x |−a |∇v | ∈ L2 (
Rd ,dx

)}
(∫
Rd

|v |p
|x |bp dx

)2/p
≤ Ca,b

∫
Rd

|∇v |2
|x |2a dx ∀v ∈Da,b

hold under the conditions that a≤ b ≤ a+1 if d ≥ 3, a< b ≤ a+1 if d = 2,
a+1/2< b ≤ a+1 if d = 1, and a< ac := (d −2)/2

p = 2d
d −2+2(b−a)

B An optimal function among radial functions:

v?(x)=
(
1+|x |(p−2)(ac−a)

)− 2
p−2

and C?a,b =
‖|x |−b v? ‖2p
‖|x |−a∇v? ‖22

Question: Ca,b =C?a,b (symmetry) or Ca,b >C?a,b (symmetry breaking) ?

J. Dolbeault Self-similar solutions, relative entropy and applications



A brief introduction to entropy methods
Stability, fast diffusion equation and entropy methods

Symmetry and symmetry breaking

Caffarelli-Kohn-Nirenberg inequalities
Sharp symmetry versus symmetry breaking results
Scheme of the proof

CKN: range of the parameters

Figure: d = 3(∫
Rd

|v |p
|x |bp dx

)2/p
≤ Ca,b

∫
Rd

|∇v |2
|x |2a dx

a

b

0

1

−1

b = a

b= a+ 1

a = d−2
2

p

a≤ b ≤ a+1 if d ≥ 3
a< b ≤ a+1 if d = 2, a+1/2< b ≤ a+1 if d = 1
and a< ac := (d −2)/2

p = 2d
d −2+2(b−a)

[Glaser, Martin, Grosse, Thirring (1976)]
[F. Catrina, Z.-Q. Wang (2001)]
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B Proving symmetry breaking
[F. Catrina, Z.-Q. Wang], [V. Felli, M. Schneider (2003)]
[J.D., Esteban, Loss, Tarantello, 2009] There is a curve...

B Moving planes and symmetrization techniques
[Chou, Chu], [Horiuchi]
[Betta, Brock, Mercaldo, Posteraro]
+ Perturbation results: [CS Lin, ZQ Wang], [Smets, Willem], [JD, Esteban,
Tarantello 2007], [J.D., Esteban, Loss, Tarantello, 2009]

B Linear instability of radial minimizers: the Felli-Schneider curve
[Catrina, Wang], [Felli, Schneider]

B Direct spectral estimates
[J.D., Esteban, Loss, 2011]: sharp interpolation on the sphere and a
Keller-Lieb-Thirring spectral estimate on the line
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Symmetry versus symmetry breaking:
the sharp result in the critical case

[JD, Esteban, Loss, 2016]

a

b

0

Theorem

Let d ≥ 2 and p < 2∗. If either a ∈ [0,ac) and b > 0, or a< 0 and
b ≥ bFS(a), then the optimal functions for the critical
Caffarelli-Kohn-Nirenberg inequalities are radially symmetric
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The symmetry proof in one slide

A change of variables: v(|x |α−1 x)=w(x), Dαv =
(
α ∂v

∂s , 1
s ∇ωv

)
‖v‖2p,d−n ≤Kα,n,p ‖Dαv‖ϑ2,d−n ‖v‖1−ϑp+1,d−n ∀v ∈ Hp

d−n,d−n(R
d )

The Felli & Schneider condition becomes α>αFS :=
√

d−1
n−1 and p = 2n

n−2
Concavity of the Rényi entropy power: with

Lα =−D∗
αDα =α2

(
u′′+ n−1

s u′
)
+ 1

s2
∆ωu and ∂u

∂t =Lαu
m

− d
dt G [u(t, ·)](∫Rd um |x |n−d dx)1−σ
≥+2

∫
Rd

(
α4

(
1− 1

n

)∣∣∣P′′− P′
s − ∆ωP

α2 (n−1)s2

∣∣∣2+ 2α2

s2

∣∣∣∇ωP′− ∇ωP
s

∣∣∣2)
um |x |n−d dx

+2
∫
Rd

(
(n−2)

(
α2

FS −α2) |∇ωP|2+c(n,m,d) |∇ωP|4
P2

)
um |x |n−d dx

Elliptic regularity and the Emden-Fowler transformation: justifying the
integrations by parts
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These slides can be found at

http://www.ceremade.dauphine.fr/∼dolbeaul/Lectures/
B Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/∼dolbeaul/Preprints/list/
B Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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