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The stability result of G. Bianchi and H. Egnell

A question: [Brezis, Lieb (1985)] Is there a natural way to bound

SallVull s gay = 1122 5o

from below in terms of a “distance” to the set of optimal [Aubin-Talenti]
functionswhen d = 3?

> [Bianchi, Egnell (1991)] There is a positive constant & such that
Sd ||VU||L2([Rd) l ulle* (md) 2@ |nf IVu- V(pIILZ(Rd)

> Various improvements, e.g., [Cianchi, Fusco, Maggi, Pratelli (2009)]
there are constants @ and x and v — A(u) such that

Sy IIVulle(Rd) (I+xA(u)%) ||u||L2* )

The question of constructive estimates is still widely open
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Entropy — entropy production inequalities

Free energy functional
u
F = L9 (—) Uoo dx
R

Uoo

@ s — ¢(s) is a nonnegative convex function such that ¢(1) =0
Q@ u. is an attractor of an associated flow, typically

Fisher information functional

dF
I = "(v) IV dp = ———
fRdw (V)IVvI=du ar

where v = u/ Uoo

F(t)=F(0)e ™ <
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An example of entropy method

@ Logarithmic entropy s — ¢(s) =slogs+s—1
@ Gaussian equilibrium ue(x) = (277)9/2 e=¥*/2 on R
@ Fokker-Planck equation % =Au+V-(xu)

Entropy-entropy production (Gross’ logarithmic Sobolev) inequality:
A=2,w=\/u,u=0and [pa udx:fRdlwlzdxz 1

d
2 2 2 d 2
fRdWWI dxszdIWI log|w|°dx + 2 |og(27re )

[Jordan, Kinderlehrer, Otto (1998)] The Fokker-Planck equation is the
gradient flow of the free energy % with respect to Wasserstein’s distance
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From the carré du champ method to stability results

Carré du champ method (D. Bakry and M. Emery) From

d.g
9 Ay
dtr -

deduce that .# — A& is monotone non-increasing with limit 0

> Improved constant means stability
Under some restrictions on the functions, there is some A4 = A such that

FI-ANF=(A—N)F
> Improved entropy — entropy production inequality
S = Ay(F)
for some v such that (0) =0, '(0)=1and y" >0
FI-ANF=Ap(F)-F)=0
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Outline

Part I: Two examples of stability results by entropy methods

> Sobolev and Hardy-Littlewood-Sobolev inequalities
joint work with G. Jankowiak

> Subcritical interpolation inequalities on the sphere
joint work with M.]. Esteban and M. Loss

Part II: A constructive result based on entropy and parabolic regularity
Jjoint work with M. Bonforte, B. Nazaret and N. Simonov

@ The fast diffusion flow and entropy methods

> Rényi entropy powers: aword on the carré du champ method
> the entropy-entropy production inequality

> spectral gap: the asymptotic time layer

> the initial time layer, a backward nonlinear estimate

@ The uniform convergence in relative error

> the threshold time

> a quantitative global Harnack principle and Hélder regularity
> the stability result in the entropy framework
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Two examples of entropy methods applied to stability
The fast diffusion equation
Regularity and stability

Critical Sobolev and HLS inequalities
Improved interpolation inequalities on the sphere

Part 1

Two examples of stability
results by entropy methods
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Two examples of entropy methods applied to stability
The fast diffusion equation
Regularity and stability

Critical Sobolev and HLS inequalities
Improved interpolation inequalities on the sphere

Example 1

Sobolev and Hardy-Littlewood-Sobolev
inequalities

> Stability in a weaker norm but with explicit constants

> From duality to improved estimates based on Yamabe’s flow
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Two examples of entropy methods applied to stability Gritical Soboley and HIS inequalities

Improved interpolation inequalities on the sphere

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in RY, d =3,
2 2 1,2/mpd
"“”L2*(Rd) Ssd”VU”Lz(Rd) Yue2°(RY)

and the Hardy-Littlewood-Sobolev inequality

Sallvi? 5, 2/ v(=A)lvdx Vvel#z(RY)
Lm(Rd) RrRd

are dual of each other. Here S is the Aubin-Talenti constant and 2*
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Two examples of entropy methods applied to stability Gritical Soboley and HIS inequalities

Improved interpolation inequalities on the sphere

Improved Sobolev inequality by duality

[JD, G. Jankowiak] Assume that d =3 and let q = . There exists a
positive constant € <1 such that

Sy llw9|2 —f w9 (—A)" 1w dx
d L%(Rd) Rd ( )

= S4lwl%? S [y 7

for any w € 212(RY)
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

Proof: the completion of a square

Integrations by parts show that

fqud IV(-A)"Lv|?dx :_[[Rd v(-A)tvdx

and, if v = u9 with g = df%,

fVu'V(—A)_lvdxzf uvdxzf u? dx
R R R

Hence the expansion of the square

2
0= ‘Sdllulle*( d)Vu—V(—A)_lv dx
shows that
0 Sa 157 g [ S 190122 gy ~ 1 g |
Sdlluqll 2d. —f uq(—A)_luqu]
Ld+2 (RY) R
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Two examples of entropy methods applied to stability Gritical Soboley and HIS inequalities

Improved interpolation inequalities on the sphere

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation
ov _
ot

If we define H(t) := Hg[v(t,-)], with

Av™ t>0, xeR

- -l 2
Hd[v].—fRdv( A) tvdx Sd”V”Ldszz(Rd)

then we observe that

2
1 d _
—H':—f vm+1dx+5d(f v%dx)df va-Vv%dx
2 RrRd RrRd R

F e . _d-2 _ 2d
Our choice: the Yamabe flow with m = g5 m+ 1= )
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

The first step in the entropy method

Assume that d =3 and m= Z—;g. If v is a solution the Yamabe flow with
nonnegative initial datum in 129/(d+2)(Rd)  then

fRdv(—) vdx — Sd||v|| - d]

Ld+2 (R7)
— (/ Vm+1 dX)
rRd

The HLS inequality amounts to H < 0 and appears as a consequence of
Soboley, thatis H' = 0 if we show that limsup,.qH(t) =0
> u = v is an optimal function for Sobolev if v is optimal for HLS

QN

[Sallvul? >0

t2(aey ~ 14052 o)
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

An improvement

Jd[v]:zf v%dx and Hd[v]:zf v(—A)_lvdx—SdI|v||22d
Rd RY Ld+2 (RY)

Theorem (J.D., G. Jankowiak)

Assume that d =3. Then we have

0= Ha[v] +SqJa[vI* 3 (Ja[v] 3 [Sq IVulZa gy = Ul Rd)])

d+2
YUuep, v=ud2

where @(x) := V€2 +2€ x—%€ for any x=0

Proof: H(t)=-Y(J(t))Vte[0, T), xo:= 'j—g and consider the differential
inequality

d+2

2q E¥o S3s™%, Y(0)=0, Y(Jo)==Ho
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

and a consequence: € =1 is not optimal

Theorem

[JD, G. Jankowiak] In the inequality

S q)2 _f 9(—A)tw9d
dllw ”Ldz+d2(Rd) [R&dW ( ) weax
= CaSalwl®?  [19WI2 oy ~ Sq Iwils.
d>d L2 (Rd) Lz(Rd) d 12 (Rd)

we have

based on a (painful) linearization

Extensions:
Q_ fractional Laplacian operator [Jankowiak, Nguyen]
Q@ Moser-Trudinger-Onofri inequality
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Two examples of entropy methods applied to stability
The fast diffusion equation
Regularity and stability =

Critical Sobolev and HLS inequalities
12

on the sphere

Example 2
Improved interpolation inequalities on the sphere

=}
J. Dolbeault
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

The interpolation inequalities on S¢

On the d-dimensional sphere, let us consider the interpolation inequality

d d

2 2 2 1/gd
||VU||L2(§d) + E ||U||L2(§d) = E ||U||Lp(§d) YueH (S du)
where the measure d is the uniform probability measure on $¢ c R9*+1
corresponding to the measure induced by the Lebesgue measure on R9*+1,

and the exposant p= 1, p # 2, is such that
2d
<2":=——
P d-2

if d = 3. We adopt the convention that 2* = oo if d =1 or d = 2. The case
p =2 corresponds to the logarithmic Sobolev inequality

|ul?
2
L2(§d)

d
||Vu||§2(§d)z§f§d|u|2 log du VueHY(S?, du)\{0}

lull
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Two examples of entropy methods applied to stability Gritical SobolevandHLS inequalities

Improved interpolation inequalities on the sphere

The Bakry-Emery method

Entropy functional
2 2 .
Fplo] = 5Ly | foap? du—(fsap du)?| it p#2

- p
Fa[p]:= Jsa p log ( ”p”L1(§d)) du
Fisher information functional
1
Iplp]:= Jsa VPP * dp
Bakry-Emery (carré du champ) method: use the heat flow

op
ot
and compute dtg?p[p] - plpland & ﬂp[p] < —d.9,[p] to get

:Ap

d
E(fp[P]—dgp[P])SO = Splp]=dFp[p]
with p = |ulP, if p< 2% := (de21+)1
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Two examples of entropy methods applied to stability Gritical SobolevandHLS inequalities

Improved interpolation inequalities on the sphere

A refined interpolation inequality on the sphere

Assume that

p#2, and l=p<2¥# if d=2, p=1 if d=1
_(d—l 2 1
T ld+2

Then for any ue HY(S9),

(p-1)(2%-p) if d=2, y=£=

2Y 2y

d ;
IVulliz s 2 55— (uuniz(sd) Il 50 ||u||L2(§d)) ify #2-p

lul?, g0y

2d
||VU||L2(§d) ”u”L2(§d) og W

) v ueHY(SY)
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

The evolution under the fast diffusion flow

To overcome the limitation p < 2#, one can consider a nonlinear diffusion
of fast diffusion / porous medium type

op
— =Ap™. 1
3 = Ap (1)

[Demange], [JD, Esteban, Kowalczyk, Loss]: for any p € [1,2%]

Holp):= < (plo]~ dFplo]) <0

L N
25 30

(p, m) admissible region, d =5
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

Improved interpolation inequalities on the sphere

AY = in —f§d (Av)* dp
veHL(SY,dy) JsaIVVIPvdu
f§d v dﬂ =1
JsaxIvIPdu=0

Forany f € Hl(Sd, du)s.t. [sa x|f|P dpu =0, consider the inequality

A A
2 2 2
LdIVfI vdu+ =Sl = I

Proposition

If pe (2,2%), the inequality holds with

—1)2
GRS

= d(d+2)(2#_p)(a*_d)
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities

Improved interpolation inequalities on the sphere

p =2: the logarithmic Sobolev case

2(d+2)

2(d+3)++v/2(d+3)(2d+3)

Let d=2. Forany ue H1(§d,du)\{0} such that fsdxlul2 du=0, we have

5 |ul?
IVul2 du= —f lul? lo d
Jop 9 5 |1 g lul?

4d-1
V2(d+3)(2d+3)

A =d+

3 o 2
with 6 :==d + d 2@
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Two examples of entropy methods applied to stability Gritical SobolevandHLS inequalities

Improved interpolation inequalities on the sphere

Stability under antipodal symmetry

With the additional restriction of antipodal symmetry, that is

u(-x)=u(x) ¥xeS?

Theorem

If pe(1,2)u(2,2*), we have

d
Vul? du>
Ldl uldp b2

for any ue HY(S9, du) with antipodal symmetry. The limit case p =2
corresponds to the improved logarithmic Sobolev inequality

d (d+3)? 5 lul?
Vol duz=2 f log| —2__ |4
Ld' k= S v Jer 8 a2 )

(2-4)2" -p)

1
" d(d+2)+p-1

(102, g0y = NP2 )
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Two examples of entropy methods applied to stability Critical Sobolev and HLS inequalities
Improved interpolation inequalities on the sphere

The optimal constant in the antipodal framework

12e. .
11t

10F <o

15 20 25 30

Numerical computation of the optimal constant when d =5 and
1= p=10/3 = 3.33. The limiting value of the constant is numerically found
to be equal to Ay = 212/P d ~ 6.59754 with d =5 and p=10/3
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Gagliardo-Nirenberg inequalities
The fast diffu: i

Part 11

A constructive result of
stability based on entropy
and parabolic regularity

> An introduction
> The fast diffusion equation

> Regularity and stability
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Main results (part IT) have been obtained in collaboration with

!

Matteo Bonforte
> Universidad Autonoma de Madrid and ICMAT

Bruno Nazaret
> Université Paris 1 Panthéon-Sorbonne
and Mokaplan team

Nikita Simonov
> Ceremade, Université Paris-Dauphine (PSL) A
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Introduction

@ A special family of Gagliardo-Nirenberg inequalities
@ Optimal functions

Q@ A stability result
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

Gagliardo-Nirenberg inequalities

For any smooth f on R? with compact support
IVFIS IS = Gon IFli2p (2)

. . d(p-1)
[Gagliardo, 1958] [Nirenberg, 1959] 0= —p(d+2 5(d-2))

Q@ if d = 3, the exponent pisintherange 1 < p < m and
2p= d2d2 =2% =:2p* is the critical Sobolev exponent, corresponding to
Sobolev’s inequality with (0 = 1) [Rodemich, 1968] [Aubin & Talenti, 1976]

IIVf||2 Sq ||f||2*
> if d =1 or 2, the exponent p is in the range 1 < p < +oo =: p*

Q@ the limit case as p — 1, is Euclidean logarithmic Sobolev inequality in
scale invariant form [Blachman, 1965] [Stam, 1959] [Weissler, 1978]

2
|og( flvflzdx)zf If1? log 1% dx
nde RrRd

for any function f € H*(R9, dx) such that || ] = 1
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

Optimal functions and scalings

IVFIS IS = Gon Ifli2p (1)
[del Pino, JD, 2002] Equality is achieved by the Aubin-Talenti type function
_ 1
g(x)= (1 + |x|2) P yxerd
By homogeneity, translation, scalings, equality is also achieved by

4 (X-y
By () = pA B g () (hy) € (0,+00) x Rx R
> A non-scale invariant form of the inequality
2IVFIZ+bIFIPTL = Han IF155"

d-p(d-2)

1- p(d—
a=3(p-1)% b=2 o1 HGN = ||g||2p( ") and y = 9x2-pld-2)

d-p(d-4)
If p = 1: standard Euclidean logarithmic Sobolev inequality [Gross, 1975]

1 117 f|2 d 2
|Vf|2dx2—f |v|2 log dx+—|o 27 e? Il
fRd 2 Jpo I£12 gr eIl
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The stability issue

What kind of distance to the manifold 97 of the Aubin-Talenti type
functions is measured by the deficit functional 6 ?

— 2 p+1 2py
6[f]:=alvVilg+bIfll 7 — e IIfll;),

Some (not completely satisfactory) answers:
> In the critical case p = d/(d —2), d = 3, [Bianchi, Egnell, 1991]: there is a
positive constant € such that

IVFI3=Sq IfI3. =€ inf Ivf -vgl3

> [JD, Jankowiak] Assume that d =3 and let g = Z—f%. There exists a
constant ¥ with1 <€ <1+ ci‘; such that

i 2 _

IVFI3=Sa lIf13. = —— 5 (Sd 1£9) 2a —fd 1£19(=A) L F19dx
Sa Il o IR

> [Blanchet, Bonforte, JD, Grillo, Vazquez] [JD, Toscani]... various

improvements based on entropy methods and fast diffusion flows
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation

Spectral gap and asymptotics

A stability result

The relative entropy

2p 1 _
Z(f]:= prd (171 — g2+t — L g1 (1£12P - g2P) ) dx

Letd=1, pe(1,p*), A>0 and G>0. There is a ¢ >0 such that
0[] =€ F|f]
for any few = {f e LY(RY,(1+|x|)?dx) : Vf e L2(RY, dx)} such that

f|f|2"dx f|g|2pdx fdx|f|2pdx=o

d-p(d-4

supr P11 f If2Pdx<A and Z[f]<G
|x|>r

r>0

Reminder: 5[f]:= a [Vf|3+ b f||” - N f||2”7
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Some comments

> The constant € is explicit

> A Csiszdr-Kullback inequality. There exists a constant C, > 0 such that

1727 =% s oy = Co VU I 1 hizogaey = Nghhaogesy

> Literature on stability of Sobolev type inequalities is huge:

—Weak L2"/2-remainder term in bounded domains [Brezis, Lieb, 1985]
- Fractional versions and (—A)* [Lu, Wei, 2000] [Gazzola, Grunau, 2001]
[Bartsch, Weth, Willem, 2003] [Chen, Frank, Weth, 2013]

- Inverse stereographic projection (eigenvalues): [Ding, 1986] [Beckner,
1993] [Morpurgo, 2002] [Bartsch, Schneider, Weth, 2004]

— Symmetrization [Cianchi, Fusco, Maggi, Pratelli, 2009] and [Figalli,
Maggi, Pratelli, 2010]

... to be continued
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

> On stability and flows (continued)

—Many other papers by Figalli and his collaborators, among which (most
recent ones): [Figalli, Neumayer, 2018] [Neumayer, 2020] [Figalli, Zhang,
2020] [Figalli, Glaudo, 2020]

— Stability for Gagliardo-Nirenberg inequalities [Carlen, Figalli, 2013]
[Seuffert, 2017] [Nguyen, 2019]

— Gradient flow issues [Otto, 2001] and many subsequent papers

— Carré du champ applied to the fast diffusion equation [Carrillo, Toscani,
2000] [Carrillo and Vazquez, 2003] [CJMTU, 2001] [Jiingel, 2016]

— Spectral gap properties [Scheffer, 2001] [Denzler, McCann, 2003 & 2005]

> On entropy methods

— Carré du champ: the semi-group and Markov precesses point of view
[Bakry, Gentil, Ledoux, 2014]

—The PDE point of view (+ some applications to numerical analysis)
[Jiingel, 2016]

> Global Harnack principle: [Vazquez, 2003] [Bonforte, Vazquez, 2006]
[Vazquez, 2006] [Bonforte, Simonov, 2020]

= Our tool: the fast diffusion equation

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

The fast diffusion equation

ou

— =Auy™
5 = A 3)

@ The Rényi entropy powers and the Gagliardo-Nirenberg inequalities
@ Self-similar solutions and the entropy-entropy production method

@ Large time asymptotics, spectral analysis (Hardy-Poincaré inequality)

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

The fast diffusion equation in original variables

Consider the fast diffusion equation in R, d > 1, me (0,1)
ou
ot

with initial datum u(t = 0, x) = up(x) = 0 such that

Au™ (2

fuodX=M>0 and f|x|2u0dx<+oo
R4 R4

The large time behavior is governed by the self-similar Barenblatt
solutions

U (t,x):=

X
B
(rct1/m)? (Ktl/”)

1/p
where p:=2+d(m-1),x:= )fn“—_'; and 4 is the Barenblatt profile

B(x) = (C+Ix?) T

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The Rényi entropy power F

The entropyis defined by
E:= f u™dx
RrRd
and the Fisher information by

m
|:= f u IVPI2 dx with P= u™ 1 s the pressure variable
Rd m-1

If u solves the fast diffusion equation, then

E'=(1-m)l
The Rényi entropy power
2 1
F:=E° with 0==———-1
Wit g dl-m

applied to self-similar Barenblatt solutions has a linear growth in t

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The variation of the Fisher information

If u solves g—‘t’ =Au™ with dT*I =:my <m<1, then

2
|’=%fmdu|vp|2dx=—2fw e (HDzP—%APIdH +(m—m1)(AP)?|dx

> This is where the limitation m= my := % appears

.... there are no boundary terms in the integrations by parts ?
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The concavity property

[Toscani, Savaré, 2014] Assume that my <m<1 ifd>1and m>1/2 if
d=1. Then F(t) is increasing, (1—m)F"(t)<0 and

lim 1F(t):(1—m)a lim E°71)

t—+4o0 t t—+o0

[Dolbeault, Toscani, 2016] The inequality
E°Li=E[2]° L[]
is equivalent to the Gagliardo-Nirenberg inequality
IVAIG 112 = Ban 1 Fll2p (1)

um-1/2 = Ilfllz and p= 52+ €(1,p*) = max{3,m}<m<1
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0 examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Self-similar variables: entropy-entropy production method

The fast diffusion equation

ou
— =Auy™
ot 1
has a self-similar solution
U(t,x):= ! B x where <%(x)'—(1+|x|2)_ﬁ
B (1 L W (T R '

A time-dependent rescaling based on self-similar variables

1

U(t,X) = W 14

N[

X dR_ 1_u L
(T,ﬁ) where — =R, 1(t):=

dt 'Og(@)

Ro
Then the function v solves a Fokker-Planck type equation

ov

E+V- [V(Vum_l—Zx)] =0

with same initial datum vy = ug if Ry = R(0) =1
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Free energy and Fisher information

The function v and 28 (same mass) solve the Fokker-Planck type equation

ov

at+V-[v(va71—2x)]:0 (4)

A Lyapunov functional [Ralston, Newman, 1984]

Generalized entropy or Free energy

Fv]:= _%fnd (vm—,%’m—m%m_l(v—,%’)) dx

Entropy production is measured by the Generalized Fisher information

9 )= Fv] = vy ox’ d
p [v]=-4]v], [v].—fRdv‘ v+ X‘ X
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The entropy - entropy production inequality

B(x):=(1+ |)<|2)_ﬁ

[del Pino, JD, 2002] d =3, me [my,1), m> % Jrd vodx = Jpa Bdx

-1 E 2" v 2
f V‘va +2X‘ dx=J[v]249¢[v]=4[ (———+IX| (v—-28)|d
R4 RI\ m m
p= gy, v =12

IVFIS IFILLS = 6o Ifll2p <= 8[f] = #[v]-4F([v] =0

[del Pino, JD, 2002] A solution v of (4) with initial data vg € L (R?) such
that |x|? vg € L1(RY), vy’ € L1 (RY) satisfies

Fv(t,)] < F[wle *t
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

e A computation on a large ball, with boundary terms

Carré du champ method [Carrillo, Toscani] [Carrillo, Vazquez]
[Carrillo, Jiingel, Toscani, Markowich, Unterreiter]

0
6—:+V-[V(va_1—2x)]=0 t>0, xeBgr
(va_1—2x)-i=0 t>0, xe€dBgr
x|
d
—f V|va_1—2X|2dX+4f vIVve™ L = 2|2 dx
dt JBg Br

2 2
w2k [ om([D2mtoam |- (- m) ot - gm )
Br
= f v (a)-Vl(v”’_1 - 93'"_1)|2) do <0 (by Grisvard’s lemma)
0Br

Improvement: 3¢ such that ¢” > 0, ¢(0) = 0 and ¢'(0) = 4 [Toscani, JD]
g

. d.g
j[VL%g'] = d)(g[VLng]) <~ idea: E +4.¢ < —ﬁ

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

Spectral gap: sharp asymptotic rates of convergence

Assumptions on the initial datum vy
1
(Hp) (Go+1x1%) T < v = (Cy +IxI2) T
(Hp) ifd=3 andm=m, = d—:2, then (vo — 9B) is integrable

[Blanchet, Bonforte, JD, Grillo, Vazquez, 2009] If m<1 and m # m., then
Flv(t,)] < Ce Mt w20, y(m):=(1-m)Agg
where Ay 4 >0 is the best constant in the Hardy—Poincaré inequality

Aa,df |f|2d,ua,1sf VFPdue ¥ feHY(due), ffdpa_lzo
Rd Rd Rd

with a 1= ﬁ <0, dpg := hg dx, he(x):=(1+ lez)“
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Two examples of entropy methods applied to stability Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Regularity and stability Spectral gap and asymptotics

Spectral gap and the asymptotic time layer

5(m)
4
did
a6
2
Case 1
— Case 2
Case 3
0
1

Flv(t,)] < Ce 2r(Mt yi>0
[BBDGYV, 2009] [BDGYV, 2010] [JD, Toscani, 2015]
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

e Spectral gap and improvements... the details

> Asymptotic time layer [BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2015]

Corollary

Assume that v solves (4): 0;v+V- [V(Vv"”1 - 2x)] =0 with initial
datum v =0 such that [pa vodx = [ga Bdx
(i) there is a constant 61 >0 such that Z[v(t,-)] < €1 e 27(Mt with
y(m)=2ifm<m<1
(i) if my<m<1 and [paxvodx =0, there is a constant 6> >0 such that
Fv(t,)] < Goe 2V (M with y(m)=4-2d(1-m)
(i) Assume that % <m<1 and fRdxvo dx =0 and let
By =02 B(x/\0)
be such that [pa|xI? u(t,x)dx = [pd |X|> By (x)dx. Then there is a
constant 63 >0 such that F|v(t,-)|B,]| < €3e~*t

> Initial time layer |v|Bs] = $(F[vIBs]) = faster decay for t ~ 0
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The asymptotic time layer improvement

Linearized free energy and linearized Fisher information
Flg]:= m[ 1gl? %> ™dx and |[g] :=m(1—m)f IVg|? 2 dx
2 RrRd RrRd

Hardy-Poincaré inequality. Let d =1, me (my,1) and g € L>(R?, 8%~ ™ dx)
such that Vg € L2(RY, B dx), frd g B> ™dx=0and [paxg B> Mdx =0

l[g]=4aF[g] where a=2-d(1-m)

Proposition

Let me(my,1) ifd=2, me(1/3,1) ifd=1,n=2d(m-m;) and
x=m/(266+56m). If [pavdx =M, [gaxvdx=0 and

(1-e)B=<v=(1l+e)%B

for some € € (0,xn), then
2[v]z4+n
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Gagliardo-Nirenberg inequalities
The fast diffusion equation The fast diffusion equation
Spectral gap and asymptotics

The initial time layer improvement: backward estimate

Rephrasing the carré du champ method, 2[v] := % is such that
d2
—=2(2-4
7 =2(2-4)

Assume that m> my and v is a solution to (4) with nonnegative initial
datum vp. If for some n>0 and T >0, we have 2[v(T,-)] =4+, then

4ne‘4T

2v(t, )]z 4+ —1—
(e = 4+ o

Vtel0,T]
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Two examples of entropy methods applied to stability
The fast diffusion equation
Regularity and stability

Statement
Back to entropy-entropy production inequalities
Proof

Regularity and stability

Our strategy

Choosde > 0, small enough

Get a threshold time ty (€)

‘ Backward estimate ‘ Forward estimate
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer

J. Dolbeault
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Uniform convergence in relative error: statement

Assume that me (my,1) ifd=2, me(1/3,1) ifd=1 and let e€(0,1/2),
small enough, A>0, and G >0 be given. There exists an explicit time
t. =0 such that, if u is a solution of

0
a—’: = Au™ (2)

with nonnegative initial datum ug € LY(RY) satisfying

d(m-mc)
supr (=m) f udx<A<oo (Ha)
|x|>r

r>0

Jrd Uodx = Jpa Bdx =4 and F[up) < G, then

sup —1ll<e Vt=t,

xeRd

B(t’,x)
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

The threshold time

Let me (my,1) ifd=2, me(1/3,1) ifd=1, e€(0,emq), A>0and G>0

1+Al-m 4+ G3

t* =Cx
ga

Whereazgf:—'" and 9=v/(d+v)

m

cx=ci(md)= sup max{exi(e,m), e?xa(e, m), ex3(e, m)}
€€(0,6m,d)
8c 23-my
x1(g,m):= max{(1+8)l_m_ T 1—(1—5)1—’”}
(4a)* 1 K? 8al
xo(e,m):=——— and x3(e,m):=————
2( ) g%% 3( ) 1—(1—8)1_’"
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Improved entropy-entropy production inequality

Let me(my,1) ifd=2, me(1/2,1) ifd=1, A>0 and G>0. Then
there is a positive number { such that

Flv] = (4+() F|v]

for any nonnegative function v € L1(R?) such that F[v]=G,
Jpd vdx =M, [paxvdx=0 and v satisfies (Ha)

We have the asymptotic time layer estimate
1 1
€€(0,2¢e4), €x:= > min{emq, xn} with T = 3 log R(t4)
(1-e)B=v(t)<s(1+e)®B Vt=T

and, as a consequence, the initial time layer estimate
4n e tT

It 2+ OF(e )] Ve T], where (==
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Two consequences

2
Cx 4n ( &% )E
=Z(AF y LA G) = ————, (xi=——
( ( [UO]) ( ) 1+A(1_m)%+G ( 4+17 201(:*

> Improved decay rate for the fast diffusion equation in rescaled variables

Let me (my,1) ifd=2, me(1/2,1) ifd=1, A>0 and G>0. Ifv is a
solution of (4) with nonnegative initial datum vg € LY(RY) such that
F[w]=G, [gdvodx =, [gaxvodx=0 and vy satisfies (Ha), then

Flv(t,)] < Flwle #Dt vi=0

> The stability in the entropy - entropy production estimate
F|v]-4F|v] = { F[v] also holds in a stronger sense

V] - 4F[v] = 4L+(f[v]
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

A general stability result

2p
p-1 ”f”f”l d—p(d—4)
A[f]:z 2d1<2[f] p+21
p-1 IVFIl5
d-p(d-4)

Alf]:= —gidar——SUP0 " * 1 [ixs, IF(x+x7)1?P dx

AlFT P A1)

E[f] = 2 pr (K[fl]i%? f|p+1 gp+1 12+ppg1 p [[]] |f|2p g ))d

p-1

2

&[f]:= Z(A[f], E[f])

1
1 C(p.d)

Let d=1 and pe(1,p*). For any feW,k we have

(1913 ||f||,,+1) — (6on I ll2p)*P7 = G[f] I 155" E[f]
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Statement

Back to entropy-entropy production inequalities
Regularity and stability Proof
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Iwo examples of entropy methods applied to stability Statement
The fast diffusion equation Back to entropy-entropy production inequalities
Regularity and stability Proof

These slides can be found at

http://www.ceremade.dauphine.fr/ ~dolbeaul/Conferences/
> Lectures

The papers can be found at

http://www.ceremade.dauphine.fr/ ~dolbeaul/Preprints/list/
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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Two examples of entropy methods applied to stability Statement
The fast diffusion equation Back to entropy-entropy production inequalities
Regularity and stability Proof

Some details on the proof for the
threshold time
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Interpolation inequalities

Statement

Back to entropy-entropy production inequalities
Regularity and stability Proof

Our regularity theory relies on the inequality

11 gy = (1971

where B < RY is the unit ball

52(3) + ||f||52(3))

Pm v4 q p
d=3 | 24 27(4 +1)%/d g a
d=2 | 4 |00564022..<2/2 ~112838 | 2 |2(a-1)
d=1| % M Emax (2 L) 2 2m

J. Dolbeault
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Local estimates (1/2): a Herrero-Pierre type lemma

For all (t,R) € (0,+00)?, any solution u of (3) satisfies

[ 1 2/a 41
sup u(t'y)SK(td/a(LR(X)UO(y)dy) +(ﬁ) )

Y€BR/2(x)

2q
K=kt B
oo . q \J m
kP = (35 (5) n8(+D) SER0l D (G 225 (14 a0g) 20
_ed-1,_ 2x9/2
wq:= 1571 17
_ 306 ) @rm) T pTEEE 382(9+)
T ) (1om) 394 & = .
(1-(2/3) %@ D)

)4(51+1)
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Local estimates (2/2)

For all R >0, any solution u of (3) satisfies

1
. -2 \I-m a _.
|x_'X'Lf|sR“(t’X)ZK(R t) if t>K*”u0"L1(BR(><0))R =:2t
2
(1- m)4 (1-m)Zad

Ky = 23a+2 d%

and K =awq (238 44 716(1-m)azca® (1-m)
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Statement

Back to entropy-entropy production inequalities
Regularity and stability Proof

Global Harnack Principle

Proposition

Any solution u of (3) satisfies
u(t,x)< B(t+t-1,x; M) V(t,x) e[t +oo) xR

u(t,x)zB(t—;—%,x;M) V(t,x) € [2t, +00) x RY

c:=max{1,25" Mk Mp, T:=ctg Al

M:=220m &3 (1+¢)% b~ % 42
a/2 1
M:zmin{ d/2(d) ) o @ }Ki"’ﬂz
P (d(1-m))?/? a0

J. Dolbeault Stability in Gagliardo-Nirenberg inequalities



Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

The outer estimates

For any e € (0,€), any solution u of (3) satisfies

u(t,x)z(1-€)B(t,x) if IxIzR(t)p(e) and t=zT(e)

u(t,x)<(1+&)B(t,x) if IxI=R(t)p(e) and t=T(e)
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Statement
Back to entropy-entropy production inequalities

Regularity and stability Proof

The inner estimate

Proposition

There exist a numerical constant K>0 and an exponent 9 € (0,1) such
that, for any € € (0,&m 4) and for any t =4 T (€), any solution u of (3)
satisfies

)
) if IxI=2p(e)R(t)

K (1 VG
t " R()

9
%+a3(1'f,‘:1)+19+10 (a+.4) _
mﬂ(l _ m)2(1+1‘))+m
d

K:=2

2d

oY T
1+bdcd,v,1((fﬂi 2V_1+c) +u—d,ﬂdd)]
aa

X

b and c are numerical constants, 9 = v/(d + v) and v is a Holder regularity
exponent which arises from Harnack’s inequality in J. Moser’s proof
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

An LP-C" interpolation

lu(x)-u(y)|

Let |u] c(Q) = Spr,y:Q x—yT
X7y

Let p=1 and ve (0,1)

ltll oo () < Cdvp[ujj_.:‘zuvw)||u||£’;("u§d) VuelP(RY)n CY(RY)

d
(p-1)(d+pv)+dp 1 1\ depv pv 4 \1/pP
Cunp=2 0 () (e () ()7 w507
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Two examples of entropy methods applied to stability Statement
The fast diffusion equation Back to entropy-entropy production inequalities
Regularity and stability Proof

Appendix: linear tools and
corresponding constants
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Linear parabolic equations

ov

ot
on Q7 :=(0, T) x Q, where Q is an open domain, A(t, x) is a real
symmetric matrix such that

=V-(A(t,x)Vv) (5)

d
MolEP = Y Aij(tx)EE < A11ER Y (t,x,E) R xQr xRY
ij=1
for some positive constants 1g and A1

DE(to,Xo):=(t0+§R2,t0+R2)xBR/z(Xo)
D (to,x0) = (o—-R2 to- %R )XBR/Z(XO)

2d+43dd+c3 22(d+2)+3 1+ 2d+2 o
0 (V2-1)2(d+2)

d+1)(d+2
2 (d+2)(3d2+18d+24)+13 ((2+d) 42)( " )( i )
d?2 2d A=

h:=exp

2d+4

co=34d d
1+

d d?
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Harnack inequality (Moser)

Theorem
Let T>0, Re(0,V'T), and take (tg,xg) € (0, T) x Q such that
(to- R2,ty + R2) x Bor(x0) €Qr. If u is a weak solution of (5), then

sup v<h inf v
Dg,(to,xo) DE(tOrXO)

with h := h}1+1/40

This Harnack inequality goes back to [Moser, 1964] [Moser1971]

The dependence of the constant on 1g and 17 is optimal [Moser, 1971]
The dependence of h on d is pointed out in [Gutierrez, Wheeden, 1990]
To our knowledge, this is the first explicit expression of h
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

Harnack inequality implies Holder continuity

Let Q; < Qp < RY two bounded domains and let us consider
QRQr:=(Tp, T3)x Q1 (T1, Tg)xQo=: Q,where 0= Ty < Tr< T3< T <4

We define the parabolic distance between Q1 and @ as

. 1
d(Q1, Q) := inf Ix—yl|+|t—s|2
(t,X)€Q1
(s,y)€[T1,T4]xﬁQzU{Tl,T4}x(22

Theorem

If v is a nonnegative solution of (5) on Q, then

lv(t,x)=v(s,y)l ( 128 )V
; = IVl
(tyx),(g.y)eal (Ix—yl+1t-s[1/?) d(Q1, @) ViiLe(Q2)

where v :=log, (%)
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Two examples of entropy methods applied to stability Statement
The fast diffusion equation Back to entropy-entropy production inequalities
Regularity and stability Proof

Appendix: still another
interpolation inequality
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Statement
Back to entropy-entropy production inequalities
Regularity and stability Proof

An LP-C" interpolation

lu(x)-u(y)|

[x=yl¥

Lemma

Let p=1 and ve(0,1). Then there exists a positive constant Cq, , such
that, for any R>0 and x € RY

Let |_U_] CV(Q) = spr,y#QQ
XFYy

d pv
d+pv d+pv

_d
lullieo(Br(x) = Cd%P(L U (8o (x)) 1p(Bar () ¥ 7 “u"Lp(BZR(X)))

for any ue LP(Bar(x))n CY(Bar(x)), and

d

lulleo(rey < Ca,vp Lul g:;;&d) ||u||f;(u;d) VuelP(RY)n CY(RY)

(p=1)(d+pv)+dp

- v
Cd""":zW(Prw_d) (1+(pdv);)d+pv ((%)#Jr(%)ﬁw 1/p
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