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The parabolic-elliptic Keller — Segel system

0
%:Au—V-(qu) xeR? t>0
—Av=u xeR?, t>0

u(-,t=0)=ng >0 x € R?

We make the choice:
1
v(tx) = —5= [ Toglx—ylu(t.y) dy

and observe that

1 X—y
Vv(t,x) = —— t,y)d
v(t.x) 27 Jpe |x — y|? u(t,y) dy
. d
Mass conservation: — [ u(t,x) dx =0
R2
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Blow-up: the virial computation

Collapse (S. Childress, J.K. Percus 81) M = fRz ng dx > 87 and
Jre |x|? ng dx < co: blow-up in finite time
A solution u of 5

u

a:V-(VU—qu)

satisfies

—/ x|? u(t, x)

:—/ 2x- Vudx—i— // 2X7 e Y u(t, x) u(t,y) dx dy
]R2 R2 x R2 4

—4I\/I %
2
:4M—&<0 if M>8mw
27

u(t,x) u(t,y) dx dy
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The subcritical range
Self-similar variables and an early convergence result

Asymptotic regimes of the
Keller-Segel model

> Literature is huge

> Physics can be addressed in various ways: gravitation
(Smoluchowski-Poisson) and statistics of gravitating systems,
aggregation dynamics (sticky systems), biology (Patlak, Keller-Segel)
> Standard techniques have been reinvented many times: virial
estimates, cumulated mass densities, matched asymptotics

@ do not specialize to radial solutions
@ put emphasis on functional analysis
Q@ insist on nonlinear evolution
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Asymptotic regimes of the Keller-Segel model
Functional framework and sharp asymptotics

The critical mass case

The super-critical range: life after blow-up
The subcritical range

Self-similar variables and an early convergence result

The super-critical range:
regularization & life after blow-up
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
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Self-similar variables and an early convergence result

Regularize the Poisson kernel

() 4 () = —5= [ (b= vl +)pl)

[F. Poupaud, Diagonal defect measures, adhesion dynamics and Euler
equations, Meth. Appl. Anal. 9 (2002), pp. 533-561]

Proposition (JD, C. Schmeiser 2009)

For every € > 0, the regularized problem has a global solution satisfying

16°C )llrme) = llpollnwey == M
1
1°(t, )l re) < € (1 + 5_2)

with an e-independent constant c
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The ritical range
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The nonlinear term

X®2

w6 = [ ey i ) = T

Lemma (Poupaud)

The families {p=(t)}e>0 and {m®(t)}e>o are tightly bounded locally
uniformly in t, and {p°(t)}e>o is tightly equicontinuous in t

Tight boundedness and equicontinuity of p®(t) = compactness
Jee Jre (6, y) p7(8,x) p°(t,y) dx dy = [go [oo 0(x, ) p(t, %) p(t, y) dx dy

f Sz o(t, x) m*(t, x) dx dt — ff Sz 0(t, x) m(t, x) dx dt
for all ¢ € Cp([t1, t2] x R?)
Defect measure

v(t,x) = m(t,x) - / K= y) (e plt.y) by K(x) =

X®2
[x2
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Atomic support

The limit is characterized by the pair (p, v)
The atomic support of p is an at most countable set

Lemma (Poupaud 2002)

v is symmetric, nonnegative, and satisfies

ato) < Y (p(0)({a) ol 2)

a€Sat(p(t))

M: Radon measures, M7 : nonnegative bounded measures

DM*(I;R?) = {(p, V) p(t) € MF(R2) Yt el, ve M(I x R2)2*2
p is tightly continuous with respect to t

v is a nonnegative, symmetric, matrix valued measure

aeo) < Y (A0((a) - a) )

a€Sat(p(t))
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Limiting problem

The limiting flux: definition

V€ Ct}((o; T), XR2) foT fRz o(t, x) jlp, v](t, x) dx dt
=—z= fOT Jre (@(t, %) — (t,¥)) K(X —y)p(t,x)p(t,y) dx dy dt
fo Jgo v(t,x) V(t, x) dx dt

Theorem (JD, C. Schmeiser 2009)

For every T > 0, p° converges tightly and uniformly in time to p(t) and
there exists v(t) such that (p,v) € DM™((0, T); R?) is a generalized
solution of

9ep+ V- (jlp,v] = Vp) =0

p(t =0) = po holds in the sense of tight continuity
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Strong formulation (formal) : an ansatz

@ =7t P FEX) = Vo Mal)3a(t,%), 5a(2,%) = 6(x — (1))
e (p,v) € DMT((0, T); R?)
= v(t,x) =2 ey Un(t) 0n(t, x), tr(v,) < M2

Jirxs —pVSO[p+p]+ZM 5, VS0 [P+ Y Mmdm +—ZM Vo V8,
m#n

9p+ V- (pVSo[pl — Vp) + Vp - VSo[7]
+ Zan(/\/’n - pMn)
=" My V3, (0 = TS0 [5+ St M 3] )

+3 (5 vn V26, — M, A5,) =

n
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. =47M,id

As a consequence of tr(v,) = 8 M, < M2, point masses have to be at
least 87 (there is only a finite number of them)

0+ V - (pVSolpl — Vp) — Vp ZM =0

x—xn\2

M,, =p(x = x,,) M,

S0 = VSo[l(x = %) — — "

27 Xp — X
mtn |n m

Note that 2 ([ pdx+ >, M,) =0

. Comparison with Veldzquez’ results @
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The ritical ze

18!
Self-similar variables and an early convergence result

Large time behaviour

Assume again
v(t,x) =4rid > p(t)({a})d(x —a)
a€Sa(p(t))
and

/]R2 \x|2,0in dx < oo
With M =37, cs e p(t)({a}) and M =M — M
/ |2 pdx =4 M — %/ (1—xp)p®pdyd —%/}thr(y)dx
— W (4 o 2“1) D Y (B OI)

a#b, a,b€S.t(p(t))

. compatible with Wasserstein’s framework
(Haskovec, Schmeiser 2009) @
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Local density profiles

For fixed t and a € S,:(p(t)), let €€ = x —a and €2 p° = R®
e20¢R* + V¢ - (REVeSi[R°] — VeR®) =0

Re is uniformly bounded, implying compactness of V¢S;1[R®]. The
L>°-weak* limit R of R® (take subsequences, formal) satisfies

Ve (RVeSi[R] = VeR) =0

Observe that

/Rz R(€) dE = %/R |§|§;|711R(5) R(n) dy d¢ < % (/R “©) dg)2

This shows that either R vanishes or its mass is not smaller than 8«
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Asymptotic regimes of the Keller-Segel model The super-cr.
The subcritic g
Self-similar variables and an early convergence result

range: life after blow-up
=

Free energy (1/2)

1
Fe[p] ::/ <p|ogp— 2p55[p]> dx
R2
1
=/ plogdeJrr/ log(|x — y[ +¢€) p(x) p(y) dy dx
R2 ™ JR4

and d
& & € G
E,:E[p]:f/ p° |V (log p* — S[p])|” dx
]R2

With an arbitrary a € R? and R(¢) = 2 p(a + € £) we have
Mm? 1
Fll = (2m - 32 ) og  + AIR)

™
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Asymptotic regimes of the Keller-Segel model The super-critic
The subcritical

range: life after blow-up
\ge
Self-similar variables and an early convergence result

Free energy (2/2)

Let R € L% (R?) be radial, [, log(1+ |x|) R(x)dx < oo, M = [5, Rdx

el _ > 7
47T/R2Iog(1+|x YR dy > loglx| Vx€R

LYy = {RELL(RY): [, RdE =M}, Jy i=infreps  F[R] > —o0

Jy = —o0 for M > 8, and Jyy > —oo for M < 8. If M < 8, there
exists a radial nonincreasing minimizer
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Asymptotic regimes of the Keller-Segel model
Functional framework and sharp asymptotics

The critical mass case

Keller-Segel model:

the subcritical range

J. Dolbeault
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The subcritical range
Self-similar variables and an early convergence result

Existence and free energy

M =[5, no dx < 8m: global existence (W. Jéger, S. Luckhaus 1992),
(JD, B. Perthame 2004), (A. Blanchet, JD, B. Perthame 2006)

If u solves 9
a*l; =V [u (V(logu) — Vv)]

the free energy

1
Flu] ::/ ulogudx—f/ uv dx
R2 2 Jre
satisfies

d

—Flu(t,-)] = —/ u|V (log u) — Vv[* dx
dt R2

(log HLS) inequality (E. Carlen, M. Loss 1992):

F is bounded from below if M < 87

... M =8 the critical case (A. Blanchet, J.A. Carrillo, N. Masmoudi
2008), (A. Blanchet et al.)
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
Functional framework and sharp asymptotic The subcritical range
P critical mass case Self-similar variables and an early convergence result

The existence setting for the subcritical regime

0

a—::Au—V-(qu) xeR2, t>0
—Av=u xeR?, t>0
u(t=0)=ny >0 x € R?

Initial conditions

no € LY (R?, (1+|x*) dx), nglogng € LY(R?, dx), M:= /2 no(x) dx < 8w
R

Global existence and mass conservation: M = [o, u(x,t)dx Vit >0

v=—5log|-|*u

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The subcritical range

Self-similar variables and an early convergence result

Time-dependent rescaling

1 X X
u(x, t) = R0 n (R(t),T(t)> and v(x,t)=c¢ (R(t),T(t)>
with R(t) = /1 + 2t and 7(t) = log R(t)

%:An—v(n(Vc—x)) xeER?, t>0

c=——log|-|xn x€R2, t>0
27
n(-,t=0)=ng >0 x € R?
(A. Blanchet, JD, B. Perthame) Convergence in self-similar variables
Jim .-+ 1) = moclsy =0 and - fim Ve + 1) = Ve xge) = 0
means ntermediate asymptotics in original variables:
lu(x, 1) = gk moo (50 7(0) ey 0
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
Functional framework and sharp asymptotic The subcritical range
T'he critical mass case Self-similar variables and an early convergence result

The stationary solution in self-similar variables

o coo—Ix?/2

Noo = MTRZ ecoc—\X|2/2 dx

1
:_Acooa Coo:_7|0g|'|*n00
27

Radial symmetry (Y. Naito)
Uniqueness (P. Biler, G. Karch, P. Laurencot, T. Nadzieja)

As |x| = 400, N is dominated by e~1=9)IX/2 for any ¢ € (0,1)
(A. Blanchet, JD, B. Perthame)

Bifurcation diagram of ||ne |1« gy as a function of M

M”LTEM 700l e (r2) = 0

(D.D. Joseph, T.S. Lundgren) (JD, R. Starczy)
(The bifurcation diagram will be shown later)
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
Functional framework and sharp asymptotics The subcritical range
The critical mass case Self-similar variables and an early convergence result

The stationary solution when mass varies

05 ' 1.0 15 20

Figure: Representation of the solution appropriately scaled so that the 8w
case appears as a limit (in red)
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The ritical range
Self-similar variables and an early convergence result

The free energy in self-similar variables

an
ot

1 1
F[n] ::/ nlogndx+/ f|x|2ndx—f/ nc dx
R2 R22 2 R2

& Fln(t, )] = - /R 0|V (log n) + x — Ve[ dx

:V{n(logn—x—l—VC)]

satisfies

Yet another remark on 8 and scalings: n*(x) = A2 n(\ x)

F[n*] = F[n]+/n|og()\2) dx+/ —-l Ix|? n dx—&—i n(x) n(y) Iogl dx dy
4 R2 xR? )\
-2
F[n* — F[n] = (QM — M) log A + % / Ix|? n dx
R2
—_——
>0if M<g®
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Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
Functional framework and sharp asymptotic The subcritical range
The critical mass case Self-similar variables and an early convergence result

Keller-Segel with subcritical mass in self-similar
variables

0

%;An_v.(n(vc_x)) xeR?, t>0

c=———log|-|*n xeER?, t>0
2m

n(-,t=0)=ng >0 x € R?
i e+ 8) = ncllsey =0 and lim [+ £) = Veaeany =0

coo—|x]?/2

e 1
Moo = M gy = B e =g loBl e

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The subcritical range
Self-similar variables and an early convergence result

First result: small mass case

Theorem (A. Blanchet, JD, M. Escobedo, J. Ferndndez)

There exists a positive constant M* such that, for any initial data

ng € L2(ny! dx) of mass M < M* satisfying the above assumptions,
there is a unique solution n € CO(RT, L}(IR?)) N L>°((r, 00) x R?) for any
7>0

Moreover, there are two positive constants, C and §, such that

o0

/ \n(t,x)—noo(x)\2:—x <Ce % Vt>0
R2

As a function of M, ¢ is such that limy_,o, (M) =1

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model The super-critical range: life after blow-up
The subcritical range
Self-similar variables and an early convergence result

Four steps proof

The condition M < 87 is necessary and sufficient for the global
existence of the solutions, but there are two extra smallness
conditions in our proof:

Uniform estimate: the method of the trap
LP and H! estimates in the self-similar variables
Spectral gap of a linearized operator £

Duhamel formula and nonlinear estimates

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

Keller-Segel model:
functional framework
and sharp asymptotics

bifurcation diagrams

spectrum of the linearized operator
symmetrization

nonlinear estimates

rates of convergence for subcritical masses

. some preliminaries are needed

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model
Functional framework and sharp asymptotics

The critical mass case

Stationary solutions
and linearization

J. Dolbeault
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Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

A parametrization of the stationary solutions

(J. Campos, JD) Ao 1 e L IxP+c

Solve
1.2
—go”——r<p’ ——e_”“”, r>0

with initial conditions ¢(0) = a, ¢'(0) = 0 and get with r = |x|

M(a) ::277/ e Hes dy
RZ
e_% r2+§03(r)

1,2
27 [ re 2" P dx

na(x) = M(a) — e i Heln)
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Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

-4 -2 2 4 6 8 10

Figure: The mass can be computed as M(a) =2 [ na(r) r dr
Plot of a+ M(a)/8
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Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

Bifurcation diagram

1.5 20 25 3.0 35 40

Figure: The bifurcation diagram can be parametrized by
a = (57 M(a), ||calloe) with [|callec = ca(0)
(cf. Keller-Segel system in a ball with no flux boundary conditions)
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Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

Linearization

We can introduce two functions f and g such that
n=ny(l+f) and c=co(l+g)

and rewrite the Keller-Segel model as

of

o —Ef—i——V(fnoo V(cx 8))

where the linearized operator is

Lf= iV- (nOOV(f — Cso g))

Noo

and
A(Coo g) = Nxo f

J. Dolbeault Keller-Segel and related problems
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Functional framework and sharp asymptotics Scalar product and spectrum
The critical mass case Rates of convergence for the nonlinear model

Spectrum of £ (lowest eigenvalues only)

7k

L s s L L
5 10 Is 20 25

Figure: The lowest eigenvalues of —£ = (—A)™(n, ) (shown as a function
of the mass) are 0, 1 and 2, thus establishing that the spectral gap of —L is 1

(A. Blanchet, JD, M. Escobedo, J. Fernandez), (J. Campos, JD),
(V. Calvez, J.A. Carrillo), (J. Bedrossian, N. Masmoudi)
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Asymptotic regimes of the Keller-Segel model
Functional framework and sharp asymptotics

Stationary solutions and linearization
Scalar product and spectrum
The critical mass case

Rates of convergence for the nonlinear model

Spectral analysis
in the functional framework
determined

by the relative entropy method

J. Dolbeault
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Asymptotic regimes of the Keller-Segel model Stationary solutions and linearization
Functional frampwork and iharp aiymptotlcs Scalar product and spectrum
T'he critical mass L Rates of convergence for the nonlinear model

Simple eigenfunctions

Kernel Let fy = 8M Coo be the solution of
—Afy = ny fo

and observe that go = fy/co is such that

iV (e V(fo — coo 80)) =1 L Ty =0

Neo

Lowest non-zero eigenvalues f; := - 88”;" associated with
oo

n
g = Ci %CX"IC is an eigenfunction of £, such that —Lf = f

With D :=x -V, letf2—1—|— Dlognoofl—kzn D n.,. Then
—A(Dcoo)+2Ac =Dnoo =2(fh — 1) neo

and 50 g := 1 (=A)"}(ny f) is such that —L £ =26
oo

J. Dolbeault Keller-Segel and related problems



Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

Functional setting...

Lemma (A. Blanchet, JD, B. Perthame)

Sub-critical HLS inequality (A. Blanchet, JD, B. Perthame)

Fln] :_/Rznlog(nzo> dx—%/RZ(n—noo)(c—coo)dxzo

achieves its minimum for n = ny,

o1
Qi[f] = sllno = Flne(l+ef)] >0
if f]R2 f ns dx = 0. Notice that fy generates the kernel of Q

Lemma (J. Campos, JD)

Poincaré type inequality. For any f € H*(R2, n.. dx) such that
Jpa f Noe dx =0, we have

IV(=A)"F no)|? noo dx=/ V(g coo)|? Moo dxg/ |f|? noo dx
R2 R2 R2

J. Dolbeault Keller-Segel and related problems




Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

and eigenvalues

With g such that —A(g cx) = f noo, Q1 determines a scalar product

<f1,f2>:=/ flfznoodx—/ i e (g2 c0) dx
R2 R2

on the orthogonal space to fy in L2(ny dx)
, _ 1 1
Q] = |V(f —gcx)| noo dx with g=—— — log|-|*(f nwo)
R2 Coo 27T

is a positive quadratic form, whose polar operator is the self-adjoint
operator L
(f,Lf) =Qa[f] VI eD(La)

Lemma (J. Campos, JD)

L has pure discrete spectrum and its lowest eigenvalue is 1

J. Dolbeault Keller-Segel and related problems



Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

Linearized Keller-Segel theory

Lf= LV~ (N V(f — ¢ 8))

Neo

Corollary (J. Campos, JD)

(f,f) <(LF,f)

The linearized problem takes the form
or _
ot

where L is a self-adjoint operator on the orthogonal of fy equipped

with (-,-). A solution of

Lf

qa

S AF ) = —2(LF.f)

has therefore exponential decay

J. Dolbeault Keller-Segel and related problems



Asymptotic regimes of the Keller-Segel model
Functional framework and sharp asymptotics

The critical mass case

More on functional inequalities

J. Dolbeault
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Stationary solutions and linearization
Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

A subcritical logarithmic HLS inequality

Recall that

Lemma (A. Blanchet, JD, B. Perthame)
Sub-critical HLS inequality (A. Blanchet, JD, B. Perthame)

Fln] :=/Rzn|og(é> dx—%/Rz(n—noo)(c—coo)dXZO

achieves its minimum for n = n.,

Lemma (J. Campos, JD)

Poincaré type inequality For any f € H*(R?, n,, dx) such that
Jpa f noe dx =0, we have

IV(=A)"f no)|? noo dx:/ V(g coo)|? Moo dxg/ |f|? noo dx
R2 R2 R2

v

... Legendre duality
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Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

An Onofri type inequality

Theorem (J. Campos, JD)

coo—1 IxI? _
For any M € (0,87), if noo = M IZT?'X“de with coo = (—A) ! Ny,
R2

duy = ﬁ Nso dx, we have the inequality

1
log / e’ dum —/ pduy < IVol? dx V¥ ¢ € Dy?(R?)
JRZ Rz 2M RQ

Corollary (J. Campos, JD)

The following Poincaré inequality holds

[ o= nor< [ (V0P o where F= [ v dyu
R2 R2 R2

J. Dolbeault Keller-Segel and related problems
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Functional framework and sharp asymptotics Scalar product and spectrum
Rates of convergence for the nonlinear model

An improved interpolation inequality (coercivity
estimate)

Lemma (J. Campos, JD)

For any f € L?(R?, n., dx) such that f]R2 f fo neo dx = 0 holds, we have

_ %//RMRZ f(x) noo(x) log |x — y| f(y) neo(y) dx dy
S(l—s)/RJanm o

for some £ > 0, where g coo = G * (f noo) and, if [y, f nog dx = 0 holds,

/ V(g coo)|? dx < (1 —5)/ |f|? noo dx
R2 R2
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The critical mass casc Rates of convergence for the nonlinear model

Equivalence of the norms

As a consequence

(f,f) ::/ [ noo dx—/ f noo (8 coo) dx
R2 R2

/ |f|? oo dx
R2

under the condition that [y, f fy ne dx =0

is equivalent to

A similar result is true in the critical case:
(J. Bedrossian, N. Masmoudi), (P. Raphaél, R. Schweyer)
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A spectral gap estimate

Theorem (J. Campos, JD)

For any function f € D(L;), we have

(f, f) = Qulf] < Qa[f] = {f, L f)

J. Dolbeault Keller-Segel and related problems
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The nonlinear Keller-Segel model,

a functional analysis approach
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Exponential convergence for any mass M < 87 Q

If no.. (o) stands for the symmetrized function associated to ng,
assume that for any s > 0

(H) 3e€(0,87—M) such that / no,«(0) do < / Noo,M+e(X) dx
0 B(o, 5/71')

Theorem (J. Campos, JD)

Under the above assumption, if ng € L2 (n! dx) and
M = fRZ ng dx < 8, then any solution with initial datum ng is such that

d.
/ n(8,%) — o) ){X)gcfe*“ Ve>0
R2? %)

for some positive constant C, where ny, is the unique stationary solution
with mass M
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Sketch of the proof

@ (J. Campos, JD) Uniform convergence of n(t,-) to ny can be
established for any M € (0,87) by an adaptation of the
symmetrization techniques of (J.I. Diaz, T. Nagai, J.M. Rakotoson)

@ Uniform estimates (with no rates) easily follow

Q@ Estimates based on Duhammel’s formula inspired by
(M. Escobedo, E. Zuazua) allow to prove uniform convergence

Q@ Spectral estimates can be incorporated to the relative entropy
approach

@ Exponential convergence of the relative entropy follows

J. Dolbeault Keller-Segel and related problems
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Step 1: symmetrization (1/2)

To any measurable function v : R? ~ [0, +-00),
we associate the distribution function defined by u(t,7) := [{u > 7}
and its decreasing rearrangement given by

U 1 [0,400) — [0,4+00], s+ wu(s)=inf{r >0 : u(t,7) <s}.

@ For every measurable function F : RT — R™, we have

/Rz F(u) dx = /R F(u.) ds

Q If u e Wh9(0, T; LP(RV)) is a nonnegative function, with
1<p<ocandl<q< oo, then u, € WH9(0, T; LP(0,00)) and the

formula o)
u(t,T
/ i (t,0) do = / @(t,x) dx
0 ot {u(t,)>r}y Ot

holds for almost every t € (0, T) (J.I. Diaz, T. Nagai, J.M. Rakotoson)
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Step 1: symmetrization (2/2)

If n is a solution, then the function

K(t,s) = /0 no(t,0) do

satisfies k € L> ([0, +00) x (0, +00)) N H* ([O, +00); WLP(0, +oo)>

loc
N L2 ([O7 +00); W2P(0, +oo)) and
% _47sTk _(k+25)2% <0 a.e. in (0,400) x (0, +00)
k(t,0)=0, k(t,400)= [z no dx forte (0,+00)
k(0,s) = J;(no)« do fors>0
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Step 2: Uniform estimates

Proposition (J.I. Diaz, T. Nagai, J.M. Rakotoson)

Let f, g be two continuous functions on @ = R™ x (0, +00) such that ...

%—4775 (f—|—2s)3§§gg 4775@—(g+25)% a.e. in Q
f(t,0) =0=g(t,0) and f(t,+o0) < g(t,+o0) for any t € (0,400
f(0,s) < g(0,s) fors>0,and g(t,s) >0 in Q

then f < g on Q

Corollary

| A

Assume that ng € L% (n3} dx) satisfies (H) and M := [, no dx < 8.
Then there exist positive constants C; = C;(M, p) and C; = G(M, p)
such that

||n||L"(R2) <G and ||VC||L°°(]R2) < G
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Step 3: Estimates based on Duhammel’s formula

Consider the kernel associated to the Fokker-Planck equation

1 1 bxmeTh?
K(t,X,y) ::me 2 1-em 2t X€R2, yERQ, t>0

If n is a solution, then

t
n(t,x) = / K(t.x,y) mo(y) dy+ / V. K(t—s,%,y)n(s,y) Ve(s,y) dy ds
R2 0 R2

Assume that n is a solution. Then

Jim [|n(t,1) = nocllp =0 and Jim [[Ve(t, ) = Vesellg =0

lim
t—o0

for any p € [1,00] and any q € [2, 0]
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Step 4: Spectral estimates can be incorporated

With Q:1[f] = (£, f) and Q[f] = (f, LF)

@ For any function f in the orthogonal of the kernel of £, we have
Qi1[f] < Q2[f]

@ For any radial function f € D(L,), we have
2Qu[f] < Q[f]

Cf. (V. Calvez, J.A. Carrillo) in the radial case
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Step 5: Exponential convergence of the relative entropy

of 1
a—ﬁffEV[noofV(gcoo)]

% Qu[F(t,)] = — 2 QulF(t,)] + /R V(F — g o) e - V(g co) d

% Qi[f(t,)] < —2Qa[f(t,)] + 6(t,e) VQu[F(t, )] Qa[F(t, )]
Qi[f(t,")]<Q Vt>0
%Ql[f(t, I < = Quff (¢, )] [2 — 6(t,e) (Ql[f(t, MES + Qulf (e .)Dﬁﬂ
As a consequence, we finally get that

limsup e? Qq[f(t,-)] < oo
t—00
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Some key ideas

@ Lyapunov / Entropy functionals and functional inequalities

Q@ Linearization and best constants

@ Functional framework for linearized operators can be deduced from
the entropy functional

@ (G. Egana Ferndndez, S. Mischler, 2016)

- weak notion of solution (based on free energy estimates)

- uniqueness, smoothing

- linearized and nonlinear stability in rescaled variables and

exponential convergence under weaker assumptions
- sharp rates in L4/3(R?)
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The critical mass case:

infinite time blow up

J. Dolbeault

«O0r 4Fr «=E>» «E)» 12N Ge



A stable blow-up result
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The critical mass case: basic facts

uy =Au—V - (uVv) in R? x (0, 00)
1 1
=\|— -1 = — —_—
v=(—A)""u: 27T/]Rz Iog|X_Z|u(z,t)dz

Mass and second moment of the solution

d 2 m?
— =4M- — = if M=8nr
o |X| u(x, t) dx 5 0 i 8

If the initial second moment is finite, there is infinite time blow-up for
the solution, (Blanchet, Carrillo, Masmoudi, 2008)
Positive finite mass steady states (bubbles) with mass 8 7

1 — 8
et =350 (55) 0 U = e A0 e

are globally defined in time but have infinite second moment
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The critical mass case: blow-up behaviour

@ If a solution is attracted by the family (U ¢), then M > 8
(Raphael, Schweyer, 2014)

@ If Ko := [g |x|? up dx < oo, then blow-up occurs as A — 04

@ If M =87 and Ky < oo, the infinite-time blow-up takes place as a
bubble with A = A(t) — 0: (Biler, Karch, Laurengot, Nadzieja, 2006)
(Blanchet, Carrillo, Masmoudi, 2008)

@ Formal rates: A(t) ~ ﬁ as t — +oo (Chavanis, Sire, 2006),
(Campos Serrano, 2012)

@ A radial solution with this rate and the stability within the radial
class (Ghoul, Masmoudi, 2018)

Q@ Spectral gap inequality known in the radial case only, but
numerical evidence from (Campos Serrano, JD, 2014)

@ Refined spectral estimates, variational methods and consequences:
(del Pino, 2017), (Collot, Ghoul, Masmoudi, Nguyen, 2019-22) and
(Davila, del Pino, JD, Musso, Wei, 2019-22)

.. .and much more: Cf. C. Collot (tomorrow)
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A dynamical stability result

Theorem (Davila, del Pino, JD, Musso, Wei, 2022)

There exists a nonnegative, radially symmetric function u, with
Jge us dx =87 and [, |x|? u, dx < +oo such that every solution u(x, t)
with initial condition uqy satisfies

8
(L + 1yl

b 1) = A(lt)QU(X ;(Egt)>(1+o(1)) i W)=

uniformly on bounded sets of R?, and for some ¢ > 0 and q € R?
c

Vl0ogt

under the condition that [g, ug dx = 87 and |5, [x|? up dx < +o0
and uy is sufficiently close to u,

A(t) ~ and &(t) —»q ast— +oo
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Details on the assumptions and strategy

@ Sufficiently close for the perturbation up(x) := u.(x) + ¢(x) is
measured in the Cl-weighted norm

lello = [T+ 1 1) 0] oo oy + X+ 1 1777) Veo(3)]| o g2y < 00
with o > 1 (the second moment of ¢ is finite)

and the perturbation ¢ must have zero mass

@ Uniformly on bounded sets: for any bounded K C R?

lim sup \(t)2U (X;(g(t)> -

t—o0 xeK t)

Y (X ;égt))‘ -0

u(x,t) —

@ The strategy

> Inner part: a truncated bubble

> Outer part: a heat equation in R®

> Inner-outer gluing, construction of an approximation (adjust
parameters), control of the error along evolution
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Log HLS stability and consequences, by E. Carlen

Logarithmic Hardy-Littlewood-Sobolev inequality
o) = [ ol togox) ez [ pl)togx—yl)oly) dxdy-+1-ogm > 0

if p € L'(R?, log(e + |x|?) dx)) is such that [, pdx =1
There is equality if and only if for some xp € RY and s > 0,
1 /x 1 1\’
p(X) =—h (g — Xo) where h(X) = ; (W)
(Carlen, Loss, 1992), (Figalli, Carlen, 2013), (Carlen, 2016), (Seuffert, 2017)

Theorem (Carlen, 2025)

1
> inf |lp—gl?
H(p) > 5.0, lp—glli

The dynamical stability for the solution to Keller-Segel (critical mass
case) improves to infzeaq ||u(t) — 87 g1 < Ct71/18 instead of the
previously known bound: O(Ct~1/160)
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These slides can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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