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I — Entropy methods for linear diffusions

The logarithmic Sobolev inequality
Convex Sobolev inequalities

e /ogarithmic Sobolev inequality: [Gross], [Weissler], [Coulhon],...
e probability theory: [Bakry], [Emery], [Ledoux], [Coulhon],...

e /inear diffusions: [Toscani], [Arnold, Markowich, Toscani, Unterreiter],
[Otto, Kinderlehrer, Jordan], [Arnold, J.D.]



I-A. Intermediate asymptotics: heat equation

. u = Au reR", te RT
Heat equation: w(it = 0) = ug > 0 / updz =1 (1)
ez /4t

Optimal rate of convergence of ||ju(-,t) — U(',t)”Ll(Rn) ?



The time dependent rescaling

w(zt) =~ o (g _ Rg(ct),f — log R() + 7(0)>

allows to transform this question into that ofzthe convergence
to the stationary solution veo(€) = (2m)/2 e~ I€l7/2,

e Ansatz: %{ = % R(O)=1 ~(0)=0:
R(t) =V14+2t, 7(t)=logR(t)

As a consequence: v(T = 0) = ug.

e Fokker-Planck equation:

vy = Av+ V(D) (ER?, 1 € RT

v(7=0)=ug >0 /nugd;v=1

\



Entropy (relative to the stationary solution fuoo)'

> [v] = /R v log <?JZ<>> d:I:=/R (’U logv + — |:1:|2 > dx + Const

If v is a solution of (2), then (I is the Fisher information)

L= [ o[vioa ()] de =i 1o 7]

dt
e Euclidean logarithmic Sobolev inequality: If ||jv||;1 = 1, then

V|2

v

dx

/nvlogvd:v+n<1—|——log(27r)) ;/

Equality: v(€) = voo(€) = (2m) /2 ¢~ [E17/2
= S [v(-,7)] < 5I[v(-,7)]

S[w(-,7)] < e 275 [ug] = e 27 / g log (:OO) dx




e (Csiszar-Kullback inequality: Consider v > 0, v > 0 such that
Jrrvdr = [gnvde =: M >0

U 1 —2
/ v log (5) dx > 4MHU — UHLl(Rn)

= ||v — UOOHLl(R”) < 4M3[ugle™

7(t) = log+v/1 + 2t

4
|u(-,t) — uoo(-,t)H%l(Rn) < 1101

1
Uoo(x,t) = R (D) Voo (R(t) 7'(75))

Proof of the Csiszar-Kullback inequality: Taylor development at second order.

> [uo]
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Euclidean logarithmic Sobolev inequality: other formulations
1) independent from the dimension [Gross, 75]

1
ogw du(z) <~ | w|Viogu|? d
| wiogwdu(@) <5 | wViegu|? du(a)

with w = ML’UOO’ |v||;1 =M, du(xr) = vool(x) dx.
2) invariant under scaling [Weissler, 78]

2
w? log w? dx < " log < / |V’w|2 dac)
R" 2 mTne JR"

for any w € H1(R") such that [w?dz =1



Proof: take w = ,/Mf‘;oo and optimize on A for wy(x) = A 20 (N )

/R” Vw,|? dz — o w% log w% dr

=)\2/ |Vw|2d:13—/ w? log w? dz — nlog A w? dx
R" R" R"

ENTROPY-ENTROPY PRODUCTION METHOD

A method to prove the Euclidean logarithmic Sobolev inequality:

2
dr <0

d n

- (I[o(, D] = 25 (-, D)) = _Ci;l/ ) -
for some C >0, a, b € R. Here w = /v.
Ifv(-, 7)] — 2X[v(-,7)] \\ I[veo] — 2X [voo] = O

—— VYug, Ilug]—2XZ[ug] > I[v(-,7)]—2X[v(-,7)]> 0 forT>0



I-B. Entropy-entropy production method:

improved convex Sobolev inequalities

Goal: large time behavior of parabolic equations:

{ v = dive[D(z) (Vv + vV A(2))] = div[D(z) e AV (ve?)]
t>0, zeR" (3)
v(z,t =0) = vg(x) € L}|_(]Rn)

A(x) ... given ‘potential’
voo(z) = e A@) ¢ L1 (unique) steady state
mass conservation: fRd v(t) de = fRd Voo dr = 1

questions: exponential rate ? connection to logarithmic Sobolev
inequalities 7



ENTROPY-ENTROPY PRODUCTION METHOD

[Bakry, Emery, 84]
[Toscani '96], [Arnold, Markowich, Toscani, Unterreiter, 01]

Relative entropy of v(x) w.r.t. veo():

(V)
> [v|vso] = /Rdw (@) Voo dx > 0
with Y(w) > 0 for w >0, convex
P(1) = ¢'(1)=0
Admissibility condtion: ()2 < Zy/plV

Examples:
PV =wlhhw—w+1, Z1(v|lvee) = [vIn (&) dr ... physical entropy

wp — wp_p(w_l)_lr 1 < p S 21 Z2(,U|,UOO) — fRd('U_’UQO)Q’Uo_Oldw
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EXPONENTIAL DECAY OF ENTROPY PRODUCTION

d
T(w()|vso) = 25 [0 () |vee] = —/w” (i) v (i) 2 v dz < O
dt Voo o Voo /,
=u
92 A .
Assume: D=1, —5 > Aild, A1 >0 (A(z)...unif. convex)
ox
Hessian

Entropy production rate:

I' = 2 [ |—)u" +—5 uvscdr+2 | Tr(XY)veodx
Voo Ox? N -

Ve

>0
> =2\ 1
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Positivity of Tr(XY) ?

() o)
o (w () 37 () ) ="
Z'L](auz)Q T %u
T (Tgu wt )77
()] < e M I(t=0)]  t>0

Vg with |I(vg|veo)| < 00
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EXPONENTIAL DECAY OF RELATIVE ENTROPY

Known: I'> —2)\{ I
= =~
5 (4)
20 ..dt =Y =1<-2\%

Theorem 1 [Bakry, Emery], [Arnold, Markowich, Toscani, Unterreiter]

2
% > A\ 1d (“Bakry—Emery condition” ), 3 [vg|vec]<oo

X

= > [v(t)|veo] < Z[vglvec] e At t>0

[o(t) — vool|£1 < CZ[v(t)|veo] . .. Csiszar-Kullback
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CONVEX SOBOLEV INEQUALITIES

Entropy—entropy production estimate (4) for A(z) = —Inwvso
(uniformly convex):

1
> [v|vec] < 2 [ (v]voo)|

Example 1: logarithmic entropy ¥ (w) =wlnw —w 4+ 1

2
/vln <i)dx§i/v vin (iﬂ di
Voo 2)\1

Voo
Vv, veo € L}‘_(]Rn), [vdr = [veodx =1
logarithmic Sobolev inequality — “entropy version”
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Logarithmic Sobolev inequality—dvsc measure version [Gross '75]

2
2= [ 120 v < = [ 19 fPdvsc
Voo )\1

Example 2: non-logarithmic entropies:
Yp(w) = wP —p(w —1) — 1, 1<p<2

(By) 2 [[ Fvse = ([ 1917 dvc) | < 2 [ 1910

2
Vf e Lr(IR", voodx)

"IN

from (4) with é = |f2|
f | f|P dvoo

Poincaré-type inequality [Beckner '89], (Bp) = (B3), 1l<p<?2
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REFINED CONVEX SOBOLEV INEQUALITIES

Estimate of entropy production rate / entropy production:

2A
2 / " (L) ul - o°A UVsodx + 2 / Tr (XY )veodx
,UOO axz ~ - -4

>0

I/

> 2]

[Arnold, J.D.]: Observe that ¢p(w) = wP —p(w — 1) — 1,
1<p<2:

v ( () v (;;J) )

¢//,< v) %wﬂ/ (L

Voo
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/2
o Assume 947> \1d = T > onT4RlBE, k=22 <

= [k(Z[vfos]) < o5 1Z| | = gz 9" (32) Ve [Pdvo
Refined convex Sobolev inequality with z < k(z) = Fe-(+o)"

o Set v/veo = |f]7/[ |f]Fdvos =

Theorem 2

% <pi>2 [/ Fdvee — (/Iflz%dvoo>2(p_l)</ fzdvoofpp]

2 2
< — [ IVfPdvec VS € LI (R", dvec)
1

Refined Beckner inequality [Arnold, J.D. 2000, 2004]
(rBp) = (rB2) = (B2), 1<p<2

17



I-C. Applications...

e Homogeneous and non-homogenous collisional Kinetic equa-
tions [L. Desvillettes, C. Villani, G. Toscani,...]

e Drift-diffusion-Poisson equations for semi-conductors [A. Arnold,
P. Markowich, G. Toscani], [P. Biler, J.D., P. Markowich]

e Streater’s models [P. Biler, J.D., M. Esteban, G. Karch]

e Heat equation with a source term [[J.D., G. Karch]

e [ he flashing ratchet [J.D., D. Kinderlehrer, M. Kowalczyk]

e Models for traffic flow [J.D., Reinhard Iliner]

e Navier-Stokes in dimension 2 [T. Gallay, Wayne], [C. Villani], [J.D.,
A. Munnier]

18



and questions under investigation

e Hierarchies of inequalities

e Derivation of entropy - entropy-production inequalities in non-
standard frameworks:

- singular potentials: [JD, Nazaret, Otto]

- vanishing diffusion cooefficients: [Bartier, JD, Iliner, Kowalczyk]

e Homogeneization and long time behaviour: [Allaire, JD, Kinder-
lehrer, KowalczykK]

e Relaxation and diffusion properties on intermediate time scales,
corrections to convex Sobolev inequalities: [Bartier, JD, Markowich]

19



II — Porous media / fast diffusion equation

and generalizations

[coll. Manuel del Pino (Universidad de Chile)] = Relate entropy
and entropy-production by Gagliardo-Nirenberg inequalities

Other approaches:

1) “entropy — entropy-production method”

2) mass transportation techniques

3) hypercontractivity for appropriate semi-groups

e nonlinear diffusions: [Carrillo, Toscani], [Del Pino, J.D.], [Otto], [Juen-
gel, Markowich, Toscani], [Carrillo, Juengel, Markowich, Toscani, Unter-
reiter], [Biler, J.D., Esteban], [Markowich, Lederman], [Carrillo, Vazquez],
[Cordero-Erausquin, Gangbo, Houdré], [Cordero-Erausquin, Nazaret, Villani],
[Agueh, Ghoussoub]

20



II-A. Porous media / Fast diffusion equation
[Del Pino, JD]
utZAum in R"
Ujy—g = uo > 0 (5)
up(1 + |z|?) € L, up' € Lt

Intermediate asymptotics: ug € L=, [ug dx = 1, the self-similar
(Barenblatt) function: U(t) = O@ "/ (2-n(1-m))) a5 t — oo,
[Friedmann, Kamin, 1980]

lu(t,-) — U, )| poo = ot~/ (2=nl1=m)))

21



Rescaling: Take u(t,x) = R~ "(t) v (7(t),z/R(t)) where
R=prd-m)-1  pO)y=1, r=I0ogR

vr=Av"+ V- (zv), Vjr=0 = U0

[Ralston, Newman, 1984] Lyapunov functional: Entropy

m 1
> [v] =/(m"’_ - —|—§|:1:|2v> dr — >

2

\V/ m—1
Y dx

v

+ x

d
—xl] = 1], [ =/v
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Stationary solution: C s.t. ||[veo|l;1 = ||lulj;j1 =M >0

1 — —1/(1-m)
vo(@) = (O =5 )

Fix X so that X[vs] = 0.

T[] = [ (Y) v tdr  with ¢(8) = 4L 41

Theorem 1 me[” ,+00), m>2,m7él

I[v] > 2% [v]

23



An equivalent formulation

> [v] =/<mvfbl —|:1c|2 ) dr—3p < = /

— 1 — 2D
P—=55,—1 V=W

2

Vo1 1
Y d.cv=§[[’v]

+ x

s(y ) f|Vw|2dac—|—( —n)f|w|1+pdq;_|_[( >0

K<O0ifm<l K>0ifm>1

m = "~1: Sobolev, m — 1: logarithmic Sobolev

[Del Pino, J.D.], [Carrillo, Toscani], [Otto]
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OPTIMAL CONSTANTS FOR (GAGLIARDO-NIRENBERG INEQ
[Del Pino, J.D.]

l<p<_—5forn=>3

|wll2p < Al VW]l ||w]|57

p—l—l
2\ 5 L 2
A = (yp=1) (2y n) 2p () \n
2mn 2y r(y—>5
_ n(p—1) _ p+1
p(n+2—(n—2)p)’ p—1
Similar results for 0 < p < 1. Uses [Serrin-Pucci], [Serrin-Tang].
— 1 n : : . n—1
l1<p=5.,-7< ;-5 < Fast diffusion case: == <m <1

0 <p<1<«= Porous medium case: m > 1

25



> [v] < Z[ug] e 27+ Csiszar-Kullback inequalities

= Intermediate asymptotics [Del Pino, J.D.]

(D%#<m<fzn?3
limsup;_, 4o t2 A= ||u™ —ull|| 1 < 400

(i) 1 <m<?2
14+n(m—-1)
liM SUPy— 100 2T =D || [u — uco) w1 |71 < +o0

26



(FENERALIZATION

Intermediate asymptotics for:
ur = Apu™
Convergence to a stationary solution for:
ve = Dpv"™ + V(zv)

Let g = 1+ m — (p— 1)~1. Whether ¢ is bigger or smaller than 1
determines two different regimes like for p = 1.

q < 1 <= Fast diffusion case

q > 1 <= Porous medium case
For ¢ > O, define the entropy by

S [v] = / 7(0) — 0(v00) — 0" (v00) (v — vo0)| dz

o(s) =S if g7 1
o(s) =slogs ifgq=1 (p £ 2: see below)

27



NONHOMOGENEOUS VERSION — (FAGLIARDO-NIRENBERG INEQ.

bzzzjéf—]:_li, a=bq,v=wb. For p #+= 2, let

__1 1
f[v]Z/fU P1|Vv|pd:1:——< n —I—L>/fuqdac
g \1—rkp p-—2
1 p—1
Kp = 7 (p—1) P . Based on [Serrin, Tang] (uniqueness result)

Corollary 3 n>2, 2n+1)/(n+1)<p<n. Vv S.t. |[v]|;1 = ||veo]| 1

Flv] > Floeo]

wlly < 8Vl lwllg™  ifa>p

wlla < 8| Vwllf lwll;™  ifa<p

28



[Del Pino, J.D.] Intermediate asymptotics of u; = Apu™

Theorem 2 n>2 1<p<n, BV <m< Loandg=1+m -

() lult,) — use(t, )lg < K R-ETE=5)

(i) |lud(t, ) — udo(t, )1y < K R™2

"
IA
‘I—l

< P (ii): nn(;p = m 1

Uoo (t,2) = 3 Voo (109 R, %)

voo(@) = (C = 22 (g — D | )Y ifm = Lo
Voo(x) = C e =Dl /p jif py = (p — 1)L,

Use vy = App™ 4V - (zv)

— o, (mptqg—(m~+1))/ — — o, m(p—1)+p-2
w = p\""PTIa Pra=bgq=p mp(p—1)—1

p_

1

1
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[I-B. The WP |ogarithmic Sobolev inequality

and consequences

[Del Pino, JD]



OPTIMAL CONSTANTS FOR (GAGLIARDO-NIRENBERG INEQ.

[Del Pino, J.D.]

a—1
—1

Theorem 3 1<p<n, 1<a§%, b=p

Jwlly < 8||Vwl|§ |wl|t™0 ifa>p

1-6
|wlla <8 ||Vw||§ |wll ifa <p 1
.-

_pb_—
Equality if w(x) = A(1+ B |x|P—1)_|_a_p

C ) — (g—p)n
a>p' 0=y tnp-(np) D)

C O — (p—q)n
a<p 0= q(n(p—q)+p(¢g—1))

31



The optimal LP-Euclidean logarithmic Sobolev inequality

(an optimal under scalings form) [Del Pino, J.D., 2001], [Gentil 2002],
[Cordero-Erausquin, Gangbo, Houdré, 2002]

Theorem 4 If ||ul|;p = 1, then

/|u|plog u| do < % log [[,p/ VP da:]
p

b
vl e[ @+ |n
(%)p " [I_(n +1)]

NS

£p:

SERS!

—1/p
Equality: u(z) = (7‘(‘2( ) I’((;j—_l))) e~ le=z”

p = 2. Gross' logaritmic Sobolev inequality [Gross, 75], [Weissler, 78]
p = 1: [Ledoux 96], [Beckner, 99]
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For some purposes, it is sometimes more convenient to use this
inequality in @ non homogeneous form, which is based upon the
fact that

Vwllp

mf
|w|p

p>0

= n log (

\V/ p
LIS
p |w[p

)+
p

Corollary 5 For any w € WHP(R™), w # 0, for any p > 0,

p/|w|p log ( [w ) dx + Elog (pue) /|’w|p dx < ,u/|Vw|p dx .
Jwllp p

33



II-C. Consequences for u; = Apyul/(P—1)
[Del Pino, JD, Gentil]

e EXistence

e Uniqueness

e Hypercontractivity, Ultracontractivity

e Large deviations

34



EXISTENCE

Consider the Cauchy problem

up = Ap(ul/(p_l)) (z,t) e R* x RT (6)

Apu™ = div (|Vum|p_2Vum) is 1-homogeneous <= m =1/(p—1).
Notations: |jullq = (Jgn |u|9dz)/?, ¢ #0. p* =p/(p—1), p > 1.

Theorem 6 Letp>1, f e LY(R") s.t. |z’ f, flog f € L1(R").
Then there exists a unique weak nonnegative solution u € C(]R;", LYH
of (6) with initial data f, such that ul/P e LL _(R;F, WLP).
[Alt-Luckhaus, 83] [Tsutsumi, 88] [Saa, 91] [Chen, 00] [Agueh, 02]

[Bernis, 88], [Ishige, 96]

Crucial remark: [Benguria, 79], [Benguria, Brezis, Lieb, 81], [Diaz,Saa, 87]
The functional v — [ |Vu®|P dx is convex forany p > 1, a € [l, 1].
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UNIQUENESS

Consider two solutions u1 and us of (6).
d U1

— log (—) d

dt/’dl g (UQ) x

= / (1 + log (ﬂ)> (u1)t dox — / (L) (uo) da
uo U

2
— —(p—l)_(p_l)/ w [V’Lﬂ B V’uQ] . |:

u1 u?

Vuq

ui

—2
P=° Yy

u1

Vuo

u

p—2
V
u2] dr

u

It is then straightforward to check that two solutions with same
initial data f have to be equal since

Lt
Ju1 () — ua(-0)]|3 < /u1<-,t> log (ul( )> dr < /flog <§> de = 0

U/Q(',t)

1
4| fll1
by the Csiszar-Kullback inequality.
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HyYPER- AND ULTRA-CONTRACTIVITY

Understanding the regularizing properties of

w = Apul/P—1)

Theorem 7 Let o, B € [1,400] With 8> «. Under the same as-
sumptions as in the existence Theorem, if moreover f € L*(IR™),
any solution with initial data f satisfies the estimate

n B—«

luC Dllg < [[flla Aln,p, o, B)t P @5 VE>0

np-a It -
with A(n,p,a,8) = (€1 (8 — ) & €L, € = nLyer—1 @=L’

pp+1
- 1-p 1
Co = =1 P B~ a+1.
(04—1)17706 %_%"H
(8%
Case p=2: Ly = #, [Gross 75]; 3 = oo, p = 2: [Varopoulos 85]
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LARGE DEVIATIONS

The three following identities are equivalent:
(i) For any w € WhP(R™) with [|w|P dz = 1,
/|w|p log |w| dz < % log lﬁp/ Vw|P dw]
p

(ii) Let PP be the semigroup associated u; = Ap(ul/(P=1)):

n f—«

1P fllg < I flla A(n,p, o, B) t P oF
(i) Let QP be the semigroup associated to v; + % VolP = 0

n f—a

p P =~
1949\ 5 < [l9]la B(n, p, v, B) t # a8
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III — LY intermediate asymptotics

for scalar conservation laws

Joint work with Miguel ESCOBEDO
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Let ¢ > 1 and consider a nonnegative entropy solution of

Ur+ (U9 =0, ¢€R, 7>0
(7)
U(r=0,-) = Ug

Question: what is the asymptotic behavior as t — +oc0 7

P. Lax (1957): [|U(r,-) = Woo(T,)|[1 = O0(r~1/2) as 71— oo if

UT+f(U)§:O

with f € C?2 near the origin + additional conditions.
1

T.-P. Liu & M. Pierre: IimT_>oo7-5(1_%) |U(T) — Uso(T)|lp = O
where Us, is the self-similar solution
Y.-J. Kim (2001): q € (1,2), intermediate asymptotics in L1
M. Escobedo, J.D. (2003) g € (1,2), intermediate asymptotics
in L1 + additional estimates
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Theorem 8 Let U be a global, piecewise 'l entropy solution
of (7) corresponding to a nonnegative initial data Uy in L' N

L°°(R) which is compactly supported in (£g, +o0) for some &y € R
and such that

o Uo(€)
lim inf
€—>(€o)+ € — &o|1/ (e D~

Then, for any o € (O —1-) and € > 0,

limsup 7% 6/ U(7,&) — Uso(7,& — &0)| de =0

T——400 € — &ol@

Self-similar solution: Uso(1,£) = (|§|/q7‘)1/(q_1) Xe<e(r)

Corollary 9 for any 8 <1, there exists a constant Cg such that

|U(T, ) = Uso(7,& —&0)|[1 < CﬁT_ﬁ 41



UNIFORM ESTIMATES: Graph convergence

Theorem 10 Under the same assumptions as above,

lim sup THO\U(T,€) = Uso(r,- — &) =0
T—+00 ¢esupp(U(r,-))

lim (1+ q7‘)_1/q max [supp(U(r,-))] = Const(q,Up)

T——+00

Notions of solution, time-dependent rescaling, shocks

Let U be a nonnegative piecewise C1 entropy solution of (7),
whose points of discontinuity are given by the curves &1(7) <
(1) < --- < &np(7). Then the rescaled function
uw(t,z) =e'U ((eqt —1)/q, etaz)
42



IS a piecewise C'1 function, whose points of discontinuity are
given by the curves s;(t) = e %&;((e?t — 1) /q)
Rankine-Hugoniot condition

o @ = s (W) u — (w4 si(8) ug

Si(t) — +

U, — U,

Out of the curves x = s;(t) the function u is a classical solution of

ur = (zu — u)y (8)
and across these curves it satisfies
u;, 1= Iirrg)u(t,a:) > Iirrg u(t,x) ;= uj_
T—S; t r—S; t
x<s;(t) x>s,;(t)
Moreover u and U have the same initial data Uy := U(0,-) =

u(0,-). Finally, if Uy € L1(R), then ||u(t)||1 = ||Uol|1, for all t > 0.



Entropy

For every ¢ > 0, let uS, be the stationary solution of (8) :

/-1 o<z <e

ug,(x) =
0 ifx<Oorxz>c

Relative entropy > of the solution u with respect to uS,: For any
positive constant ¢, let

(1) = /Ocucfv) u(t, ) — ul(z)] da

Define f(v) =v—v? for v >0

d> c
T« I(,,C 4
ap = OH(“OO)

)
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Assume for simplicity that u(¢,.) has exactly one shock. Let
vE = uT/ul, at x = s(t) € (0,¢): v~ > o1 and

L) = —(ugyrt L) I
d2

C
dt =/ pr [Busug, — ucug | do

0

+  [w()|u—uS(s)] - s'(1) 102,

e esar (i)| Qe+ () (uSe())? (v vt

+ boundary terms

44



W, oh) = (o) - po)] R o)) - p )

e 1<vT<v: flv7)< f(vT)<0and V(v ,vTH)=0

e vt <1<v: f(v7)<0< f(vT)

Lwm,et) = oL pot) + 20 ()

v

< f (U’U___—vﬁr vt + Ul___”;r v—) = f(1)=0

e vt <v=<1: f(v7)>0and f(vt)>0and W(v—,v1T)=0
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d>_ o < _a/C —04—1-|—q_L1

< x
dt 0

Taylor expansion: , P
f()=-0) (=-1)+a(-0) (1) Jo1-0) (6 4+1-0)" "o
L°(0,¢(1)) 0

2
/C$—a+q_% ) dr <
0 ugo -
0

is neglectible compared to >,(t) as t — +oo.

f <i> ‘ dxr + boundary terms
USo

u
— 1

C
uOO

C
T

\ .

dz@‘ +(g-1)aZa(t) = o(Za(®))

46



IVV — Fourth order operators

ut + (u(loguw)zz)zz = O
(9)
u(-,0) =ug in St

Joint work with Ansgar JUNGEL and Ivan GENTIL,
In progress
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[JUngel et al.]
[Caceres, Carrillo, Toscani]

ur + (u(log wza)ze = 0,  u(-,0) =ug in S*

There are several Lyapunov functionals:

d
£/Slu(|ogu— 1)d:v—|—/slu(log w2, de =0
jt/ (U — log u)dm +/ (lOg u)xa:dx =0
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EXISTENCE OF PERIODIC SOLUTIONS

Theorem 4 Letug: S — R be a measurable function such that
[(ug — logug)dx < oco. Then there exists a global weak solution

u of (9) satisfying
ue LL (0, 00; WHP(S1)) n W 21 (0, 00; H2(S1)),

where p € (1,4/3), q = 5p/(4p —2) € (2,5/2), and for all T > 0O
and all smooth test functions ¢

I T
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OPTIMAL LOGARITHMIC SOBOLEV INEQUALITY ON S1

Theorem 5 Let H = {u € HY(S!) : uy # 0 a.e.} and |u|3 =
Jq1 uw?dz/L. Then

2 1 2
; 1U xr T

ueH [¢1u?log(u?/||ul|3)de  2L2

Lower bound: Expand the quotient for u = 14-cv with [¢1 vdx =0
in powers of € and use the Poincaré inequality.
Upper bound: entropy - entropy-production method:

v = vgr  IN ST x (0,00), wv(-,0)=wu? in St

Then

2

d 2 s 2 (\/6:1)4
i J;2 (V0o = 55 [ vlogude < =2 [ Sesda < 0
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Corollary 6 Let H = {u € H?(S') :uy 0 a.e.}. Then
2

- Jq1 w2, dx 7
weH [¢1u?log (u2/||u||2)daj Y

e Asymptotic behavior

2L4

%/ ulog (= )d:z:<——/ (Vu)zzdx

e Hyper-contractivity: in progress



