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"GROUND STATES”

A 3 steps strategy for the study of nonlinear
(local) scalar fields equations. The original
goal is to identify all the minimizers of an
energy functional:

1. Get a priori qualitative properties: posi-
tivity, decay at infinity, regularity, Euler-Lagra-
nge equations [1960—] Standard results are easy

2. Characterize the symmetry of the solutions
[Serrin, Gidas-Ni-Nirenberg, Serrin ~1979—]
using moving planes techniques: [JD-Felmer, 1999],
[Damascelli-Pacella-Ramaswamy, 2000—]

or elaborate symmetrization methods: [Brock, 2001]

3. Prove the uniqueness of the solutions of an
ODE (radial solutions): [Coffman, 1972], [Peletier-
Serrin, 1986], (...) [Erbe-Tang, 1997], [Pucci-Serrin,
1998], [Serrin-Tang, 2000]

” Ground states” is now used in the literature to qualify
postive solutions dacaying to zero at oo.



Entropy and optimal constants in Sobolev
type inequalities

2d+1 _ 1
Theorem 1 d > 2, d_|'_"1 §p<d,q—2—m

ug = ADpu in R (1)

initial data: ug > 0 in LYNL®, |z|P/(P=Dyg e LT
ud € Lt in case p < 2
Vs>13K>0Vt>0

o 1

u(t, ) —uoo(t,)||s<K R~ 2 a+d(1-5)) ifp>72. 5s>q
o _1

(1) o (1) ls< K R 26T iy <25 > 1

1 p—1 D
D p—1 p—1

R=Rt)=1+~t)}/7, y=(d+ 1)p - 24,

Uoo(t, 2) =R %vso(log R, R~ 12)

voo(@) = (C = 22 a7 D)Y@ if ot 2
Voo(x) = C e~ l7I%/2 ifp=2.



Comments
p>1: Apw=V" (|Vw|p 2V w)
||v||c = ([ |v|¢ dz)*! /¢ for any ¢ > 0.
Existence results, uniform convergence for large
time: [diBenedetto, 1993].

Time-dependent rescaling
uw(t,z) = R~%v(log R, )

v = Dpv + V- (zv) (2)

with initial data wug

voo(a) = (C = L2 oY@ D i oo

IS a stationary, nonnegatlve radial and nonin-
creasing solution of (2).

C' is uniquely determined by the condition

M = ||lvo||1 @nd can be explicitely computed

For ¢ > O, define the entropy by
S [v] = / 7(v) — 0(v00) — 0’ (Vo) (v — vo0)] da
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o(s) =2 if g # 1

o(s) =slogsifg=1 (p=2)

% = —q (1 + I> + I3+ I4) where

__1_ _p_
I =[v p1|Vu|lPdx Ip=[|x|r~1vdz
1

I3 = —gqu dr ILi=[|Vv[P™?Vv - |£U|]ﬁ_1$ dx

Heat equation (p = 2): [Toscani, 1997].
From now on: p # 2

p—1
Lemma 1 Let np:%(p—l) P

1d>

——— <=1 —rp)(l1 +12) — I3
q dt



Theorem 2 Let1<p<d,1<a§17€%_;), and

b = pﬂ. T here exists a positive constant

S such that for any function w € Wlo’p with
wlla + [Jwl|lp < +oo, ifa>p (I) or a<p (II),

||w||bs5||wn?2 “w“‘]i_Z’ e=(a1)§(zpp§)%p)a) (1)
\ ||w||a§8||Vw||p ||w||b ) Hza(d(p—g)—kp(a—l)) (II)

and equality holds for any function taking, up

to a translation, the form
_p—1 1

w(x) = A(1 —I—B\a;|p 1) ““P for some (A, B) €
R2, where B has the sign of a — p.

_]Zj(p—pl%’a:bq'v:wb. For p # 2, let

1
Flv] = [v p~1|Vo|P dx —%(1_61@ + ]%)qu dx.

Corollary 3 d>2, (2d+1)/(d+ 1) <p <d.

Flv] > Floeo]

Vv such that ||v]|;1 = |lveol| 1.



Proof. Use a scaling leaving ||v||1 invariant in
the first case, ||v||q in the second case. O

T < o PR [ = mp) (T + 1) + I3]

The inequality is autonomous (the moment in

P
|xz|P—1 is the same on both sides of the inequal-
ity).

Corollary 4 Ifv is a solution of (2) correspond-
ing to an initial data satisfying the conditions
of Theorem 1, then, with a = (1 — kp) ]%, for
any t >0, ~(t) < e “t3(0).



A variant of the Csiszar-Kullback inequality
[Caceres-Carrillo-JD]

Lemma 2 Let f and g be two nonnegative
functions in L1(2) for a given domain 2 in
R?. Assume that q € (1,2]. Then

Lo~ o'y 1147 ar
9 9

q

2 maX(||f||Lq(Q)7 HgHLC](Q)) ||f gHLq(Q)

Forqg>1 (p>2)

s4 —1
q—1

o(s) =

Note that for g <1 (p < 2)
qa_1 q
1 1)

— (= )77 — 1 — L((s7) — 1)]




Extension to other nonlinear diffusions in-
volving the p-Laplacian

= Apu™ (3)

Formal in the sense that apparently a complete
existence theory for such an equation is not yet
available, except in the special cases p = 2 or
m=1. Let

¢g=14+m-(p—-1)"1

Whether ¢ is bigger or smaller than 1 determines two
different regimes like for m = 1 (depending if p is bigger
or smaller than 2). Thecaseg=1(m=(p—-1)"1) is
a limiting case, which involves a generalized logarithmic
Sobolev inequality. We shall assume that:

(H) the solution corresponding to a given non-
negative initial data ug in L1 N L*°, such that

_p_
ud € LY (in case m < pl ) and [|x|P~lug dxr <
+o00, is well defined for any t > 0, belongs to
CORT: LY(RY (1 + |x|P p—1) da:) N LOO(]R+>< R%),

such that u? and t — fu P = |IVulP dx belong
to CO(RT: LI (R%) and LL. _(R™1) respectively.
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Theorem b Assume that d > 2, 1 < p < d,
%§m< Lo and ¢ = 1—|—m—ﬁ. Let u
be a solution of (3) satisfying (H). Then there
exists a constant K > 0 such that for any t > 0,

(§+d1-1)) 1
|u(t, ) —uco(t,)||<K R II"——1 m < —1

Q

lud(t, ) —udo ()11 )y <K R™2 if LD <m< Lo

a=1-10p-17) 2

R=R(t) = (1+~t)/"
y=(md+1)(p—1) - (d—1)

Uoo(t, ) = R %wvs(log R, R~ 12)

—1 _p_ _
voo(z) = (C — P (¢g—1) |x|p—1)}|_/(q 1)
mp
Voo(x) = Ce_(p_1)2|x‘p/(p_l)/p ifm= (p— 1)_1

Use vy = Apv™ 4+ V - (zv)
— o (mptg—(m+1))/p , — p oy — ,, m(p—1)+p—2
= A= 04= DG T
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The case ¢ = 1 (which corresponds to m = (p—
1)~ 1) is a limiting case, for which we can use
the generalization to Wwblpr of the logarithmic
Sobolev inequality.

Theorem 6 Let 1 <p<d. Then for any w &
wir w+#0,

| w] d
/|w|P log ( dz+ 5wl

lwllp

d
: (1 —log Lp — Iog(ﬁ)> < A |Vwl|3

r(s+1)
r(di=+1)

N3
g

— 1\p1
[’ng(p ) T

e

For A = (p—1) pP~1, Inequality (6) is morevover

optimal with equality if and only if w = v1/P is

equal, up to a translation and a multiplication
1/p

by a constant, to vx,”.
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An optimal under scalings form:

Theorem 7 Let us assume 1 < p < d. Then
for any uw € WLP(R®) with [ |ulP dz =1

d
[ 1ul?tog lul d < 3100 [Ep/|Vu\p da:] (4)

s

r(%+1)
r(dE2t +1)

Inequality (4) is optimal and equality holds if
and only if for some o >0 and = € R¢

1 d P
w(e) =30 L 2T ez
r(d2t +1)

NS

(= ()

(&

(6)

e An inequality stronger than the correspond-
ing Gagliardo-Nirenberg inequalities

e p=2: [Gross, 1975], [Weissler, 1979]

e p = 1: [Beckner, 1999]

[ 1ul1og u] dz < dlog [Llfwu\ dac]
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Optimal constants for Gagliardo-Nirenberg ineq.
[Del Pino, J.D.]

Theorem 3 1<p<d, 1<a < pg%}l)' bngi—%

lwlly < 8Vl llwllg™  ifa>p

lwlla <8 IVw|§ lw|;~  ifa< P .

Equality if w(z) = A(1+ B |x|p 1) —p

L — (g—p)d
a>p: 0= Ty (dp—(d—p) @)
a<p. 0= (p_q)d

q(d(p—q)+p(¢—1))

Proof based on [Serrin, Tang]
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A new logarithmic Sobolev inequality, with op-
timal constant [Del Pino, J.D.]

Theorem 4 If ||ul|;p = 1, then

jwuvnog|u|dxfg;%wog[zpf|vn4pdx]

p
_p (p=1\P~1_—B| FE+1) |?
L= (") ”2[wﬂ§+n

d _gp=1 d 1 e
Equality: w= nm 20 d p r(z+1) 6_5|$_$|p 1

p = 2: Gross’ logaritmic Sobolev inequality
p = 1: [Beckner]
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[Del Pino, J.D.] Intermediate asymptotics of
ur = Apu™

Theorem 5 d>2, 1 <p<d
1

d—(p—1) 1
W§m< 1andq—1-|-m—p1

() Tt — uso(t. g < K R~ GTA—)

(i) |lud(t,-) —udo(t, M1 /g < K R2

(): 14 Smﬁ%,l(ﬁ): %_11)) <m< -l
a=1-1p-1)"7) 2, —<1+ws>1/’y
y=(md+1)(p—1)-(d-1)

1 €T
Uco(t, ) = Td vo(l0g R, —)

voo(w) = (C— 2L (q— 1) 2l Y@V m = 1
voo(z) = C e (P~ 1)2|$|p/(p D/p i m = (p—1)~1.
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