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Introduction
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Fast diffusion eguations:
entropy methods and
Gagliardo-Nirenberg ineqgualities

up = Au™ zeR? >0




Porous media / fast diffusion equations

Generalized entropies and nonlinear diffusions (EDP, uncomplete):

[Del Pino, J.D.], [Carrillo, Toscani], [Otto], [Juengel, Markowich, Toscani],
[Carrillo, Juengel, Markowich, Toscani, Unterreiter], [Biler, J.D., Esteban],
[Markowich, Lederman], [Carrillo, Vazquez], [Cordero-Erausquin, Gangbo,
Houdre], [Cordero-Erausquin, Nazaret, Villani], [Agueh, Ghoussoub],...
[del Pino, Saez], [Daskalopulos, Sesum]...

1) [J.D., del Pino] relate entropy and Gagliardo-Nirenberg inequalities
2) “entropy — entropy-production method”

3) mass transport techniques

4) hypercontractivity for appropriate semi-groups
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Heat equation, porous media & fast diffusion equation

up = Au™
r €R?
heat equation

fast diffusion equation : :
porous media equation

: ; > m

i
d—2 d—1
d d 1

—

extinction in finite time global existence in L!

Existence theory, critical values of the parameter m
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Intermediate asymptotics for fast diffusion & porous media

% — Au™ in R?

Ujr=0 = Uo = 0

ug(l+|z|*) e L', u* € L'

Intermediate asymptotics: ug € L™, [ugdx =M > 0

Self-similar (Barenblatt) function: /(1) = O (7% (2=d(1—=m)))
[Friedmann, Kamin, 1980] As 7 — +o0

Ju(r,) = U(T, )| = o(7 =/ E7dZm)

—> What about ||u(7, ) —U(7,-)||p1 ?
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Time-dependent rescaling

ov
o = Av" + V- (zv), VUlr=0 = U0

[Ralston, Newman, 1984] Lyapunov functional: Entropy or Free energy

o™ | RS
Z[v]-/(m_1+§|x| v) dr — X
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Entropy and entropy production

Stationary solution: choose C such that ||veo ||z = ||u||lpr = M > 0

- ~1/(1-m)
m |a:|2)
2m

Voo () = (c+ )

Fix >y so that >[v.,] = 0. The entropy can be put in an m-homogeneous
form

v m . _ t"—1—m (t—1
] = [ (52) vidz with () = S
Theorem1l. d > 3, m € [%,Jroo),m > 2,m#1

I[v] > 23]
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An equivalent formulation

m—1

Zlo) = [ (225 + Hlal?o) de — 2o < § [0 +of do = J1lo

L v =w?, ™ = wPt!

1 2 1 1
Vw|“d —d Pdr + K
2(2m—1) /| wl x+(1—m )/\w\ v

K<0ifm<1, K>0ifm > 1and, forsome v, K can be written as

-
K = K (/vdx:/wZde>

W= Weg = fuoé P'is optimal

m = m, = 4=1: Sobolev, m — 1: logarithmic Sobolev

Sharp rates of decav of solutions to the nonlinear fast diffusion eaquation via functional ineaualities — p. 11/58



Gagliardo-Nirenberg inequalities

Theorem 2. [Del Pino, J.D.] Assumethatl < p < d;i2 andd > 3

|wll2p < Al[Vwlly [lwl,3

- <y(p2;d1)2> (2y2yd>2lp (r(l;(y);l))Z

g _ d(p—1) y:p+1
p(d+2—(d—2)p) p—1

N

Similar resultsfor0 < p < 1

Uses [Serrin Pucci], [Serrin-Tang]

1 <p= 1= < -% < Fast diffusion case: 1 <m < 1
D0<p<l<= Porous medium case: m > 1
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Intermediate asymptotics

Y[v] < X[ug] e 27+ Csiszar-Kullback inequalities

Theorem 3. [Del Pino, J.D.]
i) & <m<1liftd>3

1—d(1—m
lim sup t2=40- " |u™ —ult||lpr < 400
t——+o00
i)l <m <2
14+d(m—1) S
lim sup t2Fdm=D || [u — Uso] Uy~ |11 < 00
t—+00

Uoo (t, ) = R™(t) Voo (z/R(1))
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Fast diffusion equations: the
finite mass regime

Q@  If m > 1: porous medium regime or my := d%dl < m < 1, the decay of
the entropy is governed by Gagliardo-Nirenberg inequalities, and to
the limiting case m = 1 corresponds the logarithmic Sobolev
iInequality

Q@ If m. := %2 < m < m;, solutions globally exist in L! and the
Barenblatt self-similar solution has finite mass

@_ The fast diffusion equation can be seen as the gradient flow of the
generalized entropy with respect to the Wasserstein distance

@_ Displacement convexity holds in the same range of exponents,
m € ((d—1)/d, 1), as for the Gagliardo-Nirenberg inequalities
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Fast diffusion: finite mass regime

Inequalities...

Sobolev
logarithmic Sobolev
/ Gagliardo-Nirenberg

>

Bakry-Emery method (relative entropy)

global existence in L'

... existence of solutions of u; = Au™
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Extensions and related results

@ Mass transport methods: inequalities / rates [Cordero-Erausquin,
Gangbo, Houdré], [Cordero-Erausquin, Nazaret, Villani], [Agueh,
Ghoussoub, Kang]

@_ General nonlinearities [Biler, J.D., Esteban], [Carrillo-DiFrancesco],
[Carrillo-Juengel-Markowich-Toscani-Unterreiter] and gradient flows
[Jordan-Kinderlehrer-Otto], [Ambrosio-Savare-Gigli],
[Otto-Westdickenberg] [J.D.-Nazaret-Savare], etc

@ Non-homogeneous nonlinear diffusion equations [Biler, J.D.,
Esteban], [Carrillo, DiFrancesco]

Extension to systems and connection with Lieb-Thirring inequalities
[J.D.-Felmer-Loss-Paturel, 2006], [J.D.-Felmer-Mayorga]

@ Drift-diffusion problems with mean-field terms. An example: the
Keller-Segel model [J.D-Perthame, 2004], [Blanchet-J.D-Perthame,
2006], [Biler-Karch-Laurencot-Nadzieja, 2006],
[Blanchet-Carrillo-Masmoudi, 2007], etc

@_ ... connection with linearized problems [Markowich-Lederman],

[Carrillo-Vazquez], [Denzler-McCann], [McCann, Slepcev], [Kim,
McCann]

©
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Fast diffusion equations: the
Infinite mass regime

Q@ If m > m. := %2 < m < m;, solutions globally exist in L! and the
Barenblatt self-similar solution has finite mass.

Q_ For m < m,, the Barenblatt self-similar solution has infinite mass

= How to extend to m < m, what has been done for m > m. ? Work in
relative variables !
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Fast diffusion: infinite mass regime

Z[VDl\VDo] — 0 ‘ Vb, — Vp, € L1
Vo — VD* ~ 1 Z[VD1|VDO] < OO
VDl — VDO Q/ L ‘ V0, Vp € Lt
i i | : i > m
d—4 d—2 _d_ d—1 1
d=2 g d+2 d Gagliardo-Nirenberg
N ‘ ] v e L ity e I

Bakry-Emery method (relative entropy)

global existence in L'

. me mi
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Entropy methods and linearization...

... Intermediate asymptotics, vanishing

A. Blanchet, M. Bonforte, J.D., G. Grillo, J.L. Vazquez

@_ use the properties of the flow

@ write everything as relative quantities (to the Barenblatt profile)

@_ compare the functionals (entropy, Fisher information) to their
linearized counterparts

—> Extend the domain of validity of the method to the price of a restriction
of the set of admissible solutions
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Setting of the problem

We consider the solutions u(7, y) of
O-u = Au™
u(0,-) = ug

where m € (0, 1) (fast diffusion) and (7, y) € Qr = (0,T) x R?
Two parameter ranges: m. < m < 1 and 0 < m < m., where

Q@ m.<m<1,T=+o0: intermediate asymptotics, 7 — +oo
Q@ 0<m<meT < +o0o: vanishing in finite time

I =
lim u(7,y) =0
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Relative entropy methods
and linearization




Fast diffusion equation and Barenblatt solutions

Consider the fast diffusion equation

ou _ ~V - (uVu™ ) = 1-m Au™ (1)

or m

with m < 1. We look for positive solutions (7, y) for > 0 and y € R¢,
d > 1, corresponding to nonnegative initial-value data

u(t =0,-) = ug € Li,.(dr)

In the limit case m = 0, u™/m has to be replaced by log u
Barenblatt solutions play for m < 1 a role similar to Gaussian kernel for

m =1
1
Y }2) 1—m
RO ),

whenever m > m,. := 92 and m # 1, with R(7) := (T + 1) T—mo)

1
R(7)“

Up.r(r,y) = g (D + st

2d|m—mc|
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Extension of the family of the Barenblatt solutions

Q If m > m. := (d —2)/d, the Barenblatt solution describes the large time
asymptotics of the solutions of equation (@) as = — oo provided
M = [,4 uo dy is finite, a condition that uniquely determines D = D(M).
Notice that in the range m > m., solutions of (@) with ug € L} (dz) exist
globally in time and mass is conserved: [, u(7,y)dy = M forany 7 > 0
Q_If m < m, the family of Barenblatt functions can be extended by
considering

R(1) := (T — T)_W—m)
The parameter T' now denotes the extinction time

@ If m = m.take R(7) = ¢, Up,(7,y) = e~ 7 (D + 27 [y?/2) """

Two crucial values of m:
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Rescaling

A time-dependent change of variables

. 1-m R(7) o 1 Y
t:= 5" log (R(O)> and z:= \/2d|m_mc| R(r)

If m =m., wetaket=7/dand z = e 7 y/\/2

The generalized Barenblatt functions Up (7, y) are transformed into
stationary generalized Barenblatt profiles Vp ()

Vp(z) :== (D+z[*)™ " x€R?
If u is a solution to @), the function v(¢, z) := R(7)% u(r,y) solves
O e VY - VETY] >0, aeR 2

with initial condition v(t = 0, z) = vo(z) := R(0) "% ug(y)
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Goal

We are concerned with the sharp rate of convergence of a solution v of
the rescaled equation to the generalized Barenblatt profile V in the whole
range m < 1. Convergence is measured in terms of the relative entropy

Elv] = ;/Rd (W =V —m V(v —Vp)] da

m — 1

forallm #0,m <1

Assumptions on the initial datum v

(H1) Vp, < vg < Vp, forsome Dy > D; > 0

(H2) if d > 3 and m < m,, (vo — Vp) is integrable for a suitable D € [D;, D]

The case m = m, = % will be discussed later

If m > m,, we define D as the unique value in [Dq, Dy| such that
Jpa(vo —Vp)dx =0

Our goal is to find the best possible rate of decay of £|v] if v solves )
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Sharp rates of convergence

Theorem 4. [Bonforte, J.D., Grillo, Vazquez] Under Assumptions (H1)-(H2), if m < 1 and
m # My, the entropy decays according to

Elv(t,-)] < Ce 20—mIAL wi >

The sharp decay rate A is equal to the best constant Aa,d > (0 in the Hardy—Poincaré
inequality of TheoremI7/with o := 1/(m — 1) < 0
The constant C' > 0 depends only on m, d, Dy, D1, D and £[vg]

@_ Notion of sharp rate has to be discussed

@_ Rates of convergence in more standard norms: L4(dx) for
q > max{1l,d(1 —m)/[2(2—m)+d(1—m)]}, or C* by interpolation
@_ By undoing the time-dependent change of variables, we deduce
results on the intermediate asymptotics of (@), i.e. rates of decay of
u(t,y) —Upr(r,y)as T — +o0 ifm € [m,1),oras 7 — T'if
m € (—oo, m,)
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Basin of attraction of the Barenblatt solutions

Barenblatt solutions Up r have two parameters:

D corresponds to the mass
T has the meaning of the extinction time of the solution for m < m. and of

a time-delay parameter otherwise

The basin of attraction of Up r contains all solutions corresponding to data
which are trapped between two Barenblatt profiles Up, 7(0, ), Up, 7(0, -)
for the same value of T" and satisfy a relative mass condition

Q if m > m,., Up r attracts all solutions with corresponding mass

Q if m, <m <m,, Up p attracts all solutions such that
Jwalto — Up r(0,-)] dy = 0 for some D € [Dy, Dy

Q  If m < m,, Up p attracts all solutions corresponding to data which
are integrable perturbations of Up (0, -)
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Strategy of proof

Assume that D = 1 and consider dj, := hq dx, ho(z) == (1 + |2]?)%, with
a=1/(m—-1)<0,and

Lod:i=—hi_oqdiv[hs V-]

on the weighted space L?(dua): [pa f (La.d f) dpta—1 = Jpa |V F|? dpa
A first order expansion of v(t, z) = ha () |1 + € f(t, 2) Ry~ ™(x)| solves

of

875 _|_£ozdf_0

Theorem 4! follows from a spectral gap for L, 4

@ Ford > 3, let a, := —(d — 2)/2 corresponding to m = m,

my := (d — 1)/d with corresponding oy = —d, and ms := d/(d + 2) with
corresponding as = —(d + 2)/2. We have m, < m. <ms <mq < 1

Q d = 2 gives m, = —oco so that o, = 0, as well as m. = 0, and

mq1 = Moy — 1/2

Sharp rates of decav of solutions to the nonlinear fast diffusion eauation via functional ineaualities — p. 28/58



A table of correspondence

1
a=1/(m—-1) <= m=1+—
o

m € (—oo,1) means a € (—oc, 0)

m= | —00 M, M, Mo mq 1
N d—4  d-2 d d—1

m=| =00 75 d d+2 d 1
_ _d=2 _d _d+2 _ _

o= 0 > 5 > d o0
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Sharp Hardy-Poincaré inequalities

Theorem 5. Letd > 3. Forany a € (—00,0) \ {a.}, there is a positive constant A, 4
such that

Mot [ 18P dtams < [ VISP dua ¥ 5 € H' (Ao @
Rd Rd

under the additional condition [, f dpa—1 = 0if v < vy

( 1(d—2+2a)? ifae[—%2 a,) U (ay,0)
Apag=< —4da—2d if o € [—d, —4£2)
| —2a if « € (—o00, —d)

For d = 2, inequality (3) holds for all < 0, with Ay, 2 = a? for o € [—2,0) and
Ao 2 = —2afora € (—oo, —2)

Ford =1, @) holds, with A, 1 = —2aifa < —1/2

and Ay 1 = (@ —1/2)%ifa € [-1/2,0)
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Comments

The Hardy-Poincaré inequalities @) share many properties with Hardy’s
Inequalities, because of homogeneity reasons.By scaling

Ao / (D + [2?)* "V de < / V2 (D + |2]?) de
Rd Rd

holds for any f € H'((D + |z|?)®dx) and any D > 0, under the additional
conditions [, f (D + |z]?)* 'dz =0and D > 0if a < a,

@ A, . Iisindependent of D

Q. D — 0: [Hardy, Caffarelli-Kohn-Nirenberg] (standard Hardy ineq.:
a = 0)

@ m — 1: Poincaré inequality (gaussian measure): rescale first to get
(14 (1 —m) [af*)~ /=)
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Relative entropy and relative Fisher information

The relative entropy of J. Ralston and W.l. Newmann is

Flw) = —— y [w—l— i(uﬂ”—l)] Ve da

- 1-—m m

for any m < 1, m # 0. In the limit case m = 1, we recover
Flw] == [pa [wlogw — (w—1)] du

The generalized relative Fisher information is

Tlu) = [

where w = % If v is a solution of @), then

2

1
vdx

——V [(w™ ™ =) Vy ]

m — 1

d
—Flw(t, )] = = Zhw(t, )] V>0
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Linearization and interpolation

Method of [Blanchet, Bonforte, J.D., Grillo, Vazquez]: let
fi=(w—1)V hi(t) :=infraw(t, -), ha(t) := supgaw(t,-) and
h := max{hs,1/h1}. We notice that h(t) — 1 ast — +oo

2
W2 L fPVE T de < = Flw] <A™ | |fPVET™ da
Rd m Rd

[ VIR VD do < [+ X001 Tlel + Y (0) [ 7P VE do

where X and Y are functions such that limy, ., X (h) = limy_,1 Y(h) =0
hg(Q_m)/hl < po—2m —. 1 4 X(h)

[(ho/h1)*®™™ — 1] < d (1 —m) [p*C=m) —1] = Y (h)
A new interpolation inequality: for h > 0 small enough

h2=™ 1+ X (h)]
2 [Aa,d — mY(h)]

Flw] < m Z[w]
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Gronwall estimates

(...) one more interpolation allows to close the system of estimates: for
some C = C(d, m, D, Dy, Dl),

0<h—1<CFam @i
Hence we have a nonlinear differential inequality

d Aa,d — mY(h)
—Flw(t,-)] < -2 [1 n X(h)} -

= Flu(t, )

A Gronwall lemma (take h =1+ C ]—“d+2:dn11>m) then shows that

limsup e?4edt Flw(t, )] < +o0

t— o0
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Explicit dependence on the initial data

Corollary 6. [Bonforte, J.D., Grillo, Vazquez] Let h(0) < hy, h, small enough. Under
the assumptions of Theorem 4

Flw(t, )] < G(t, h(0), Flw(0,-)]) Vt>0

where ( is the unique solution of the nonlinear ODE

dG Mg —mY(h) | .
T _ o 2o G with h=1+CGa= dinm
dt 1+ X(h)h2m ~ i

and initial condition G(0) = F|w(O0, -)]
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Operator equivalence

@ [Bonforte, J.D., Grillo,Vazquez - CRAS]: The operator
Lodg=—hi_qdiv[hs V-]

defined on L?(du.—1) has a spectral gap for any o # o, = (2 — d)/2
@ J. Denzler and R.J. McCann formally linearized the fast diffusion flow in
the framework of mass transportation and gave for all m € (m., 1) the

spectrum of the operator closure of £, 4, initially defined on D(R?), in the
Hilbert space H'*(dpq) := {f € L*(dpa-1) : [ga |Vf|* dpa < 0o and
Jpa fdpta—1 =01if a < oz*}, so that

Hoaf =hi—a V- [ha V(hi—a V- (ha V)]

Proposition 7. L, g on L?(djis—1) is unitarily equivalent to H, g on HY*(dpe,). As
a consequence, they have the same spectrum

The unitary operator U = /L4 : H*(dpo) — L*(dpa—1) is such that
UHa,d U-1 = £a,d
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How to compute the spectrumof L, ;?

The spectrum of the Laplace-Beltrami operator on S?~! is described by

—Asd—lnu — €(€—|— d - 2) }/E,UJ

with £=0,1,2,...and p = 1,2, ... My := (P RIERE2 with M =1,

and M; = 1if d = 1. Using spherical coordinates and separation of
variables, the discrete spectrum of L, 4 IS given by A such that

o (320 25) o (e ) o=

has a solution on R* > r, in the domain of £, 4. The change of variables

v(r) = r* w(—r?) allows to express w in terms of the hypergeometric
function 5 Fy(a,b,c;z) withec=/¢+d/2,a+b+1=¢+ o+ d/2 and
ab= (20a + \)/4, as the solution for s = —r2 of

s(1—=s)y" +[c—(a+b+1)s]y —aby=0
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The spectrum of L, 4

Proposition 8. The bottom of the continuous spectrum of the operator [,a,d on
L2 (d,ua_l) 5

1
MG = Z(d +2a —2)?

L., 4 has some discrete spectrum only for m > mgy = d/(d + 2)
@_ For d > 2, the discrete spectrum is made of the eigenvalues

d
)\gk:—2(x(5—|—2k)—4k’ (k—|—€—|—§—1) (4)

with ¢, k = 0, 1, ...provided (¢, k) # (0,0)and £ + 2k — 1 < —(d + 2 ) /2
Q_If d = 1, the discrete spectrum is made of the eigenvalues A\, = k (1 — 2 — k)
withk € NN [1,1/2 — af
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Plots (d = 5)

A2l Apg
A o3
Aoz = —8a—4(d+2)
A =—6a—2(d+2)
Ay = —4da

Aot = —4a—2d

Ao = 2«

Spectrum of Laa o

Essential spectrum of L4 4

Azt = 1(d+ 20— 2)?

142
a=—+2d— %

Y

Spectrum of
(L=m)L1Jm-1),a A

(d=5)

6
4

Essential spectrum

of (L —=m) L1/(m—1),d
2
m
N
>
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@ Continuous spectrum: Persson’s characterization
2 2(a—1 2 2
i [ 1Pl de< [ (9F2 jaPeds
R4 Rd

for any f € D(R%\ {0})
@ The condition that the solution of the eigenvalue equation is in the
domain of £, 4 determines the eigenvalues
Qa=1/(m—-1)
Q@ Ford > 2
a=—-d <= m=mi=(d—-1)/d

(corresponds to —2a = Ajg = A\g1 = —4a — 2d)
a=—(d+2)/2 <= m=mg=4d/(d+2)

(corresponds to A\g1 = A§™ := 1 (d+2a — 2)?)
@ d =2 and d = 1 are slightly different
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The critical case (m = m,, d > 3): slow asymptotics

Theorem 9. [Bonforte, Grillo, Vazquez] Assume that d > 3, m = m., and suppose that
(H1)-(H2) hold. If |vg — V| is bounded a.e. by a radial L' (dz) function, then there
exists a positive constant C'™* such that

Ev(t, )] <C*t7 2 Yi>0 (5)

where C* depends only on m, d, Do, D1, D and & |vg]

There exists a positive continuous and monotone function A/ on Rt such
that for any nonnegative smooth function f with M = [, fdp_4/9

1 1
i [P <N (5 [ I9FP duaye)

limg_ o+ s 3N (s) = ¢ > 0 and limy_, oo s~ TN (s) =5 > 0
Up to technicalities, for some K > 0, t > tg large enough

(Flw(t,)])” < K Iw(t, )]
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Faster convergence ? Improved Hardy-Poincaré inequality

Can we improve the rates of convergence by imposing restrictions on the
Initial data ?

@ [Carrillo, Lederman, Markowich, Toscani (2002)] Poincaré inequalities
for linearizations of very fast diffusion equations (radially symmetric
solutions)

@ Formal or partial results: [Denzler, McCann (2005)], [McCann, SlepCev
(2006)]

Lemma 10. Let Ka,d = —4a—2difaa < —d and Ka,d = )\gf:gt if
a € [—d,—d/2).1fd > 2, forany a € (—00, —d), we have

Kot [ 18P dtams < [ VISP dua ¥ 5 € H' (Ao
Rd Rd

under the conditions [, f dpia—1 = 0and [, = f dpia—1 = 0. The constant /N\a,d is
sharp

This covers the range m € (mq,1) withm; = (d — 1) /d
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Faster convergence 1

Theorem 11. [Bonforte, J.D., Grillo, Vazquez] Assume that m € (my, 1), d > 3. Under
Assumption (H1), if v is a solution of (2) with initial datum v such that fRd xvgdr =0

and if D is chosen so that [, (vo — V) dx = 0, then there exists a positive
constant C' depending only on m, d, Do, D1, D and E|vg] such that, with
v(m) = (1 —m) Ay /(m—1) 4. the relative entropy decays like

Ev(t, )] < Ce "Mt >0

y(m) A
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A variational approach of sharpness

@ Recall that (d — 2)/d = m. < m; = (d — 1)/d. The entropy / entropy
production inequality
1
< -7
F s 2
IS equivalent to optimal Gagliardo-Nirenberg inequalities [delPino, J.D.
(2002)] in the range m € [mq, 1). Itis sharp: equality is achieved if and
onlyifv="Vp
@ The inequality has been extended in [Carrillo, Vazquez (2003)] to the
range m € (m, 1) using the Bakry-Emery method, with the same constant
1/2, and again equality is achieved if and only if v = Vp
@ The optimality of the constant can be reformulated as a variational
problem
e
— inf ===
C =in £hol
where the infimum is taken over the set of all functions such that
ve DR?Y) and [y, vde =M
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A variational approach of sharpness

@ Rephrasing the sharpness results, we know that C = 2 if m € (m,1)
and C > 2 if m € (m.,m1). By taking v, = Vp (1 + £ £ V5~™) and letting
n — 00, We get

lim —— = 5

n—oo Elvn]  [oa |fI2PVE ™ da

With the optimal choice for f, the above limit is less or equal than 2. Since
we already know that C > 2, this shows that C = 2 for any m > m... Itis
quite enlightening to observe that optimality in the quotient gives rise to
Indetermination since both numerator and denominator are equal to zero
when v = Vp

@ This explains why the optimal constant, C = 2, is determined by the
linearized problem

@ When m < m,, the variational approach is less clear since the problem
has to be constrained by a uniform estimate
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Sharp rates of convergence and conjectures

The precise meaning of Theorem 4] is that
Z|w)

Aaa=lminf il =
where the infimum is taken on the set S;, of smooth, nonnegative bounded
functions w such that ||w — 1|| e (4y) < k and such that [,(w —1) Vp dz is
zeroifd=1,2and m < 1,orifd > 3and m, < m < 1, and it is finite if
d>3and m < m,
@ Sharp rate means the best possible rate, which is uniformin¢ > 0
In other words, for any v > ~v(m), one can find some initial datum in S,
such that the estimate Flw(t, )] < Flw(0,-)] exp(—~t) is wrong for some
t>0
@ We did not prove that the rate exp(—~(m) t) is globally sharp in the
sense that for some special initial data, F|w(t, -)] decays exactly at this
rate, nor that lim inf; ., ., exp(y(m)t) Flw(t,-)] > 0, which is possibly less
restrictive
Q@ Ifm e (mqy,1), my =(d—1)/d, then exp(—~(m)t) is also a globally
sharp rate: ug(z) = Vp(z + xqg), g # 0
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An Improvement based on
the variance




Heuristics

For some m € (me, 1) with m. := (d — 2)/d, we consider on R¢ the fast

diffusion equation
ou .
E—I—V-(UVUJ 1) =0
The strategy is easy to understand using a time-dependent rescaling and

the relative entropy formalism. Define the function v such that

u(t,y +x0) = R™%v(t,z), R=R(t), t=3logR, r =2 (6)

R
Then v has to be a solution of

%+v- v (ot gt — 20} =0 >0, zeR! @

with (as long as we make no assumption on R)

20_—%(m—mc) _ Rl—d(l—m) @
dr
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Refined relative entropy

Consider the family of the Barenblatt profiles

wl&

B,(z):=0"2 (Cp+ % \:13\2) V€ R (8)

Note that ¢ is a function of ¢: as long as %< — # 0, the Barenblatt profile B,
IS not a solution but we may still conS|der the relative entropy

1
Folv] = | v — B —m Bl (v— B,)| dx

Let us briefly sketch the strategy of our method before giving all details

The time derivative of this relative entropy is

d _do ( d m 1 m—1) OV
a a@)[v(t,-)]—g(%mv]) e [ (Bt B e

jo=o(t) m =

choosg it=0
(9)
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First step: choice of the scaling parameter

Lemma 12. For any given v € L’ (R?) such that v™ and |z|? v are both integrable, if
m € (mq, 1), there is a unique 0 = ¢* > 0 which minimizes ¢ — F,[v], and it is
explicitly given by
1

Kar Jwa

*

o z|* v da

For 0 = o™, the Barenblatt profile B« satisfies

/ z|* B, dx :/ 2| v dx
Rd Rd

The condition m > m, guarantees that B’ is integrable and
Ky = [pa |z]? By dais finite

Proof: we have to minimize

h(o) :=(1— m)/ B™de+m [ B™ ludx
R R
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Second step: the entropy / entropy production estimate

According to the definition of B,, we know that 2z = g2 (m—me) 7 Bm—1
Using (@), we know that

d t %(m_mc) 2
T Tomlo(t: )] = _mol) / v |V [’Um_l - Bm_l” dz
Rd

1—m o (t)
Let w := v/ B, and observe that the relative entropy can be written as

Fslv] = % g [w—l— %(wm—l)} B dx

Define the relative Fisher information by

LM;iL

so that %U@Muﬂ:—mﬂ—mh@ﬂm@@ﬂ Vi>0

2
b vV [(wm™t =1) B! ‘ B, w dx

m — 1
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Third step: orthogonality conditions

Lemma 13. Let u be a solution of 7) and f = B™ 1 (u/B, — 1) where 0 = o (t) is
optimizes F, [v] With these notations, the function f has the following properties, for any
t>0:

(i) Mass conservation: [, f(t,z) B2~™ dx = 0ifm > m,

(i) Position of the center of mass: [,z f(t,z) B5~" dz = 0 if
m>(d—1)/(d+1)

(i) Conservation of the second moment: [o, |z|? f(t, ) B2~™ dx = 0ifm > my
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Improved Hardy-Poincaré inequalities (2)

Corollary 14 (Sharp Hardy-Poincaré inequalities). Letd > 2, o« < —(d + 2)/2. For any
a € (—00,0) \ {a.}, there is a positive constant A, 4 such that

Mot [ VP dpas < [ V4P dua ¥ 1 € L (dpac)
R R
if f € L? (djta—1) is such that
fdpua_1 =0, / x fdu,_1 =0 and / 2| f dpta—1 = 0
Rd R R

with dpte, := he dx, he(x) := (1 + |2]?)®. Moreover

(

ld—2+2a)® ifae |-45 —d4r2)

Apg=4q —8a—-4(d+2) ifae[—(d+2),—%°]

—4q if « € (—o0, —(d + 2)]

\
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Corollary 15. Let M > 0 and f be a function in L? (B2~ dz) such that
/ (1,2, |z|*) f B2 ™ dx = (0,0,0) and Vf € L?(B,dx)
R4

Then
Aa,d/ P B2 dx < g2(mmme) / IVfI° By da
Rd Rd

The proof relies on a simple change of variables
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Estimates on the second moment

Up to now, we have not determined the behaviour of R(7) as = — oo, nor
the fact that ¢ has a finite, positive limit as t — oo

Using the results of [Bonforte, J.D., Grillo,Vazquez] we find that
Lemma 16. With the above notations,

R(T) ~ FIGTD as T — 00

and, as a function of t, t +— o(t) is positive, decreasing, with

lim o(t) =: 000 >0

t— o0

Notice that the value of o, 1S hot known.
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Rates of convergence

Known estimates

K2 [1 4 X (h))
Pl S ST —ov )

m o2 (m=me) T _ [v]

assoonas 0 < h < h, :=min{h >0 : Ay g — sup,eg+ o(t) Y (h) > 0}, and

1—m

0<h(t)—1< Cfo(t) [u(t, )] dF2=(@+Dm

Summarizing limsup,_, ., €™ F, 4 [v(t, )] < co because

d Aoa—o(t)Y(h)

ZFomv(t, )] < =2 14 X(h)] h2=m (1 =m) Fom o, -)]

"~

~2vy(m):=2(1-m) Al/(m—l),d

Notice that for some constant ¢ > 0, lim; ., e*(h(t) — 1) = 0, so that the
rate is exactly v(m)
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Improved rates of convergence

Theorem 17. Assume thatm € (M, 1), d > 2. Letvg € L (R?) be such that v’

and |y|? vg are integrable

Elu(t,)] < Ce 27Mt vi>0
where

[ ((d=2) m—(d—4))*

A (1=m) if m & (7711, 7712]

Y(m) =19 4(d+2)m —4d ifm € [ma, ma]

4 if m € [mg, 1)

Once a relative entropy estimate is known, it is possible to control the rate
of decay of u — B, in various norms, for instance in C* or in L¢(R¢, dx)
for

d(l1—m)
q = max {17 2(2—m)—|—d(1—m)}

Sharp rates of decav of solutions to the nonlinear fast diffusion eauation via functional ineaualities — p. 57/58



A graphical summary (d =5)

Y
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