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Introduction

The parabolic-elliptic Keller and Segel system

([ Ou 9

ngu—V-(uVU) reR* t>0

\ —Av=u reR?, t>0
L u(,t=0)=mno >0 r € R?

Q  [..nodz > 8rand [, |z|*ngdz < co: blow-up in finite time

Q [..nodx < 8m: global existence [ Jager-Luckhaus ], [ J.D., Perthame
], [ Blanchet, JD, Perthame ], [ Blanchet, Carrillo, Masmoudi ] based

on the free energy

Flu(-,t)] —|—/O /R2 w|V (logu) — Vo|* dzds < Flug)

Flu] := [poulogudr — 5 [oouv da
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The parabolic-elliptic Keller and Segel system

([ Ou

E:Au—v-(uV’U) rceR?, t>0
\ —Av=u reR?, t>0
| u(,t=0)=mno >0 r € R?
Initial conditions
no € LL(R?, (1+|z|*)dz) , mnglogng € L'(R* dx), M := no(z)dr < 87

RQ
Global existence and mass conservation: M = [, u(x,t) dx forany t > 0,

see [ Jager-Luckhaus ], [ Blanchet, JD, Perthame |

In dimension d = 2: v = — = log | - | * u
T
...global invariance under scalings
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Rescaling

w(z, t) = Rj(t) n (%,T(t)) and vz, t) = c (%,T(t))

with R(t) = v/1+ 2t and (t) = log R(t)

( On 2
1

< 62—2—10g\'|*n reR?, t>0
-

\n(-,tZO):noZO r € R?

[ Blanchet, JD, Perthame ]

i [, + 1)~ nogll ey =0 @nd - lim [[Ve(-,- 4 ) = Ve[ pa(as) = 0

t— o0
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The stationary solution in self-similar variables

6coo—|ar;|2/2 1

= —Acy , Coo = ——log| - | * Mo

oo — M 2
! [P o

Radial symmetry [ Naito ]
Uniqueness [ Biler,Karch, Laurencot, Nadzieja |

As |z| — +00, noo is dominated by e=(1=9I=I°/2 for any € € (0,1) [
Blanchet, JD, Perthame ]

Bifurcation diagram of ||n.|| ;- z2) @s @ function of A7, it follows that

e P PEP

Mli_{%+ HnooHLoo(R?) =0

[ Joseph, Lundgreen ] [ JD, Stanczy ]
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Main result

Theorem 1. There exists a positive constant M ™ such that, for any initial data
no € L?(n} dx) of mass M < M* satisfying the above assumptions, there is a
unique solutionn € C°(R™, L (R?)) N L>®((7,00) x R?) forany T > 0

Moreover, there are two positive constants, C' and 9, such that

d
/ |n(t,x)—noo(x)|2—x§06_5t Vi>0
R2

Noo
As a function of M, § is such thatlimy—o, d(M) =1

The condition M < 8w is necessary and sufficient for the global existence
of the solutions, but there are two extra smallness conditions in our proof:

@ Uniform estimate: the method of the trap
@ Spectral gap of a linearised operator L
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A more general functional framework

Same results in the more general framework
n € CO(RT, L'(R?))
nlogn, n|z|* € L®(RT, L' (R?))
2VV/n +z+/n—+/nVe € L'(RT, L*(R?))

an approach based on standard but tedious truncation methods, see
[ Blanchet, JD, Perthame ]
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The parabolic-elliptic Keller and Segel system

\

Initial conditions

no € L1 (R?, (1+|z|?) dz) ,

— =Au—-V-
t

—Av=u

(u Vo) rceR?, t>0
reR?, t>0
0)=ng >0 r € R?
nologng € L'(R?,dz), M := no(x)dr < 87

RQ
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First step: the trap
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Decay Estimates of «(¢) in L°°(R?)

Lemma 2. Forany M < M, there exists C' = C (M) such that, for any solution
uw € CORT, LY (R?)) N L>®°(R;F = x R?)

loc
()| e rry < CETH V>0
The method of the trap... prove that
H(y(t), M) <0 where () :=t{u(:, )] e g

where 2z — H(z, M) is a continuous function which is
- negative on [0, z1)
)

- positive on (z1, z5) for some zy, z3 such that 0 < z; < 25 <

Y is continuous and ¥ (0) = 0 = Y(t) < 21 < z(M) forany ¢t > 0 if

H (0(M), M) = super,, .,y H(z, M) > 0

21,22
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2

_ Mo(p)
2w

The method of the trap amounts to prove that H(z, M) < 0 implies that

z = (t) is bounded by zo(M) as long as H(zo(M),M) > 0
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Duhamel’s formula:
u(a,to+1) — | Nz —y.t)uly.to) dy
RZ
t
:/ N(x —y,t —s) V- |u(y,to+ s) Vu(y,tog + s)] dy ds
0 JRR2
where N(z,t) = 21 e71el/G0 Let k, = [|ON/0z; (-, 1)|| 1o m2)

1
Ju(-,to + t)HLOO(IR{Q) - E [ul-st0) |l 1 ge)
ds

g, (1= Kuﬁi)wmﬂ -

<3 [l (u s

1=1,2

1=1,2

ds
LP(R2)
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HLS inequality + Holder and take tq = ¢

M
2¢ ||u(-, 26)[| poo (m2) — o
2 UC 1,1 t 1_3 2_%_%
< o HLS M5+rt/ (t—s)7"2 (t+s)pT7 2 {w(t)} ds
n 0

With 9 (t) := supg<<; 2 [[u(-, 25)]| ;o g2y @Nd

1 o

t
t/(t—s)% %(tJrs) 2ds =
0 2—0

Y(t) < %HJO (b(8)" with Cp = Mrtr

— 27

Choice: H(z,M) = z — Cy 2% — M/(27)

Asymptotic behaviour for small mass in the two-dimensional parabolic-elliptic Keller-Segel model — p.13/3:



How small is the mass ?

The exponents o, p, p, ¢ and r are related by

/

1 1 _

g‘|‘;—1, 1l <o <?2
{ s Te=5: P.q>2

1 1 _ 1
\;—5—57 r>1

For the choice r = 4/3, ¢ = 4, Cyrs = 2/7

_ 4k, l—i—% o : _ 4p
Co—ﬁMp 2_O_W|th0_—3p_4

... there exists My (p) such that H(zo(M), M) > 0 if and only if M < My(p)

and sup,c (4 4 o00) Mo(p) = limy,_ oo Mo(p) ~ 0.822663 < 87 ~ 25.1327
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Other norms: interpolation

Corollary 3. Forany mass M < M and allp € [1, oo], there exists a positive constant
C = C(p, M) withlimp; .o, C(p, M) = 0, such that

Hu(t)HLp(R2) < Ct_(l_%) Vi>0

Remark 1. The above rates are optimal as can easily be checked using the self-similar
solutions (Moo, Coo)
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Second step: weighted /7' estimates
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LP and H' estimates in the self-similar variables

Consider the solution of

(- On

E:An—V-(n(Vc—x)) re€R?, t>0
1
{ c=——log|-|*n rcR?, t>0
2T
L n(,t=0)=mng >0 r € R?

For any p € (1, o0]
Hn(t)||Lp(R2) <(C; Vt>0

for some positive constant C4, and for p > 2

t t
m Vel < swp [ T gy [ 2Dy,
| |

x€R? J|z—y|>1 |$ - y‘ x€eR? J|z—y|<1 |$ - y‘

~ ~

<M 1\ P
- S(QW%)p_l 7] Lo (r2)

7
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0(8) | ozey < €1 and Vel ey < C2 ¥t >0

Lemma 4. The constants C1 and Cy depend on M and are such that

lim C;(M)=0 i=1, 2
M—04
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Exponential weights

With K = K (z) = eI’/2, let us rewrite the equation for n as

on 1

A v A — _VUe - 9 2
5 KV (K Vn) Ve-Vn+2n+n

Proposition 5. For any mass M € (0, M), there is a positive constant C' such that

In(®)ll1 50y S C V£ 0

First ingredient [ M. Escobedo and O. Kavian |: for any ¢ > 2 and ¢ > 0,
there exists a positive constant C'(e, ¢) such that

/ n? Kde<e | |Vnl? K da+ Ce,q) )20,
R2 R2
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L*(K) estimate

Multiply the equation by n K and integrate by parts

1 d
-2 |n‘2Kde—|—/ |an,\2Kd:E
2 dt Jgo R2
:—/ nVc-Vanx+2/ nQKd:L‘Jr/ n’ K dx
R2 R2 R2
<e | |Vn*Kdzx+C
RQ
and so
1d
s | P Kda(1-e) [ VaP Kdo <O
th R2 R2

\ 4
Ve

Zng |In|? K dx

(expand the square in [, [V(n K)|* K~ dz > 0)
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H'(K) estimate (1/2)

Let S(t) be the semi-group generatedby —K~'V .- (K V-) on L*(K)

n(t,x) = S(t) no(x)—/o S(t—s)(Ve-Vn)(s) ds—|—/0 S(t—s) (2n+n?)(s) ds

1)z ey = [15(8) noll mr (x)

t t

S/ [S(t—s) (Ve-Vn)(s)| m (k) d8+/ 1S(t—5) 2n+n2)(s)|| g1 (k) ds
0 0

Second ingredient: ||.S(¢) Al g ry < 6 (1 +t72) ||B] 225

(@)l a7y = 1S#) ol ()

t t
<G [ (14 7) 190 zaq ds+ @+ [ (14 7)) luecx

S|
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H'(K) estimate (2/2)

1 t
e Dl < (14 37) 4G [ (14 75) s+ 0l s

Let H(T') = sup;e(o.1) fot (1 + \/%) |n(s +7)|| 1 (k) ds and choose T" > 0

such that ;. = C; [/ (1 + \/7}7_8) ds = C3(T +2VT)

%H(T)S (w+4ﬁ+T> C1+iH(T) — H(T) §2(W+4\/T+T)%C

Forany t € (0,7)

% In+7) o < (14 %) Cr+Cs HT) < (14 L) G2 (1 + VT +7)
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Conclusion: bound in H'(K)

The estimate

% I+ ) < (14 5) Cr+Cs H(T) < (14 L) Cr42 (1 + 40T +7)

forany ¢ € (0,7") gives a bound on ||n(T" + 7)|| g1 (k) forany 7 > 0
Lemma 6.

[ () 411501 < C max{l, g} V>0

Actually n(t) can be bounded also in H'(n_!) but further estimates are
needed...
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Third step: linearization and spectral gap

Asymptotic behaviour for small mass in the two-dimensional parabolic-elliptic Keller-Segel model — p.24/3:



A linearized operator

Introduce f and g defined by
n(x,t) = neo(x)(1+ f(x,1)) and c(z,t) = coo(x)(1 4 g(z,t))

(f,9) is solution of the non-linear problem

Caf 1 2
__‘C(taxafvg):__v[fnoov(gcoo)] reR 7t>0

< ot Moo

\ —A(Co0 g) = [ neo r€R?, t>0

where L is the linear operator given by

E(t7x7fag) — LV [noov(f_gcoo)]

O

The conservation of mass is replaced here by [, f 1. dz =0

Asymptotic behaviour for small mass in the two-dimensional parabolic-elliptic Keller-Segel model — p.25/3:



A spectral gap estimate

Proposition 7. Forany M € (0, M), forany f € H'(n, dx) such that

/ frnedr=0 — IV f1? neo dz > A(M) 112 noo da
R2

R? R2

for some A(M) > 0 andlimp;—o, A(M) =1
Let h = /oo f = Ve |zl /4+es/2 £

2
1
MV FI* Noo = |Vh|2+% h?+ = |Vcoo|2 h2+hVh-(ac—vcoo)—5 T-Veoo b

(integrations by parts)

Jor VR -z do = —fRQ h? dx
fRQ hVh-Ves do = fRQ h? (—Aceo) da < 4 3 \|noo|\Loo(R2) Jpa 1? dx
5 Jeax Vesg h? dz < 2 _1 Jre 5 21 p2 gg 4 1 1 =5 Jro [ Veoo|? R* da
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H'(nZ') estimate

Assume that ng/ne € L*(ns)
There exists a constant C' > 0 such that

] >1 — ‘COO+M/(27r)log|:c| <C

ne. K = e~ behaves like O(|z|~M/2™)) as |z| — oo

1
a—”—noov- (—Vn) = (Voo — V) - Vn + 2n + n?
ot Moo

Corollary 8. If M < M5, then any solution n is bounded in
L (R, L (ng' dx)) N L*((7,00), H' (ng dz))

forany T > 0
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Fourth step: collecting the estimates
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Proof of the exponential rate of convergence

( Of 1 5
—_E(t,iﬂ,f,g):——v[f’N/OOV(gCOO)] reR 7t>0
< ot Moo
| Ao 9) = fnso reR?, t>0

Multiply by f n., and integrate by parts

/ 12 noo da + IV f]? noo dx
R2 R2

= | Vf-V(gcso) oo dx+ | Vf-V(gcs) f oo dx

\RQ 4 \R2 _J/
1 11
Cauchy-Schwarz’ inequality
= [ V[ V(g9¢s) oo dz <[V [fll 120 aw) V(9 Co0)llL2(n.. du)

RQ
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first term

Holder’s inequality (with g > 2)

HV(gCoo)HLQ(n d:c) M1/2 1/anOOHLO<>(R2) HV(QCOO)HLQ(RQ)

HLS inequality (with 1/p =1/2+1/q)

q " Chuus
(o) [ o) < G e

1
9 e llinen < 5= ( [

. . L 1/2
Holder's inequality: || f 700 ll 1o g2y < 1f1l 12 (. da) HnooHL/q/g(Rz)

I = o V- V(gcs) fneo de < C(M) | fll2(na de) vaHLQ(noo dz)
Co(M) = Crrs (2m) ™ MYA nog |1/ oy 700 [ ey — 088 M — 0
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second term and conclusion

Use g coo = ¢ — ¢ and the Cauchy-Schwarz inequality

VI V(gcx) froe dr < ||Ve— Vel no®2) (|22 do) IV FllL2(no da)

<2 Co(M)N\0

R2

Spectral gap estimate

V A(M) HfHL2(noo dx) < HVfHL2(nOO dx)
N——

—1

With ~ (M) = C*<%<M> \. 0,

1 d
o 12 |f|2noo dr < — |1 —~(M)] |Vf‘2noo dx
2dt Jpeo R2
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Uniqueness

If n; and ny are two solutions in C°(R*, L1 (R?)) N L*>°((1, 00) x R?) for
any 7 > 0, with f = (ny — n1)/n. We also get

1d
57 [ P ne de < = [L—~y(M)AM) [ |f]* 1 da
Zdt R2 R2

As a consequence, if the initial condition is the same, then n; = ns
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