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Gaussian measures

[W. Beckner, 1989]: a family of generalized Poincaré inequalities (GPI)

1

2− p

[∫
Rd
f2 dµ−

(∫
Rd
|f |p dµ

)2/p
]
≤
∫
Rd
|∇f |2 dµ ∀f ∈ H1(dµ) (1)

where µ(x) denotes the normal centered Gaussian distribution on Rd

µ(x) := (2π)−d/2 e−
1
2 |x|

2

For p = 1: the Poincaré inequality∫
Rd
f2 dµ−

(∫
Rd
f dµ

)2
≤
∫
Rd
|∇f |2 dµ ∀f ∈ H1(dµ)

In the limit p→ 2: the logarithmic Sobolev inequality (LSI) [L. Gross

1975] ∫
Rd
f2 log

(
f2∫

Rd f
2 dµ

)
dµ
∫
Rd
|∇f |2 dµ ∀ f ∈ H1(dµ)
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Generalizations of (1) to other probability measures...
Quest for “sharpest” constants in such inequalities...

... best (worst ?) decay rates

[AMTU]: for strictly log-concave distribution functions ν(x)

1

2− p

[∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)2/p
]
≤

1

κ

∫
Rd
|∇f |2 dν ∀f ∈ H1(dν)

where κ is the uniform convexity bound of − log ν(x)...
...the Bakry-Emery criterion

[Lata la and Oleszkiewicz]: under the weaker assumption that ν(x)
satisfies a LSI with constant 0 < C <∞∫

Rd
f2 log

(
f2∫

Rd f
2 dν

)
dν ≤ 2 C

∫
Rd
|∇f |2 dν ∀ f ∈ H1(dν) (2)

they proved for 1 ≤ p < 2:

1

2− p

[∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)2/p
]
≤ C min

{
2

p
,

1

2− p

}∫
Rd
|∇f |2 dν
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Proof. 1) The function q 7→ α(q) := q log
(∫

Rd |f |
2/q dν

)
is convex since

α′′(q) =
4

q3

(∫
Rd |f |

2/q (log |f |)2 dν
) (∫

Rd |f |
2/q dν

)
−
(∫

Rd |f |
2/q log |f | dν

)2

(∫
Rd |f |

2/q dν
)2

is nonnegative. Thus q 7→ eα(q) is also convex and

q 7→ ϕ(q) :=
eα(1) − eα(q)

q − 1
↘

ϕ(q) ≤ lim
q1→1

ϕ(q1) =
∫
Rd
f2 log

 f2

‖f‖2
L2(dµ)

 dν

This proves that

1

q − 1

[∫
Rd
f2 dν −

(∫
Rd
|f |2/q dν

)q]
≤ 2C

∫
Rd
|∇f |2 dν

1
q−1

[∫
Rd f

2 dν −
(∫

Rd |f |
2/q dν

)q]
= p

2−p

[∫
Rd f

2 dν −
(∫

Rd |f |
p dν

)2/p
]

if p = 2/q: Cp ≤ 2C/p.
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2) Linearization f = 1 + ε g with
∫
Rd g dν = 0, limit ε→ 0∫

Rd
f2 dν −

(∫
Rd
f dν

)2
≤ C

∫
Rd
|∇f |2 dν

Hölder’s inequality,
(∫

Rd f dν
)2
≤
(∫

Rd |f |
2/q dν

)q
∫
Rd
f2 dν −

(∫
Rd
|f |2/q dν

)q
≤
∫
Rd
f2 dν −

(∫
Rd
f dν

)2
≤ C

∫
Rd
|∇f |2 dν
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Generalized Poincaré inequalities for the Gaussian measure

1) proof of (1)
2) improve upon (1) for functions f that are in the

orthogonal of the first eigenspaces of N
3) generalize to other measures

The spectrum of the Ornstein-Uhlenbeck operator N := −∆ + x · ∇ is
made of all nonnegative integers k ∈ N, the corresponding eigenfunc-
tions are the Hermite polynomials. Observe that∫

Rd
|∇f |2 dµ =

∫
Rd
f ·Nf dµ ∀ f ∈ H1(dµ)

Strategy of Beckner (improved): consider the L2(dµ)-orthogonal de-
composition of f on the eigenspaces of N, i.e.

f =
∑
k∈N

fk,

where N fk = k fk. If we denote by πk the orthogonal projection on the
eigenspace of N associated to the eigenvalue k ∈ N, then fk = πk[f ].
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ak := ‖fk‖2
L2(dµ) , ‖f‖2

L2(dµ) =
∑
k∈N

ak and
∫
Rd
|∇f |2 dµ =

∑
k∈N

k ak

The solution of the evolution equation associated to N

ut = −Nu = ∆u− x · ∇u
with initial data f is given by

u(x, t) = (e−tN f)(x) =
∑
k∈N

e−k t fk(x)

∥∥∥e−tN f
∥∥∥2

L2(dµ)
=

∑
k∈N

e−2 k tak

Lemma 1 Let f ∈ H1(dµ). If f1 = f2 = . . . = fk0−1 = 0 for some
k0 ≥ 1, then∫

Rd
|f |2 dµ−

∫
Rd

∣∣∣e−tN f
∣∣∣2 dµ ≤ 1− e−2k0 t

k0

∫
Rd
|∇f |2 dµ

The component f0 of f does not contribute to the inequality.
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Proof. We use the decomposition on the eigenspaces of N∫
Rd
|fk|2 dµ−

∫
Rd

∣∣∣e−tN fk

∣∣∣2 dµ = (1− e−2 k t) ak

For any fixed t > 0, the function

k 7→
1− e−2 k t

k

is monotone decreasing: if k ≥ k0, then

1− e−2 k t ≤
1− e−2 k0 t

k0
k

Thus we get∫
Rd
|fk|2 dµ−

∫
Rd

∣∣∣e−tN fk

∣∣∣2 dµ ≤ 1− e−2 k0 t

k0

∫
Rd
|∇fk|2 dµ

which proves the result by summation �
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The second preliminary result is Nelson’s hypercontractive estimates,

equivalent to the logarithmic Sobolev estimates, [Gross 1975]

Lemma 2 For any f ∈ Lp(dµ), p ∈ (1,2), it holds∥∥∥e−tNf∥∥∥
L2(dµ)

≤ ‖f‖Lp(dµ) ∀ t ≥ −
1

2
log(p− 1)

Proof. We set

F (t) :=
(∫

Rd
|u(t)|q(t) dµ

)1/q(t)

with q(t) to be chosen later and u(x, t) :=
(
e−tNf

)
(x). A direct com-

putation gives

F ′(t)

F (t)
=

q′(t)

q2(t)

∫
Rd
|u|q

F q
log

(
|u|q

F q

)
dµ−

4

F q
q − 1

q2

∫
Rd

∣∣∣∇ (
|u|q/2

)∣∣∣2 dµ
We set v := |u|q/2, use the LSI (2) with ν = µ and C = 1, and choose q

such that 4 (q−1) = 2q′, q(0) = p and q(t) = 2. This implies F ′(t) ≤ 0

and ends the proof with 2 = q(t) = 1 + (p− 1) e2t �
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[Arnold, Bartier, J.D.] First result, for the Gaussian distribution µ(x):

a generalization of Beckner’s estimates.

Theorem 3 Let f ∈ H1(dµ). If f1 = f2 = . . . = fk0−1 = 0 for some

k0 ≥ 1, then

1

2− p

[∫
Rd
|f |2 dµ−

(∫
Rd
|f |p dµ

)2/p
]
≤

1− (p− 1)k0

k0 (2− p)

∫
Rd
|∇f |2 dµ

holds for 1 ≤ p < 2.

In the special case k0 = 1 this is exactly the GPI (1) due to Beckner,

and for k0 > 1 it is a strict improvement for any p ∈ [1,2).
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Other measures: generalization

Generalization to probability measures with densities with respect to

Lebesgue’s measure given by

ν(x) := e−V (x)

on Rd, that give rise to a LSI (2) with a positive constant C. The

operator N := −∆ + ∇V · ∇, considered on L2(Rd, dν), has a pure

point spectrum made of nonnegative eigenvalues by λk, k ∈ N.

λ0 = 0 is non-degenerate. The spectral gap λ1 yields the sharp

Poincaré constant 1/λ1, and it satisfies

1

λ1
≤ C

This is easily recovered by taking f = 1 + εg in (2) and letting ε→ 0.
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Same as in the Gaussian case: with ak := ‖fk‖2
L2(dν)

,

‖f‖2
L2(dν) =

∑
k∈N

ak, ‖∇f‖2
L2(dν) =

∑
k∈N

λk ak, ‖e−tN f‖2
L2(dν) =

∑
k∈N

e−2λktak

Using the monotonicity of λk, we get∫
Rd
|f |2 dν −

∫
Rd

∣∣∣e−tN f
∣∣∣2 dν ≤ 1− e

−2λk0
t

λk0

∫
Rd
|∇f |2 dν

if f ∈ H1(dν) is such that f1 = f2 = . . . = fk0−1 = 0 for some k0 ≥ 1∥∥∥e−tNf∥∥∥
L2(dν)

≤ ‖f‖Lp(dν) ∀ t ≥ −
C

2
log(p− 1) ∀ p ∈ (1,2)

Theorem 4 [Arnold, Bartier, J.D.] Let ν satisfy the LSI (2). If f ∈
H1(dν) is such that f1 = f2 = . . . = fk0−1 = 0 for some k0 ≥ 1, then

1

2− p

[∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)2/p
]
≤ Cp

∫
Rd
|∇f |2 dν (3)

holds for 1 ≤ p < 2, with Cp := 1−(p−1)α

λk0
(2−p) , α := λk0

C ≥ 1
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1) “α large” ? Even in the special case k0 = 1, the measure dν satisfies

in many cases α=λ1 C>1: ν(x) := cε exp(−|x| − ε x2) with ε→ 0.

2) Optimal case: C = 1/λ1 (i.e. α = 1), k0 = 1: Cp = C, for any

p ∈ [1,2] is optimal [generalizes the situation for gaussian measures].

3) For k0 > 1, α > 1 is always true.

4) For fixed α ≥ 1, Cp takes the sharp limiting values for the Poincaré

inequality (p = 1) and the LSI (p = 2): C1 = 1/λ1 and limp→2Cp = C.

5) For α > 1, Cp is monotone increasing in p. Hence, Cp < C for p < 2

and α > 1, and Theorem 4 strictly improves upon known constants.
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A refined interpolation inequality

Theorem 5 [Arnold, J.D.] for all p ∈ [1,2)

1

(2− p)2

∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)2
(

2
p−1

) (∫
Rd
f2 dν

)p−1
 ≤ 1

κ

∫
Rd
|∇f |2 dν

(4)

for any f ∈ H1(dν), where κ is the uniform convexity bound of − log ν(x)

(GPI) is a consequence of (4): use Hölder’s inequality,(∫
Rd |f |

p dν
)2/p

≤
∫
Rd f

2 dν

and the inequality (1− t2−p)/(2− p) ≥ 1− t for any t ∈ [0,1], p ∈ (1,2)
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Entropy-entropy production method [Bakry, Emery, 1984]

[Toscani 1996], [Arnold, Markowich, Toscani, Unterreiter, 2001]

Relative entropy of u = u(x) w.r.t. u∞(x)

Σ[u|u∞] :=
∫
Rd
ψ

(
u

u∞

)
u∞ dx ≥ 0

ψ(w) ≥ 0 for w ≥ 0, convex
ψ(1) = ψ′(1) = 0

Admissibility condition (ψ′′′)2 ≤ 1
2ψ

′′ψIV

Examples

ψ1 = w lnw − w + 1, Σ1(u|u∞) =
∫
u ln

(
u
u∞

)
dx . . . “physical entropy”

ψp = wp − p(w − 1)− 1, 1 < p ≤ 2, Σ2(u|u∞) =
∫
Rd(u− u∞)2u−1

∞ dx
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Exponential decay of entropy production

ut = ∆u+∇ · (u∇V )

−I(u(t)|u∞) :=
d

dt
Σ[u(t)|u∞] = −

∫
ψ′′

(
u

u∞

) ∣∣∣∣∇(
u

u∞

)∣∣∣∣2︸ ︷︷ ︸
=:v

u∞ dx≤ 0

V (x) = − logu∞ . . . unif. convex:
∂2V

∂x2︸ ︷︷ ︸
Hessian

≥ λ1Id, λ1 > 0

Entropy production rate

−I ′ = 2
∫
ψ′′

(
u

u∞

)
vT ·

∂2V

∂x2
· v u∞ dx+ 2

∫
Tr (XY )u∞ dx︸ ︷︷ ︸

≥0

≥ + 2 λ1 I

18



Positivity of Tr (XY ) ?

X =

 ψ′′
(
u
u∞

)
ψ′′′

(
u
u∞

)
ψ′′′

(
u
u∞

)
1
2ψ

IV
(
u
u∞

)  ≥ 0

Y =

 ∑
ij(

∂vi
∂xj

)2 vT · ∂v∂x · v
vT · ∂v∂x · v |v|4

 ≥ 0

⇒ I(t) ≤ e−2λ1t I(t = 0) ∀ t > 0

∀ u0 with I(t = 0) = I(u0|u∞) <∞
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Exponential decay of relative entropy

Known: −I ′ ≥ 2λ1 I︸︷︷︸
=Σ′∫∞

t ...dt ⇒ Σ′ = I ≤ −2λ1Σ

Theorem 6 [Bakry, Emery] [Arnold, Markowich, Toscani, Unterreiter]

Under the “Bakry–Emery condition”

∂2V

∂x2
≥ λ1Id

if Σ[u0|u∞] <∞, then

Σ[u(t)|u∞] ≤ Σ[u0|u∞] e−2λ1t ∀ t > 0
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Convex Sobolev inequalities

Entropy–entropy production estimate for V (x) = − lnu∞

Σ[u|u∞] ≤
1

2λ1
|I(u|u∞)| (5)

Example 1 logarithmic entropy ψ1(w) = w lnw − w + 1

∫
u ln

(
u

u∞

)
dx ≤

1

2λ1

∫
u

∣∣∣∣∇ ln
(
u

u∞

)∣∣∣∣2 dx
∀u, u∞ ∈ L1

+(Rd),
∫
u dx =

∫
u∞ dx = 1

Example 2 power law entropies

ψp(w) = wp − p(w − 1)− 1, 1 < p ≤ 2

p

p− 1

[∫
f2 du∞ −

(∫
|f |

2
p du∞

)p]
≤

2

λ1

∫
|∇f |2du∞

from (5) with u
u∞

= |f |
2
p∫

|f |
2
pdu∞

, f ∈ L
2
p(Rd, u∞dx)
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Refined convex Sobolev inequalities

Estimate of entropy production rate / entropy production

I ′ = 2
∫
ψ′′

(
u

u∞

)
uT ·

∂2A

∂x2
· uu∞dx+ 2

∫
Tr (XY )u∞dx︸ ︷︷ ︸

≥0

≥ −2λ1I

[Arnold, J.D.] Observe that ψp(w) = wp − p(w − 1)− 1,

1 < p < 2

X =

 ψ′′
(
u
u∞

)
ψ′′′

(
u
u∞

)
ψ′′′

(
u
u∞

)
1
2ψ

IV
(
u
u∞

) > 0
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• Assume ∂V 2

∂x2 ≥ λ1Id ⇒ Σ′′ ≥ −2λ1Σ′+κ
|Σ′|2
1+Σ, κ = 2−p

p < 1

⇒ k(Σ[u|u∞]) ≤ 1
2λ1

|Σ′| = 1
2λ1

∫
ψ′′

(
u
u∞

)
|∇ u

u∞
|2du∞

Refined convex Sobolev inequality with x ≤ k(x) = 1+x−(1+x)κ

1−κ

• Set u/u∞ = |f |
2
p/
∫
|f |

2
pdu∞ ⇒ Refined Beckner inequality [Arnold,

J.D.]

1

2

(
p

p− 1

)2
∫ f2du∞ −

(∫
|f |

2
pdu∞

)2(p−1)(∫
f2du∞

)2−p
p


≤

2

λ1

∫
|∇f |2du∞ ∀f ∈ L

2
p(Rd, du∞)

�
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Back to the method of Beckner... First extension: for all γ ∈ (0,2)

1

(2− p)2

∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)γ
p
(∫

Rd
f2 dν

)2−γ
2

 ≤ Kp(γ)
∫
Rd
|∇f |2 dν

with Kp(γ) := 1−(p−1)αγ/2

λk0
(2−p)2

N := ‖f‖2
L2(dν)−

∥∥∥e−tNf∥∥∥γ
L2(dν)

‖f‖2−γ
L2(dν)

=
∑
k≥k0

ak−

 ∑
k≥k0

ak e
−2λkt


γ
2
 ∑
k≥k0

ak


2−γ

2

for any t ≥ −C
2 log(p− 1). By Hölder’s inequality

∑
k≥k0

ak e
−γλkt =

∑
k≥k0

(
ak e

−2λkt
)γ

2 · a
2−γ

2
k ≤

 ∑
k≥k0

ak e
−2λkt


γ
2
 ∑
k≥k0

ak


2−γ

2

N ≤
∑
k≥k0

ak
(
1− e−γλkt

)
≤

1− e
−γλk0

t

λk0

∑
k≥k0

λk ak =
1− e

−γλk0
t

λk0

∫
Rd
|∇f |2 dν
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1

(2− p)2

∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)γ
p
(∫

Rd
f2 dν

)2−γ
2

 ≤ Kp(γ)
∫
Rd
|∇f |2 dν

Optimize w.r.t. γ ∈ (0,2). After dividing the l.h.s. by Kp(γ) we have

to find the maximum of the function

γ 7→ h(γ) :=
1− aγ

1− bγ
, with a =

‖f‖Lp(dν)

‖f‖L2(dν)
≤ 1 , b = (p−1)α/2 ≤ 1

on γ ∈ [0,2].

Theorem 7 Let ν satisfy the LSI (2) with the positive constant C. If

f ∈ H1(dν) is such that f1 = f2 = . . . = fk0−1 = 0 for some k0 ≥ 1,

then

λk0
max

‖f‖
2
L2(dν)

−‖f‖2
Lp(dν)

1−(p− 1)α
,
‖f‖2

L2(dν)

log(p− 1)α
log

‖f‖2
Lp(dν)

‖f‖2
L2(dν)

 ≤ ‖∇f‖2
L2(dν)

(6)

holds for 1 ≤ p < 2, with α := λk0
C ≥ 1.
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1) limiting cases of (6): the sharp Poincaré inequality (p = 1) and the

LSI (p = 2). The previous result corresponds to the refined convex

Sobolev inequality (4) for γ = 2(2− p), but with a different constant

Kp(γ)

2) the refined convex Sobolev inequality (4) holds under the Bakry-

Emery condition, while the new estimate (6) holds under the weaker

assumption that ν(x) satisfies the (LSI) inequality

3) 1− xγ/2 ≥ γ
2 (1− x) with x = ‖f‖2

Lp(dν)/‖f‖
2
L2(dν)

≤ 1

‖f‖2
L2(dν)−‖f‖

γ
Lp(dν)‖f‖

2−γ
L2(dν)

≥
γ

2

[
‖f‖2

L2(dν)−‖f‖
2
Lp(dν)

]
∀ γ ∈ (0,2)

(BPI) is a consequence with 1/κ = 2(2− p)Kp(γ)/γ:

1

2− p

[∫
Rd
f2 dν −

(∫
Rd
|f |p dν

)2/p
]
≤

2(2− p)

γ
Kp(γ)

∫
Rd
|∇f |2 dν

Notice that Cp = 1−(p−1)α

λk0
(2−p)≤

2(2−p)
γ Kp(γ) = 2

γ
1−(p−1)αγ/2

λk0
(2−p)
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=
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4) Concavity of the map x 7→ xγ/2... if x = ‖f‖2
Lp(dν)/‖f‖

2
L2(dν)

≤
(p− 1)α

1

(2− p)Cp

[
‖f‖2

L2(dν)−‖f‖
2
Lp(dν)

]
≤

1

(2− p)2Kp(γ)

[
‖f‖2

L2(dν)−‖f‖
γ
Lp(dν)‖f‖

2−γ
L2(dν)

]
The new inequality is stronger than Inequality (3)...

Assume α = 1 and C = 1/κ, where κ is the uniform convexity bound

on − log ν and define

ep[f ] :=
‖f‖2

L2(dν)

‖f‖2
Lp(dν)

− 1

which is related to the entropy Σ by

dν = u∞ dx , ep[f ] = (2− p)Σ[u|u∞] ,
u

u∞
=

|f |
2
p∫

|f |
2
pdu∞
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The corresponding entropy production is

Ip[f ] :=
2(2− p)

‖f‖2
Lp(dν)

‖∇f‖2
L2(dν)

(GPI) gives a lower bound for Ip[f ]:

ep[f ] ≤
1

2κ
Ip[f ]

while (4) and (6) are nonlinear refinements:

k1(ep[f ]) ≤
1

2κ
Ip[f ], k1(e) :=

1

2− p
[e+ 1− (e+ 1)p−1] ≥ e

and

k2(ep[f ]) ≤
1

2κ
Ip[f ],

k2(e) := max

{
e,

2− p

| log(p− 1)|
(e+ 1) log(e+ 1)

}
≥ e

We remark that for the logarithmic entropy similar nonlinear estimates

are discussed in §§1.3, 4.3 of [L].
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Holley-Stroock type perturbations results

Assume that the inequality

k

(∫
Rd
ψ
(
f2
)
dρ∞

)
≤

2

λ1

∫
Rd
f2ψ′′

(
f2
)
D|∇f |2 dρ∞ (7)

holds with ‖f‖2
L2(du∞)

= 1, ψ(w) = wp − 1− p(w − 1), 1 < p < 2

Theorem 8 [Arnold, J.D.] Let u∞(x) = e−V (x), ũ∞(x) = e−Ṽ (x) ∈
L1

+(Rd) with
∫
Rdu∞ dx =

∫
Rdũ∞ dx = M and

Ṽ (x) = V (x) + v(x)

0 < a ≤ e−v(x) ≤ b < ∞

Then a convex Sobolev inequality also holds for dũ∞ :

1

ap−1
k1

ap
b

∫
Rd
ψ

 f2

‖f‖2
L2

 dũ∞
 ≤ 2

λ1

∫
Rd

f2

‖f‖4
L2

ψ′′
 f2

‖f‖2
L2

D|∇f |2 dũ∞
Here k1(e) := 1

2−p[e+ 1− (e+ 1)p−1]
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Another perturbation result

”µ is a operturbation of ν...”

Cp(µ) := sup
u∈H1(µ)

∫
|u|2 dµ− (

∫
|u|2/p dµ)p

(p− 1)
∫
|∇u|2 dµ

(8)

Theorem 9 [Bartier, J.D.] Let p ∈ [1,2) and p′ = (1−1/p)−1 if p > 1,
p′ = ∞ if p = 1.
Let dµ = e−V dx and ν = e−Wdx be two probability measures such
that Cp(ν) and C2(µ) are finite. Let Z := 1

2(V −W ) and assume that

Z+ ∈ Lp′(ν),

m := inf
Rd

(|∇Z|2 −∆Z +∇Z · ∇W ) > −∞

Then we have

Cp(µ) ≤ Cp :=
2

p
C2(µ) + (

2

p
− 1) C∗p

with C∗p :=
[
Cp(ν) + C2(µ) (2 ‖Z+‖Lp′(dν)

−mCp(ν))+

]



Lemma 10

sup
v∈H1(µ), v̄=0

∫
|v|2 dµ− (

∫
|v|2/p dµ)p

(p− 1)
∫
|∇v|2 dµ

≤ C∗p

Proof. p > 1. Take v in H1(µ) with v̄ = 0,

A(t) := ‖∇v‖2
L2(dµ) −

t

(p− 1)Cp(ν)

[ ∫
|v|2 dµ− (

∫
|v|2/p dµ)p

]
A(t) = (I) + (II) + (III) with

(I) = (1− t)
∫
|∇v|2 dµ

(II) = t
∫
|∇v|2 dµ

(III) = −t
(p−1)Cp(ν)

[ ∫
|v|2 dµ− (

∫
|v|2/p dµ)p

]
.

Define g such that v = g eZ:∫
|v|2 dµ =

∫
|g|2 dν∫

|∇v|2 dµ =
∫
|∇g|2 dν +

∫
δ |g|2 dν, where δ := |∇Z|2 −∆Z +∇Z · ∇W
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Poincaré for µ

(I) ≥
1− t

C2(µ)

∫
|v|2 dµ =

1− t

C2(µ)

∫
|g|2 dν

Cp(ν) <∞

(II) ≥
t

(p− 1)Cp(ν)

( ∫
|g|2 dν − (

∫
|g|2/p dν)p

)
+ t

∫
δ |g|2 dν

and

(III) =
B t

(p− 1)Cp(ν)

with B := (
∫
|v|2/p dµ)p − (

∫
|g|2/p dν)p. Collecting these estimates, we

have

A(t) ≥
∫

(
(1− t)

C2(µ)
+ t δ)|g|2 dµ+

B t

(p− 1)Cp(ν)

Let dπ := |g|2/p/
∫
|g|2/p dν. By Jensen’s inequality applied to the con-

vex function t 7→ e−t, we get∫
|v|2/p dµ∫
|g|2/p dν

=

∫
|g|2/pe−2(1−1

p)Z
dν∫

|g|2/p dν
=
∫
e
−2(1−1

p)Z
dπ ≥ exp [−2(1−

1

p
)
∫
Z dπ]
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(...) B ≥ −2 (p− 1) ‖Z+‖Lp′(dµ)

∫
|g|2 dν. Altogether, we get

A(t) ≥

 1− t

C2(µ)
+ t

m−
2 ‖Z+‖Lp′(dν)

Cp(ν)

 ∫ |g|2 dν
This proves that A(t) ≥ 0 for any t ∈ (0, t∗]

with t∗ := [1 + C2(µ)
Cp(ν) (2 ‖Z+‖Lp′(dν)

−mCp(ν))+]−1

Conclusion: Cp = Cp(ν)/t∗.

Case p = 1 : take the limit �
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The unrestricted case follows from the restricted case

Lemma 11 [Wang, Barthe-Roberto] Let q ∈ [1,2]. For any function

u ∈ L1 ∩ Lq(µ), if ū :=
∫
u dµ, then

(
∫
|u|q dµ )2/q ≥ |ū|2 + (q − 1) (

∫
|u− ū|q dµ )2/q .

Proof. Let v := u− ū, φ(t) := (
∫
|ū+ t v|q dµ )2/q, so that φ(0) = |ū|2,

φ′(0) = 0, φ(1) = (
∫
|u|q dµ )2/q and 1

2 φ
′′(t) ≥ (q−1) (

∫
|v|q dµ)2/q. This

proves that φ(1) ≥ φ(0) + (q − 1) (
∫
|v|q dµ )2/q. �

Proof of Theorem 9. Let v := u − ū and apply Lemma 11 with

q = 2/p ∈ [1,2). Since
∫
|u|2 dµ− |ū|2 =

∫
|u− ū|2 dµ =

∫
|v|2 dµ, we can

write∫
|u|2 dµ−(

∫
|u|2/p dµ)p ≤ 2

p− 1

p

∫
|v|2 dµ+

2− p

p

[ ∫
|v|2 dµ−(

∫
|v|2/p dµ)p

]
.

Cp = 2
p C2(µ) + (2

p − 1) C∗p. �
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