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Fast diffusion equations: entropy methods

Existence, classical results

u=Au" xeRY, t>0

Self-similar (Barenblatt) function: U(t) = O(t=9/(2=d(=m)) a5
t — 400
[Friedmann, Kamin, 1980] ||u(t,-) — U(t, )|/~ = o(t~9/(=d1=m))

heat equation

fast diffusion equation

porous media equation

t t t —> m
d=2 d—1
d d 1

extinction in finite time global existence in L?

Existence theory, critical values of the parameter m
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Fast diffusion equatlons entropy methods
Fast ¢ Mhu n qn tions \m arization of the entre p
Gagliardo-Nir rg inequ alitios mprovemen

Time- dependent rescallng, Free energy

@ Time-dependent rescaling: Take u(r,y) = R=4(7) v (t,y/R(T))

where dR
7 _ Rdi-m)-1 R(0) =1 t=logR
. , R(O)=1, og
@ The function v solves a Fokker-Planck type equation
0

v
8t_A T+ V-(xv), Vr=o=ulo

@ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

— v Lo
f[v].—/Rd (m_1—|—2|x| v> dx — Fo

Entropy production is measured by the Generalized Fisher
information

m 2
Vv dx

+ X

d
E}"[v] =-TI[v], ZI|v]:= /Rd v
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Fast diffusion equations: entropy methods

Relative entropy and entropy production

@ Stationary solution: choose C such that ||Veo|[;r = |Jullp =M >0

o) 1= (€2 ) VO

Relative entropy: Fix Fo so that Flve] =0
Q@ Entropy — entropy production inequality

d23,m€[%,+oo),m>%,m7él

Zlv] > 2 F|v]

<

Corollary

A solution v with initial data ug € L1 (RY) such that |x|? up € L}(RY),
uf' € LY(RY) satisfies Flv(t, )] < Fluo] e~2*

\
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Fast diffusion equations: entropy methods

An equivalent formulation: Gagliardo-Nirenberg inequalities

dx = %I[v]

v 1 5 1 vvrm 2
= — — < —
Flv] /Rd(m_l—i—2|x| v>dx ]:02/]1@‘/‘ v +x

Rewrite it with p = 171,

1 1 14p
Vwl?dx + [ —— — d tPdx — K >
2(2m—1) / [Vwfdx (1 m )/Rd|w| x 0

o for some v, K = Ko ([ga vdx = [oq w?? dX)AY

1 .
QW= Wy = voc{ P is optimal

v=w?P v =wPtl ag

[Del Pino, J.D.] With 1 < p < 5% (fast diffusion case) and d > 3

IWll sy < Colal IIVW I ogrey W18 e

CON _ (y(p—l)z)% (w—a)ﬂ ( ) )5 p___den |, pt
& 2md 2 ro—9)) 77 par2—@-2p) Y T p1
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Fast diffusion equations: entropy methods

. a proof by the Bakry-Emery method

Consider the generalized Fisher information
Z[v] ::/ viz]® dx  with z:= v +x
Rd v
and compute
d
9 Tlv(e, Y42 T[v(t, )] = —2 (m—l)/ (divz)? dx— 22 / (0,772
dt Rd IJ 1
9 the Fisher information decays exponentially:
T[v(t,")] < Z[uo] e 2t
o limi_oo Z[v(t, )] = 0 and lim¢— o Flv(t,-)] =0
° g (I[v(t, 9] =2 Flv(t, )]) < 0 means Z[v] > 2 F|[v]

[Carrillo, Toscani], [Juengel, Markowich, Toscani], [Carrillo, Juengel,
Markowich, Toscani, Unterreiter], [Carrillo, Vazquez|
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Fast diffusion equations: entropy methods

The Bakry-Emery method: details (1/2)

With z(x, t) := n Vu™ 1 — 2 x, the equation can be rewritten as

ou

— 4+ V. =0

5 TV (u2)
(up to a time rescaling, which introduces a factor 2) and we have
0z

51’ (1— )V(u""2V-(uz)) and V®Z:77V®Vum_l—21d

d s ou, / 0z
— dx = — dx+2 = d
dt /Rd ulz]” dx /Rd ot 21" dx+ w05t

9] (11)

(1) = y 8t |z|2 dx—/ V - (uz) |z|?dx
= 2n(1—m)/Rdum* (Vu-z)%dx + 217(1—m)/Rdum*1(Vu-z)(V-z) dx

—|—217(1—m)/ U™ N (z®@Vu) (V@ z)dx — 4/ u|z2dx
RY RY
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Fast diffusion equations: entropy methods

The Bakry-Emery method: details (2/2)

(H)—2/Rduz-%dx
= —2n(1- m)/]Rd [(u™(V -2 +2u™ Y (Vu-2) (V- 2)+ um_z(Vu-z)2] dx

0
/ —u|z|2dx—|—4/ u|z|?dx
rd Ot R

=—2n(1- )/u 2[A(V-2)? +u(Vu-2) (V- 2)

- —2n—/ (192~ (@~ m) (V- 2)) de
By the arithmetic geometric inequality, we know that
Vz2—(1-m) (V-2)>>0
ifl—-m<1/d, thatis,if m>m =1-1/d
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Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg inequalities: improvements

Fast diffusion: finite mass regime

Inequalities...

Sobolev
logarithmic Sobolev
/ Gagliardo-Nirenberg

—> m

Lo

v e L imPy e [}

Bakry-Emery method (relative entropy)

global existence in L'

. existence of solutions of u; = Au™
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Fast diffusion equations: the infinite
mass regime by
linearization of the entropy
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Fast diffusion equations: linearization of the entropy

Extension to the infinite mass regime, finite time vanishing

o If m> m.:= &2 < m < my, solutions globally exist in L}(R9)

and the Barenblatt self-similar solution has finite mass
@ For m < m., the Barenblatt self-similar solution has infinite mass

FExtension to m < m. 2 Work in relative variables !

F [VDllvDo] = ‘/D1 — VDO € Ll
vy — Vp, € L F[Vp,|Vp,] < 00
Vp, = Vb, ¢ L ‘ vy, Vb € L
l ; ; : % > m
d—4 -2 _d_ =1 1
d-2 d+2 d Gagliardo-Nirenberg
‘ [ o™ e L1 iz e 1

Bakry-Emery method (relative entropy)

global existence in L'

My Me my
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Fast diffusion equations: linearization of the entropy

Entropy methods and linearization: intermediate
asymptotics, vanishing

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.L. Vazquez|

ou m_1y  l—m "
E ——V'(UVU )— m AU (1)

@ m. < m< 1, T =+o0: intermediate asymptotics, 7 — 400
R(7) := (T + 7)7mm0

@ 0 <m< mg, T <+o0: vanishing in finite time lim,; ~7 u(7,y) =0
R(7) := (T — r) mem

Self-similar Barenblatt type solutions exists for any m
1= R(r) — 1 Y
t.= Tm |Og (W) and x := m m

1
Generalized Barenblatt profiles: Vp(x) := (D + |x|?) ™!

J. Dolbeault Best matching Barenblatt profiles



Fast diffusion equations: linearization of the entropy

Sharp rates of convergence

Assumptions on the initial datum vy
(H1) Vp, < vy < Vp, for some Dy > Dy >0

(H2) if d > 3 and m < m,, (v — Vp) is integrable for a suitable
D e [Dl, Do]

Theorem

[Blanchet, Bonforte, J.D., Grillo, Vézquez] Under Assumptions
(H1)-(H2), if m <1 and m # m, := 9=%, the entropy decays according
to

Flv(t,")] < Ce20mAaat vt >0

where N4 > 0 is the best constant in the Hardy—Poincaré inequality

/\a,d/ |f? dte—1 g/ IVf2dua Y f € HY (dua)
Rd Rd

with a :=1/(m — 1) <0, dpg := h dx, ha(x) := (1 + |x]?)
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Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg inequalities: improvements

Plots (d = 5)

Spectrum of Lo

A= 80— 4(d+2)

—6a—2(d+2)

Mo
o < —da—2d
il e of s
Ld+20-2)?
—vId- 42
A -2a ——o=—Vi-1- 51

J. Dolbeault

Essential spectrum

of (1 =) £y /-1

Spectrum of
(M =m) Lyfon-1)a
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ast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg inequalities: improvements

Improved asymptotic rates

[Bonforte, J.D., Grillo, Vazquez] Assume that m € (mq,1), d > 3.
Under Assumption (H1), if v is a solution of the fast diffusion
equation with initial datum vy such that fRd X vp dx = 0, then the
asymptotic convergence holds with an improved rate corresponding to

the improved spectral gap.

vim)
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Fast diffusion equations: linearization of the entropy

Higher order matching asymptotics

[J.D., G. Toscani] For some m € (m¢,1) with m. := (d — 2)/d, we
consider on R? the fast diffusion equation

ou m_1y
E+v-(uvu )=0

Without choosing R, we may define the function v such that

u(r,y +x) =R v(t,x), R=R(r), t=1%lgR, x=

D=

Then v has to be a solution of

% v {v (U%W*mc)v\/m*l - 2x)} —0 t>0, xcR?
with (as long as we make no assumption on R)
dR

d
2 —g(m—mc) _ led(lfm)
7 dr
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Fast diffusion equations: linearization of the entropy

Refined relative entropy

Consider the family of the Barenblatt profiles
1
B,(x) =0 % (Cu+2[x?)™" V¥xeR? (2)

Note that o is a function of t: as long as dt 2 # 0, the Barenblatt
profile B, is not a solution (it plays the role of a local Gibbs state) but
we may still consider the relative entropy

1

Folv] = p—

[v" =Bl —mBI ' (v—B,)] dx
d

The time derivative of this relative entropy is

d _ do d m m 1 ov
Srobel= D (Lm) (e e

lo=o(t) M

choose it =0
<= Minimize F,[v] wr.t. o <= [, |x|? B, dx = [, [x|? v dx
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Fast diffusion equations: linearization of the entropy

The entropy / entropy production estimate

Using the new change of variables, we know that

d mo(t)%(m=me) _ 1R

p oo lv(t, )] = T 1 -m /Rd v ’V {Vm - Ba(t)l:H dx
Let w := v/B, and observe that the relative entropy can be written as

m

Folv] = [W—l—%(wm—l)] B dx

1—m Rd

(Repeating) define the relative Fisher information by

7,[v] = /R

so that %ﬁ,(t)[v(t, N=—m(l—m)o(t) Loov(t,)] Vi>0

When linearizing, one more mode is killed and o(t) scales out

ﬁ \Y [(W’"_1 -1) Bl’j"_l} ’2 B, w dx
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Fast diffusion equations: linearization of the entropy

Improved rates of convergence

Theorem (J.D., G. Toscani)

Let me (my,1), d > 2, vy € L1 (RY) such that v, |y|> v € L}(RY)
Flv(t, )] < Ce Mt vt>0
((d—=2) m—(d—4))*

where “agem - ffme (1, ]
Am) = 4(d+2)m—4d ifme [, m)]
4 ifm e [my,1)
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Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg inequalities: improvements

Spectral gaps and best constants

SN il
m2 =

)
27 06

e Caise 1
— Case 2

e Case 3
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Fast diffusion equations: linearization of the entropy

Comments

Q A recent result by [Denzler, Koch, McCann]Higher order time
asymptotics of fast diffusion in Euclidean space: a dynamical
systems approach

@ The constant C in
Flv(t, )] < Ce 27mMt v >0

can be made explicit, under additional restrictions on the initial
data [Bonforte, J.D., Grillo, Vézquez]
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Fast diffusion equations: linearization of the entropy

An explicit constant C 7

%}"[W(t, )N =-Z[w(t,")] YVt>0
hm=2 / [FI2 V3™ dx <2 F[w] < /12*'"/|f|2 V3™ dx
where f := (w — 1) V51, h:= max{supgsw(t,-),1/infpaw(t, )}
/Rd IV Vp dx < h°2" I[w] +d (1 —m) [h*~m) —1] /Rd [F|2 V3~ dx

0<h_1<C}'d+z d+1)m

Flw(t,-)] < G(t, h(0), F[w(0,-)]) for any t >0, where

dG Nad — Y (h) -
- == @@ * 7 = d+2—(d+1)m = .
o 2[1+X(h)] e G,h=1+CG m - G(0) = Flw(0,-)]
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as entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg inequalities: improvements

Gagliardo-Nirenberg

and Sobolev inequalities :

improvements

[J.D., G. Toscani]

=] 5
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Gagliardo-Nirenberg inequalities: improvements

Best matching Barenblatt profiles

(Repeating) Consider the fast diffusion equation

du

Y o (oI vyt —2x)| =0 t>0, xeR

with a nonlocal, time-dependent diffusion coefficient
1
o0 =g [ IxPuletydx. K= [ 1x? Bl
M JRrd
where )
Ba(x) =A% (Cu+L|x*)™" VxeR?
and define the relative entropy

1
Al = —— g [u™" — By —mBY ' (u— B))] dx
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Gagliardo-Nirenberg inequalities: improvements

Three ingredients for global improvements

Q infaso Falu(x, t)] = Forylu(x, t)] so that

qd
dt

where the relative Fisher information is

fa(t)[u(x’ t)] = _Ja(t)[u('7 t)]

Ialu] = A2 (m=mc) _m_ u |vum71 _ VBT_1|2 dx
1—m Jga

Q In the Bakry-Emery method, there is an additional (good) term

Folu(, )] | d d
m] gt FoluC ) = Z (TooluC, 1)])

4 1—|—2Cm,d

© The Csiszdr-Kullback inequality is also improved

Folu] > Collu — Bo ey

__m
8 Jpa By dx
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Gagliardo-Nirenberg inequalities: improvements

improved decay for the relative entropy

kXY
) y
RN t f(t)e"/f(0)
081 %,
LR
L “‘ §~
LR
L KN Sso
", .
061 . Teeel
r ‘"\. ----------

I e,

02 cmmmma- (b)
------------ (c) t
0.0 0‘.2 0‘.4 0‘.6 0‘.8 ]‘.0

Figure: Upper bounds on the decay of the relative entropy: t — f(t)e* /f(0)
(a): estimate given by the entropy-entropy production method

(b): exact solution of a simplified equation

(c): numerical solution (found by a shooting method)
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Gagliardo-Nirenberg inequalities: improvements

A Csiszar-Kullback(-Pinsker) inequality

Let m € (my, 1) with my = 3% and consider the relative entropy

Folu] = ﬁ » [u" — BT — mBI ' (u—B,)] dx

Theorem

Let d > 1, m € (my,1) and assume that u is a nonnegative function in
LY(R9) such that u™ and x + |x|? u are both integrable on RY. If
lulliigey = M and [o [x|? u dx = [pu x> By dx, then

Folu] o m Cullu— By +1/ P lu Byl dx)
of-m) = 8 [ Brdx \ M NLR) T 5 e 7
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Gagliardo-Nirenberg inequalities: improvements

Csiszar-Kullback(-Pinsker): proof (1/2)

Let v := u/B, and du, := BT dx

/ (v—=1) dus :/ B('T’”’f1 (u—=By) dx
Rd Rd

) CM/ (u—B,) dx+ o™= [ |x]?(u—B,) dx =0
RY R

/(v—l)du‘,:/ (v—l)dug—/ (1-v)du,=0

R4 v>1 v<1
[v=tidu = [ v-Ddut [ a-v)de
R4 v>1 v<1

/ |u—Bg|B,'7"_1dx:/ |v—1|du,,:2/ v —1| dpe
RY RY v<1
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Gagliardo-Nirenberg inequalities: improvements

Csiszar-Kullback(-Pinsker): proof (2/2)

A Taylor expansion shows that

1

fg[u]: m o

m _
V"—1-m(v—1)] due = > /Rd M2 lv—12 dpe

>0 [ 1P,
2 v<1
Using the Cauchy-Schwarz inequality, we get
2 m  m 2
(f,oylv— 1] duy)’ = (fv<1|v— 1) BZ B? dx) < [,y lv=1Pdp, fpe BT dx
and finally obtain that

2
_m (ha V=1 duo)”  m (folu— B, BP ™ ax)’
=2 [ Brd< 8 Tos BT dx

Folu]
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Gagliardo-Nirenberg inequalities: improvements

An improved Gagliardo-Nirenberg inequality: the setting

The inequality
IfllLes@ey < Coia IVFIT2(me) ||f||Lp+1(Rd

with 6 = 0(p )'—pplm l<p< g% ifd>3and

1 < p < oo if d =2, can be rewritten, in a non-scale invariant form, as

v
/ |Vf|? dx+/ [FIPTY dx > Kp g (/ |f|2P dx)
RY R RY

with v = y(p, d) := %. Optimal function are given by

1

1 —yP\ A

fy.o(x) = —5 <CM + u) ¥ x €R?
o2 (o

where Cy is determined by [, fo, hodx=

My = {f/\/h%d : (Mayaa) € Mg = (O’OO) x Rd X (O’OO)}
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Gagliardo-Nirenberg inequalities: improvements

An improved Gagliardo-Nirenberg inequality (1/2)

Relative entropy functional

(p) _ 1-p 2p _ ,2p) _ p+1 p+1
RPf] = génmf)Ad[g (IFP7 — g27) = 25(F1P* — g7*)] dx

Let d > 2, p > 1 and assume that p < d/(d —2) ifd > 3. If

fRd |X|2 |f|2p dx _ d(p—1)o. M) ! (p) i= <4 d+2—p(d—2)> d=p(d—4)
T e N o )

for any f € LPt1 N DL2(RY), then we have

v (R(P)[f])2
Vf2d+/ FIPH dx—K (/ fQPd) > Cpd 757
JL IR et [ 117 e ([ 1P o) 2 Coa s
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Gagliardo-Nirenberg inequalities: improvements

An improved Gagliardo-Nirenberg inequality (2/2)

A Csiszar-Kullback inequality

2 2 .
D1 2 Cox £y inf NF?2 = £%Plsqeey
gemy
d

with CCK +i d+2+£d2) 4p Ml PY Let

. 2
€pd = Ca,p Cok

Corollary

Under previous assumptions, we have

v
/ |Vf|? dx+/ [FIPT dx — Kp g (/ |f|?P dx)
Rd Rd

2 4) .
> G I 520G i W~ 82l
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Gagliardo-Nirenberg inequalities: improvements

Conclusion 1: improved inequalities

@ We have found an improvement of an optimal Gagliardo-Nirenberg
inequality, which provides an explicit measure of the distance to the
manifold of optimal functions.

@ The method is based on the nonlinear flow

@ The explicit improvement gives (is equivalent to) an improved
entropy — entropy production inequality
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Gagliardo-Nirenberg inequalities: improvements

Conclusion 2: improved rates

If m € (my, 1), with
F(t) := Folu(- 1)]
o(6) = 2 [ e ulx o) o
J(t) = To(ylu(-, )]

4(m—mc)
L/ u |Vumt = vBr Tt dx
Rd

Tolu] = T
we can write a system of coupled ODEs
fl=—j<0
o' =-2d —(1"_/332 ot(m=m) £ <0 (3)

J 4 aj=2(m—m.) [§+4d(1—m)g} o —r
In the rescaled variables, we have found an improved decay (algebraic
rate) of the relative entropy. This is a new nonlinear effect, which

matters for the initial time layer
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Gagliardo-Nirenberg inequalities: improvements

Conclusion 3: Best matching Barenblatt profiles are
delayed

Let u be such that

d

W 1 WX
v(r,x) = R(D7) u (5 log R(D ), R(DT))

with 7 +— R(7) given as the solution to
d
1 dR 2 ~gtmme)
- — = (;(L—M » Ix|2 v(T, x) dx> , R(0)=1

Then " :
1 dR 1 —2(m=me
Z = |R? Zlog R(D
R o= R0 (3leeron)]

that is R(r) = Ro(7) < Ro(r) where %2 — (R3(r) (0)) "™

and asymptotically as 7 — oo, R(7) = Ro(7 — ¢) for some delay 6 > 0
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Thank you for your attention !

J. Dolbeault
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