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FIRST EIGENVALUES AND GAGLIARDO-NIRENBERG INEQUALITIES (1)

Let H=—-A 4+ V inRY% d > 1 and consider A\1(V), its lowest eigenvalue
Jra |Vu|? dz + [paV |u|? dx

)xl(V) p— inf
u % 0 a.e.
Consider the variational problem
A (W)Y
o = sup [A1( )ld
V eDRY) [pa|V]'T2 dx
V<0

d
By density of D(RY) in LYT2(RY), it is equivalent to

A (V)Y
o = sup (A1 (V)]

4 d
Ve Xy fRd |V|fy 2 dx
V<0, VO0a.e

d
where Xy 1= {V cLVT2(RY) : V<0,V £0 a.e.}



Jra |V |u|2 dr — [nd |Vu|2 dx
R(u,V) =R RH_i
2y

d
LV""Q (]Rd)

Jralul?dz[|V]

T he variational problem amounts to

Ci1 = sup sup R(u,V)
VeXy weHIRD
VZ0Oae u#O0a.e.

Invariance under scalings: VA > 0, if uy = u()\-), V) = A2V (")
R(U’)\a V)\) — R(ua V)

Hint: optimize first on V. With ¢ := 5215%;,

d _ 4
VP22V = —|u? = V=V,=—|u2td2=_|y2D
Ja [ul?? dz — [pa|Vu|? dz
R(u,V) < R(u, Vu) = B . T




[Vu !|2”+d [ ||27+d

2(md 2(mRd
Con(v) = inf LR~ AR
uw e HL(RY) ||“||L2q(Rd)
u = 0 a.e.

Theorem 1 Let d € N*. For any v > max(0,1 — %),

C1 = r1(7) [Can(y)] 2O

14
2 d 2 d
ma() == (2*V-|-d> and mp(y) =2+

Range: ¢ := 2721%. For v > max(0,1 —-d/2), ¢ > 1 and 2¢q < d2—d2

Optimality:
Au + |u|2(q_1)u —u=0 in R4



Summary (1): v > max(0,1 — %)

d
M < ¢ [ Vet da
Cgn(7) is the best constant of the Gagliardo-Nirenberg inequality

—1
HUHL2q(Rd) < Cgn(7) ||Vu\|z§6§d)\| ||§72_i(_féd)

. 2v+d
9-= 27Fd—2

[Benguria,Loss], [Veling], [Weinstein]



FIRST EIGENVALUES AND GAGLIARDO-NIRENBERG INEQUALITIES (2)

Consider now a nonnegative smooth potential V & GOO(IR{d) such that

im V(x) =4

|z|——+00
and denote by A1(V), XA>(V), ...the positive eigenvaluesof H .= —-A+V
. d_ 1/dy .
Yy 1= {VQ Te L*(R*) : V>0, V;z‘é—l—ooa.e.}
Let
2y —d
2(v+1)—d
Second type Gagliardo-Nirenberg inequality:
> 5 L(1-4)
IVull?h iy (Jiga [ul?9 da
Con(y) = inf LR ( )

uwe HY(RD), w0 a.e. ||u||L2(Rd)
Jrd [u|?? dx < oo

€ (0,1)

q:=




With
27 —d

T 2(v+1)—d

q: € (0,1)

Theorem 2 Let d € N*. For any v > d/2, for any V € Y-,

d
M6 [ Ve da

Co = r1(7) [C&N ()] 2D

ved o d
where r1(v) = (28(15555_125)7)2 and  ko(y) = 24

Notice that ¢ < 1, and 2¢ > 1 if and only if v > 14 d/2.

1
p 1
Jalul? do - (Jpa V2™ do )’
R(u,V) :=
Jrd |[Vul? dz 4 [pa V |u|? dx
IS invariant under the transformation

(u, V) = (uy = u(X-), Vy = A2V (X))




Summary (2): v > d/2

_ d_
M G [ VI de
CEn(y) is the best constant of the Gagliardo-Nirenberg inequality

a +(1-4)
— 2 2
Jall 2ty < Cén) IVl Thgay ([, 12 dz)™

N 2v—d
9= 50+41)-4 € (O 1)

Optimal functions for the GN inequality
—Au+u2rl—y=0, wu>0

[DelPino and coll.] w has compact support, V,, is finite only on a ball



FIRST EIGENVALUES AND GAGLIARDO-NIRENBERG INEQUALITIES (3)

(1) F(A(V))
PSP T GV (@) do =

F ([P +V19?) da)

(1) _

© —

a v it G(V (2)) da
Jrd |¢’2 dr =1

Duality condition to relate F and G... Optimization with respect to V
klpl? —G' (V) =0

F ([, (V6241612 (@) (x|6]) da)

(1) _
Cy’ = sup
T senidy fad (G o (GN1) (w1612) da
fRd |§/)‘2 dr =1

o= () ([ (VP + 1617 (@) s 161%) do)
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A simple case: g=1 or F(s) =e 5, G(s) = (4n) /25
o~ Jra(IVEIP+VI9]?) da

(?(1) = sup
F V, qb (47T)_d/2 fRd eV dx
f]Rd |¢|2 der =1
The optimization with respect to V gives
V = —10g(|¢|?)

The Lagrange multiplier k = 1 is such that [pae™" dz = [pa|¢|? dz =1
This is equivalent to the usual logarithmic Sobolev inequality: for any
¢ € HL(RY) such that [pq|¢|? dz =1,

(47T)d/2
/Rd|¢\2'09<|¢|2> dm+|og< oD ></Rd|w?dw

Optimal functions ¢ are gaussian

= (2)'

(&

11



Summary (3):

A (V) 2\—d/2 _v
e "1 < (me?) //Rde dx

IS equivalent to the logarithmic Sobolev inequality:
for any ¢ € HY(RY) such that [pq|¢|? dz =1,
d
2 2 2 2
[ 162 109(6?) do+ log (we?) < [ Vo[ do
[Gross], [Carlen,Loss], [Bobkov,Gotze]
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LIEB-THIRRING INEQUALITIES

Given a smooth bounded nonpositive potential V on Rd, if

)\1(‘/) < )\Q(V) < )\3(V) <... )\N(V) <0

is the finite sequence of all negative eigenvalues of

H=-A+V

then we have the Lieb-Thirring inequality

N

> NI S O () [ VDT do (1)
=1

For vy =1, =N . |)\(V)]| is the complete ionization energy

[...], [Laptev-Weidl] for v > 3/2 the sharp constant is semiclassical
Lieb-Thirring conjecture: d=1, 1/2 <~v<3/2, C 7v(v) =C4

13



A NEW INEQUALITY OF LIEB-THIRRING TYPE

Let V be a nonnegative unbounded smooth potential on R%: the eigen-
values of Hy, are

0 < )\1(‘/) < >\2(V) < )\3(‘/) < ... )\N(V) c

Theorem 3 For any v > d/2, for any nonnegative V. € C®(R%) such
that V4/2=7 ¢ L1(R%),

N d
S AWTTLCH) [ Ve da
1=1

_d/2 My —d/2)
(v)

C(y) = (2m)

14



Theorem 4 An inequality by Golden, Thompson and Symanzik
Let V bein Llloc(]Rid) and bounded from below. Assume moreover that
etV is in LY (R for any t > 0. Then

Tr (et AT < (armt) /R V@) gy (2)

Proof. The usual proof is based on the Feynman-Kac formula. Here:
an elementary approach
|2

d
G(x,t) = (4nt) 2e a1, D f=G(,t)*f
Trotter's formula:

t t n
e_t(_A_I_V): lim <eﬁAe_ﬁv>

n—aoeo

Compute the trace...

15



t
L= /(Rd)n drdxrydxs... dxn G (—, x — 901> e__v(wl) G (n x1 — 902)

n

-e_% V(z2) G (E, Ty — ac) e_% V()

n
Notation x = zg = x4 1:

" t n—1
/ drodridry... drn H G (—, T — xj—l-l) e_% r—o V (z1)
(R)n =0 \n

Convexity of x — e~ %

" k=0

16



Main ingredient:

n
t
/(Rd)n d:I:O dridry...drg_1drgyy ... don H G (5, oF

7=0

d
and G(t,zp, — xp) = (4nt) 2

Tr (G%A e_%v> < /(]R iy drodxydxs ... dry

o512

11 G(E z; ]+1) etV (xg)

17



Proof of the Main Theorem. By definition of the I function, for any
>0 and A > 0,

AT = i/JFOO e A1t
() /o
The operator —A+4V is essentially self-adjoint on L2(R%), and positive:

Tr((-a+Vv) ) = %ﬂfoﬂoﬂ (et ATV)) Ly

d
Since V277 € LY(RY), we get
1 ~+o0 d
_ — - —5_—tV(x) ;v—1
Tr(( A+ V) ) < I‘(y)/o /Rd(47rt) 2e Y~ Ldx dt

r(y—9)
(4m)2r () /R

d
V(x)2™ Vdx

INA

18



Generalization: Let f be a nonnegative function on R4 such that

/Ooof(t) (14¢792) % < o0

F(s) := /Ooe_tsf(t)% and  G(s) 1= [ e (ami) 92 f(t)%

0 0

Theorem 5 LetV bein LL (RY) and bounded from below. If G(V) €
LY(R?), then

> FO) =TrF(-a+ W< [ GV (@) da

1eN*

d
If F(s) =s77, then G(s) = r(vd_ﬁ) s%_7
(4m)21 (v)
If F(s) =e %, then f(s) =6(s—1) and G(s) = (4r)4/2¢~s

~“M(V) 1 ~V(z)
20 i Jeae

19



If V(z) = A?|z|? + B, eigenvalues are:

d
B+ Y (znj+1)A, ni, no ...ng €N
j=1

Bt
[2 sinh(At)]d

Tr <e_t (_A'H/)) —

1 —V(z) . e_B
(47)d/2 /Rde =0 Ay

and the quotient
Sience NV 1 ( A )d 1
fpae V@ dz — (4m)4/2 \sinh A/ ~ (4x)d/2
achieves the optimal value in the limit A — 0. If v > d/2

Tr ((—A -+ V)_7> B sd 0o 71—t »
(1) fraVE Y de T(r—d)Jo (sinn(st))?

with s := B/A converges to 1 in the limit s — 04

20



Optimality in the power law case? Ve =1in (0,e 1 m)4 =, Ve = 400
in 2. Eigenvalues are:

14 &2 Zni, niy, no ... ng € N*

d -
Tr((-a+V)™7) = D (1 +e2 Y n§>

ni, no...ngeN* =1
which behaves asymptotically as € tends to zero as

Z /// dx . 1 / dx
ni, no...ngeN*  nj—1<zi<n; (1 + &2 |£Ij|2)7 (2 g)d R (1 + |x|2)fy
i=1.2...d

|Sd—1| 50 Td—l
(2¢)d /o (1+20 %

The conclusion holds using: (m/e)? = foa V7?77 da

21



STABILITY FOR THE LINEAR SCHRODINGER EQUATION

ElY] := [pa(|V¥]?2 + V [9|?)dz, H := —A + V has an infinite nonde-
creasing sequence of eigenvalues (A\;(V));enx:
A\ (V) = inf sup E[y]
F C L2(R%) veF
dim(F) =1

The eigenfunction ; form an orthonormal sequence:

(?Zi:&j)LQ(Rd) — 57,3 v 7:7 .] S N*
Free energy of the mixed state (v,v) = ((v;);en+ (¥5)ien+):
Flv, ] := > Bw)+ > v E[y]
iCN* i€ N*

Assumption (H) holds if 3 is a strictly convex function, 3(0) = 0,

| > 8@l <oo and | ) 7 N(V)] < oo

iCN* ieN*
where 7, := (8)~1(=X;(V)) for any i € N*
Theorem 5 for F(\) = —8(v) = Av, v = (8)"1(=)) = (H)

22



Lemma 6 Under Assumption (H), if 1 = (¢;);en+ iS an orthonormal
sequence,

rfn[V,¢] _Sjn[l—/a,(_P]
=>" 1 (Bw) = BW) — B @) — 1)) + X0 v (Ely] — Ele5])

Lemma 7 Assume that inf,ogB7(s)s?P =: o« > 0, p € [1,2]. If
Sient B(v;) and Y ,cn+v; B'(v;) are absolutely convergent, then (v; —

2
S (B) —B@) - B @) Wi—) > — v —ol[3 - min { w52, 1215 %}
22/p
1EN*
For any n functions 1, ...,¥, that are orthonormal in L2(R%),

Z Ely;] > Z Ai(V)

Z_

23



Lemma 8 For any orthogonal family (¢;)1<i<n in L?(R®), with ||¢;]|? =

uiandulz...ZVn, n n
Y Elg] > ) v (V)
1=1 1=1

Consequences:
1) There exists a minimizer (,v) of F under the constraint

(TZiale)Lz(Rd) =0;; Vi, jeN’
where the sequence ¥ = (3););en+ IS made of eigenfunctions and
v = (B) (V)
2) If (v,%(t)) obeys to
iy = AP+ Vip;, z€R? >0
then
Flv, )] = Fv,¢°] vt>0.

= Stability
24



EXAMPLES

To various functions 8 with —F(s) = (B0 (8) 1) (=s) 4+ s(8)1(=s)
correspond various generalized Lieb-Thirring inequalities

Example 1. Let m > 1 and consider 8(v) := (m — 1)m Lym=m ™ With
Bw)=(m—-1)""1Ipl-mym-1—_X and m = 17, we get:

—(BW) +Av) =FQ) = (=N
The case v € (0,1) is formally covered by

B(w) i= —(1 —m)™ Hm| ™™
with m € (—o00,0), m = ,yZ—l again and F(s) = (—s)7, but in this case,
B is not convex and the free energy F cannot be defined as above.

Example 2. For m < 1 and B8(v) ;= —(1 —m)™ bm=m ™ with §/(v) =
—(1=m)mLpl-mym—1 —_ X and m = 1. we get:

F(\) =\

25



Example 3. If 8(v) :=vlogv — v, then B/'(v) =logr = =\

~N(V) - ~V(z)
'LEZI\:I* ’ = (4m)d/2 /Rd ’ dm

T his case can formally be seen as the limit case m — 1 in Examples 1
and 2. Here F(s) = e 5, G(s) = (4n)~4/2¢—s

Example 4.1f (v) := viogv+(1—v)log(1—v), then §'(v) = log (%)
—X and F(s) = log(1 4+ e %)

E% 0g (1 + M) < /RdG(V(x)) d

26



INTERPOLATION: (GAGLIARDO-NIRENBERG INEQ. FOR SYSTEMS

Assume that H = —-A 4V has an infinite sequence (\;(V));en+ Of
eigenvalues. Let F' and G be such that

> FO) =TrF(-a+ W< [ GV (@)de
1eN*

Let X :=1lim;_ o X;(V) < 0o and assume that

Spectrum(—A + V)N (—oo, X)) = {N(V) : i € N*}

Define o(s) := —F'(s) and B(s) := — [§o~1(t) dt. Notice that

)= o di= [(#) (1) dt =~ min [B) + v s

27



> v [ (V6 +VIR) de+ 30 B + [, G(V(2)) da > 0

i€N* i€ N*
for any sequence of nonnegative occupation numbers (v;);cn+ and any
sequence (v;);en+ Of orthonormal L?(R?) functions

Method: For fixed v = (v;);en+ ¥ = (¥;);en

Klv, ¢l := [ | 3 vilVyiPde and pi= 3 vluif?

1eN* 1eN*

H(s) := — |G o (G) 1 (=s) +5(G) ()]

Assume that G’ is invertible and optimize on V: The optimal potential
V' has to satisfy

G(V)+p=0

/Rde da:-—l—/RdG(V(a:-)) dr = —/RdH(p(x)) dax

28



Theorem 9
Klv, ]+ 3 Bw) = [ H(p) da
1EN*
with p= % vi|¢il*.
1EN*
Here (Vi)iEN* IS any nonnegative sequence of occupation numbers and
(v;);en+ IS any sequence of orthonormal LQ(Rd) functions.

29



Example 1. Let m > 1 (standard Lieb-Thirring inequality) and consider

ﬁ(l/) = Cm ym, Cm 1= (m _ 1)m—1m—m’ m = ,YPYTl,
F(s) = (—s)Y and G(s) = CL1(y)(—s)7Fd/2
2v +d

4=, AN K1 = q[CLr(v) (v +d/2))77 !

Corollary 10 For any m € (1, +o00),

Klv,v¥] 4+ em Z I/;;m’ZJC/dequ

1EN*

0 d
Klv. m<P@>L/ Iy 0=
(Klv,91) (L D2k [0 de TCEE
The case m = —t5 € (—o00,0), which corresponds to v € (0,1), q €
v—1
(14 d/2,d/(d—2)), B(v) = emv™, em = —(1 — m)™ Lm|~™ is not

covered
Notice that g € (1,1 +d/2) & m > 1
The case vy =1, g =1+ d/2 is not covered

30



Example 2. m € (0,1), B(v) := —emv™, e¢m = (L —=m)™ Im=™, m =

%, F()\) = )\~ 7 and G(S) — e(,y) Sd/Q—fy

- 2v — d
S 2(y+ 1) —d
Notice that v > d/2 = m € (d/(d+2),1)

q .

€ (0,1) and X l:=gqlC(y) (yv—d/2)]9 !

Corollary 11 For any m € (d_%, 1),

K, ¥l +% [ plde > em Y of"

1eN*
Scale invariant version:
0 (1-6)
(KWw.y))" ([ ot de) =0 >
1

- _ d
with 6 = 50+1)

Remark: v1 =1, vy; = 0 for any ¢+ > 2 = standard Gagliardo-Nirenberg

inequalities

31



Example 3. If 3(v) :=vlogrv — v, then B'(v) =logy = —\, F(s) = e %

and G(s) = (4r)~4/2¢s.

Corollary 12

Klv, 9]+ 3 vlogy, Z/delogpdac—l—d/Q log(4) /dedac
1eN*

d e Klv, Y]
ogodr< S vilogr + % 1o ) / d
/de P _2-621\:1* #1909 Z_|_2 g<27rdedpda:> de .

32



CONCLUSION: MOTIVATIONS

The free energy is a measurement of the distance to the minimizer
of a variational problem corresponding to mixed states problems in
quantum mechanics (systems with temperature) which is expected
to be robust with respect to, e.g. semi-classical limits, or when one
takes mean field nonlinearities into account (Poisson coupling / time-
dependent Hartree-Fock with temperature, etc). ...[J.D., Felmer, Pa-
turel, Rein]

Confinement potentials arise in a natural way in dispersion problems
when one goes to self-similar variables. In the standard Gagliardo-
Nirenberg inequalities, the two types of solutions correspond to the two
types of self-similar Barenblatt special solutions for the porous media
equation. The two ‘“dual’ classes of inequalities should therefore not
be a surprise. Confinement also arises in a natural way in the modeling,
for instance of semi-conductor devices. [...]

Drift-Diffusion limits are the main open question. [Chavanis, Lau-
rencot, Lemou,...], [Degond, Ringhofer], [J.D, Mayorga, Méhats]
33



