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Introduction

The Dirac operator for a hydrogenic atom in the presence of a constant
magnetic field B in the x3-direction is given by

. 1 1
H —ﬁ with Hp Z:(X'[TV+§B(—$2,$1,O) —I—ﬁ
I [

v = Za < 1, Z is the nuclear charge number
The Sommerfeld fine-structure constant is o =~ 1/137.037

The magnetic field strength unit is T?;;f ~ 4.4 x 10° Tesla

N.B. The earth’s magnetic field is of the order of 1 Gauss = 10~ Tesla
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The ground state energy A\ (v, B) is the smallest eigenvalue in the gap

As B /, M\ (v, B) — —1: Critical field strength B(v) such that
M(v,B(v)) = -1

Our first main result is a rough estimate of

4 18 /2 2
—— < B(v) < min i 5 e ¢V

A non perturbative result based on min-max formulations
Relativistic lowest Landau level

lim vlog(B(v)) = 7

vr—0
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Min—max characterization of the
ground state energy
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Magnetic Dirac Hamiltonian

Hp ¢ — % ¢ = A1 is an equation for four complex functions ¢ = ()
where ¢, vy € L*(R?3; C?) are the upper and lower components

v

PBX+¢—E¢:)\¢
v
Ppp—x— —Xx=AX
]
with Pg := —io - (V —i Ap(x))
— X2 0
B
Ap(z) = B 1 , B(z):= 0
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If ) = (;’i) IS an eigenfunction with eigenvalue ), eliminate the lower
component y and observe

_ o |Ppg|” 2 VYV 2\ 3

The function \ — J[¢, A\, v, B] is decreasing: define A = \[¢, v, B] to be the
unique solution to
either J[p, \,v,B] =0 or —1

Theorem 1. Let B € RT andv € (0,1). if =1 < infyecee rs,c2) Alg, v, B] < 1,

A (v, B) = igf)\[gb, v, B]

is the lowest eigenvalue of Hg — ﬁ in the gap of its continuous spectrum, (—1, 1)

Relativistic hydrogenic atoms in strong magnetic fields — p.7/3’



Scalings

Lemma2. LetB > 0,A> —1,0 > 0andpg(x) := 03/2¢(0 x). Then

Vi, $o(x) = 072 [V ) —i Ap(0z) $(0 )]

and foranya € R, v € (0,1),

Pgpo|? gatly
(92 1 _J)\i La—l—ly + (1 o >\) ‘¢|2 o |CE| |¢2> d3$

Jpo, \,0%v, 07 B] = /

3
R 2]

Proposition 3. Forallv € (0,1), B — A1 (v, B) is Lipschitz continuous as long as it
takes its values in (—1, +00) and

)\1(1/, (92B) B 0—1
0 0

)\1(V, HQB) 0—1
0 " 0

S )\1(V,B) S

ifA\1(v, B) € (—1,400) andf € (1,2/(1 — X\ (v, B)))
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Proposition 4. Letv € (0, 1). Then for B large enough, A1 (v, B) < 0 and there exists
B* > 0 suchthat \1 (v, B) = —1 forany B > B*

Proof. Consider

B B(lei 2?4 (f(@3)
— 4/ — T * =0
¢ o7 " 0 ’
and f € C3°(R,R) is suchthat f = 1 for |x| < 4, d small but fixed, and Hf||L2(R) =1

r v C
Gplo] = /R3 (; |Pro|® — - |¢\2> d*z < 71 + Cov —Csvlog B

For B large enough, Gg[¢] + 2 ||¢]|* <0, J[¢, —1,v, B] < 0and \;(v, B) = —1

[]
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Critical magnetic field
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The critical magnetic field

B(v) := inf{B >0 : lim A\ (v, b) = —1}
b B

Corollary 5. Forallv € (0,1), A\1(v, B) < 21 < 1 forany B € (0, B(v))

The previous computations show that B(v) < eC/v" forallv e (0,1)

Theorem 6. Forallv € (0, 1), there exists a constant C' > 0 such that

4 18 7 v/?
—— < B(v) < min i 5 L e G/

Proof. Consider the trial function 1) = (93) ¢ = (22)3/4 e~ Blzl*/4 (é)

T
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Proof (1/2)

Golo) = B° [ "L gp e [ o

o

B2 T e —r*/2 5d7“/ cos’ 0 sin@d@—47ru/e_r2/2rdr
2V Jy 0 0

(V] [V8)

= (2m)”

T e_r2/2’r5d7“ — 47TV/ e_r2/2rdr]
3V 0

3
2

N[

= (27)" 2 B

8
3—7; —47TV]

[S][oV
N

B

= (2m)”

If 12 € (2/3,1) and VB > 2Y2Z¥ then Gplé| < —2=—]|¢||» and so

3ve—2"
A1 (v, B)=—1, which proves the first estimate
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Proof (2/2)

and

Forallv € (0,1), B(v) >

51/2

Golol = [ L\ pogp? dba - [ LioP = VB [ 0P
R3 R3 |Z| R3

1. Scale the function ¢ according to ¢ := B3* ¢ (B/2 z) so that
Gglop] = VB Gi[d)

2. Use the truncation function

1 ifr <R
t(r) = s

 R/r ifr>R

3. Use spectral informationon o - L
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Asymptotics for the critical
magnetic field

For small values of v, B(v) ~ ?
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Landau levels

Lowest energy level in the gap is expected to behave as B — ~c like the
eigenfunctions associated to the lowest levels of the Landau operator

Lp:=—1010, — 1020,, —0 - Ap(x)

Goal: small coupling limit v — 0%t and B — oo

Lemma 7. The operator L in L?(R?, C?) has discrete spectrum {2nB : n € N},
each eigenvalue being infinitely degenerate

Ker(L ) is generated by

Bl+1)/2

N . ¢ —Bs?/4
Gy \/m(a:2+zx1) e (

0
1

), (eEN, s*=2x74 22
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Diagonalization of the free magnetic Dirac Hamiltonian

(I P\ R Q@
KB_(PB H)—\/]I—FPE% (Q R),

where R and () are operators acting on 2 spinors, given by

P o__ T8
- JI+PE Y I+ P2
1 Q R-I ) VI+ P2 0
U = . U'KpU =
V2([ - R) (HR Q ) 7 ( 0 VMPJ%’)

Price to pay: P :=U*VU = (11 3) R, Q,U... dependon B
q
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The Dirac energy for an electronic wave function Z = (if)

17 = K[Z] — v (Z,PZ)

K|Z] = (Z,U*KgUZ) (X VI+ P2 X) (Y, VI+ P2 Y)

Full magnetic Dirac Hamiltonian

VI+ P2
U*HpU = U"KgU —vpP =V 15 LA RN
0  —/I+P} :

q-
This formulation allows to decompose upper and lower components of the
wave function on Landau levels...
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Denote by 11 the projector on the lowest Landau level
($1,CE2,CE3)|—>¢£($1,$2) f(l'g) VgeN? \V/fEL2(R)
I, IS ;=T — 11, commute with Lg. For all £ € L?(R3, C?),

(i, H+Pé€>=(ﬂc€, H+P§Hc€>+( 28/ I+ P 25)

At the level of the 4-components spinor

Zc (LR C)*, Z=OZ+1U°Z,

I1 119
0 I, 0 IS

where
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Main estimates

Using
| 1 ]
(a+b)2§a2+62+2\ab!:£% _(1+ﬁ) a2+(1+ﬁ) b2_
i . ]
+b)*>a®+b°—2|ab| = 1— 2+(1——> b*
(a+b)°>a |a bl ili%_( V) a =)
we get
]‘ C C
(Z,PZ)< (1++v) M Z PI1Z)+ (H\ﬁ) (II° Z, P1I¢ Z)
1 C C
(Z,PZ)> (1—+v) (U Z, PI1Z)+ (1_ﬁ) (I1° Z, PII¢ Z)

Proposition 8. Forall Z € CS°(R3, C4]

EvrvrZ)+ &, HII°Z] < EZ] < &, _s2UZ]+E,_ 5|11 Z]
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1 1
P+ (1+B)I=(V—-iAg)*l+oc-B+(1+B)> <ZW+1>

follows from P2 = (V —iAp)? 1+ o - B, the diamagnetic inequality

J.

and Hardy’s inequality. The square root is operator monotone

1 1
VB +4/1+ P2 > \/P2 1+B]I>\/||2+1
ZT

2
V|| ) d>x

(V—z’AB)w)Zd?’xz/Rg
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Consider 7 ~ 0.056 such that 2 (v + /7 ) = 2 — v/2 and define

d(0) == (1 —-20)vV2—-26, di(v):=d(6+(v)) with §.(v):=v+v

We have
d(6) >0 — d<1-—+2/2

de(v)>0 if v<w
Proposition 9. Let B > 0 andd € (1 — v/2/2). Forany Z = ()5) 7 = (}O,)
X,Y € L*(R3,C?)

& [11°Z) > d(é) VB || Iz X |2

L2(R3)

Es[I°Z] < —d(0) VB ||z Y |

L2 (R3)
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The restricted problem

The goal is to compare

A (v, B) = inf , sup Ev|Z]
X €C8e (R3,C2) Y eCge (R3,C2)
X 40

121 12 g3)=1 2=(3)

with
(v, B) = inf sup EuZ]
oo (R3 (C2) X
Xecg (B, Y eCge (r3,c2) Z:(Y)
% X=0, O<||X||%2(R3)<1 . o
HLY:O, ||Y||L2(R3):1_”X”LQ(R?))

which can be reduced to a one-dimensional problem
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A one-dimensional problem

Define the function af : R x RT™ — R by

—|—OOS6 Bs? /2
Wl =8 | Era®

and implicitly define u . by

f'(2)]? . .
/IRl+ug[fVB]+Vao dz+/(1 o (2)|f(2)]7 d

/'Lﬁ[fvyyB] —
/|f )2 dz

Theorem 10. Forall B > 0 andv € (0, 1),

M(v, B) = inf v, B
FnB)= it pelf Bl
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Asymptotic results

Theorem 11. Letv € (0, 7). Forany
Be (1/dy(v)*, min {B(v), Bz(v + V3/2)}),

M (v 402, B) < M, B) < X(v— v, B)

Proof. The upper bound

)\1 (V, B)

IA

IA

inf sup SV_VB/Q [H Z] + g,/_\/; [HC Z]
XeCGe(®3.C2) yeCge(R3,C2)

¢ X =0,I1; X #0

gl/—l/3/2 [H Z] —d_ (V) \/E ”1_121/”2

inf sup S
XeO§e(B3,C2) yeCoo(R3,C2) HHZH%Q(R?’) + HHCLYH%Q(R?’)
% X =0,11 7 X #0
E I1Z
inf sup vovezlllZ]_ M (v —v*%, B)

X eC§e (R3,C2) YeCse (R3,C?) HHZH%P(]R{?’)

% X =0,I1, X #0
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Asymptotics of the critical magnetic field

Define B.(v) :=inf{B >0 : \(v,B) = -1}

Corollary 12. /fv € (0,7),

Br(v+13?) < B(v) < Be(v—1v3?)

Asymptotic behavior of the critical magnetic field B(v)

Theorem 13.
lim vlog B(v) ==

v—0
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Proof. Use: af’(2) = VB a} (\/B z) and the changes of variables

o) = [ abferae, g (ﬁ) — B g(y)

to get
Ac(8,B) =1+ VB (\z(6,1) — 1)
ey =1+ it [ (FIWF = slow)P) dy

9€CE° (B,0)\ {0}
Jr 9(¥)2 du(y)=1

Let k = k(8) := 8 (1 — Az(6,1)), pu(y) == 1/aj(=(y)) and look for the first
eigenvalue 51 = E(9) of the operator —0, + (0) 1(y) such that

6% = E1(9)
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The function a} satisfies

1
ag(2) < ag(0) = g VzeR, aé(z)wmas\z\ﬁoo

To get an upper estimate of E;, consider g, (y) := o0~ /2 cos(my/2 o)

7T2 1 2 7T2 1
o o oly| 2
Bi0) < Tz 40 [ loPutondy < {ne [ Wiy

2

< —47;2 +2kc(e? —1)

7 (1+0(1))

2
1)

and optimize w.r.t. 0 : 72 = 4kco’ e, E1(d) <
Lower estimate: use a step potential
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Numerical computations
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Numerical scheme

(i) Consider the solutions of the ODE

—¢"+kpg=Eg ¢(0)=1 ¢'(0)=0

Adjust E = E4 (k) to be the lowest £ > 0 such that
limy oo [9(y)* +9'(y)?] =0
(i) By definition of the critical magnetic field, B, (d) is such that

J
2= 14 AL, Be(8)) = —/Be(®) )
(ii) Parametrize the problem by x, define § = §(k) = / E1(k)

E1 (K,)

Bg((S(l-i)) =4 p

1(y) ~ e¥ as y — oo, new variables to x = e¥/?2 — 1 < y = 2log(1 + z)
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Numerical results

A v Br(v) b (Tesla) log(b)/ log(10)
Zrant 40 0.292... 5.7...x 108 2.5...x1018 16.4...
Ba2t 56 0.409... 2.1...x10% 9.4...x1012 13.0...
Magnetars 2.3..-2.3...x10% 1010-1012 10-12
Phi.F 82 0.598... 1.8...x 102 8.1...x10M 11.9...
st 92 0.671... 10,310 41 1.5
137.037... 1.0 1.9...x10! 8.5...%101 10.9...
— 1 4.4...x10° 9.6...
Radio pulsars 2.3..x1072-2.3...x1071 105-107 8-9

Relativistic hydrogenic atoms in strong magnetic fields — p.30/3



Summary

Upper bound, lower bound, estimates based on Landau levels and direct
estimates

22
20|
18]

16}
147
12

10+

Ongoing research project [A. Decoene, J.D., M. Esteban, M. Loss]
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