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P. Lax (1957): if U is the unique entropy solution to

Uτ + f(U)ξ = 0 , U(0, ξ) = U0(ξ)

with f ∈ C2 near the origin, f(0) = f ′(0) = 0 and f ′′ > 0, and

if U0 ≥ 0 is of compact support in the bounded interval (s−, s+),

then the following estimate holds:

‖U(τ, ·)−W∞(τ, · − s−)‖1 = O(τ−1/2) as τ →∞

where W∞(τ, ξ) = ξ
f ′′(0) τ−1 if 0 < ξ < −s−+s++

√
2 ‖u0‖1 f ′′(0) τ−1/2

and 0 elsewhere.

Let q > 1 and consider a nonnegative entropy solution of
Uτ + (Uq)ξ = 0 , ξ ∈ IR , τ > 0

U(τ = 0, ·) = U0

(1)
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T.-P. Liu & M. Pierre: limτ→∞ τ
1
q (1−

1
p) ‖U(τ) − U∞(τ)‖p = 0

where U∞ is the self-similar solution U∞(τ, ξ) =
(
|ξ|
q τ

)1/(q−1)
χξ≤c(τ)

Y.-J. Kim (2001)

Theorem 1 Let U be a global, piecewise C1 entropy solution
of (1) corresponding to a nonnegative initial data U0 in L1 ∩
L∞(IR) which is compactly supported in (ξ0,+∞) for some ξ0 ∈ IR
and such that

lim inf
ξ→ξ0
ξ>ξ0

U0(ξ)

|ξ − ξ0|1/(q−1)
> 0

Then, for any α ∈ (0, q
q−1) and ε > 0,

lim sup
τ→+∞

τα−ε
∫
IR
|U(τ, ξ)− U∞(τ, ξ − ξ0)|

dξ

|ξ − ξ0|α
= 0
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1
2 < α(1− 1/q) ⇐⇒ q/(2(q − 1)) < α

Corollary 1 For any β < 1, there exists a constant Cβ such that

‖U(τ, ·)− U∞(τ, ξ − ξ0)‖1 ≤ Cβ τ−β

M :=
∫
IR

U0 dξ and cM :=

(
q
∫
IR U0 dξ

q − 1

)(q−1)/q

Theorem 2 Under the same assumptions as in Theorem 1,

lim
τ→+∞

sup
ξ∈supp(U(τ,·))

τ1/q |U(τ, ξ)− U∞(τ, · − ξ0)| = 0

and ρ(τ) := max [supp(U(τ, ·))] satisfies as τ → +∞

lim
τ→+∞

(1+q τ)−1/qρ(τ) = cM , ρ(τ) ≥ (1+q τ)1/qcM (1+O(τ−1))
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Notions of solution, time-dependent rescaling

Proposition 2 Let U be a nonnegative piecewise C1 entropy
solution of (1), whose points of discontinuity are given by the
curves ξ1(τ) < ξ2(τ) < · · · < ξn(τ). Then the rescaled function

u(t, x) = et U
(
(eqt − 1)/q, etx

)
is a piecewise C1 function, whose points of discontinuity are
given by the curves si(t) ≡ e−tξi((e

qt − 1)/q), which satisfy

s′i(t) =
(u+

i )q − si(t)u+
i − (u−i )q + si(t)u−i

u+
i − u−i

for any i = 1, 2,... n. Out of the curves x = si(t) the function
u is a classical solution of

ut = (x u− uq)x (2)
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and across these curves it satisfies

u−i := lim
x→si(t)
x<si(t)

u(t, x) > lim
x→si(t)
x>si(t)

u(t, x) := u+
i

Moreover u and U have the same initial data U0 := U(0, ·) =

u(0, ·) =: u0. Finally, if U0 ∈ L1(IR), then, for all t > 0, we have:

||u(t)||1 = ||U0||1.

Rankine-Hugoniot condition

ξ′i(τ) =
(U+

i )q − (U−i )q

U+
i − U−i

U−i := lim
ξ→ξi(τ)
ξ<ξi(τ)

U(τ, ξ) > lim
ξ→ξi(τ)
ξ>ξi(τ)

U(τ, ξ) := U+
i
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For every c > 0, let uc
∞ be the stationary solution of (2) :

uc
∞(x) =


x1/(q−1) 0 ≤ x ≤ c

0 if x < 0 or x > c

If c = cM := (q M/(q − 1))(q−1)/q, u∞ := u
cM∞ . ‖u∞‖1 = M .

Comparison results

Lemma 3 Consider two solutions U and V of (1)

Uτ = −(Uq)ξ and Vτ = −(V q)ξ

with nonnegative initial data U0 and V0 such that U0 ≤ A0 V0 a.e.

for some positive constant A0. Then

U(τ, ·) ≤ A0 V (Aq−1
0 τ, ·) a.e. ∀ τ ∈ IR+
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Corollary 4 Let u be a solution of (2) with a nonnegative initial

data u0 satisfying

u0 ≤ A0 uc
∞ a.e.

for some positive constants A0 and c. Then

u(t, x) ≤ A(t)u
c(t)
∞ (x) a.e. ∀ t ∈ IR+

with A(t) = A0 eqt/(q−1)[
1+A

q−1
0 (eqt−1)

]1/(q−1) and c(t) = c
(

A0
A(t)

)(q−1)/q
.

u(t, ·) is supported in [0, c(t)] ⊂ [0, c (max(A0,1))(q−1)/q]

‖ (u− x1/q)+ ‖∞ ≤ (A(t)− 1)+ → 0 as t → +∞ .
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L1 intermediate asymptotics

Relative entropy Σ of the solution u with respect to the station-

ary solution uc
∞: For any positive constants c and c′, let

Σ(t) =
∫ c′

0
µ(x) |u(t, x)− uc

∞(x)| dx =
∫ c

0
µ |u− uc

∞| dx +
∫ c′

c
µ u dx

Define f(v) = v − vq for v > 0.

Proposition 5 Consider a nonnegative solution u with initial

data u0, with compact support in [0,+∞), such that

u0(x) ≤ A0 x1/(q−1) ∀ x ∈ IR+

for some A0 > 0. Assume that limx→0, x>0 µ(x)u
q
∞(x) = 0. Let

c′ > 0 and suppose that the functions µ′uq
∞ and µ u∞ are inte-

grable on (0, c′). Then for every fixed c ∈ (0, c′), for t ≥ 0,
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dΣ

dt
≤

∫ c

0
µ′(uc

∞)q

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx−
∫ c′

c
µ′(uc′

∞)
q
f

(
u

uc′∞

)
dx

− µ(c) c
q

q−1

f

u+(c)

c
1

q−1

+

∣∣∣∣∣∣f
u−(c)

c
1

q−1

∣∣∣∣∣∣


+ µ(c′) (c′)
q

q−1 f

u−(c′)

(c′)
1

q−1


where u±(c) := lim x→c

±(x−c)>0
u(x). If c = c′, then

dΣ

dt
≤
∫ c

0
µ′(uc

∞)q

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx ≤ 0 .
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Proof. Σ(t) =
∫ c
0 µ [u− uc

∞]
[
1lu>uc∞ − 1lu<uc∞

]
dx +

∫ c′
c µ u(t) dx.

We assume for simplicity that u(t, .) has exactly one shock at

x = s(t). Let u± = u±(t) and v± = u±(t)/uc′
∞, where uc′

∞ stands

for uc′
∞(s(t)): v− > v+ and

s′(t) = −(uc′
∞)q−1 f(v+)− f(v−)

v+ − v−

Case 0 < s = s(t) < c.

dΣ

dt
=
∫ c

0
µ ut

[
1lu>uc∞ − 1lu<uc∞

]
dx +

∫ c′

c
µ ut dx

+ [µ(s)|u− uc
∞(s)| · s′(t) ]u=u−

u=u+
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dΣ

dt
≤
∫ c

0
µ′ (uc

∞)q

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx + µ(s) (uc
∞(s))qΨ(v−, v+)

− µ(c) c
q

q−1

[ ∣∣∣∣f (c
− 1

q−1 u−(t, c)
)∣∣∣∣+ f

(
c
− 1

q−1 u+(t, c)
)]

−
∫ c′

c
µ′ (uc′

∞)q f

(
u

uc′∞

)
dx + µ(c′) (c′)q/(q−1) f

 u−(c′)

(c′)
1

q−1


Ψ(v−, v+) :=

[
f(v+)− f(v−)

]
· |v

+−1|−|v−−1|
v+−v−

+ |f(v+)| − |f(v−)|
(i) 1 ≤ v+ ≤ v−: f(v−) ≤ f(v+) ≤ 0 and Ψ(v−, v+) = 0.
(ii) v+ < 1 ≤ v−: f(v−) ≤ 0 < f(v+)

1
2 Ψ(v−, v+) = v−−1

v−−v+ f(v+) + 1−v+

v−−v+ f(v−)

≤ f

(
v−−1

v−−v+ v+ + 1−v+

v−−v+ v−
)

= f(1) = 0

(iii) v+ < v− ≤ 1: f(v−) ≥ 0 and f(v+) ≥ 0, Ψ(v−, v+) = 0
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Rates of decay To emphasize the dependence in α, we denote
by Σα the quantity Σ in case µ(x) = |x|−α.

Proposition 6 Assume that c ≤ cM , c ≤ c′ and c = cM if c′ > c.
Then limt→+∞Σα(t) = 0 and

dΣα

dt
+(q−1)αΣα(t)−α

∫ c′

c
x−α u dx−r(c′) = o(Σα(t)) as t → +∞

with r(c′) = µ(c′) (c′)q/(q−1) f
(
(c′)−1/(q−1) u−(c′)

)
Proof.

dΣα

dt
≤ −α

∫ c

0
x
−α−1+ q

q−1

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx+α
∫ c′

c
x
−α−1+ q

q−1 f

(
u

uc′∞

)
dx+r(c′)

∫ c′
c x

−α−1+ q
q−1 f

(
u

uc′∞

)
dx =

∫ c′
c x−α u dx−

∫ c′
c x−α−1 uq dx ≤

∫ c′
c x−α u dx

f
(

u
uc∞

)
=(1−q)

(
u

uc∞
−1
)
+q(1−q)

(
u

uc∞
−1
)2 ∫ 1

0 (1−θ)
(
θ u

uc∞
+1−θ

)q−2
dθ
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∫ c

0
x
−α−1+ q

q−1

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx ≥ (q−1)Σα−Cq

∫ c

0
x
−α+ 1

q−1

(
u

uc∞
− 1

)2

dx

with Cq = 1
2 q (q − 1) if s(t) > c(t), and∫ c

0
x
−α−1+ q

q−1

∣∣∣∣∣f
(

u

uc∞

)∣∣∣∣∣ dx ≥ (q − 1)

(
Σα −

∫ c

s(t)
µ uc

∞ dx

)

−Cq

∫ s(t)

0
x
−α+ 1

q−1

(
u

uc∞
− 1

)2

dx

if s(t) ≤ c. Thus, with c(t) := min(s(t), c), χ(t) ≡ 0 if s(t) > c(t)
and χ(t) :=

∫ c
s(t) µ uc

∞ dx if s(t) ≤ c(t)

dΣα

dt
+ (q−1)αΣα(t)− r(c′) ≤ Cq

∫ c(t)

0
x
−α+ 1

q−1

(
u

uc∞
− 1

)2

dx

+ q α
∫ c′
c x−α u dx + χ(t)
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As we shall see∥∥∥∥∥ u

uc∞
− 1

∥∥∥∥∥
L∞(0,c(t))

→ 0 as t → +∞ (3)

so that∫ c

0
x
−α+ 1

q−1

(
u

uc∞
− 1

)2

dx =

∥∥∥∥∥ u

uc∞
− 1

∥∥∥∥∥
L∞(0,c(t))

∫ c

0
µ |u− uc

∞| dx

is neglectible compared to Σα(t).

Corollary 7 Under the assumptions of Proposition 6, if c = cM

and if suppu(t, ·) ⊂ (0, c′) ∀ t ≥ 0, then for any ε > 0, there

exists a positive constant Cα(ε) such that

Σα(t) ≤ Cα(ε) e−[(q−1)α−ε] t ∀ t ≥ 0
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Uniform estimates: Refined graph convergence

Proposition 8 Let ε > 0, M =
∫

u0 dx and consider a piecewise
C1 nonnegative initial data u0 with compact support contained
in [0,+∞), such that lim inf x→0

x>0
x1/(1−q)u0(x) > 0. Then there

exists a positive T such that, for any t > T ,
(i) the support of u(·, t) is an interval [0, s(t)]
(ii) infx∈[0,s(t)) x1/(1−q)u(x, t) > 0
(iii) there exists a constant A0 > 0 such that

u ≤ A(t)u
s(t)
∞ with A(t) =

A0 eq(t−1)/(q−1)[
1 + A

q−1
0 (eq(t−1) − 1)

]1/(q−1)

(iv) for any ε > 0, there exists a constant κ such that

u ≥ (1− κ e−qt)u
cM−ε
∞
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Theorem 3 Let u be an entropy solution of

ut + (uq − xu)x = 0 (2)

corresponding to a piecewise C1 nonnegative initial data u0 with

compact support contained in [0,+∞) and assume that

lim inf x→0
x>0

x1/(1−q)u0(x) > 0. Then

lim
t→∞

sup
x∈(0,s(t))

|u(t, x)− u
s(t)
∞ | = 0

where [0, s(t)] is the support of u(·, t) for t > 0 large enough.

Moreover,

lim
t→+∞

s(t) = cM and s(t) ≥ cM −O(e−qt) as t → +∞
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Lemma 9 Consider a solution u of (2) as in Theorem 3. Let

s(t) be the upper extremity of the support of u for t karge enough

and consider h(t) := limx→s(t)
x<s(t)

u(x, t). Then



ds

dt
= hq−1 − s

dh

dt
= h (1− (uq−1)x)

(4)

where by (uq−1)x we denote the quantity limx→s(t)
x<s(t)

(uq−1)x(x, t).

Lemma 10 Consider a solution u of (2) as in Theorem 3. Then

(uq−1)x ≤ (1− e−qt)−1

in the distribution sense.
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Lemma 11 (i) For any ε > 0, there exists t1 > 0 such that

s(t) ≥ cM − ε ∀ t > t1

For any ε > 0, δ ∈ (0,1), t0 > 0, there exists t1 > t0 such that

h(t1) ≥ (1− δ)u∞(s(t1))

(ii) Assume that h(t1) = h1 > 0 for some t1 > 0. Then

h(t) ≥ h1 (1− e−qt1)1/q ∀ t > t1

(iii) As t → +∞, s(t) converges to cM and for any η ∈ (0,1),

there exists a t1 ≥ 0 such that

u(·, t) ≥ (1− η)u
s(t)
∞ ∀ t ≥ t1
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Proof of (iv). Let us prove that s(t) converges to cM . Integrating

(uq−1)x ≤ (1− e−qt)−1 with respect to x, we get

u(x, t) ≥
(
(h(t))q−1 −

s(t)− x

1− e−qt

)1/(q−1)

+
=: v(x, t) ∀ x ∈ [cM−ε, s(t))

Integrating u on (0, s(t)), we obtain a lower estimate for the

mass:

M ≥ (1− η)
∫ cM−ε

0
u∞ dx +

∫ s(t)

cM−ε
v dx

as soon as t is large enough so that κ e−q t < η. Take h0 = h(t1)

(h(t))q−1 ≥ (1− δ)q−1 s(t1)
(
1− e−qt1

)(q−1)/q
=: h1 ∀ t > t1

Conclusion by contradiction on (cM − ε, s(t))
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