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Introduction
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Symmetry and symmetry breaking

The symmetry principle of Pierre Curie:
“Effects are at least as symmetric as their causes”

The target was electromagnetism more than a century ago, but soon it

was realized that physics is not as simple: with ferromagnetism for
Instance, it can only be required that even if symmetry is broken after
magnetization, all final states are equally likely to occur. These states are
usually not radially symmetric. Symmetry breaking is a key concept in QFT.

Mathematically: symmetry in PDESs has been widely used to understand
the uniqueness or multiplicity properties of the solutions. Standard
scheme goes as follows:

@_ prove some symmetry properties by symmetrization or comparison

techniques of the solutions (ground states) of an (Euler-Lagrange)
equation

@_ prove uniqueness by ODE techniques

but also: bifurcation analysis, branches of solutions within certain classes
of symmetry, direct analysis of the solution set,...
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A symmetry breaking mechanism

Much less is known concerning symmetry breaking. Known results are
based on

@_ energy considerations + linear analysis
@ characterization of some asymptotic regimes

What is the reason for symmetry breaking ? In this talk: the competition of
a nonlinearity which tends to aggregate or concentrate the solution and of
an (external) potential term which “prefers”
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The solution with broken symmetry
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Can we understand the transition from a regime of ground states with
symmetry to a regime where symmetry is broken ? Can we quantify this
phenomenon ?
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The energy point of view (ground state)
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Symmetry results
(moving planes)

Some simple remarks




The theorem of Gidas, Ni and Nirenberg - extensions

Theorem 1. [Gidas, Ni and Nirenberg, 1979 and 1980] Let u € C?(B),
B = B(0,1) C RY, be a solution of

Au—+ f(u)=0inB, u=0o0ndB

and assume that f is Lipschitz. If u is positive, then it is radially symmetric and decreasing
along any radius: u’(r) < 0 forany r € (0, 1]

Extension: Au + f(r,u) =0, r = |z| if % < 0... a “cooperative" case

Theorem 2. [JD, Felmer, 1999] Consider solutions of

Au+ A f(r,u)=0inB, u=00n0B

and assume that f € C’l(]RJr X R+) (no assumption on the sign of %). There exists
A1, Ao with O < A1 < Ao such that

() if A € (0, A1), then <= (u — Aug) < 0 where ug is the solution of

Aug + Af(r,0) = 0.
(i) if A € (0, A2), then w is radially symmetric
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Proof: spectral issues

The counter-example of Gidas, Ni and Nirenberg if % > 0 Is based on
eigenfunctions and eigenvalues

A sketch of the proof of (ii): z = (—z1,2'), |2/| = |z|, u(z) = u(Z)
Au+ X f(r,u) =0

v==u—u,c=(f(r,u)— f(ru)/(u—1a)
Av+Acv =0
A1 =sup{A>0: Av+Acv=0 = v =0}
A2 = sup{A >0 : Av+ Acv = 0and v changes sign — v = 0}

If A < Ao,

@_ either A = \; and v is nonnegative... but v(z) = u(x) — u(z) = —v(x)
andsov=0:u=u1u

@ or A # \i: v =0, same conclusion ]
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Caffarelli-Kohn-Nirenberg
Inequalities

Joint work(s) with M. Esteban, M. Loss and G. Tarantello




Caffarelli-Kohn-Nirenberg (CKN) inequalities

p 2/p 2
/ u dx < C’évb/ [Vl dx VuecDgy
ry [2]0P U e fx]2e |

witha <b<a+1ifN>3,a<b<a+1if N=2,anda# &2

_ 2N
P= N=2r20—a)

Doy i= { 2| u e LP(RY  dx) : |z|~ |Vu| € L?(RN,dx)}

Y

(a")): (pll)
h‘w\daa —

A
(alb): @0\: Coé.;@w
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The symmetry issue

p 2/p 2
/ u dx < Cévb/ [Vl dx VuecDgy
ry [2]0P U fx[2e ’

C.» = best constant for general functions «
C, , = best constant for radially symmetric functions «

*
a,,b S Ca,b

Up to scalar multiplication and dilation, the optimal radial function is

2a (14a—0>b)

___b—a
ug () = (14 e~ ) T

Questions: Is optimality (equality) achieved ? do we have u,, = uy ;, ?
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Positive answers

[Aubin, Talenti, Lieb, Chou-Chu, Lions, Catrina-Wang, ...]

@ Extremals existfora <b<a+landfor0<a <2, a<b<a+]l,
N > 2

@_ Optimal constants are never achieved for b = a < 0, N > 3 and for
b=a+1, N > 2

Q@ IfN>3,0<a<®2 anda <b<a+1,the extremal functions are
radially symmetric ... u(z) = |z|* v(x) + Schwarz symmetrization

[C%uw,aw 1), [ Horitdoa 97

h ki
~ - \ ()ﬂ}oi.[\:‘lb
\ / Ay 0)0/’7"'0‘(
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More results on symmetry

@ Radial symmetry has also been established for N > 3, a < 0,
small and 0 < b < a + 1: [Lin-Wang, Smets-Willem]

al

@ Schwarz foliated symmetry [Smets-Willem]

N = 3: optimality is achieved among solutions which depend only on
the “latitude" # and on r. Similar results hold in higher dimensions
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Symmetry breaking

@_ [Catrina-Wang, Felli-Schneider] if a < 0, a < b < b¥"°(a), the extremal
functions ARE NOT radially symmetric !

Zones of symmetry breaking in dark grey. Left: N > 3. Right: N = 2

FS N(N—-2—-2a) 1 9
b""(a) = 2 \/(N—2—2a)24+4(N-1) 3 (N —2-2a)

@ [Catrina-Wang] As a — —oo, optimal functions look like some
decentered optimal functions for some Gagliardo-Nirenberg
Interpolation inequalities (after some appropriate transformation)
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Main result 1 [J.D.-Esteban-Tarantello]

@ For N = 2, radial symmetry can be proved when
—n<a<0 and —en)a<b<a+1

Theorem 3. For alle > 0 there exists > 0 s.t. fora < 0, |a| < n and

2
p—E€

() if|a| > (1+ |a|?), then Cy p > C' , (symmetry breaking)

(i) if|a| < pis (1+1al?),then Cop = C¥, and ugp = ul

b
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Main result 2 [J.D.-Esteban-Loss-Tarantello]

@ For N > 2, radial symmetry can be proved when b is close to a + 1

Theorem 4. Let N > 2. Forevery A < 0, there exists € > 0 such that the extremals
are radially symmetricifa +1 —e < b < a+ landa € (A,0). So they are given by
Uz,w up to a scalar multiplication and a dilation
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Zones of symmetry breaking in dark grey. Left: N = 2. Right: N > 3
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Main result 3 [J.D.-Esteban-Loss-Tarantello]

@_ The symmetry and the symmetry breaking zones are simply connected
and separated by a continuous curve

Theorem 5. For all N > 2, there exists a continuous function a*: (2, 2*) — (—00, 0)
such that lim,_.9+ a*(p) = 0, lim,_,», a*(p) = —oc and

() If (a,p) € (a*(p), 252) % (2,2*), all extremals radially symmetric

(i) If (a,p) € (—o00,a*(p)) x (2,2%), none of the extremals is radially symmetric

W s

Conjecture. The curves
obtained by Felli-Schneider
and ours coincide
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Emden-Fowler transformation and the cylinder C =R x S¥!

1
t =log|z| 9:f%esN*, w(t,0) = o] ~"v(@), A=7(N—2-20)
xr

[wl3ae) < Cam [IV0]22c) + A llwll3a(e))

Exlw] == [[Vwl| 72y + AlwllZz e
0&;;:cgﬁ::uﬁ{gA@@ |uﬂimozzl}
N — 92)2
a<(0 = A> ( 1 )
b 0 <— 2N
P= N9

b—(a+1) -0 < p— 2,
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Symmetry breaking

Strategy of [Catrina-Wang, Felli-Schneider]

Expand &, [w] around w} , with w an appropriate orthogonal space to
wp,p- This amounts to study the spectrum of

“A+ A= (p—1)wj, P

in H'(C), make en expansion in spherical harmonics and compute the
lowest eigenvalue associated to the first non-constant spherical harmonic
function

Alternative proof in dimension N = 2 close to (a,b) = (0,0):
[J.D.-Esteban-Loss-Tarantello]
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Auxiliary results for symmetry proofs

Multiplication by constants does not affect optimality (no more scaling
invariance in C): we normalize so that the optimal functions solve
—Aw + Aw = wP~ !, thatis

/\Vw|2da:+A/\w\2da::/|w|pdx
C C C

With 1/C p = E[w]/[[wl|7, ¢y, this determines [[wl|» (c)

Lemma6. Let N > 2, p € (2,2%). Forany A # 0, we have

N \“p-z _ _ 4 |gN-1 Lo c
(CA,p) * = HwA,p L?(C) < HwA,pH]Zp(c) — 4|S |(2Ap)p 2 QP—T/K
where p — ¢, is increasing and lim,, o 210 VD —2¢c, = V21
The extremals can be chosen to satisfy: wy , depends only on r and the

azimuthal angle 0, maxc wy , = wa ,(0,6p) for some 6y € S¥~1 and
Orwp , < 0foranyt > 0
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“Hardy” regime ( bcloseto a+ 1, N > 2)

Proof of Result # 2: Let (A, ).en and (py, )nen be such that

lim A, =A>(N-2)*/4 and lim p, =2,

n—-+oo n—-+oo

such that the corresponding global minimizer w,, := w,, . ,, satisfies

]:A,p[w/\n,pn] < FA,P[wj\n,pn] and — Aywn + A, w,, = wg—l in C

Pn Pn

Define ¢2 := (A, p,) P2 2m—2 /p, — 2 and W,, := ¢,, w,. We have
lim,,— 400 c2P» = A and

limsup/|VWn|2dy—|—An/ngyzlimsupci/wﬁn dy < |SN 7 \2m/A
C C C

n—-+oo n—-+oo

so that (W,,),en is bounded in H*(C). By elliptic estimates, W,, — W and
—AW + AW =AW — W =0
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“Hardy” regime (continued)

Let x», := Vow,, :=sin 6?7 2 (sin 0?2 w,,). By differentiating
—AW,, + A, W,, = c2=P» WP~~1 with respect to 6, we get

_AXn ‘|‘ An Xn — (pn _ 1) C%_pn Wﬁ”_Q X'n
0= [, IVxnl?dy + A [, [xnl? dy — (D — 1) 2P [, WE 2 |xp, |2 dy

Since [on 1 xndf =0
Jo IVxnlPdy > (N =1) [, |xnl* dy

by the Poincaré inequality. But W,, is bounded by W,,(0, 6,), we get

0> (N =1+ Ay — (pn = 1) 7P W, (0,00)" 2 ) / Xn|? dy
-~ C

\

—0 adS n—oo

This proves that y,, = 0 for n large enough ]
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Symmetry and symmetry breaking regions are separated by a cu

Proof of Main result # 3 (N > 2): let w, (t,0) := w(ot,0) forany o > 0

) [ IVow!|? dy

Forpp(we) = o' TP Fr (w) — o7 112/P (o2
p p (fc |w|p dy)2/p

Lemma7. If N >2,A > 0andp € (2,2%)
(i) If C/]Xp = C/]X’;, then C’f\\fp = Cf\\i; and wy p = w} ,, forany A € (0, A)

(i) If there is a non radially symmetric extremal wy ,, then Cﬁ\vp > Ci\]; forall A > A
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Symmetry and symmetry breaking regions are separated by a cu

Corollary 8. Let N > 2. Forallp € (2,2*), A*(p) € (0, A¥>(p)] and

() 1A € (0, A%(p)), then wy,, = w} , and clearly, Y, = O
(i) 1A= A*(p),then CN = CL "

(i) A > A*(p),then CY > Cy "

Y o L

Upper semicontinuity
IS easy to prove

For continuity,

a delicate spectral
analysis is needed
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Extensions and limit cases

@_ The case of dimension 2
@_ Other Caffarelli-Kohn-Nirenberg inequalities

@ Logarithmic Hardy inequalities
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Proof of Result # 1 in the case of dimension 2

Joint work with M. Esteban and G. Tarantello
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The case of dimension 2 (1/3)

Assume that there exists ¢ € (0,1) and, foralln € N, a,, > 0, p,, > 2,
such that lim,, ., a, =0, a, p, <2 —¢p and E(w,) < E(w) with
Wy, = Wq,,. p, aNd W) = w; . We can assume

Qn, Pn

Ow,,

ot

— (02w, + Oiwy,) + a*w, =wk™t in R X [—m, 7]

Wy (t,0) = wy(—t,0) ,

(¢,0) <0 Vt>0 and wn(0,0):méxan

wy >0, wy(t,-) Is2m-periodic ViteR

As p, — +oo, for a subsequence, we have

li 2(0,0) =1, 1 2 (0,0)]"" =0,
Jim wn(0,0) =1, lim w,(0,0)]

lim pn, [0, (0,0)]"" " = p € [1, +00)

n—-+oo
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The case of dimension 2 (2/3)

Define V,,(,0) = p, (U’:gg 9 - 1) — 1 4 limy o (1 — £,) an/en

_ v, \ Pt Vo\

Vi, <0=V,(0,0), V,(t,-) Iis2m-periodic

pn (0, (0,0))"" (1+K)p da;—pn/\wn|pn dx
C

< pn / lw? [Prde =81 (1 + ) < 87
C
Elliptic estimates and Harnack’s inequality imply that V,, — V' locally and

AV =pe" in C, pf,e"dr <8r(l+w)
maxe V <0=V(0,0), V(t,-) Iis 2m-periodic VieR
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The case of dimension 2 (3/3)

Known results on Liouville’s equation —AV = pe¥ and
i fo e¥ dx < 8r(1+ «) show that

p=2(+1)* and V(t)=—2log[cosh((a+1)t)]

With x,, := pw,, such that —Ay,, + a2 xn = (pn — 1) (wa(t,0))"" " x»

Wn ,9 n_2
IV a3 402 X2 = (pa—1) /C (LelLf)P =22 gy o (p—1) /C ~ V2 da

W —2
0= |Vxall3+ a2 [xnl2: = (n — 1) Jo (wa(t,0))"" X2 da
> [14+ a®> —(a+1)*—(p, — 1) (wy,(0,0 P2 T, 12
> | E iy )J Sp )( V( ) J ] IxallZ (€)
—0 <1 —pu=2 (a+1)2 —0
2
_ X
F[2a+ 17 = (0 = ) @a0.0)7 2] [ ©_do
| ~ ~ J] ¢ (cosh((a + 1)t))°

—p=2(a+1)?
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Generalized Caffarelli-Kohn-Nirenberg inequalities

Joint work with M. del Pino, S. Filippas and A. Tertikas
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Other Caffarelli-Kohn-Nirenberg inequalities

Let2* = if N=10or N =2,2*=2N/(N —2) if N > 3 and define

N (p—2)

Theorem 9. [Caffarelli-Kohn-Nirenberg-84] Let N > 1. Forany 6 € [¥(p, N), 1], there
exists a positive constant C(6, p, a) such that

2 0 1—60
W\ / Vu? / uf?
d < C(0 d d
(f apr @) =COp (| o ) [, e

Define
6(a,p,d) = g’d__ 3 (p+2)2(d*+4a®> —4a(d—2)) —4p(p+4) (d—1)]
(e =2 2=

2 p+2
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Symmetry breaking for generalized CKN inequalities

Theorem 10. Letd > 2,2 < p < 2*anda < a_(p). Then C(0,p,a) > C*(0,p, a)
if either

d— 2 2vVd—1
¥(p,d) <0 < O(a,p,d) when a>—— —

2 J/r-2)p+2)

or

d— 2 2vd—1
Y(p,d) <6 <1 when a< —

2 Jr-2)(p+2)

In other words, symmetry breaking occurs if a, € and p are in any of the two above
regions. Moreover, if a < —1/2, there exists € > 0, y; > d/4 and 2 > 71 such that
symmetry breaking occurs if = v (p — 2) forany v € (v1,72) andany p € (2,2 + ¢)
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Plots (1/2)
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Plot of the admissible regions (gray areas) with symmetry breaking region established in
Theorem [10] (dark grey) in (n, #) coordinates, with n := b — a, for various values of a, in
dimension d = 3: from left to right, a = 0, a = —0.25, a = —0.5 and a = —1. The two curves
aren — ¥(p,d) =1—mnand n+— O(a,p,d), forp=2d/(d — 2+ 2n). In the range

a € (—1/2,0), they intersect fora = a_(p),i.e. n=2a (1 — d)/(d + 2a). They are tangent
at (n,0) = (1,0) fora = —1/2. The symmetry breaking region contains a cone attached to
(n,0) = (1,0) for a < —1/2, which determines values of ~ for which symmetry breaking
occurs in the logarithmic Hardy inequality
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Plots (2/2)

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5

Left.— For a given value of 6 € (0, 1], admissible values of the parameters for which the
generalized CKN inequality holds are givenby n =b — a > 1 — 0 (grey areas) in terms of
(a,n). According to Theorem [10, symmetry breaking occurs if 8 < ©(a, p, d), which
determines a region n < g(a, 6) (dark grey). Notice that n < g(a, 1) corresponds to the
condition found by Felli and Schneider. The plot correspondstod = 3 and § = 0.5

Right.— Regions of symmetry breaking,i.e. 1 — 0 < n < g(a, ), are shown for § = 1, 0.75,
0.5, 0.3, 0.2, 0.1, 0.05, 0.02. For each value of 6, the supremum value for which symmetry
breaking has been established is a = a_ (p) for p = 2d/(d — 2 0), which determines a curve
n = h(a) by requiring that 6 = 1 — n. The limit case n = 0 = h(0) corresponds to the case
studied by Felli and Schneider
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Logarithmic Hardy inequalities

Joint work with M. del Pino, S. Filippas and A. Tertikas
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Logarithmic Hardy inequalities

Theorem 11. Let N > 3. There exists a constant Cry € (0, S] such that, for all
2
u € DV2(RY) with [o, % dr = 1, we have

|U|2 N-2 N 2
> log (J|™ ~2u| ?) dz < = log |Cru Vu|® dz
re [2]2 2 Re

Theorem 12. Let N > 1. Suppose thata < (N —2)/2,v> N/4andy > 1/2 if
N = 2. Then there exists a positive constant Cqr,31 such that, for any u € D12 (RY)

2
normalized by [, |56||;E—|“+1) dx = 1, we have

|U|2 N—2-9 2 / |CU|2
| a dr < 2~1 C d
/Rd 2|2 (a+1) og (|| [ul®) dz < 2+ log |CeLn . a 4

@ |x]?
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Logarithmic Hardy inequalities: radial case

Theorem 13. Let N > 1,a < (N —2)/2and~y > 1/4. lfu = u(|z|) € DL2(RY)

2
is radially symmetric, and [, |56||;E—|“+1) dx = 1, then

|U|2 N—-2-2 2 / |CU|2
| “ dr < 2~1 C?t d
deLfP(a+1> Og(kt| |U|) L > 27 108 GLH Rd|1ﬂ2a L

1 4~v—1

. 1 (3] ( 4y—1 ) R 1
GLH T ~ (8 N +1 e)ﬁ (N—2-2a)2 if v > 4

r(5)°

CGLH—4 —Nrig 'Y:i

If v > i, equality is achieved by the function

where @(x) = |£I?|_N_22_2a exp (_(]Z(_42fy_—2f))2 | log |z ]2>

B

e

2

CC
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Logarithmic Hardy inequalities: symmetry breaking

Theorem 14. Let N > 2anda < —1/2. Assume thaty > 1/2if N = 2. If, in
addition,
N 1 (N—2a—2)?

— << <
N A YA

then the optimal constant C1,g is not achieved by a radial function and Cqrg > CELH
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Symmetry breaking In
gravitational models

An example of defocusing external potential
Joint work with J. Campos and M. del Pino




Relative equilibria in continuous stellar dynamics

Gravitational (non-relativistic) Vlasov-Poisson system in R? |

(9]
_HQJ
OF +w-V.F —V, bV, F =0 / P
AD = / F dw l
RS o
- o

Theorem 15. Forany N > 2,anyp € (1,5), 4 i -
any positive numbers A\, Ag, ... Ay andanyw > 0
small enough, there is a solution F'* which is a relative equilibrium with angular velocity w

whose support has [V disjoint connected components, each of them with maés m;’ such
that

= )\Eg_p)/Q My =: M,

lim m;”
w—04
for some positive constant m... The center of mass 2%’ (¢) of each component is such that

lim,, 0, w?/3 2% (t) =: 2;(t) is a relative equilibrium of the N-body Newton’s

equations with gravitational interaction
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Newton’s equations and basic relative equilibria

2 N
dZZ' Z mg;mg; 25 — Z4

i B 4 |Zj — Zilg

dt?
i#j=1

Ansatz: the system is stationary in a reference frame rotating at constant
angular velocity Q = wes: 2’ = (2, 2%,0) =z — (v - e3) e3

Newton’s equations in a rotating frame

d’x; N m; XTj—Xg 2 ./ dx;
dt2 Zi;éjzl A |xj—x;|3 T w T, +20QA dt

Relative equilibria are critical points of the function

1 m; m w?
Volzy, xh, ... 2ly) = —— — 2377’L@-|ac’-|2
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Relative equilibria: classification

@_ Lagrange solution: all masses m; are equal to m > 0 and z are
located at the summits of a regular polygon, whose radius is adjusted

so that
N-1
+-wr?| =0 with ay:=—
dr L4dmw r = 2 V2 et v/1—cos (2mj/N)

[Perko-Walter]: all masses have to be equal

Scale invariance: r(N,e%?w) = 1 r(N,w) Ve >0
If VV, (2], 25, ... xy) =0,

then VV.s)2 (et af,e o, ... e7taly) =0

the study of the critical points

of V, can be reduced to the case w =1

@ [Palmore] For N > 3, there are (generically) at least  Laguuge mhotino
ui(N) = (1) (N — 1 —1) (N — 2)! distinct relative equilibria

Optimal functions and svmmetrv breakina in Caffarelli-Kohn-Nirenbera ineaualities — n. 46/50



Stationary solutions of the Vlasov-Poisson system ( w = 0)

If w = 0, one can minimize the free energy

://]12{3><]R{3B(f) dxdv+%/ABXR3\v|2fdxdv—%/RBWW dx

under the constraint ... s f dxdv = M to get a stationary solution
which is then dynamically stable

With 5(f) = « f4, this amounts to look for an optimal function of the
Interpolation inequality

p(z) p(y) . e
drdy < C M| fl|3qms g [of? f dx dv
R3 x R3 |33 — y| R3 x R3

with p = [ f dv

[Guo, Rein, Schaeffer, Soler, Sanchez,...]
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Relative equilibria of the Vlasov-Poisson system

If w £ 0, one find the relative equilibria by minimizing the free energy in
the rotating reference frame

L 1 2 2.2 1 2
Flf] = /,/Ri%fo(f) dxdv+2//IRgXR3(\v| w? x| )fdxdv 2,/RB|V¢| dx

under various constraints:
@_ symmetry constraint (under rotation of an angle 27 /N)
Q@ mass constraint [ [s, ps f drdv =M

@ angular momentum constraint [ [.s. ps |z|° f dedv = J

@_ a localization constraint

Three-dimensional case: [McCann]
Flat case: [Rein, J.D.-Fernandez]

Optimal functions and svmmetrv breakina in Caffarelli-Kohn-Nirenbera ineaualities — n. 48/50



Method

Let z = (2/,23) € R? x R, fix A\{,... Ay and w > 0, small: the problem is
N
Ag = Zpi in R, Pi = (%WQ |517/|2 — A — Cb)i X
1=1

where y; denotes the characteristic function of K; + Boundary condition
lim ;. u(z) = 0 + Mass and center of mass associated to each

component by

1
m; ::/ p; dr and x; := —/ x p; dx
R3 m; Jrs

Lyapunov-Schmidt method [Campos-del Pino, J.D.] applied to

1 p
/ ()\i + () — = w? |:L"|2) dx — m; \;

1 N
Tl =35 . Vol? de+ )
1 =1
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Numerical results

a0

[J.D.-Salomon, work in progress]
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