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Outline

Parabolic-elliptic model: preliminaries

@_ Introduction: the two-dimensional parabolic-elliptic Keller-Segel
model, the M < 87 regime, scalings, etc

@_ The asymptotic behaviour of the solutions of the Keller-Segel model

Parabolic-parabolic model

@_ introduction: self-similar solutions, parametrization, etc
@_ a priori estimates

@ cumulated densities

@ detailed results

Q@ plots
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Parabolic-elliptic model:
preliminaries




The parabolic-elliptic Keller and Segel system

([ Ou 5
E:Au—v-(uVU) reR? t>0
{ —Av=u reR?, t>0
| u(,t=0)=mnp >0 r € R?
We make the choice:
(tha) = —— | loglz —ylult,y) d
v r) = —— og |\ — U
3 2 S g Y Y ) ay
and observe that
1 T — Yy
Vo(t,x) = u(t,y) dy

27 Rz [T — y[?

: d
Mass conservation: — [ wu(t,z) dx =0
dt Jp2
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Blow-up

M = [..nodx > 8mand [, |z|* ngdz < oo: blow-up in finite time

a solution v of

ou
T Au—-V-(uV
5 u (u Vo)

satisfies

d

7 2| u(t, x) da

:—/ QxAudx—l——// 25|C y|§) u(t, x) u(t,y) dr dy
R2 R2 % =Y J/

R2

M? .
=4 M- — <0 If M>8m

2T
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Existence and free energy

M = [, no dx < 8m: global existence [ Jager, Luckhaus ], [ JD, Perthame ],
[ Blanchet, JD, Perthame |, [ Blanchet, Carrillo, Masmoudi ]

If u solves
ou
— =V - |u (V(logu) — Vv)]
ot

the free energy

1
Flu] ::/ ulogudw——/ uv dx
R2 2 R2

satisfies

d

%F[u(t, ) =— ,/R? u|V (logu) — Vv|2 dx

Log HLS inequality [ Carlen, Loss ]: F'is bounded from below if M < 8«
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The dimension d = 2

@ In dimension d, the norm L%/2(R?) is critical. If d = 2, the mass is
critical

@ Scale invariance: if (u,v) is a solution in R? of the parabolic-elliptic
Keller and Segel system, then

(AZ u(Z2t A x), v(A2L, Ax))

IS also a solution

@ For M < 8, the solution vanishes as t — oo, but saying that
"diffusion dominates" is not correct: to see this, study "intermediate
asymptotics"
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The existence setting

([ Ou 5
E:Au—v-(uVU) reR? t>0
\ —Av=u reR?, t>0
| u(,t=0)=mnp >0 r € R?
Initial conditions
no € LL(R?, (1+|z|*)dz) , mnglogng € L'(R? dx), M := no(x)dr < 8

RQ

Global existence and mass conservation: M = [, u(x,t) dx for any ¢ > 0,
see [ Jager-Luckhaus ], [ Blanchet, JD, Perthame ]

v=—5=log|-|*u
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Time-dependent rescaling

w(z, t) = Rzl(t)n(%ﬂ'(t)) and v(x,t):c<%,7'(t))

with R(t) = v 1 2¢ and 7(t) = log R(t)

( On 5
E:An—v-(n(Vc—x)) reR?, t>0
1
§ c=——1og| - |*n reR?, t>0
2T
) — 2
(1t =0)=mng >0 reR

[ Blanchet, JD, Perthame ] Convergence in self-similar variables

i (-, + )~ noollpagay =0 and i [ Vel +) — Vel sy = 0

t— o0
means "intermediate asymptotics" in original variables:

(e, t) = 7y moo (55 7®) ez \ O
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The stationary solution in self-similar variables

o Coo—l|? /2 1
Moo :MfR2 T = —Aco Coo :—%log|-|*noo
@ Radial symmetry [ Naito ]
@_ Uniqueness [ Biler, Karch, Laurencot, Nadzieja ]
@ As |z| — 400, ne is dominated by e=(1=911°/2 for any € € (0,1) [
Blanchet, JD, Perthame |
Q

Bifurcation diagram of ||ne || .« g2y @s @ function of M:

Mli_I)%Jr HnooHLoo(R?) =0

[ Joseph, Lundgreen ] [ JD, Stanczy ]
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The free energy In self-similar variables

on
E—V[n(logn—x—l—Vc)}
I |
F[n] := nlogn dx + —|z|*ndr— = | ncdx
- 2 2 2 Jo

satisfies

iF[n(t, )] = —/ n|V (logn) + = — Ve|* dx
dt R2

A last remark on 87 and scalings: n*(z) = A2 n(\z)

i 1 1
F[n?] = F[n]+/nlog()\2) der/)‘ —Lz]*n do+-— n(z)n(y) log — dx dy
R2 R2 4 R2 % R2 A
M? A2 -1
F[n?] — F[n] = (QM— —) log A + z|* n dx
4 2 R2

\ 4
~

>0 If M<8x
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Parabolic-elliptic case: large time asymptotics

Theorem 1. There exists a positive constant M * such that, for any initial data
no € L?(n! dx) of mass M < M* satisfying the above assumptions, there is a
unique solution n € CY(R™, L1(R?)) N L>°((7, 00) x R?) forany 7 > 0

Moreover, there are two positive constants, C' and 9, such that

/ n(t,2) — noo (@) 2L < 0o
RQ

Noo

Vt>0

As a function of M, d is such that limp; .o, 6(M) =1

The condition M < 87 Is necessary and sufficient for the global existence
of the solutions, but there are two extra smallness conditions in our proof:

@ Uniform estimate: the method of the trap
@ Spectral gap of a linearised operator £
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Introduction to the
parabolic-parabolic Keller-Segel

model




The parabolic-parabolic Keller-Segel system

ng =An —V - (nVe)
T = Ac+n

Some (open) mathematical issues:
@_ global in time existence versus finite time blowup
@_ large time behaviour

@_ behaviour near blow-up and measure-valued solutions

Goal: the study of self-similar solutions
... the total mass is conserved

M := n(t, ) dx:/ no(z)dz
R2 R2

... there are self-similar solutions with an arbitrary large mass if 7 > 0
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Some results

@_ [ Raczynski ] solutions of the parabolic-parabolic Keller—Segel
system converge to those of parabolic-elliptic system when 7 X 0 if
M is small enough

@_ [ Blanchet, JD, Perthame ] when 7 = 0 in (), M = 8 7 is a threshold
for existence versus blowup

@_ [ Blanchet, Karch, Laurencot, Nadzieja ], [ Blanchet, Catrrillo,
Masmoudi | r=0and M =8«

@ [ Calvez,Corrias] 7 > 0, M < 8, solutions globally exist
does explosion occur as soon as M > 8w, for instance under some

additional assumptions like a smallness condition on [, |z|* ny(z) dz ?
If M = 8m, 7 =0, there is an infinite number of steady states. If 7 > 0 ?

... Existence of positive forward self-similar solutions with a large total
mass M > 8
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Duhamel approach

[ Biler 98 ], [ Naito 06 |: look for mild solutions of

n(t, ) = e=)2 n(ty, ) — /t (Ve(t_S)A> - (n(s,-) Ve(s, ) ds

to
t—t 1 [t
c(t,") =e TOAc(to,-)Jr—/ e 2n(s,-)ds
T Jt,

foranyt >ty >0(r=1)

Method: self-similar solutions are obtained by a fixed point theorem under

a smallness condition on M are required in order to apply a contraction
mapping principle
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PDE approach

n(t, r) = %u (%) and c(t,z) = v (%)

With ¢ = x/+/t, the equations for self-similar solutions are
1
Au —V - (qu—§§u) =0
T
Av+§§-VU—|—u:O

Functional space: v and v € C3(R?) ~ C%(R?) such that

lim w(¢)=0 and lim v(§) =0

€] =00 €] =00
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First equation: V - |e” eI /4y (u e "’ e|§|2/4>} =0

[ Naito, Suzuki, Yoshida 02 ] u, v, and |Vv| are bounded; there exists a

constant o such that

u(€) =o eV (©) e

The problem is reduced to find a family of nonlinear elliptic equations for v
Av + gf-Vv—kae”e_% =0
parametrized by o > 0, with v € L!(R?). By the maximum principle

?}(5) < Ce™ min{l,T}%

with C min{1, 7} > gell!ll~ v ¢ L' (R?) and M = O'/ ev(§) o= d¢
R2
... a honlocal problem if parametrized by M
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Variational approaches

[ Yoshida 01 ], [ Muramoto, Naito, Yoshida 00 ]
Solutions of

V- (e£|§|2 Vv) + o e’ e IE° =
can be found by varaitional approaches in the weighted functional space
Hl (R2, €£|£|2 d€>

If € (0,2)and 0 < o < ¢*, for some ¢* > 0, solutions exist, are positive
and belong to C2(R?)
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Radial symmetry

[ Naito, Suzuki, Yoshida 02 ] By the moving planes technique: any positive
solution v € C2%(R?#) must be radially symmetric and

/ /
u —uv +-=-ru=20

2
/! 1 T /
v +<—+—fr>v +u =0
r o 2

where v and v are considered as functions of the radial variable r = [¢]

u(r) = oe¥™ e /4
1

v+ (— + Zfr) v +oete /4=
r 2

[ Mizutani, Muramoto, Yoshida 99 | there exists a positive decreasing
solution if v/(0) = 0 and [~ rv(r) dr < oo, alogT <1/e
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Equivalent boundary conditions

Natural boundary conditions

v'(0) =0 and lim v(r)=0

T — 00

are equivalent to

1 2
w//_|_(__|_zr>w/_|_ewe—r/4zo
r 2
w'(0) =0 and w(0) =s
for some shooting parameter s € R with

v(r) =w(r;s) — rlggo w(r; s)

but the range of M (s) = 2 w/ e (1i%) o= /4 1 41 is not explicit
0
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Main result

Theorem 2. For any M > 0, there exists 7(M') > 0 such that there is at

least one solution for any 7 > 7(M)
Q If M <87, 7(M) =0

Q If M > 8, 7(M) is positive and there are at least two solutions

(except for the maximal possible value of M)

All solutions are radial, non-increasing, with fast decay at infinity and

uniquely determined by a := £ «(0), which defines M = M (a, T)

@ lim,_.oo M(a,7) = 8mandas a — oo, g~ concentrates into a

Dirac delta distribution
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Large mass positive forward
self-similar solutions

The diffusion of ¢ for positive large 7 and some M > 8 w may prevent the blowup of the
solutions of the parabolic-parabolic Keller—Segel system. This is a major difference with the
parabolic-elliptic case 7 = 0, for which the response of c to the variations of n being
instantaneous, any smooth solution with mass M > 8 m must concentrate and blow up in
finite time

There are self-similar solutions with a an arbitrary large mass if 7 is large
enough
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A positive classical solution v solves
/
(’I“ eTT2/4 ’U/> 4+ O_,r,e(T—l) 'r2/4 el — ()

which, after an integration on (0, ), gives

V() = O T4 /r o(T=1)2%/4 Ju(2) , 4,
N 0

Hence v(z) < v(0) forany z > 0 and, for 7 # 1

v'(r) > _ T T /4 (0 /T e/ gy = 27 e?(0) (e_7’2/4 — e_”’2/4>
I 0 T—1r

d > 2 2 o© 2
_ (e—'r /4_e—7"r /4)2_d7az/ e~ TT /4id7“:l
d'T 0 0
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There are self-similar solutions with an arbitrary large ma SS

If 7 #£ 1 (extension to 7 = 1 is easy), we get the first estimate

| 1
w(0) < 0e’©@ T(r) with I(r):= —27

=u(0)=2a

T—1

and forany r € R, any 7 > 0,

0= lim v(z) <wv(r) <v(0) <2al(r)

zZ— 00

M:ng/ e”(r)e_r2/47“dr227raf e_r2/4rdr:47r02]\7(a,7')
0 0

where M(a, 7) := 8w ae~21(") achieves its maximum at a(7) := 109

— o0 as 71— 04
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Further consequences

@_ the solution u(r) = o e*(Me=""/4 has mass M > 8 if Ity > 87
I(7) = 5=, means 7 ~ 16.1109

Q@ for any 7 > 7 the density u corresponding to a = a.(7) satisfies
u(0) = 2a.(7) > 2e

@ by monotonicity e ?(®) —lim, e ") < —g I(7) forany r > 0
1—e@ < —oI(1)e’® = —241(7)
gives the estimate
v(0) > log(2al(t)+1) -0 as a— +o©

Q_ ¢ takes arbitrarily large values for = large enough

2ae 2%1(") < 5 < min M, 2a
A7’ 2al(T)+1
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Remarks

@Q_ Estimates on ¢ are new

@_ [ Naito, Suzuki, Yoshida 02 ] analyzed the continuous map s — o (s)
and proved that lims_, 1+, o(s) = 0 so that ¢ is bounded by
o* = o(s*), for some s* € R, and there is no solution for ¢ > ¢*, at
least one solution for ¢ = ¢* and (at least) two distinct solutions for
0 < o < o*. However, estimates on o (or ¢*) were missing
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Cumulated densities
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Cumulated densities: definition

)= 3u(vi) and ¢"(y) = = (Vi)
1
2

v(ve) and () = o (V)
¢ and ¢ solve o" + i o —2¢"Y" =0

dyy" +1yd — T+ =0
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As in [ Naito, Suzuki, Yoshida 02 ], [ Biler 06 ], with
Ay =) +7y¢ —¢)+¢ =0
S(y) =4((y) —y¥' () = —4yv"(y) = =y o' (Vy)

the system becomes

1, 1
A At N < B
¢+ 8 g S =0
S'+55=9
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A single non-local integro-differential equation

The last formulation of the ODE system can be equivalently written as a
single integro-differential equation, hence nonlocal, for ¢’

1 1 Y
Y

0
using

Yy
S(y) _ e—Ty/4/ e’TZ/4 ¢/(Z) dz
0

and as a single, local but nonlinear second order ODE for S

1" 1 ! i ! 2\
S+ (r+1)8 + 165+2y(ss+ S>_O

Corresponding initial conditions are

5(0)=0, #0)=a>0 and S(0)=0
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Reparametrization

b(oo) = lim g(y) = 2%

Yy—00 2 v

The problem is now formulated in terms of a shooting parameter problem
with shooting parameter a = u(0)/2

2a=¢, s=v(0)+logo

v(0) =v(\/y) + % /O?J 5() dz

z

and the boundary condition lim,. ., v(r) = 0 is equivalent to

2(0) = 1/000 52 4,

2 z

We also have: ¢ = lim,_, o u(r) er /4 =2 lim, oo @' (y) e¥/*
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Detalled results
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Mass estimates

Theorem 3. For any (a,7) € RZ there exists a unique positive solution (¢, S) such that
¢ € C?(0,00) N C0,00) and S € C1[0,00). The mapsa € Ry — (¢, S) and
a € Ry — M(a,7) € Ry are continuous and

M
go(a.r) < 0T < f(a,m)
2
where
( min{4,4a} it 7€ (0,1]
fla,7) = min{4a,§ 2} it  T€c (%,1]
\m1n{4a—7r rA(r+1)} it T>1
and
—2a 8T 447 -
max {4& e "t TT, 2T it 7€ (0,1]
9(a,7) = —2ql087 4
max{4ae ) if T>1
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Concentration

Theorem 4. Given any fixed 7 > 0, for any positive sequence {ag } such that a;, — 00
as k — 00, there exists a sequence of positive self-similar solutions

(ug,vr) € (CE(R?))? such that uy (0) = 2 ag, v},(0) = 0 and
up —8mog as k — o0

in the sense of weak convergence of measures.

lim updr =87 and lim ||vg|peeme)y = 00
k—oo Jp2 k— o0

This result has already been proved in [ Naito, Suzuki, Yoshida 02 ] using
a classical result by Brezis and Merle; in the cumulated densities
formulation, we obtain a direct proof
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Multiplicity

Theorem 5. For any fixed 7 > 0 there exists M * = M™*(7) > 8 7 such that, with

6(0) =0, lim ¢(y) = L. 5(0)=0

— 9
Yy—00 2 v

the problem has no positive solution (¢, S) € C#[0,00) x C*[0, 00) if M > M* and
has at least one positive solution (¢, S) € C?[0, 00) x C*[0, 0o) in the following cases:

iy M e (0,M*|it M* >8m

iy M e (0,M*)if M*=8n

Moreover, there exist 1 /2 < 7% < 7** such that M * satisfies: M* = 8 7 if
O<7<7and M* > 8&8mifT > 7**

When M* > 8, there are at least two positive solutions for any M € (8w, M*). When
M* = 8, itis still an open question to decide if there is a positive solution such that
M = M or to prove a uniqueness result for any M € (0,8 )

The function M (a, ) depends non-monotonously on a
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Numerical results

Plots in direct variables and in the cumulated densities framework
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Bifurcation diagrams

Taylor expansions around s = 0: for e > 0 small enough,

1 1
w(s;s)%s—iges and w’(e;s)z—ises

and we obtain M (s) by solving M'(r) = 27 e@(r3s) =" /4 with the

approximate initial condition M (g) = 7 &2 e

Similarly
S' ~ ¢’ ~aon(0,e) and so

S(y) =ay+0() and ¢"(y) ~ =7 (1+2a) + Ofe)

In practice we solve the equations on (e, ymax ) With the initial data

a

4u+2@g,¢@pqw—§u+z@£ and S(e) =ac

#(e)=a-
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i
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Flgure 1: The set of all positive solutions of Av, + & Vs + gevoe—lél?/4 = ¢
in C2(R?), where 0 = o(s) = e®(>%) s represented by the multivalued diagram s
(logo,logvs(0)) for 7 = 10, « = —2, —1, ..., 3. Recall that the solutions v, are radial
and decreasing so that v (0) = [|ve || 00 (r2)- We observe that max log o(s) appears as an

increasing function of .
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2 3.2
4 6 3|
2 2.8 .
-4 2.6;
6 2.4
2.2
_8 ‘ ‘
10 ——3.7627  3.264  3.266

Flgu re 2. Left: The set of all positive solutions of Av, + 2 ¢ Vg Loevoel€*/4 =g
in C2(R?) is now represented by the diagram s — (log(1 + M (s)),logv,(0)) for 7 = 10%,
a=-2,—1,...,3. We observe that max M (s) appears as an increasing function of 7.

Right: The plot is an enlargement of the rectangle of Fig. 2 (left), with - = 0.60, 0.62, 0.64,
..., 0.90. Numerically, the first solution with mass larger than 8 = appears for 7 € (0.62,0.64),
which is far (below) from the theoretical bound. This is not easy to read on the above figure,
but it can be shown graphically by enlarging it enough.
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5 10 15 20 25 30 1 2 3 4 5 6 7

Flgure 3. Left: Plots of ¢ for ¢'(0) = a, with a = 10°¢, b= —1,0,1, ¢ € {1,...,10}
for 7 = 0.1. Right: Plot of b — ¢(ymax) in the logarithmic scale, with ¢/(0) = a, a = e® — 1,
ymax — 30
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2.5 5 7.5 10 12.5 15 17.5 20 2 4 6 8

Flgure 4: Left Plots of ¢ for ¢/(0) = e, with &« = 1, 2, ..., 20 for 7 = 10. Right:
Plot of ¢(ymax) as a function of b (in the logarithmic scale), with ¢’(0) = a, a = e® — 1. Here
T = 10, ymax — 30
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8t 4. 04,
4. 03}
6
4. 02}
4 — 4. 01}
2,
3.99
1 2 38 4 5 6 7 3.98

e

Flgure D: Left: The value of mass ¢(c0) = M(a,7)/(27) in the logarithmic scale as
a function of a, for - = 0.1 k2 with k = 1, 2, ..., 10. Right: An enlargement around the value
M (a,T)/(27) = 4 in the logarithmic scale as a function of a, for = = 0.50, 0.55, 0.60, ...,

1.00.
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0.5 0.6 0.7 0.8 0.9

Flgure O The value of the maximal (in terms of a) mass $(0c0) = M(7)/(27) as
a function of 7. Numerically, the first solution with mass larger than 8 = appears for = €
(0.62,0.64), as already noticed at the level of Fig. 2 (right). This is again not easy to read on
the above figure, but it can be shown graphically by enlarging it enough.
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Conclusions

@_ more than an example of a family of solutions

@_ self-similar solutions are likely to be attracting a whole class of solutions, although this
is still an open question for the parabolic-parabolic Keller—Segel model with large mass
(see [ Naito, 06 ] for a result for small mass solutions)

@_ how to determine the basin of attraction of these self-similar solutions ? Not as simple
as in the parabolic-elliptic case. We can conjecture that blowup occurs for mass large
enough and even, maybe, as soon as the total mass of the system is above 8 7 if initial
data are sufficiently concentrated.

How do the estimates of such a simple model extend to more realistic ones ?
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Thank you for your attention !
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