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Part I — EXxistence and uniqueness
[Manuel Del Pino, J.D., Ivan Gentil]

U = Ap(ul/(p_l)) (z,t) e R* x RT



EXISTENCE AND UNIQUENESS

Consider the Cauchy problem
{ up = Ap(ul/(P—1)) (z,t) e R* x RT (1)
u(-,t=10)=f>0
Apu™ = div (|Vum]p_2Vum> is 1-homogeneous <= m =1/(p — 1).
Notations: [Jullq = (fgn [u/?dz)!/9, ¢7#0. p* =p/(p—1), p> 1.

Theorem 1 Letp>1, f € LY(R") s.t. |z|P"f, flog f € LY(RM).
T hen there exists a unique weak nonnegative solution u € C(]R;", LY
of (1) with initial data f, such that ul/P € LL _(R;F, WLP).

The a priori estimate on the entropy term [wulogudx plays a

crucial role in the proof.
[Alt-Luckhaus, 83] [Tsutsumi, 88] [Saa, 91] [Chen, 00] [Agueh, 02]



(1) is 1-homogenous: we assume that [ fdx = 1. u is a solution
of (1) if and only if v is a solution of

vr = A/ (P £ Ve(6v)  (2,t) ER? x RT (2)
v(,T=0)=f
provided v and v are related by the transformation
1

(Y T = L T — _ 1/

[DelPino, J.D., 01]. Let

w(x,t) =

SECRE)
(% + 1)

Yu > 0, pnvs is @ nonnegative solution of the stationary equation

voo(§) =7 2P exp(~"[2l) o= (")’

Apvl/(p—l) + Ve(€v) =0



ng va

v

p—2
— vﬁ&' vaoo)] (z,t) e R" x Rt

Voo Voo

=i

v(T=0)=f
Regularization of the initial data f:
fgo — 50 X€0 * mln(fO _I_ €0Vo0, €0 1UOO) ’ €0 S (07 1)
where xe, = €0~ "x(:/€0) is a regularizing function. The normal-

ization constant N, is chosen such that [ f*0dz = 1.
Regularized equation

— v V{U V{UQO 2 %_1V§U V{Uoo p_2V§"Uoo
Vr = v (1—5) ,U_I_n,voo + (1_|_772) Voo T - (1+’I7)’Uoo Voo
\ U('vT — O) — fgo

for some € and n > 0. Note that vy is a stationary solution.
Solution: 9,

N\




Apply the standard theory [Ladyzenskaja, Solonnikov, Uralceva, 67] to
vr = V¢ [a(§,v, Vev)] first on a bounded domain (a large cen-
tered ball Br of radius R, with Dirichlet boundary conditions
v = v ON 0BpR) and then let R — 4oc.

T he solution is smooth and the Maximum Principle applies. The
functions eqN: 'veo and (egNey) tveo are respectively lower and
upper stationary solutions:

"0 poo(€) < VY (T,€) < veo(€) YV (£,7) eR"x Rt

Ne’:‘o €0 NgO

uniformly with respect to ¢, n > 0: let n — 0 and keep the above
estimate. A similar uniform in € and n (but local in &) estimate
holds for (v%) ™1 |VvEy,




Entropy estimate:

—/  log (-

50

=/

V£’U§OO B V€'Uoo]

s 0 Voo
P_1q
€0 2 2 €0 -2
60 (1 B 5) Vﬁ”s,o —I— - vaoo 2 vE”z—:,O B vf’Uoo p ngoo
6 0] v 0 Voo ’U€OO Voo Voo
87 67

(v.% converges to ve as T — 400). Let € — O:

[vot0a(yde < [ o109 (L") de

_//so wso Vvoo).(

P— 2 V’er
V&0

50
€0

Voo p—2 Vvoo> d€ dT

Voo Voo




p—2 vé_ve’:‘o
v°0

Vé-vgo
v€0

— v [UEO ( V§Uoo|p_2 V§Uoo>]
§ Voo Voo

v0(.,7=0)=f0 — f aseg—0

Go back to the original variables, ¢t and x:

consider uso = ﬁ%@(%’ log R(%)).

/u log (i)daz = /u log ud:I:—I—(p—l)(R(t))_p*/kI:\p*u da:—l—a(t)/u dx

Pass to the limit as eg — O in the entr0py inequality, i.e.,

d
dt

/ €0 log u0dx =

60)1/2?’ do

Lemma 2 [Benguria, 79], [Benguria, Brezis, Lieb, 81], [Diaz,Saa, 87]
On the space {u € LY(R") : w!/P e lep(]R”)} the functional
Flu] := [|Vu®P dz is convex for any p > 1, a € [— 1].



Existence (end). From (p—1)Vul/(P=1) = 541/ ((0=1))vy1/P, we
get by Holder's inequality (with Holder exponents p and p*)

IVu/ =Dy < p*llaf VPP | wulip,

Remark 3 The entropy decays exponentially since
%fu log (ﬁ) dr = —ﬁf p* Vul/PP dg

For any w € WLP(R™), w # 0, for any u > 0,
p [ |wlP log (M) dz + ™ log (%Z) [|wlP dz < u [ |Vw|P dz.

|w]p
: : 1 . nkL :
applied with w = u1/P, yu = _~r gives
d U (px)PT1le U
i Te dr < — / 09 (—2 Y da .
dt/u g(fud:c) v n Ly “ g(fuda:) !
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Uniqueness. Consider two solutions w1 and uo of (1).

d uq
— log (—)d
dt/ul g(u2) B

- / (1 + log (ﬂ)> (u1)t dx — / (L) (up); da
U u2
_ —2
_ —(p—l)_(p_l)/ " [Vm B V’UQ] , {vul ! 2@ | Vuaf” vu?] dr .
U1 U U1 uq up up

It is then straightforward to check that two solutions with same
initial data f have to be equal since

»
w1 () — ua(-0)]|F < /ul(-,t) log (ul( )> dr < /flog (;) dr =0

UQ('at)

1
4| fll1
by the Csiszar-Kullback inequality.
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Part II — Optimal constants, Optimal rates
A variational approach, with applications to
nonlinear diffusions

[Manuel Del Pino, J.D.]

Intermediate asymptotics for:

ur = Apu™

12



A BRIEF REVIEW OF THE LITERATURE

1. Comparison techniques: [Friedman-Kamin, 1980], [Kamin-Vazquez,1988],...

2. Entropy-Entropy production methods:

e probability theory: [Bakry], [Emery], [Ledoux], [Coulhon],...

e /inear diffusions: [Toscani], [Arnold-Markowich-Toscani-Unterreiter]

e nonlinear diffusions: [Carrillo-Toscani], [Del Pino, JD], [Otto], [Juengel-
Markowich-Toscani], [Carrillo-Juengel-Markowich-Toscani-Unterreiter]

-+ applications (...)

3. Variational approach: [Gross], [Aubin], [Talenti], [Weissler], [Carlen],
[Carlen-Loss], [Beckner], [Del Pino, JD]

[4. Mass transportation methods] [Cordero-Eruasquin, Gangbo, Houdré],
[Cordero-Eruasquin, Nazaret, Villani]
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(GROUND STATES
A 3 steps strategy for the study of nonlinear (local) scalar fields

equations. The original goal is to identify all the minimizers of
an energy functional:

1. Get a priori qualitative properties: positivity, decay at infin-
ity, regularity, Euler-Lagrange equations [1960—] Standard results
are easy

2. Characterize the symmetry of the solutions

[Serrin], [Gidas-Ni-Nirenberg], [Serrin], [~1979—]

using moving planes techniques: [JD-Felmer, 1999],
[Damascelli-Pacella-Ramaswamy, 2000—]

or elaborate symmetrization methods: [Brock, 2001]

3. Prove the uniqueness of the solutions of an ODE (radial so-
lutions): [Coffman, 1972], [Peletier-Serrin, 1986], (...) [Erbe-Tang, 1997],
[Pucci-Serrin, 1998], [Serrin-Tang, 2000]

Ground states” is now used in the literature to qualify postive solutions
dacaying to zero at co.
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INTERMEDIATE ASYMPTOTICS (CASE m = 1)

2n+1 _ 1
Theorem 1 n > 2, | §p<n,q—2—m

initial data: ug > 0 in LY N L™, |z[P/(P=Lyy e LT
ud € L1 in case p < 2
Vs>13K>0Vt>0

o 1

lult, ) —uso(t)ls<K BB sHA=5D jfp > 2 5 > ¢
2 4n(g-Lly) .

ut(t, ) e () <K B 20T Grp < 2> 1

p—1
a=(1-1(p-1)7 )5



Uoo(t, ) = R " veo(log R, R~ 1)

R=Rt)=1+~t)}/7, y=(n+1)p - 2n,
voo(2) = (C = P2 |7 1)/ 071 if pat 2
Voo () = Cel21?/2 jf p = 2.

Existence results, uniform convergence for large time: [diBenedetto, 1993].

Time-dependent rescaling: u(t,z) = R~"v(log R, %)

up = Dpu <= vy = Dpv + V- (xv) (3)

Voo IS @ Stationary, nonnegative radial and nonincreasing solution.

16



For ¢ > O, define the entropy by
> [v] = / [a(fu) — 0(Vso) — 0 (Vo) (v — ’Uoo)} dx

o(s) =31 ifg# 1
o(s) =slogsifg=1 (p=2)
‘%z —q(I1 + Io + I3+ I4) where

_ 1 _p_
I = [v P 1 |Vu|P dx, Io = [|z|p~1v dx
1

1
I3 = _gqu dz, Iy = [|VoP™2Vou - |z|p-17 "z do

Heat equation (p = 2): [Toscani, 1997]. From now on: p # 2

p—1
Lemma 4 Let np:%(p—l) P

1d>
SO < (U mp) (I + 1)~ I
q dt

17



Optimal constants for Gagliardo-Nirenberg ineq. [Del Pino, J.D.]

a—1
p—1

Theorem 5 1<p<n, 1<a < p(%_pl), b=p

lwlly < 8IVwllf wllg=®  ifa>p

1-6
lwlla < 8 (IVw|[§ [lwl]; ifa <p 1
.

_b
Equality if w(z) = A(1+ Blz|p-1), *7?

.o — (g—p)n
@ > P 0= Ty (np-(n-p) @)
a<p 0= (p=g)n

q(n(p—q)+p(¢g—1))

Proof based on [Serrin, Tang]

18



,a=bq,v=wb. For p #+= 2, let

n

_ 1 1
Flv] =/v r=1|VolP de — — (

1 q
-+ v? dx
g 1—kp p—2)

—1
> <o (= Rp) (I + 12) + 3]
The inequality is autonomous.

Corollary 2 n>2, 2n+1)/(n+1)<p<n. Vv S.t. |[v|[;1 = ||veol| 11
Flv] > Flvoo]

Corollary 3 Witha = (1—kp) 2%, foranyt >0, () < e 2t3(0).
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A variant of the Csiszar-Kullback inequality [Caceres-Carrillo-JD]

Lemma 6 Let f and g be two nonnegative functions in L1(<2)
for a given domain Q2 in R". Assume that q € (1,2]. Then

Jple hy- a’<1><——1>]gq dw > 2 max (L 11aey s 91 Fatey) IS = 9l1Zacer

End of the proof

Forg>1 (p>2): o(s) = Sqq_—ll

Forg<1l (p<?2)
Sq

1 4 (s—1) = (2 - 1)7L(s0)T — 1 - 1((s9) - 1)]

20



EXTENSION TO OTHER NONLINEAR DIFFUSIONS

Formal in the sense that apparently a complete existence theory
for such an equation is not yet available, except in the special
casesp=2, m=1lorm=1/(p—1). Let

¢g=14+m—(p—1)""
Whether ¢ is bigger or smaller than 1 determines two different regimes like
for m = 1 (depending if p is bigger or smaller than 2).

(H) the solution corresponding to a given nonnegative initial
data ug in L1 N L>, such that u% € L1 (in case m < ]ﬁ) and

P

[x|P~tug dzr < 400, ispvve// defined for any t > 0, belongs to

CO(RT: LY(R" (1 + |z|P-T) da) N L®°(RTx R"), such that w4 and
1

t — [u PT|VulP dz belong to CO(RT;LI(R") and L _(RT)
respectively.

21



[Del Pino, J.D.] Intermediate asymptotics of u; = Apu™

Theorem 7 n>2, 1<p<n, 50 <m < Py and g=1+m— 1

() ult,) — use(t, )g < K B-GTA=0)

(ii) wﬂuyw&u»mMSKR%

() gr<m<yly (DS <m <L
a-(l—l<p—1> - R =(1 wt)l/'%fy=<mn+1><p—1>—<n—1>
uoo(t CIZ) Uoo(logR )
veol) = (C L (g - 1>|a:|ﬁ>”<Q‘” if m % L

Voo(z) = C e (P Db ifm=(p—1)"1.

Use vy = App™ 4V - (zv)

— o(mptq—(m+1)/p , — — o mp=1)+p-2
w =" ,a=bgq=0p mp(p—1)—1 °

22



Gagliardo-Nirenberg inequalities

lwllp < 8 IVawll} ||w||cli_99 ifa>p
lwlla < 8IVwlip llwll,™ ifa<p

_Db_
Equality if w(x) = A(]_ +B|$|p_1) a—p

C o — (g—=p)n L — (p—)n
e e )] Y = e P B Sl ] CY =] o D)
The case ¢ = 1 (which correspondsto m = (p—1)"1 «<— a =p)
is a limiting case, for which we can use the generalization to
WL of the logarithmic Sobolev inequality.
23



The optimal LP-Euclidean logarithmic Sobolev inequality (an op-
timal under scalings form) [Del Pino, J.D., 2001], [Gentil 2002],
[Cordero-Erausquin, Gangbo, Houdré, 2002]

Theorem 8 If ||ul|;p = 1, then

[ulPlog |u| dx < }% log [Lp [ |VulP dx]
p

__p (p=1\p~1 _»p I‘(”—l—l) n
&= (2 ot [EER

—1/p
Equality: u(xz) = <7T ( )p* I‘((;j—_l))) e o—‘f’j z[P”

p = 2. Gross' logaritmic Sobolev inequality [Gross, 75], [Weissler, 79]
p = 1: [Ledoux 96], [Beckner, 99]

24



Part III — Hypercontractivity, Ultracontrac-
tivity, Large deviations
[Manuel Del Pino, J.D., Ivan Gentil]

Understanding the reqgularizing properties of

w = Dput/P=D)



HYPERCONTRACTIVITY

Theorem 9 Let o, B € [1,400] With 8> «. Under the same as-
sumptions as in the existence Theorem, if moreover f ¢ L*(IR"™),
any solution with initial data f satisfies the estimate

_np-a
|u(-, ) lg < [ flle A(n,p,, )t P a8 Vi >0
with

npB—a 1

A(n,p,a, 8) = (€1 (B—a))P oF e :

1 - v 2 1—|—1
_ p—1(p—1)P (6—1)5 55
Ci =nklype 1 , Co=
% (o )5 b
Case p=2, Ly = Wie, [Gross 75]

26



ULTRACONTRACTIVITY

AsS a special case of Theorem 9, we obtain an ultracontractivity
result in the limit case corresponding to a=1 and 8 = oc.

Corollary 10 Consider a solution v with a nonnegative initial
data fe LY(R™). Then for any t > 0

4G D)lloo < 1511 (i> |

t

Case p = 2, [Varopoulos 85]

27



MAIN TOOL: OPTIMAL LP-EUCLIDEAN LOG-SOBOLEV INEQUALITY

Theorem 11 Letp e (1,400). Then for any w € WHP(R™) with
[|w|P de =1 we have,

/|w|plog wl? dz < ™ log [ap/ VP da:] |
p
p

. _1\p—1 _p| r(&+1) . L .
h _ p (p=1\P 5 2 . Th / -
with Ly - ( . ) T r(np;1 5 e inequality is opti

mal and it is an equality if
n n F( +1) 1
w(x) = (G)P A e 7l 7l VereR"
p |_(2 + 1)

foranyp>1,0>0andz e R" Forpe (1,n) the equality holds
only if w takes the above form.

28



For our purpose, it is more convenient to use this inequality in
a non homogeneous form, which is based on the fact that

[Vewllp IVwllp
inf —Iog(—)—|—M = n log ( )_|__
>0 [ p lwilp lwllp = p

Corollary 12 For any w € WLP(R™), w # 0, for any u > 0,

p/|wyp l0g ( Kl ) dz + " log (M) /|w|p dz < ,u/|Vw|p de .
||w||p p an

29



PROOF

Take a nonnegative function v € L4(R") with u?logw in L1(IR™).
It is straightforward that

d
d—/uqde/uqlogudaz. (5)

Consider now a solution u; = Ayul/(P=1) For a given ¢ € [1, +00),

d —1
—/uq dr = — alg — 1) ul"P|VulP dx . (6)
dt (p—1)p-t

Assume that g depends on ¢t and let F(t) = [[u(:t)ll4)- Let

=4 A combination of (5) and (6) gives

= — og(—)d

F’ q’ ud ¢?(¢g—1) 1
F1 q¢(p—1)P~1 F4

/uq_p|Vu|p da:] :

30



Since [ul™P|VulP dz = (B)P | IVui/P|P dz:, Corollary 12 applied with
w = uQ/p,
= (¢ —1)p”
¢ qP=2 (p— 1)p~1

gives for any t > 0

t p—2 ./
F(t) < F(O)eA®  with A@) =" / T log (Jcpq q) ds
p JO q q—1
e pp‘l']- '

Now let us minimize A(t): the optimal function t — ¢(t) solves

the ODE
1

at+b
Take qpg=«, q(t) =0 allows to compute at:O;—_ﬁﬁ and bzé.

¢"q=2¢° < qt) =

31



. n ta a Xp
A(t) = p/o log <(as+b)p 1(as+b_1)>
Let f(u)=(p—1)ulogu — (1—u)log(l—u) —pu. Then

Alt) = —%afé [log(—aXyp) — f'(as 4+ b)] ds
n — Oég<j n
= 100109 (Zog %) + 2 [1h) - 1D)] -
This ends the proof of Theorem 9.

With a minor adaptation of the above proof, one can state a
result similar to the one of Theorem 9 in the case «, 3 € (0, 1]
with 8<a and at a formal level in the case 8 < a < 0 (in both
cases, a > 0). Since the sign of ¢’ is changed, the inequality is
reversed, compared to Theorem 9.

32



Theorem 13 Let o, 8 € (0,1] with 8 < «a. Any solution u
of uy = Apul/(P=1) with initial data f such that f® belongs to
L1(R™) satisfies the estimate

a—0
B

T3

luC-,D)llg = 1/l A, p, a, B) ¢ Vi> 0

with
npP-—a L

A(n,p,a, 8) = (C1 (v = B))P F e :

1-g 1-p_1
O LS € Sets) R A
2 —

1 (p
Ci =nkLpeP 1
+1 ’ i-p_ 1

PP (1—04) ¢ o @ +1

33



LARGE DEVIATIONS AND HAMILTON-JACOBI EQUATIONS

Consider a solution of

2—p N
{ v + % |VolP = 2ﬁpp 1LeP Apv (z,t) e R" x RT (7)

U('at:O) — 4g

Lemma 14 Lete>0. Then v is a C? solution of (7) iff
1 L
_ =
wu=-¢e " withx=2
p—1

is a C? positive solution of
w; = P Ap(ul/(p_l))

1
with initial data f = e e 7.

34



Let P/f :=u <= u = Ap(ul/(p_l), u(-,0) = f.
In the limit case ¢ = 0,

p*
yeR™ t }

is the Hopf-Lax solution of the Hamilton-Jacobi equation:

Qg(x) = v(z,0) = inf {g<y>+;* =~y

1
vt+—|V’U|p =0
p

Theorem 15 For any C? function g,

V)| viso.

Qfg(@) = lim | =A< log (P4, (¢ 2

The family (P%t)8>0 satisfies a large deviation principle of order

* € : *
eP” and rate function |z — - |P.

p* p*1
35



This provides a new proof of the main result of [Gentil 02]

1
Corollary 16 Let )\ = ];p__ll. For any o, 8 with 0 < a < 3, we
may write

n a—pB
1949\ 5 < [|e9]la B(n,p, o, B)tr o8 ¥i>0,
with

n f-a
B(n,p, o, 8) = ((8 — a) AP~1C1)? 7 3

Proof. Replace «, 8 and t by 6, v and 7 in Theorem 13

o ()
1Pl = 161l (277 { -7 v> ().

(1-5)5 (5) 7 5 t?

T3

36



- h k k
Take now f=e reP", 71 =€Pt, § = AP o and v = A\ &P 3 and raise

the above expression to the power AeP”. Take the limit e — 0
we obtain,

n a—p3

le™lg < lle™ ™0 B(n,p,a, B)t» o Vt>0.

The result then holds by taking h = —Q¥(g) and by using the
following inequality —QY(—Q%(g)) < g.
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Conclusion: The three following identities have been established:
(i) For any w € WhP(R™) with [ |w|P dx = 1,

/|w|p|og lw| dx < % log [Lp/ |Vw|P daf;]
p

(i) Let PP be the semigroup associated u; = Ap(ul/(P—1)):

n B—a

1P fllg < || flla A(n,p, o, B) P @5
(iii) Let QY be the semigroup associated to v; + % IVolP = 0:

_np-a
19915 < ||e9)|a B(n,p,c, B)t » aF

The equivalence (i) < (iii) has been established in [Gentil 02].
What we have seen is that (i) == (ii) and that (ii) = (iii).
It is not difficult to check that (ii) = (i), so that the constants
in (ii) are optimal.
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Part IV — Optimal transport

[Cordero-Eruasquin, Gangbo, Houdré, Nazaret, Villani]

e Sobolev inequality: ||f[; o+ < S|V f|l2
e (Standard) logarithmic Sobolev inequality

e Logarithmic Sobolev inequality in W1 P(RN)



SOBOLEV INEQUALITIES

||f\L2* <S5 HVf”LQ

N > 3. Optimal function: f(z) = (o + |z]2)~(V=2)/2 A proof
based on mass transportation:

- 1 2 .. 2%
|nf{2—>\2/RN|Vf| dz /RN|f| d:r;_l}

—2 2* ]_—l 2 * . *
= ggz—lg >UP {fRN 917 T wdy — A fon [y 1912 dy : Jen 1912 dy = 1}
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MASS TRANSPORTATION: BASIC RESULTS

1 and v two Borel probability measures on RY., 7: RY - RV
THp = v <= v(A) = u(T~1(A)) for any Borel measurable set A.

Theorem 17 (Brenier, McCann) 3T = V¢ such that T#u =
v and ¢ is convex.

p=F(z)dr, v=G(z)dz, [gn F(z)dr = [onG(y)dy =1

vbe CRN.RT) [ b)GW)dy = [ b(Vé(x)F(a)da

Under technical assumptions: ¢ € C2, supp(F) or supp(QG) is
convex... [Caffarelli] ¢ solves the Monge-Ampére equation

G(V¢)detHess(¢p) = F

41



A PROOF OF THE SOBOLEV INEQUALITY

_ 1 1 1 1 1
G(Vop) n = (detHess(¢p))nF n < —ApF n
mn
[ G Ry < [ G(To()) T ( det Hess(9))n A d

/Fl__Acbda: — —%/V(Fl__) Vo da

by the arithmetic-geometric inequality. F = |f|2*, G = |g|2*

/|g|2*(1_%)dy < —Q(n_ 1)/(f” 2)Vf - Veodz

n(n — 2) 2*(1-1) 2 > A2 2% 1o 412
o [laP O Pay < 5 [ 1VrPde 5 [ 1171902

by Young's inequality. Use: [F |Vé|? dx = [ G|y|?dy

42



A PROOF OF THE STANDARD LOGARITHMIC SOBOLEV INEQUALITY
G(y) = €—|y|2/2’ F(x) = f(x) €—|:1:|2/2’ Vo#F dxr = G dy.

e=IVEI?/2 get Hess(¢) = f(x) e 171%/2
0(z) = ¢(x) — 5 ||

f(z) e 171/2 = det (1d + Hess()) e~ #+VO@)I?/2
log f — |z|2/2 = —|z+ Vo(x)|2/2 + log [det (Id + Hess(e))]
< —lz4+Vo(x)|?/2 + A6

(use log(1 +t) <t). Let du(z) = (2r)~"/2e171?/24y.

1
Iogf§—§|V9|2—a:-V9—|—A9

1 VI[P L IR 1 VSR
/flogfdué—E/'\/}VQ-l-\/—? a3 [ ; an <> | 7 dps



LOGARITHMIC SOBOLEV INEQUALITY IN WLP(RY)

pﬂp—) p/(p—1)
G(y) = cpme 1Y = foo(y), F(z) = f(z) cppe 71"
Vo#F dex = Gdy, du(x) = foo(w) dx
fz)e i- L |zp/(P=1) — det (Hess(¢)) 6_%|x+v9(x)|p/(p—1)

fP(x) = f& (Vo) det (Id + Hess(¢))

[ 17109 17 du= [ P10g 1% A+ [ (A6 —n) Py

A4 AP
[ 86 frap=—p [ FVFVodu <2 [P Ve D 42 19 pPay
q p

using Young's inequality: X = fP~1ve¢, Y =V

A
[ XY du < S IXNg Y
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