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Constructive stability results and entropy methods
LSI and GNS inequalities: sphere, Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities

Entropy methods dJ
Stability for Gagliardo-Nirenberg-Sobolev inequalities on R'

Some references on “entropy methods”

@ Model inequalities: [Gagliardo, 1958], [Nirenberg, 1958]

Carré du champ: [Bakry, Emery, 1985]

@ Motivated by asymtotic rates of convergence in kinetic equations:
t> linear diffusions: [Toscani, 1998], [Arnold, Markowich, Toscani,
Unterreiter, 2001]

> nonlinear diffusion for the carré du champ [Carrillo, Toscani],
[Carrillo, Vazquez], [Carrillo, Jiingel, Markowich, Toscani, Unterreiter]
> sharp global decay rates, nonlinear diffusions: [del Pino, JD, 2001]
(variational methods), [Carrillo, Jiingel, Markowich, Toscani,
Unterreiter] (carré du champ), [Jingel], [Demange] (manifolds)

@ Refinements and stability [Arnold, Dolbeault], [Blanchet,
Bonforte, JD, Grillo, Vézquez], [JD, Toscani], [JD, Esteban, Loss],
[Bonforte, JD, Nazaret, Simonov]

@ Detailed stability results [JD, Brigati, Simonov]

> Side results: hypocoercivity; symmetry in CKN inequalities
> Angle of attack: entropy methods and diffusion flows as a tool
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Construct\ve stablllty results and entropy methods
LS ere] @S epelhicss Gk Gaus . Entropy methods
Stability for Gagliardo-Nirenberg-Sobolev inequalities on R

Stability rr)l\ and logarithmic 3\\ mqm\u

Constructive stability results
Gagliardo-Nirenberg-Sobolev
inequalities — entropy methods

A joint work with M. Bonforte, B. Nazaret and N. Simonov

Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method

arXiv:2007.03674, to appear in Memoirs of the AMS
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https://arxiv.org/abs/2007.03674.pdf

Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Gagliardo-Nirenberg-Sobolev inequalities on RY

IV FIIT2qgay 1FIEms ey = Cans(p) lIFllanrey (GNS)

Strategy. Rewrite (GNS) in non-scale invariant form
2 1 2
HVfHLZ(Rd) + ||fH€-:+1(]Rd) > Kans(p) Hf”LngRd

Use the fast diffusion flow

dp
=Ap" (t,x) e Rt x R

5 = 80" (t.x)

with initial datum p(t = 0,-) = |f|?>P and apply entropy methods

Range of exponents

l<p<is = L=m<m<l1

@ Sobolev inequality: p = d 5, m=m
@ Logarithmic Sobolev inequality: p=1, m=1
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Entropy — entropy productlon inequality

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Fast diffusion equation (written in self-similar variables)
ov
or

Generalized entropy (free energy) and Fisher information

+ V- (v(Vv™ = 2x)) =0

Flv] = 1 (v =B" —mB™ ! (v — B)) dx

RY
Ilv] == /1; vIVyTl 4 2x|2 dx
satisfy an entropy — entropy production inequality
I[v] > 4 F[v]
[del Pino, JD, 2002] so that
Flv(t,)] < Flwle **
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inequ m “ Stability for Gagliardo-Nirenberg-Sobolev inequalities on ]R

The entropy — entropy production inequality
Zlv] > 4 Flv]
is equivalent to the Gagliardo-Nirenberg-Sobolev inequalities
IVl oy I gee > Cans(p) [1F ]l (GNS)
with equality if and only if |f|?P is the Barenblatt profile such that
PP = B(x) = (L+ <) ™

v = f2P so that v™ = fP*1 and v |Vv"”1|2 =(p—1)2|VF?
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Constructive stability results and entropy methods
LSI and GNS inequalities: sphere, Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities

Entropy methods
Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Spectral gap and Taylor expansion around B

5(m)
4
2
Case 1
Case 2
Case 3
m, =42
4 a 0 m
1

[Denzler, McCann, 2005]
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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Constructive stability results and entropy methods
LS\ and GNS mmmh' es
Stability for Soboley

Strategy of the method

Entropy methods
Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Choosde > 0, small enough

Get a threshold time ty (€)

tx(€ t
| Backward estimate ‘* Forward estimate
< | >
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer
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Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

A constructive stability result (subcritical case)

The stability in the entropy - entropy production estimate
Z[v] — 4 F[v] > ¢ F|[v] also holds in a stronger sense

¢
Ilv] — 4 Flv] > mI[v]

d(m—me)

Alv] = sup r @=m / vdx < oo
r>0 |x|>r

Theorem

Let d > 1 and p € (1, p*). There is an explicit C = C[f] > 0 such that,
for any f € L?P(R?, (1 + |x[?) dx) s.t. VF € L?(R?) and A[f?F] < oo

d—p(d—2
(0= 17 19 e + 4 T2 et ) — Kans 17125
> C[f] mf/ |(p— 1) VF + P V! ~P|* dx

V.
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Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

The asymptotic time layer improvement

Linearized free energy and linearized Fisher information

Flg] ==

m

/ g?B> Mdx and |[g] ::m(l—m)/ |Vg|? B dx
2 Rd Rd

Hardy-Poincaré inequality. Let d > 1, m € (my,1) and
g € L?(R?,B2™ dx) such that Vg € L*(R?, Bdx), [, g B> ™dx =0
and [p,xgB?> Mdx =0

I[g] > 4aF[g] where a=2-d(1—m)

Proposition

Let me (m,l)ifd>2, me (1/3,1)ifd=1,n=2(dm—d+1) and
X = m/(266 + 56 m). If [, vdx =M, [o,xvdx=0 and

(1-e)B<v<(l+¢)B

for some € € (0, xn), then
I[v] > (4 +n) Fv]
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Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

The initial time layer improvement: backward estimate

For some strictly convex function ¢ with ¢(0) = 0, ¢/(0) = 1, we have
IT-4F > 4(W(F)—-F)=0

Far from the equality case (i.e., close to an initial datum away from
the Barenblatt solutions), we expect an improvement

Rephrasing the carré du champ method, Q[v] := JIT[[“’/]] is such that
dQ
& < 4
dt"Q(Q )

Assume that m > my and v is a solution to (r FDE) with nonnegative
initial datum vy. If for some nn > 0 and t, > 0, we have
Ov(ts,-)] = 4+ n, then

4pett

Q[V(t, )] > 4+ m

Vit e|o,t]
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Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Threshold time: uniform convergence in relative error

Theorem

[Bonforte, JD, Nazaret, Simonov, 2021] Assume that m € (my, 1) if
d>2 me(1/3,1) ifd=1 and let € € (0,1/2), small enough, A > 0,
and G > 0 be given. There exists an explicit threshold time T > 0 such

that, if u is a solution of

ou m
= = Au (FDE)

with nonnegative initial datum uy € L(RY) satisfying

d(m—m¢)

A[UO] =supr T—m / updx < A< oo (HA)
r>0 [x|>r

Jga to dx = [pq Bdx = M and Flug] < G, then

u(t, x)
B(t, x)

sup
xERY

l'gs Vt>T
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Constructive stability results and entropy methods ity ek

Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

A constructive stability result (critical case)

Let 2 p* = 2d/(d — 2) = 2*, d > 3 and
Wp (RY) = {f e LP"TH(RY) : VF € L2(RY), |x|fP" € LA(R?)}

Theorem

Let d >3 and A > 0. For any nonnegative f € Wy (R9) such that

/ (1, x,|x|?) F2 dx = / (1,x, |x|*) g dx and sup rd/ 2 dx < A
Rd Rd r>0 |x|>r

we have

IV lIEacee) = 3 1F e o)
> _GA) /
o 4 + C*(A) Rd

C.(A) = C.(0) (1+AV/C d))_l and C,(0) > 0 depends only on d

d=2 f3ts U=z
Vf + &= fa2 Vg dx
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Constructive stability results and entropy methods
LSI and GNS inequalities: sphere, Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities

Entropy methods
Stability for Gagliardo-Nirenberg-Sobolev inequalities on RY

Comments, extensions

@ Gradient flows: see for instance [Otto, 2001]

In the linear diffusion / Markov processes case, see [JD, Nazaret,
Savard| for various choices of the evolution equation / the entropy /
the appropriate notion of distance to obtain a gradient flow

Q Symmetry without symmetrization: rigidity results, as a byproduct
of the entropy methods: [JD, Esteban, Loss, 2016] for an application
to Caffarelli-Kohn-Nirenberg inequalities

Q@ Some rigidity results in nonlinear elliptic PDEs can be
reinterpreted using the carré du champ method:

[Gidas, Spruck, 1981], [Bidaut-Véron, Véron, 1991], [Demange, 2008]
and also [Obata, 1971]
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Constructive stability results and entropy methods Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities More results on logarithmic Sobolev inequalities

Logarithmic Sobolev

and Gagliardo-Nirenberg
on the sphere

A joint work with G. Brigati and N. Simonov

Logarithmic Sobolev and interpolation inequalities on the
sphere: constructive stability results

arXiv:2211.13180

> Carré du champ methods combined with spectral information
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https://arxiv.org/abs/2211.13180.pdf

Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

(Improved) logarithmic Sobolev inequality

On the sphere S¢ with d > 1

d F?
/ IVFP? dug > f/ Flog | —»— | dua VF € HY(S, du)
Sd 2 S HFHLZ(Sd)
(LSI)

dp: uniform probability measure; equality case: constant functions
Optimal constant: test functions F.(x) =1 +ex-v, v €S9, ¢ — 0
> improved inequality under an appropriate orthogonality condition

Let d > 1. For any F € HY(S?, dp) such that [,, x F dug =0, we have

d F2 2
VF]>d ——/ Fllog| ——— | d >—/ VF|?d
/Sdl | dpg 2 /., g ||F||iz(§d) LR Sdl | dpg

Improved ineq. [y, |VF[?dug > (§ +1) fs F? log (F2/||F||i2(sd)) dug

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Logarithmic Sobolev inequality: stability (1)

What ifdeXqud;éO? Take F.(x)=1+ex-vandlete — 0

d F2
95 =5, 2 08 i ) b= 0 = 0 (19 )

IFelltz(sey

Such a behaviour is in fact optimal: carré du champ method

Proposition

Letd>1,v=1/3ifd=1andy=(4d —1)(d — 1)2/(d +2)? if
d > 2. Then, for any F € HY(SY, du) with HFHiZ(gd) =1 we have

VF|;
/ |VF\2d,ud—(—1/ P g = = — ” 2””(8")
2 =2 Y IVFlLasey +d

In other words, if [[VF|[;(sq) is small

fsd |VF|2 dpg — g fsd F? log F? dpg > 2 59 HVFHL?(Sd +o (”v":”L2 sd )

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Logarithmic Sobolev inequality: stability (2)

Let My F denote the orthogonal projection of a function F € L?(SY) on
the spherical harmonics corresponding to the first eigenvalue on S?
X

. F d
Tl /de (v)duly) YxeS

> a global (and detailed) stability result

an(X) =

Theorem

Let d > 1. For any F € HY(S?, du), we have

d F2
[iveton— [ o E )
S¢ S ||F||L2(sd)

p ( IV F I 2 g0y
= Jd 2 d 2
IVFlt2sey + 5 [IFlltegse)

+(IV(Id - M) F||iz(§d)>

for some explicit stability constant .y > 0

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Improved Gagliardo-Nirenberg(-Sobolev) inequalities

L I9FR du > 2 (1F iy~ IFlEx) Y F € TS, o)
(GNS)
for any p € [1,2) U (2,2*), with du: uniform probability measure
2*:=2d/(d —2)if d > 3 and 2* = +oo otherwise
Optimal constant: test functions F.(x) =1 +ex-v, v €S9, ¢ — 0
logarithmic Sobolev inequality: obtained by taking the limit as p — 2

Theorem

Let d > 1. For any F € HY(S?, du) such that fsd x F dug =0, we have

IV du = = (1 e = WFley) = B [ VFF s

. 2d—p(d—2
with ng,p = #

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Gagliardo-Nirenberg inequalities: stability (1)

With F.(x) =1+ ex - v, the deficit is of order e* as ¢ — 0

Letd > 1 and p € (1,2) U (2,2*). There is a convex function 1) on R
with 1(0) = 1'(0) = 0 such that, for any F € HY(SY, dyu), we have

d
L 19FE dna = =2 (1F e — 1)

||VF||iZ(sd)>

2
2 |IF o) ¥ ( 1FllEs(sey
P

This is also a consequence of the carré du champ method, with an
explicit construction of ¥, and ¥(s) = O(s?) as s — 0,
There is no orthogonality constraint

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Gagliardo-Nirenberg inequalities: stability (2)

As in the case of the logarithmic Sobolev inequality, the improved
inequality under orthogonality constraint and the stability inequality
arising from the carré du champ method can be combined

Theorem

Letd > 1 and p € (1,2) U (2,2*). For any F € H'(SY, du), we have

d
2 2 2
/sd IVF|" dpa — ﬁ <||F||Lp(§d) - ||F||L2(§d))

- ( ||V”1F\|4L2(sd)
Z <dp 2 2
||VF||L2(Sd) + HFHL2(S")

+ [|V(Id — My) F”iz(gd))

for some explicit stability constant /4 , > 0

v

On RY with the Gaussian measure, Logaritmic Sobolev Inequalites are
the limit case as p — 2 and previous carré du champ methods fail

J. Dolbeault Entropy methods and stability



Constructive stability results and entropy methods Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities More results on logarithmic Sobolev inequalities

Gaussian interpolation inequalities

Joint work with G. Brigati and N. Simonov
Gaussian interpolation inequalities
arXiv:2302.03926

> The large dimensional limit of the sphere

J. Dolbeault Entropy methods and stability


https://arxiv.org/abs/2302.03926.pdf

Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Large dimensional limit

Gagliardo-Nirenberg-Sobolev inequalities on S9, p € [1,2)
2 2 2
IV el = 5% (161000 ay — 10132000

Let v € HY(R", dx) with compact support, d > n and

ug(w) = v(wl/\/g,wz/\Fd,...,w,,/\/g)

where w € SY € RI*tL. With dy(y) := (27)~"/? eIyl dy,

2
Jimd (V0622000 = 5% (10120 1) — N6l 2o, ) )

= V1 aqgo o — 725 (112 = V1o amy)

v

J. Dolbeault Entropy methods and stability



Stability results on the sphere

Constructive stability results and entropy methods
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities More results on logarithmic Sobolev inequalities

Gaussian interpolation inequalities on R”
2 1 2 2
IV VIeran) = 5= (M) = 1)

@ 1 < p < 2 [Beckner, 1989], [Bakry, Emery, 1984]
Q@ Poincaré inequality corresponding: p =1
Q@ Gaussian logarithmic Sobolev inequality p — 2

v[?

dvy
IVIZ 2o av)

1
IV sy 2 5 [ IvP log
IR’T

dy(y) = (2m) "2 e 2 b dy

J. Dolbeault Entropy methods and stability
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Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Carré du champ on S9

If A denotes the Laplace-Beltrami operator on S? and

Ou (1 |Vul?
ZE_ meem) —) 2=
5r — U (Au+(mp 1) ., )

then % ||U||ip(sd) =0, % ||U||i2(sd) =2(p-2) fgd umP=m |Vl dpg

m(d, p) ::ﬁ (dp+2:t\/d(p—1) (2d—(d—2)p))

Proposition

If m e [m_(d,p), my(d,p)], then for any t >0

d 2 d 2 2
p (”quL?(Sd,dud) o2 (”u”LP(Sd,d#d) - ||U||L2(sd,dud)>> <0

J. Dolbeault Entropy methods and stability



Constructive stability results and entropy methods Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities More results on logarithmic Sobolev inequalities

Admissible parameters on S?

Monotonicity of the deficit along

ou

Ou |Vul?
ot

=u PO (Au+ (mp—1)

05+

Figure: Case d = 5: admissible parameters 1 < p < 2* =10/3 and m
(horizontal axis: p, vertical axis: m)

J. Dolbeault Entropy methods and stability



Constructive stability results and entropy methods Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities More results on logarithmic Sobolev inequalities

Gaussian carré du champ and nonlinear diffusion

v Vv
p(1—m) _ n
o=V (Ev +(mp—1) — on R

Ornstein- Uhlenbeck operator: L=A —x -V

ma(p)i= lim_ma(dp) =1% 2 o= 1) (2= p)

0.8+

0.6

Figure: The admissible parameters 1 < p < 2 and mv are independent-of n
J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

A stability result for Gaussian interpolation inequalities

For all n> 1, and all p € (1,2), there is an explicit constant c, , > 0
such that, for all v € H(d"),

1
1V¥Reqena) ~ 5= (M) ~ IVIEaqer.an)

||Vn1V||i2(Rn d
> - v Id _ I-l 2 ) 5 'Y)
> o (1908 0M e vt 5

J. Dolbeault Entropy methods and stability



Stability results on the sphere
Interpolation and LSI inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Constructive stability results and entropy methods
LSI and GNS inequalities: sphere, Gaussian measure
Stability for Sobolev and logarithmic Sobolev inequalities

More results on logarithmic Sobolev
inequalities

Joint work with G. Brigati and N. Simonov

Stability for the logarithmic Sobolev inequality
arXiv:2303.12926

> Entropy methods, with constraints

J. Dolbeault Entropy methods and stability


https://arxiv.org/abs/2303.12926.pdf

Stability results on the sphere
LSl and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure

More results on logarithmic Sobolev inequalities

Stability under a constraint on the second moment

us(x) = 1+ ex in the limit as e — 0

. 1
d(ue,l)zz||u;||i2(R)d7):52 and W|g£”d(ug, w)® ga

M= { W : (a,¢) € R x R} where w, (x) = ce %

+0(<%) .

Proposition

For all u € HY(R?, dv) such that |[ull2gey = 1 and ||x u][7 (e < d, we
have

1
Hqui?(Rd,da) - E/Rd |uf® log |uf® do > — (/ luf? log |u]? da)
and, with ¢(s) :=s — % log (1 + %5),

2 1 2
HVUHL2(Rd,da) ) v |L’|2 log \U|2 do > <||VUHL2(]Rd,da))

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Stability under log-concavity

1
G =1+ 1728~ 1.0005787

For all u € HY(R?, dv) such that u?+ is log-concave and such that

/(1,x)|u\2da:(1,0) - /|x|2|u|2da§d
R4 R4

we have
||VU||L2 RY,do) / |ul? log |u|® do > 0

J. Dolbeault Entropy methods and stability



Stability results on the sphere
LSI and GNS inequalities: sphere, Gaussian measure Interpolation and LS| inequalities: Gaussian measure
More results on logarithmic Sobolev inequalities

Theorem

Let d > 1. For any € > 0, there is some explicit € > 1 depending only
on ¢ such that, for any u € HY(RY, dv) with

/)GJHMQM:(LQ,/|Aﬂm%w§d7/\M%““da<m
R JRd JRd

for some € > 0, then we have
> (o7 5 5
IVullia@e oy = 2 Jos |u|* log |u]* do
Additionally, if u is compactly supported in a ball of radius R > 0, then

G —1

:1 —————
C=lt iR

J. Dolbeault Entropy methods and stability



results Constructive results on RY
L%I I "eNs S I I sphe Strategy of the proof

I ntroj opy ethods
an measure
Stal bltyf Sobol I d I ogari thmc Sol b I equalities Dimensional dependenc:

e and stability results for the log-Sobolev inequality

Sharp stability for Sobolev and
log-Sobolev inequalities,

with optimal dimensional
dependence

A joint work with JD, M.J. Esteban, A. Figalli, R. Frank, M. Loss

Sharp stability for Sobolev and log-Sobolev inequalities, with
optimal dimensional dependence
arXiv: 2209.08651
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Constructive results on RY
Strategy of the proof
Stability for Sobolev and logarithmic Sobolev inequalities Dimensional dependence and stability results for the log-Sobolev inequality

Stability results for the Sobolev inequality

Sobolev inequality on RY with d > 3
2 2 :
IVFliogga) = Sa If e ey ¥ F € HY(RY)
with equality on the manifold M of the Aubin—Talenti functions

_d—2
2

g(x)=c(a+|x—bP) , ac(0,00), beR?I, ceR

Theorem

There is a constant 3 > 0 with an explicit lower estimate which does not
depend on d such that for all d > 3 and all f € H(R?) \ M we have

2 2 B . 2
||Vf||L2(Rd) —Sq HfHL?*(Rd) = d glen/f/l [V — vg||L2(1R<d)
[JD, Esteban, Figalli, Frank, Loss|

Some important features of this result: @ No compactness argument
@ The (estimate of the) constant g is explicit
@ The decay rate 8/d is optimal as d — +00

J. Dolbeault Entropy methods and stability



Constructive stability results and entro p methods Constructive results on RY
1S] el @S it eoica, @ sure Strategy of the proof
Stability for Sobolev and Ioganthmlc Scbolev mequalmes Dimensional dependence and stability results for the log-Sobolev inequality

Some history

IV By = Sa lF12e ey V£ € (R

> 2* = 2d/(d — 2) is the critical Sobolev exponent
> Sg = 1d(d—2)[S?* is the sharp Sobolev constant
[Rodemich., 1966], [Rosen, 1971], [Aubin, 1976] and [Talenti, 1976]
> [Brezis, Licb, 1985]: is it possible to bound the Sobolev deficit
HVfHL2 (R — Sy ”fHL?*(Rd) on H(RY) from below by a distance to M ?
t> [Lions, 1985] if the deficit is small for some function f, then f has
to be close to M
> [Bianchi, Egnell, 1991] for any d > 3 there is a constant cgg > 0 s.t.

198 aqee) = Sa lF B aoy

E(f) =
(") infgem [V — Vg”p(]Rd)

> cpr VFeH(RY)\ M

> [Figalli, Glaudo, 2020] H! distance to... by || — Au + v |z
> [Konig, 2022] cpg is achieved and cgg < 4/(d + 4)
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Comments

@ The power two of the distance to M is optimal

@ The strategy of Bianchi-Egnell is based

> on a local analysis in a neighbourhood of M (spectral analysis)
> on a reduction of the global estimate to a local estimate by the
concentration-compactness method based on Lions’s analysis

Our strategy is to make both steps of the strategy of Bianchi-Egnell
constructive and based on

@ The “far away” regime and the “neighbourhood” of M
@ Competing symmetries and a notion of a continuous flow
(based on Steiner’s symmetrization)

J. Dolbeault Entropy methods and stability
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Stability for Sobolev:
main steps of the proof

2 2 B . 2
||Vf||L2(Rd) —Sq ||fHL2*(Rd) = d g'enjf/[ [V — vg||LZ(IR<d)

> Step 1: Detailed Taylor expansion close to M, with explicit
remainder term

> Step 2: Far from M: competing symmetries and continuous
symmetrization (for nonnegative functions f)

> Step 3: sign changing functions by convexity arguments

> Step 4: Asymptotic dimensional dependence: refined local analysis

J. Dolbeault Entropy methods and stability
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A preliminary result (without optimal dependence in d)

19712 gy — S 171122 o 5

Elf] = ;o v(0) =4 ——
17 infgem ||Vf*VgHiz(Rd) ) 1-9

Theorem

[JD, Esteban, Figalli, Frank, Loss] Let d > 3, g =2d/(d —2). If
f € HY(RY) is a non-negative function, then

ElF]> sup 8(0)
0<é<1

where 1(6) > m(v(9)) and

m(v) = %H—%Vq2 if d>6
m(v) =gz —3(@-1D(@-2v—2v972 if d=4,5
m(y):zé—%u—Syz—bﬁ—%y“ if d=3
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Strategy: two regions

@ Taylor expansion, spectral estimates: in the region
infgerm | VF — Vg||L2(Rd <6 ||Vl"||L2 gey> prove that

E[f] = pn(6)

@ Continuous flow argument: [Christ, 2017] if
infger va Vg”LZ(]Rd >0 ”foLZ Rd)? build a flow ( )0<'r<oo s.t.

fo="F, |fllermey = Ifller ey, 7= [VEllLage) is N\

lim inf [|V(f, — g)[IF2e) =0

T—00 geM

Hv’cHiz(Rd) Saq llf HLZ* (®9) IIf HLZ*(Rd) IV £ HLz Rd) —Sd HfTOHiz*md)

=1-5,
N VI s ey = V7,

Elf] =

2
L2(Rd) HLZ(]Rd)

for some 7 (it exists ?) s.t. infger [|V(f, — &)1 T2re)y =0 IV fl2. (RY)
. then E[f] > &(f,) > 6 u(d)
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Step 1: Taylor expansion in the neighbourhood of M

Let v >0, r € HY(SY)

rLo(sey < v and

Jeordps=0= [ywjrdug, j=1,...,d+1

/sd (IVrP+ A1 +1r)?) dpg — A (/Sd (14 1) dpd)M

>m(v) [ (Vi + Ar) dua
Sd

m(l/)—dir%qu if d>6
m(v) =gtz —3(9 - )(q—Q)V—%Vq_2 if d=4,5
m(v) =% - Fv-50—20° - 31° if d=3
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Analysis close to the manifold of optimizers

Proposition

Let X be a measure space and u,r € LI(X) for some g > 2 with u > 0
and u+r > 0. Assume also that [, u9™'rdx =0. If2 < q <3, then

_ _ 2
lu+ rl2 < [0l + [0l q((az—l)/xuq 2r2dx+q/Xridx)

2<qg= % < 3 means d > 6 and is the most difficult case for Taylor

Corollary

Letgq=2*,0<f¢€ Hl(Rd) and u € M which realizes
infgem [|VF = Vgl
Set r:=f —uand o :=|r|q/||ullqg- Ifd > 6, we have

IVFIB=S4 112 = [ (19rP=54 (a=1) - w2 #) =2 [T r[ °2

v
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Spectral gap estimate

Cf. [Rey, 1990] and [Bianchi, Egnell, 1991]

Lemma

Let d >3, g =2*% f € HY(RY) and u € M be such that
IVf —Vu| =infgem ||VF — Vgl||. Then r := f — u satisfies

4
L (192 = Sata=Dlull a2 ) ez 2 [ Ve

| %
\

Corollary

Let g = 2* and 0 < f € HY(RY). Set D[f] := infzem |VF — Vgl2 and
7 := D[f]/(|IVf|3 — DIf]?)/2. Ifd > 6, we have

IVFIE = Sa IF1I3 > (g3 — 2797%) DIFP?
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Step 2: The “far away” regime for nonnegative solutions

> We prove the inequality for nonnegative functions far from M using
the method of competing symmetries and a continuous symmetrization

J. Dolbeault Entropy methods and stability
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Competing symmetries

[Carlen, Loss, 1990]
@ On §¢ (inverse stereographic projection) use the conformal rotation

(UF)(S) = F(Sl, 52,3 5d+1, _Sd)

On RY, the function that corresponds to UF on RY is given by

d—2
_ 2 E X1 Xd— |x|*~1
WNE) = () F (R e et
where e = (0,...,0,1) € RY and £(Uf) = &[f]

Q Symmetric decreasing rearrangement: if £ > 0, let
Rf(x) =*(x)

f and f* are equimeasurable and |[Vf*|2 < [[Vf]|2
. continuous Steiner symmetrization

J. Dolbeault Entropy methods and stability
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On RY, let

d—2

d—2 2 2
— |S9~7 [ —Z
g«(x) =[S =4 (1+X|2>

Theorem

[Carlen, Loss| Let f € L2 (R?) be a non-negative function. Consider
the sequence (f,)nen of functions

f, = (RU)"f

Then hs = ||f]

2+ g« € M and

lim ||f, — hell2- =0
n—o0

If £ € HY(RY), then (||Vfy||2)nen is a non-increasing sequence

J. Dolbeault Entropy methods and stability
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Define M to be the set of the elements in M with 2*-norm equal to 1

Lemma

2
i _ 2 _ 2 2*—1
nf [[VF — Vel3 = [VFI5 ~Sa sup (£,

8 1

| <

Lemma
For the sequence (f,)nen of the Theorem of [Carlen, Loss| we have that
n > infgen ||V, — Vgl|3. is strictly decreasing

lim inf ||V, — Vg3 = lim [[V£][3 — Sallf|

2
n—o0 geM 2

A\

J. Dolbeault Entropy methods and stability
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Two alternatives

Let 0 < f € HY(RY) \ M s.t. infaep [|[VF — Vgl > 6 ||VF|3
One of the following alternatives holds:

(a) for all n=0,1,2... infeenm ||V — Vgl|3 > || VA3
(b) 3ng € N such that

s IVfu—Vel3 > 6|Vl and i IV fao 1= Vg3 < 31|V a3

v

In case (a) we have

IVFI3 — Sa |l
infge [IVF — Vgl

- o IVFIE—Sallfl3 _ IIVAll3 — Sa
> >
IV£II3 - VI3

because by the Theorem of [Carlen, Loss|

lfl = 72 >

. 1. . 1
Jim VA5 < 5 im i€ [V, Vel3 = 3 (lim VA3 - Su]5-)

J. Dolbeault Entropy methods and stability
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Continuous rearrangement

Let fo = U f,, and denote by (f;)o<r<oo the continuous rearrangement
starting at fo and ending at foo = f4+1
We find 79 € [0, 00) such that

it IVE = Vgl = 6 [[VE 1

and conclude using

lIfo
Vol

[LE8
IVr|

2

2%
2
2

3 _ 5 IVfnll3 — Sallf 13-
;=

5(f0) >1-54 >1-54 > (5[1,(5)

infge./\/l HVfTO - VgHZ -

Existence of 79 not granted: a discussion is needed !
(use a semi-continuity property)
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Step 3: removing the positivity assumption

The Bianchi-Egnell stability estimate
||Vf||i2(]Rd) = Sq [If1I32 (RY) = CBE gie”/f/l [V — Vg”iz(md)

. . . 4
Nonnegative functions: ¢y > 0 u(9) and g < cgp < 745
Sign-changing solutions. Take m := ||“—||i*2*(Rd) and assume that

1-m= ||u+||i;(Rd). We argue that 2 h(1/2) m < h(m) if
h(m):=m'"4+(1-—m)ld-1
With D(v) := ||V v[[Fae) = S [V[[F2+ (gey and (...), we obtain

2 h(1/2)

> pos 22
( ) B ||VU+ Vg—&-HL (RY) + 2 h(1/2) + gd

IV U] 2ze

cgE > 0 1(0)
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An equivalent form of the stability inequality

Bianchi-Egnell stability estimate
B(d) .
IV ey — S 11 sy 2 570 inf 197 = Vgl

We know that By = liminfg_ o0 S(d) > 0
_d
With the Aubin-Talenti function g.(x) := (1 + \x|2)1 2 and u="f/g,

/|vu|2gfdx+d(d—2)/ lul? g2 dx
Rd R4

2/2*
2*—2 + o
- d(@=2) Ll [ 10 6 o)
Rd

zﬁ(d)</ |vu|2g3dx+d(d—2)/ |u—1|2F3*dx)
d Rd R
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A rescaling

d
u(x) =v(rgx) YxeR?, ry= 5
T

2
/ |Vv|? (1+%\X|2) dug
R4 a
2/2*
(/ vf? dud) -/ |v|2dud]
R4 R4

+ ([ rovpauss(@-2) [ -1 du)

where dug = Z; 1 gf* dx is the probability measure given by

> (d—2)

_ —d . 21-d /7 (d\?
dpg(x) == Z;* (1 + 713 |x|2) dx with Zg= r(‘”\g (2>
2
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The large dimensions limit in the Sobolev inequality

Let us consider a function v(x) which actually depends only on
y € RV, where we write that x = (y,z) € RN x R9"N ~ RN for some
integer N such that 1 < N < d. With |x|? = |y|?> + |z|? and

22
+ 2P =1 (PP = (14 0?) (1+ )

we can integrate over the z variable and notice that

N+d

|imda+oo (1 + %3 |y|2)_ ’ = e‘”'y‘z
ima sy oo fra [V(Y)I? dpag = fou [VI> dy

Mg so0 [ |V V]2 (1+ | ) dptg = fon [V V[ dy

where dy(y) :==e™ " ly[? dy is a standard Gaussian probability measure
Gaussian logarithmic Sobolev inequality

1 V2
Vv d 27/ vl lo ()d
/RN| Pz g [ es (e ) o
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Gaussian logarithmic Sobolev inequality

2
/ |Vv|? dy > 7r/ [v|?In # dvy
RN RN ||V||L2(7)

With dy =e™" |X|2, the constant 7 is optimal
[Carlen, 1991] equality holds if and only if
a-x

v(x)=ce

for some a € RV and c e R

There is an explicit constant r > 0 such that VN € N and Vv € H'(y)

2
/ |VV|2 d’y—7r/ vZIn # dv>r inf (v_cea.X)z dvy
RN RN ||VHL2(A,) a€RN, ceR Jrn
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Step 4 for Sobolev stability: optimal dependence

Refinement of Step 1: cutting r into pieces
(1+r)7—-1—gqr
for real numbers r in terms of three numbers
rno=min{r,v}, r:=min{(r—7)+,M -~} and nr:=(r—M);
where v and M are parameters such that 0 <y < M

9::q—2:2*—2:£—>0 as d— 4oo
Given q € [2,3], r € [-1,00) and M € [\/e, +0), we have
(1+r)9—1—gqr

< %q(q—1)(r1+r2)2+2(r1+r2)r3+ (1+CM9W_1 Inm) I’;

+ (%werf + CM,W0r22> l{rgM} aF CM,MG M? ]l{,>M}

.
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/Sd (IVrP+ A +r)?) dpg — A (/Sd (14 1) de)Q/q

> 960/ (IVrP+Ar?) dpg + Z’k
k=1

== (1-0¢) fsd (\Vr1|2 + Ar12) dug—A(g—1+¢0) fgd r2dug + Ao ngd (r3 + 1
b= (1-0¢€) o (IVRl*+Ar}) dug — A(qg— 14 (00 + Coye) 0) Jou 12 dpia
= (1-0¢€) o (IVr]>+Ar) dug — A 1+ €20) [y rd dpa — Aco [ 3 dug

for some parameter og > 0

I: spectral gap estimates

I5: use the Sobolev inequality. The extra coefficient % < 1 gives us

enough room to accomodate all error terms h: an improved spectral
gap inequality using that p({r, > 0}) is small

J. Dolbeault Entropy methods and stability
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These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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