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Sobolev and HLS inequalities Duality
A constructive Bianchi-Egnell stability result Yamabe flow
Stability, fast diffusion equation and entropy methods Entropy methods, improvements

Sobolev and Hardy-Littlewood-Sobolev
inequalities

> Stability in a weaker norm, with explicit constants

> From duality to improved estimates based on Yamabe’s flow
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Sobolev and HLS inequalities Duality
Yamabe flow
Entropy methods, improvements

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
Nl gy < Sa [Vl 2eggey ¥ € (R (s)

and the Hardy-Littlewood-Sobolev inequality

-1 2d d
Sq HV”Lﬂ(Rd) > /Rd v(=A)"'vdx VveLd=(RY (HLS)
are dual of each other. Here Sy is the Aubin-Talenti constant and
2% — 2d
d—2
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Sobolev and HLS inequalities Duality
Yamabe flow
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Improved Sobolev inequality by duality

[JD, Jankowiak| Assume that d > 3 and let g = %. There exists a
positive constant C < 1 such that

q(|2 _ l a(_AY"1,9
Sallwl g, = [ 7 (~8) M o

< CSa WIZ2 gy [V W1 gm0y — St W )

for any w € H(R9)
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Sobolev and HLS inequalities Duality
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Proof: the completion of a square

Integrations by parts show that

|V(—A)71 v|2 dx = / v (—A)f1 v dx
Rd RY

d42
d—27

VU~V(—A)_1vdX:/ uvdX:/ u? dx
RY R R

Hence the expansion of the square

o< [

0 < Sa [0l gy [0 191 ey = 1l oy |

q _ a(_AY"1,4q
~ [sulu 1 4 /Rdu (~2)" u d]
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and, if v = u? with g =

Sd ||u||L2*(Rd Vu— v(_A)il 4

dx

shows that



Sobolev and HLS inequalities Duality
Yamabe flow
Entropy methods, improvements

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

%:Av"’ t>0, xcR (FDE)

If we define H(t) := Hq[v(t, )], with

Halv] := /Rd v(=A)lvdx — Sy ”V”id%(Rd)

then we observe that

2
1 d _
fH’:—/ v"’“dx—i—Sd(/ vd2+d?dx> Vv’"-vafT?ZdX
2 RY RY R

where v = v(t,-) is a solution of (FDE). With the choice m = 472

dr2’
find that m+ 1= 2%

we
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A simple observation

[JD] Assume that d > 3 and m = %. If v is a solution of (FDE)
with nonnegative initial datum in L29/(4+2)(R?), then

/ v(=A)tvdx —Sq|lv|? 2 ]

Rd L#2 (RY)

2
d
= (/Rd yml dX> [Sd HVU”iz(Rd) — HuHi?*(Rd)} >0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H" > 0 if we show that limsup,.oH(t) =0

Notice that v = v™ is an optimal function for (S) if v is optimal

for (HLS)
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Sobolev and HLS inequalities Duality
Yamabe flow
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Improved Sobolev inequality

By integrating along the flow defined by (FDE), we can actually
obtain optimal integral remainder terms which improve on the usual
Sobolev inequality (S), but only when d > 5 for integrability reasons

Theorem

[JD] Assume that d > 5 and let g = %. There exists a positive
constant C < (1 + %) (1 — e*d/z) S4 such that

q _ qa(_AY"1,,9
Sq || w HLdzdz(Rd) ./Rdw (=A) " w9 dx

< C W2 gy [y = Sa 112

for any w € HY(R9)

v

Proof: use the convexity properties of t — J(t fRd v(t,x)™ 1 dx to
get an estimate of the extinction time and combme with a differential
inequality for t — H(t)
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Solutions with separation of variables

Consider the solution of g—‘t’ = Av"™ vanishing at t = T:

d+2

vr(t,x) =c(T —t)* (F(x))7>
where F is the Aubin-Talenti solution of
—AF =d(d —2) Fld+2/(d=2)

Let [[v[ls == sup,cra(l + |x[?)7*2 Jv(x)|

[del Pino, Saez], [Vazquez, Esteban, Rodriguez| For any solution v
with initial datum v € L29/(d+2)(R9), vy > 0, there exists T > 0,
A > 0 and xp € R? such that

_ 1

lim (T —t)" &=n ||v(t,-)/v(t,") = 1| =0

t—T_

with V(t, x) = Ad+2/2¥ (¢, (x — x0)/)\)
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Another improvement

Ja[v] ::/ v#s dx  and Halv] ::/ v(=A)tvdx— Sd||v|| 29
RY RY +2 (R)

Theorem

[JD, Jankowiak| Assume that d > 3. Then we have

0 < Halv] + Sa Jalv**9 o (Jal1E [Sa V0l agee) = 101 oo ])
YueD, v= uds

where ¢(x) :=vC?+2Cx — C for any x >0

Proof: H(t) = —=Y(J(t)) Vt € [0, T), ko := T—(‘:} and consider the
differential inequality

2 2 4
Y (esas™i4v) < TE2ersisE, Y(0) =0, Y(Jo)= —Hy
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Sobolev and HLS inequalities Duality
Yamabe flow

Entropy methods, improvements

C =1 is not optimal

C =1 is the constant in the expansion of the square method
Theorem

[JD, Jankowiak| In the inequality

q(|2 _ a(_AY"1,9
Sa W71 g5, ) = [ W (~8) w7 e
8

< CoSa W3 ey [IVWI 2oy — S W12 e

we have

d
— L 1
dra =<

based on a (painful) linearization

Extensions:
Q@ Moser-Trudinger-Onofri inequality
@ fractional Laplacian operator [Jankowiak, Nguyen]
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Sobolev and HLS inequalities Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Stability, fast diffusion equation and entropy methods Analysis close to the manifold of optimizers

Towards a constructive
Bianchi-Egnell stability result

> A constructive estimate for the Bianchi-Egnell stability result
> Competing symmetries and the construction of a flow

> Explicit estimates close to the manifold of optimizers
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Sobolev and HLS inequalities Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Stability, fast diffusion equation and entropy methods Analysis close to the manifold of optimizers

Stability for Sobolev

With d > 3, 2* = 2d/(d — 2), we consider the stability inequality
IVFIIF2rey = Sa llF I F2 ey = cse inf IVF = Vel ora

for functions in H'(R?) = {f e LY(RY) : VF e L3(RY)}

Sq=13d(d-2) \Sd|2/d is the optimal constant in Sobolev’s inequality
M is the manifold of the optimal Aubin-Talenti functions

F(x)=c(at|x—b2)~ %

cge = 0: [Rodemich, 1966], [Aubin, 1976], [Talenti, 1976]
cgg > 0 7 [Brezis, Lieb, 1985

cgg > 0: [Bianchi, Egnell, 1991]

CBE >7

Results in collaboration with
M.J. Esteban, A. Figalli, R.L. Frank, M. Loss
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Main result

HVme Re) ~ 9d ”in?*(Rd) v(0) == 6
|nfg€M ||Vf - VgHiz(Rd) ’ .

1-96

Let d >3, g=2d/(d —2). If f € HY(RY) is a non-negative function,
then

E(f) =

E(f) > Kk:= sup du(d)

0<s<1
where 1(6) > m(v(9)) and
m(v) := di4 %V" 2 if d>6
mv) =gz —3(@-1(@-2)v—2v972 if d=45
m(y)::‘—;—%zx 51/2—21/3—%1/4 if d=3
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Sobolev and HLS inequalities Constructive stability for Sobolev: a statement

A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Stability, fast diffusion equation and entropy methods
Comments
U bound: Cgg < inf E() < 4
pper bouna: BE = n < —
0<fEeH! (RY)\ M d+4
We also have a lower bound on Cgg := inf E(f)
FEH(RY)\ M
0.020, [work in progress]
0.015}
0.010}
0.005|
4 6 8 10 1A2 Py

Figure: Plot of d — k(d) ford =3, 4, ..., 15

Large dimensions: x(d) ~29"1d=1(d+4)"% as d — 400
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Sobolev and HLS inequalities Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Stability, fast diffusion equation and entropy methods Analysis close to the manifold of optimizers

Strategy: two regions

Q@ In the region infgepq ||V — VgHLz Rey <0 [VFI2, (Rey> Prove that
E(F) = n(d)

@ If infgent [|VF = Vg[2a0) = 81| VF 2,50, build a flow (£ )o<r <o
s.t.

fo=", ||fT||L2*(]Rd) = ||f||L2*(Rd)7 T [V |lLaey s N\

lim inf [|V(f; —g)lIf2ray =0

T—00 geM
£(r) > iz S gy g o W o Il = e e
- (Ivf HLZ(]Rd) IvVf ”LZ(Rd) v TO“LZ(Rd)

for some 7o (it exists ?) s.t. infger [|V(f, — &)1 T2re)y =0 IV 2. (RY)
.. then E(f) > E(f,) > 0 u(9)
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Inverse stereographic projection

Denote by s = (s1, 5, . ..,54+1) the coordinates in R4*1: S§9 ¢ RI+1
can be parametrized in terms of stereographic coordinates by

2x; ) 1— |x|?
§i=——5, =1,...,d, Sg4y1=—5
A TR MR R ey e
We set Vs
Fis) = (355) 7 ()
£(F) = IVAR=SalIFI2. _ IVFI 260, + d(d-2) HFH =S4 I FII% 2% ga)

B _ 2
infeem [VF—Vegld mfGeM{HVF VG”LZ(Sﬁ d( 2) |IF— G||L25d}

d—2

where G(s) =c(a+b-s) 2 ,a>0, beR?and c € C are constants
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A constructive B
Stability, fast diffusion equa

and HLS inequalities Constructive stability for Sobolev: a statement
chi-Egnell stability result A flow based on competing symmetries
on and entropy methods Analysis close to the manifold of optimizers

Competing symmetries

[Carlen, Loss, 1990]
@ Conformal rotation

(UF)(S) = F(Sl, 52,3 5d+1, _Sd)

On RY, the function that corresponds to UF on RY is given by

d—2
_ 2 7 X1 Xd— |X|2*1
WNE) = () F (R e et
where ey = (0,...,0,1) € RY and £(Uf) = £(f)

Q Symmetric decreasing rearrangement: if £ > 0, let
Rf(x) =f*(x)

f and f* are equimeasurable and |[Vf*|2 < [[Vf]|2
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

On RY, let

d—2

d—2 2 2
— |S9~7 [ —Z
g«(x) =[S =4 (1+X|2>

Theorem

[Carlen, Loss| Let f € L2 (R?) be a non-negative function. Consider
the sequence (f,)nen of functions

f, = (RU)"f

Then hs = ||f]

o« & € M and

lim ||f, — hell2- =0
n—o0

If £ € HY(RY), then (||Vfy||2)nen is a non-increasing sequence

J. Dolbeault Stability estimates in critical functional inequalities



Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Define M1 to be the set of the elements in M with 2*-norm equal to 1

2
inf |Vf—Vg|3=|VF|3— fg? !
nf 97 = Velg = V715 - Sa sup (£, )

For the sequence (f,)nen of the Theorem of [Carlen, Loss] we have that

n > infgen ||V, — Vgl|3. is strictly decreasing

2
2%

. . . 2: . 2
i inf, [V, ~ Vgl = lim V%3~ Salf]

n—oo
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Constructive stability for Sobolev: a statement

A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Two alternatives

Let 0 < f € HY(RY) \ M s.t. infaep [|[VF — Vgl > 6 ||VF|3
One of the following alternatives holds:

(a) for all n=0,1,2... infeenm ||V — Vgl|3 > || VA3
(b) 3ng € N such that

s IVfu—Vel3 > 6|Vl and i IV fao 1= Vg3 < 31|V a3

v

In case (a) we have

VI35 = Sqlf
E(f) =
(f) infgen [VF — Vg

because by the Theorem of [Carlen, Loss]

2
2%

5o IVFIE = Sallfl3- - [IVAall3 = Su I
2~ IV£13 - VI3

1 1
H 2 - H o 2 _ H 2 2
lim V6B <5 im inf V-Vl = 5 ( lim VI3 - S IfI3.)
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Continuous rearrangement

Let fo = U f,, and denote by (f;)o<r<oo the continuous rearrangement
starting at fo and ending at foo = f4+1
We find 79 € [0, 00) such that

glen./i:/l va'ro - VgH% =0 ”vﬂ'o”%

and conclude using

ol [2. £ 12 £ 12 = Sqllfn |2
i) > 15, JolB oy g IfnlBe _ o IVl — SallfnlB
HV]CTO|2

> & u(d
e no)

imcgEM HVfTO - VgHZ B

Existence of 79 not granted: a discussion is needed !

Remark. We can build a flow by gluing continuous symmetrization at
each step of the sequence (f,)nen
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Analysis close to the manifold of optimizers

Proposition

Let X be a measure space and u,r € LI(X) for some g > 2 with u > 0
and u+r > 0. Assume also that [, u9™'rdx =0. If2 < q <3, then

_ _ 2
lu+ rl2 < [0l + [0l q((az—l)/xuq 2r2dx+q/Xridx)

2<qg= % < 3 means d > 6 and is the most difficult case for Taylor

Corollary

Let g=2*,0< f e HY(RY) and u € M whish
realizesinfge pq ||V — Vg||2
Set r:=f —uand o :=|r|q/||ullq- Ifd > 6, we have

IVFB=S4 112 > [ (19rP=54 (a=1) - o~ ) =2 [T r[ o°2

v
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Constructive stability for Sobolev: a statement
A constructive Bianchi-Egnell stability result A flow based on competing symmetries
Analysis close to the manifold of optimizers

Spectral gap estimate

Cf. [Rey, 1990] and [Bianchi, Egnell, 1991]

Lemma

Let d >3, g =2*% f € HY(RY) and u € M be such that
IVf —Vu| =infgem ||VF — Vgl||. Then r := f — u satisfies

/ (IVr[2 = Sa(q — 1) a2~ ]2 r2) dx > / VP dx

| %
Q
\

Corollary

Let g =2* and 0 < f € HY(RY). Set D(f) := infger |[VF — Vgl|2 and
7 :=D(f)/(|IVfl3 - D(f)*)Y2. Ifd > 6, we have

IVFI = SalIfll3 > (g% — 27972) D()°
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GNS inequality and the fast diffusion equation
The threshold time and consequences (subcritical case)
Stability results (subcritical and critical case)

So b ole Md HL‘\ inequalitie
structive Bi d Egnell stability resi M
Stability, fast dlffusmn equatlon and entrcpy methods

Constructive stability results
in Gagliardo-Nirenberg-Sobolev
inequalities

A joint project with M. Bonforte, B. Nazaret and N. Simonov

Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method

arXiv:2007.03674, to appear in Memoirs of the AMS
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Sobolev and HLS inequalities GNS inequality and the fast diffusion equation

A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)

Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Fast diffusion equation
and entropy methods

ou
AT
ot Y

Gagliardo-Nirenberg-Sobolev inequalities
IVFI5 11557 = Cans(p) Ifla

Range of exponents:

1< < 94 — E—-m <m<1
P_d_2 d 1S

@ Sobolev inequality: p = d 5, M= m
@ Logarithmic Sobolev inequality

J. Dolbeault Stability estimates in critical functional inequalities
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Sobolev and HLS inequalities GNS inequality and the fast diffusion equation
A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Entropy — entropy production inequality

Fast diffusion equation (written in self-similar variables)

ov m—1 B

S+ Vv (v —2x) | =0 (r FDE)

Generalized entropy (free energy) and Fisher information
1

Flv]i=—— (v =B" —mB™ ! (v — B)) dx

m Jrd
Z[v] :—/ vIVyTl 4 2><|2 dx
RY

satisfy an entropy — entropy production inequality

Zlv] > 4 Flv]

[del Pino, JD, 2002] so that
Flv(t, )] < Flw]e™**

J. Dolbeault Stability estimates in critical functional inequalities
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The entropy — entropy production inequality Z[v] > 4 F[v] is
equivalent to the Gagliardo-Nirenberg-Sobolev inequalities

IV Al 11,57 > Cans(p) [l (GNS)
with equality if and only if |f(x)[?? = B(x) = (1 + |x|?) T
P=5my = m:pz— [my,1) with my =42
u = f2P so that u™ = fP*1 and u ’Vu’"_1’2 =(p—1)?|Vf]?

= F35, E[=fI55, ul=(p+1)? IVF];

J. Dolbeault Stability estimates in critical functional inequalities



GNS inequality and the fast diffusion equation
The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Spectral gap: sharp asymptotic rates of convergence

[Blanchet, Bonforte, JD, Grillo, Vazquez, 2009]
_1 _1
(GQ+Ix?) ™" <w < (G+[xP) = (H)

Let Ay g > 0 be the best constant in the Hardy—Poincaré inequality

/\a,d/ 2 a1 g/ \VF?dpe VFfeHY (duy), / fdpeg_1=0
JRI JRA Rd

with dpg := (1 + |x|?)® dx, for a < 0

Under assumption (H),

Flv(t,-)] < Ce 27(mt y¢> 0, ~(m):=1-m)Ar/(m-1),d

Moreover v(m) = 2 if% =m<m<l1

J. Dolbeault Stability estimates in critical functional inequalities



Sobolev and HLS inequalities
A constructive Bianchi-Egnell stability result

Stability, fast diffusion equation and entropy methods
Spectral gap
:

GNS inequality and the fast diffusion equation

The threshold time and consequences (subcritical case)
Stability results (subcritical and critical case)

/ y(m)
™

4
ds1
+2

2
Case 1
— Case 2
e Caise 3
m(;:d—f 0 m
[Denzler, McCann, 2005
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]

Much more is know, e.g., [Denzler, Koch, McCann, 2015]
o (w1 =
J. Dolbeault Stability in critical fi




Sobolev and HLS inequalities GNS inequality and the fast diffusion equation
A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Initial and asymptotic time layers

> Asymptotic time layer: constraint, spectral gap and improved
entropy — entropy production inequality

> Initial time layer: the carré du champ inequality and a backward
estimate

J. Dolbeault Stability estimates in critical functional inequalities



GNS inequality and the fast diffusion equation
The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

The asymptotic time layer improvement

Linearized free energy and linearized Fisher information
m

Flg] := 5 /Rd g?B> Mdx and |l[g]:=m(1—m) /]Rd |Vg|? B dx

Hardy-Poincaré inequality. Let d > 1, m € (my,1) and
g € L?(R?,B2™ dx) such that Vg € L*(R?, Bdx), [, g B> ™dx =0
and [p,xgB?> Mdx =0

I[g] > 4aF[g] where a=2-d(1—m)

Proposition

Let me (m,l)ifd>2, me (1/3,1)ifd=1,n=2(dm—d+1) and
X = m/(266 + 56 m). If [, vdx =M, [o,xvdx=0 and

(1-e)B<v<(l+¢)B

for some € € (0, xn), then
I[v] > (4 +n) Fv]

J. Dolbeault Stability estimates in critical functional inequalities



GNS inequality and the fast diffusion equation
The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

The initial time layer improvement: backward estimate

Hint: for some strictly convex function ¢ with #(0) =0, ¢’(0) = 1, we
have

T—4F> 4((F)—F) >0
Far from the equality case (i.e., close to an initial datum away from
the Barenblatt solutions) for (FDE), we expect some improvement

Rephrasing the carré du champ method, Q[v] := }.—V]] is such that
do
- <Q(Q—4)

Lemma

Assume that m > my and v is a solution to (r FDE) with nonnegative
initial datum vy. If for some n > 0 and t, > 0, we have
O[v(ts,")] > 4+, then

4’)’]8_4t*
t,))>44+ ———— Vit t,
Q{2 4+ L veeloe)

J. Dolbeault Stability estimates in critical functional inequalities



Sobolev and HLS inequalities GNS inequality and the fast diffusion equation
A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Our strategy

Choosde > 0, small enough

Get a threshold time ty (€)

tx (€
‘ Backward estimate ‘* Forward estimate
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer

J. Dolbeault Stability estimates in critical functional inequalities



Sobolev and HLS inequalities GNS inequality and the fast diffusion equation
A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

The threshold time

and the uniform convergence
in relative error

> The regularity results allow us to glue the initial time layer
estimates with the asymptotic time layer estimates

The improved entropy — entropy production inequality holds for any
time along the evolution along (r FDE)

(and in particular for the initial datum)

J. Dolbeault Stability estimates in critical functional inequalities



Sobolev and HLS inequalities GNS inequality and the fast diffusion equation
A constructive Bianchi-Egnell stability result The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

If v is a solves (r FDE) for some nonnegative initial datum
v € LY(RY) satisfying
d(m—m¢)
supr (-=m / Vodx < A< oo (Ha)
r>0 |x|>r

then
(1-e)B<v(t,)<(14+e)B Vt>t,.

for some explicit t, depending only on € and A

J. Dolbeault Stability estimates in critical functional inequalities



GNS inequality and the fast diffusion equation
The threshold time and consequences (subcritical case)
Stability, fast diffusion equation and entropy methods Stability results (subcritical and critical case)

Global Harnack Principle

The Global Harnack Principle holds if for some t > 0 large enough
BMl(t*TlaX)S U(t,X)SBMZ(t+T2,X) (GHP)

[Vazquez, 2003], [Bonforte, Vazquez, 2006]: (GHP) holds if up < |x|7ﬁ
[Vazquez, 2003], [Bonforte, Simonov, 2020]: (GHP) holds if

Alug] := sup Rﬁ_d/ |ug| dx < oo
R>0 R\ Br(0)

[Bonforte, Simonov, 2020] If M + Aup] < oo, then

u(t) — B(t)
B(t)
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Uniform convergence in relative error

Theorem

[Bonforte, JD, Nazaret, Simonov, 2021] Assume that m € (my, 1) if
d>2 me(1/3,1) ifd=1 and let € € (0,1/2), small enough, A > 0,
and G > 0 be given. There exists an explicit threshold time T > 0 such

that, if u is a solution of

ou m
= = Au (FDE)

with nonnegative initial datum uy € L(RY) satisfying

d(m—m¢)

A[UO] =supr T—m / updx < A< oo (HA)
r>0 [x|>r

Jga to dx = [pq Bdx = M and Flug] < G, then

u(t, x)
B(t, x)

sup
x€ER

l'gs Vt>T
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The threshold time

Let me (my,1) ifd >2, me (1/3,1)ifd=1, ¢ € (0,emq), A> 0 and
G>0 .
1+AY™+ G2

Ea

T = ca

N

wherea = § =2, a=d(m—m.) and 9 = v/(d + v)

1-m

¢ =c(m,d)= sup max{eri(e, m), eka(e, m), e k3(e, m)}
e€(0,em,d)
k1(e, m) := max 8¢ 27 sy
ne e (I+e)-m—1"1—(1—¢)-m
(4(1)0471 Ko 8al
= d = —
H2(57 m) 5% s an ’13(53 ITI) 1_ (1 — 6)1_,,,
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Improved entropy — entropy
production inequality
(subcritical case)

o =
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Theorem

Let me (m,1) ifd >2, me (1/2,1) ifd =1, A> 0 and G > 0. Then
there is a positive number ( such that

I[v] = (4+¢) Flv]

for any nonnegative function v € LY(R?) such that F[v] = G,
Jpavdx =M, [L,xvdx =0 and v satisfies (Ha)

We have the asymptotic time layer estimate
1
e€(0,2e,), &4:= 5 min {ema, xn} with t. =t.(c) == log R(T)

(1-e)B<v(t,)<(14+e)B Vt>t,.
and, as a consequence, the initial time layer estimate
4ne it

Zlv(t,)] = (4+ ) Flv(t,.)] VYtel0,t] where (= T —
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Two consequences

G o me ()
1+ AC-m2 L ¢ 7 445 \2ac,
> Improved decay rate for the fast diffusion equation in rescaled
variables

(=Z(A Flw]), Z(AG) =

Let me (my,1)ifd>2 me(1/2,1) ifd=1, A>0and G >0. Ifvis
a solution of (r FDE) with nonnegative initial datum vy € L*(R?) such
that Flvo] = G, [pu o dx = M, [o, x vodx =0 and v, satisfies (Ha),
then

Flv(t, )] < Flwle”*9t vi>0

> The stability in the entropy - entropy production estimate
Z[v] — 4 F[v] > ¢ F[v] also holds in a stronger sense

Ilv] — 4 Flv] > yy ¢ CZ[V]
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Stability results
(subcritical case)

> We rephrase the results obtained by entropy methods in the
language of stability ¢ la Bianchi-Egnell

Subcritical range

pr=+4xifd=1or2, p‘=-5ifd>3
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2p
(2ds[fPt NFIE | PN M
= (S R) T
d—p(d—4)
Alf] := m Sup,sof Pt f\x|>r |F(x 4 x¢)|?P dx
2
E[f] :== % o ( f;[}i]":j Al gptl 12ippg17p (H[(] £2p _ g2p>) dx

p—1

Sl[f] == /\;12_2; C(;;d) Z(A[f], E[f])

Letd > 1, p e (1,p*)
Iff € Wp(RY) := {f € L*(R?) : Vf € L}(RY), |x|fP € L3(R)},

PY 2py
(19712 1#159) " = (Can I1Fl,) " = S1f] 1F1227 Ef]
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With Kagns = C(p, d) Cé’ﬁ%, v = %, consider the deficit
functional

d—p(d—2)

fl:=(p—1)? |VF]5+4
S[f] = (p = 1)" [IVFl> + 1

1 2
IFlI5y — Kans [If135”

Let d > 1 and p € (1, p*). There is an explicit C = C[f] such that, for
any f € L% (R, (1 + |x|?) dx) such that Vf € L>(R?) and A[f?F] < oo,

5[f] > C[f] inf/ (p— 1) VF + £P V7| dx
peEM Rd

= The dependence of C[f] on A[f?P] and F[f?P] is explicit and does
not degenerate if f € 9N

> Can we remove the condition A[f2p] < oo ?
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Stability in Sobolev’s inequality
(critical case)

> A constructive stability result

> The main ingredient of the proof
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A constructive stability result

Let 2p* =2d/(d —2) =2*, d > 3 and

W, (RY) = {f e LP'HY(RY) : VF e L3(RY), |x|FP" € L2(Rd)}

Theorem

Let d >3 and A > 0. Then for any nonnegative f € Wy« (R?) such that

/ (1,x, [x[2) £ dx = / (1,x, [x[?) g dx and suprd/ £ dx < A
Rd Rd x|>r

= Feem e

Ci(A) =€, (1—|—A1/(2 d))_l and €, > 0 depends only on d

we have

2 |2
olf] = | VFI; - S 62 f3t v || dx
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Peculiarities of the critical case

> We can remove the normalization of f, use the r.h.s. to measure the
distance to the Aubin-Talenti manifold of optimal functions (in
relative Fisher information) and obtain for

Alf] = sup rd/ 0|f|2"(x+xf) and  Z[f] := (l+u[f]*d)\[f]dA[f])

the Bianchi-Egnell type result

& Z[f]

Z[f] inf Jlflel

olf] = 3=

with xg, A[f] and u[f] as in the subcritical case

> Notion of time delay [JD, Toscani, 2014, 2015]
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Extending the subcritical result in the critical case

To improve the spectral gap
for m = m;, we need to
adjust the Barenblatt function

Ba(x) = A79/2B (x/ﬁ) in or-
der to match [p, [x|? v dx where

the function v solves (r FDE) or
to further rescale v according to

V(%) = sk w (t +r(b), ﬁ) ,

0 m

—4 (m—m¢)
dr _ (;% Jroa %2 vdx) —1, 7(0)=0 and NR(t)=e2"®

t — A(t) and t — 7(t) are bounded on R™
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These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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