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Scope

Prove inequalities with sharp constants on: the sphere, the line,
compact manifolds, cylinders

- rigidity methods based on a nonlinear flow

- generalized entropies and generalized Fisher informations

We start with compact manifolds for which rigidity statements are
easy and extend the method to non-compact settings which are much
more difficult

Q@ Interpolation inequalities on the sphere

@ A nonlinear flow and improvements of the inequalities

Q@ The line

@ Compact manifolds

@ The cylinder

Q@ Symmetry breaking issues in Caffarelli-Kohn-Nirenberg inequalities

Q@ Spectral estimates on the sphere
Q@ Spectral consequences on Riemannian manifolds
Q@ Spectral estimates on the cylinder

J. Dolbeault Sharp functional inequalities and nonlinear diffusions



Interpolation inequalities on the
sphere

Joint work with M.J. Esteban, M. Kowalczyk and M. Loss
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A family of interpolation inequalities on the sphere

The following interpolation inequality holds on the sphere

_92 2/p
p_/ |V ul? dvg—i—/ lul> dv, > </ |ulP dvg> Y ue HY(SY, dvg)
d sd sd sd

@ for any p € (2,2*] with 2* = 2% if d >3
@ for any p € (2,00) if d =2

Here dv, is the uniform probability measure: vgz(S9) = 1

Q@ 1 is the optimal constant, equality achieved by constants

Q p = 2* corresponds to Sobolev’s inequality...
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Stereographic projection
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Sobolev inequality

The stereographic projection of S C RY x R 3 (p ¢, z) onto R9:
top?+22=1,z 6 [~1,1], p > 0, ¢ € S~ we associate x € RY such
that r = |x|, ¢ =

- \XI

-1 2 2r

:—:1—— e
‘ rr+1 rP4+1’ P r4+1

and transform any function v on S¢ into a function v on RY using

uy) = (£) 7 v(x) = (Z2) 7 v() = (1 2)7°F v(x)

@ p=2*,S4=1d(d—2)[S?*? Euclidean Sobolev inequality

d—2
/ |Vv|? dx > Sy [/ k= dx} Vv € DV3(RY)
RY RY
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Extended inequality

2/p
9 |Vul> dvg > p;iZ [(/Sd |ulP dvg) _/Sd |ul? dvg] VueHY(S, du)

is valid
@ for any p € (1,2) U(2,00) if
@ for any p € (1,2) U (2,2%]

Q@ Case p = 2: Logarithmic Sobolev inequality

2
|Vu|2dvg / |u|? log lu |2 dv, YueHYS dp)
Joo 1ul? dvg

@ Case p = 1: Poincaré inequality

Sd|Vu|2dngd/Sd|u—L7|2dvg with E::/Sdudvg Y ue HY(SY, dp)
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Optimality: a perturbation argument

@ Forany pe (1,2*]if d >3,any p>1lifd=1or2, it is
remarkable that

(p=2) IVulis .
Q[U] = L2(59) > 1|nd Q[U] —
” ”LP(Sd ||u||L2(Sd) ueHY(S9,dp) d
is achieved in the limiting case
19V
Q[l +e V] as € — 0
V22

when v is an eigenfunction associated with the first nonzero
eigenvalue of Az, thus proving the optimality

Q@ p < 2: a proof by semi-groups using Nelson’s hypercontractivity
lemma. p > 2: no simple proof based on spectral analysis is available:
[Beckner], an approach based on Lieb’s duality, the Funk-Hecke
formula and some (non-trivial) computations

@ elliptic methods / ', formalism of Bakry-Emery / nonlinear flows

J. Dolbeault Sharp functional inequalities and nonlinear diffusions



Schwarz symmetrization and the ultraspherical setting

(&0, E1y---€4) €S9, €9 = 2, 10, |&[* = 1 [Smets-Willem)]

Up to a rotation, any minimizer of Q depends only on £4 = z

d
o Let do(f) := En2" dg, Z, _\/—r(rf,ﬁ
2

d /| |2da+/| |2da></| |Pda>

e Change of variables z = cos @, v(#) = f(z)

p_2 ! 712 ' 2 ' P ’
— |f'|* v dvg + |f|° dvg > [f|P dvg
-1 -1 -1

where v4(z) dz = dvy(z) = Jl vs-1 dz, v(z) :==1— 22

): Vv € HY(]0, 7], do)
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The ultraspherical operator

With dvy = Z; ! vi1ldz, v(z) := 1 — 22, consider the space
L2((—1,1), dvy) with scalar product

1

1 1 :
i~ [ and l= ([ o)
—1 -1

The self-adjoint wltraspherical operator is
2\ o1 / " d /gl
Lf=(1-2z)f"-dzf'=vf +§1/f

which satisfies (A, L) = f i vdyg

Proposition

Let pe[1,2)U(2,2"], d > 1

I£1Z = 11113

1
—<f,,cf>:/ FP v dvg > d -
1 —

V£ e HY([-1,1], dvg)
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Flows on the sphere

Q@ Heat flow and the Bakry-Emery method

@ Fast diffusion (porous media) flow and the choice of the exponents

Joint work with M.J. Esteban, M. Kowalczyk and M. Loss
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Heat flow and the Bakry-Emery method

With g =P, ie. f=g*witha=1/p

2a 2
(Ineq.)  —(f,Lf)=—(g" Lg") =I[g] = dnglp# =: Flg]
Heat flow 5
g _
ot =L

d d 1
—llglli=0, —lg°*i=—-2(p—2)(f.LF) =2(p-2) / |f'1? v dvg
dt dt .

which finally gives

GFle(e ) = = S e = ~2dTle(z. )

eq. = S Fle(t, )] < -2 Flg(t,)] = & 70a(t,)] < ~2dT[g(t, )]
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The equation for g = P can be rewritten in terms of f as

of Ik

1d [
—EE |f/|21/dVd:
—1

d B lidk
AFLF) = (LFLA+(p—1) (-

7 v, Lf)

N =

d 1 1
—T[g(t,)] + 2d Z[g(t,")] = i/ If'1? v dvg + 2d/ If'1? v dug
dt dt J_4 —1

1 4 12 g1
d |f| d—1|f]>f
=-2 |2 —1)—— —2(p—1)——= 2
/1(| Prp-1) g — 201 g ) v dva

is nonpositive if
d |f|* ( )d—1|f’|2f”
d+2 f P a2 f

is pointwise nonnegative, which is granted if

FP 4 (p—1)

d—17° d 2d%2+1 2d
—1)——| <(p-1)—— < —# <« T o
[(” )d+2} s Ug53 = PGy Sd-2
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. up to the critical exponent: a proof in two slides

[diz’ﬁ] u=(Lu) —Lu =-2zu" —d

1 1 1
/ (Lu)? dvg = / " |? V2 dug + d/ /)2 v duyg
-1 -1 -1

1 112 1 /14 1 12 0
|| d / [ |* 5 d—l/ v |2u" 5
L d = — dvg — 2 d
/,1( u) =, v dva d+2), @ VT tay2 ), U

On (—1,1), let us consider the porous medium (fast diffusion) flow
/12
up = 20 (Lu—i—ﬁ <] V)
u

If Kk =B (p—2)+1, the L? norm is conserved

1 1
%/ uPP dVd:5p(/£—ﬁ(p—2)—1)/ PP |12y dug =0
-1

-1
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F = 1 By + 52 (IF1220) = 2oy ) 207

1 1 /2
A= / |u"|21/2d1/d—2ﬁ( —l—ﬁ—l)/lu"'u' v? duy
u'*

1
#lee-n+ Fhera-n| [ 2 an

A is nonnegative for some f if

G- D@ —p)>0

A is a sum of squares if p € (2,2*) for an arbitrary choice of 3 in a
certain interval (depending on p and

A= [

" p+2 w2 ?
u

v dug >0 ifpzz*amdﬁztsL

—-p
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The rigidity point of view

72
Which computation have we done ? u; = u>=2# (ﬁ u+k % y)

|U/|21/—|— A u= A u
u p—2 p-—2

—Lu-—(8-1)

Multiply by £ u and integrate

P
/Cuu dVd——/i/ . dvy

avi
Multiply by % and integrate

1 /12
|u
..:—1—,%/ u"| | dvg

—1 u

The two terms cancel and we are left only with the two-homogenous
terms
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Improvements of the inequalities
(subcritical range)

@ as long as the exponent is either in the range (1,2) or in the range
(2,2*), on can establish improved inequalities

@ An improvement automatically gives an explicit stability result of
the optimal functions in the (non-improved) inequality

Q@ By duality, this provides a stability result for Keller-Lieb-Tirring
inequalities

Trint wranls writh M T BRatnhian M W awralanls and N T Aaqa
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What does “improvement” mean ?

An improved inequality is

do(e)<i VueH'(S)) st [lufee =1

for some function ® such that ®(0) =0, ¢’(0) =1, ¢’ > 0 and
®(s) > s for any s. With W(s) :=s— (s)

i—de>d(Wod)(e) VuecH(S)) st |ullfagy =1

Lemma (Generalized Csiszdr-Kullback inequalities)

d
Vel ~ 5= [HellEsee) ~ Il

a3 o
| = 7y ) V€ HE)

Tl ooy

> d 0l (V 0 @) (c

s(p) := max{2, p} and p € (1,2): q(p) :=2/p, r(p) := p; p € (2,4):
q=p/2,r=2p>4 q=p/(p—2),r=p—2
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Linear flow: improved Bakry-Emery method

Cf. [Arnold, JD]

/12
Wt:£W+I<L|W| v
w
With 2¢ = 241
— (4=t 2( 1) (@*—p) if d>1 Pl o
n=(g3) p ;oM =
If p € [1,2) U (2,2%] and w is a solution, then
d 1 |W/4 |e/|2
—(i— de) < — drg < —yq —————
Glimde = [ Bhan <o T
Recalling that ¢’ = — i, we get a differential inequality
/|2
1 d I> |e|
e’ + 6_7171_(p_2)e

After integration: d ®(e(0)) < i(0)
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Nonlinear flow: the Holder estimate of J. Demange

112
we = w228 (ﬁ +/~@|W| )
w

Forall pe (1,2, k=8(p—2)+1, & 11 wPP dvy =0

2 & L (00 P+ 525 (w2 =) ) dvg 2 [ B 02 dg

For all w € H!((~1,1), dvg), such that f_ll whP dug = 1

Pt 1 f "12v dug [ LW P v dug
2 v dvg > V7l 3
1w ﬁ (f_ll w28 dVd)

.. but there are conditions on
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Admissible (p, 3) for d =5
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The line

@ A first example of a non-compact manifold

Joint work with M.J. Esteban, A. Laptev and M. Loss
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One-dimensional Gagliardo-Nirenberg-Sobolev inequalities

1 Fllioey < Con(p) I o IF150, i p e (2,00)

Illee@y < Can(p) I I agy IFlliaky if P € (1,2)
w1th9—p— andn—ﬁ

The threshold case corresponding to the limit as p — 2 is the
logarithmic Sobolev inequality

2 2 o 1112
Jp u* log (—||u||2LZ(R)> dx < 5 ||ullfz) log <7re Tul2 )

If p> 2, u,(x) = (cosh x)fﬁ solves

—(p=2u" +4u—2p[uff?u=0

If p € (1,2) consider u.(x) = (cosx)rzp, x € (—n/2,7/2)
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Flow

Let us define on H}(R) the functional

4
FIv] = IV [If 2y + h-2r IVIF2@y = CllvIFom st Flu]=0

With z(x) := tanh x, consider the flow

ViR r, o 2p o, p VR 2
vtm{v +—p_2zv+§ > +p—2v}

Theorem (Dolbeault-Esteban-Laptev-Loss)

Let p € (2,00). Then
—Flv(t)] <0 d lim Flv(t)] =0
; [v(®)] and  li [v(t)] =

%]:[V(t)] =0 <= w(x)=u(x—x)

Similar results for p € (1, 2)
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The inequality (p > 2) and the ultraspherical operator

Q. The problem on the line is equivalent to the critical problem for the
ultraspherical operator

/|v|2dx—|— /|v|2dx>c(/||de)

z(x) =tanhx, v,=(1- zQ)ﬁ and  v(x) = v (x) f(z(x))

With

equality is achieved for f = 1 and, if we let v(z) := 1 — z2, then

1 1 1 2

2p 2p P
f'2ud1/—|—7/ fI? dv, >7</ fpdy)
[1| | ¢ (p—2)? —1| | ¢ (p—2)? 71| | ¢

where dv, denotes the probability measure dv,(z) := c_l,, Vi? dz

__ 2p __ 2d
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E noen - foweer.

TRANSEORIZATION
Co—D
3 i 2 -
InTERPOLAI OV RaoiaL CAsE OF Ghstinepo - NigeNae =G
INEGUALITY Sosoesv's INEQUALITY ow THE LINE
o THe ON THE EJCLipDEAN
-1 ULTrns PHERIcPL S pAcE
Orer ATOZ

Change of variables = stereographic projection + Emden-Fowler
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Compact Riemannian manifolds

Q@ no sign is required on the Ricci tensor and an improved integral
criterion is established

Q@ the flow explores the energy landscape... and shows the
non-optimality of the improved criterion
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Riemannian manifolds with positive curvature

(91, g) is a smooth closed compact connected Riemannian manifold
dimension d, no boundary, A, is the Laplace-Beltrami operator
vol(I) = 1, R is the Ricci tensor, A1 = A\1(—Ay)

p = |9r}tfgeugdfilfﬁ(f7§)

Theorem (Licois-Véron, Bakry-Ledoux)

Assume d > 2 and p > 0. If

d d—12(p—1
/\S(l—G)/\1+9—p where 0 = ( ) (p-1)

d—1 d(d+2)+p-1""

then for any p € (2,2*), the equation

A
_ _ yP 1) —
Agv+p_2(v % )70

has a unique positive solution v € C2(IM): v =1
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Riemannian manifolds: first improvement

Theorem (Dolbeault-Esteban-Loss)
For any p € (1,2) U (2,2%)

0d
/m |:(]. — 0) (Agu)2 —|— m m(Vu,Vu)] dVg
O< A< A= inf

uEH? (9M) Jon [Vul? dvg

there is a unique positive solution in C2("M): u=1

limp—1, 8(p) = 0 = limp_1, A(p) = A1 if p is bounded
AM=A=dp/(d—1)=dif M =S since p=d — 1

(1—9)A1+9%§A*§A1
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Riemannian manifolds: second improvement

(d=12(p—1)
dd+2)+p-1

g (d-=1)(p—-1) [Vu®dVu g |Vuf?
= Hyu— & Agu— _8
Qeu YT dTE T T gd+3-p) u d u

Hgu denotes Hessian of u and 6 =

(1=0) [ (@ dv+ 75 [ [1Quul? +5(Vu. Vo)

inf
weH2(M)\ {0} / VuPdv,
m g

Theorem (Dolbeault-Esteban-Loss)

Assume that A\, > 0. For any p € (1,2) U (2,2*), the equation has a
unique positive solution in C*(IM) if A € (0,A,): u=1
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Optimal interpolation inequality

For any p € (1,2) U (2,2*) or p=2*if d >3
2 A 2 2 1
19vom = 55 [V ~ VI v € B (D)

Theorem (Dolbeault-Esteban-Loss)

Assume N, > 0. The above inequality holds for some A = N € [A, M]
If Ny < A1, then the optimal constant N is such that

AN <A< )\

Ifp=1, then N = \;

Using u =1+ e as a test function where ¢ we get A < \;
A minimum of

vV = ||VV||i2(m) - ﬁ ||V||ip(§m) - ||V||i2(93"()

under the constraint ||v||pp@n) = 1 is negative if A > Ay
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The flow

The key tools the flow

[Vul?
u

ut—u2_25<Agu+n ), k=1+8(p-2)

If v = u®, then Z||v| om) = 0 and the functional

Flu] := /M|V(U'B)|2dvg+ ﬁ l/m 2P dv, — (/m Uﬁpdvg>2/p]

is monotone decaying
Q@ J. Demange, Improved Gagliardo-Nirenberg-Sobolev inequalities on

manifolds with positive curvature, J. Funct. Anal., 254 (2008),
pp. 593-611. Also see C. Villani, Optimal Transport, Old and New
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Elementary observations (1/2)

Let d > 2, u€ C2(9M), and consider the trace free Hessian

Leu:=Hgu— %Agu

d d
/ (Agu)2dvg:—/ ||Lgu||2dvg—|——/ R(Vu,Vu)dvg
o d—1 )y d—1 )y

Based on the Bochner-Lichnerovicz-Weitzenbock formula

1
54 |Vul? = ||[Hgul? + V(Agu) - Vu +R(Vu, Vu)
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Elementary observations (2/2)

\V4 2
/ Aguﬂdvg
m u

_d |Vul* 2d [Vu®Vu
—d—u/WTdVg‘de/m[Lg“]- [7]"

Lemma

/ (Agu)’dv, > )\1/ |Vul?dvg YueH (M)
n m

and \1 is the optimal constant in the above inequality
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The key estimates

Glul i= o [0(Bg0)? + 5+ 8 1) Agu T 1105 - 1) IS g,

6 d+2

QGU = Lgu— 1 ﬂ(li‘f'ﬁ— 1) {Vu%Vu . % \Vu|2:|

[_/ ||Qg“||2dVg /%Vu Vu) dvg] / |VU|4

with 1 = %(E)Z(Hﬁ—lf—n(ﬁ—n (ktB—1) -2
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The end of the proof

Assume that d > 2. If 6 = 1, then p is nonpositive if

B-(p) < B < B+(p) Vpe(l,2)

2
where 3 1= bEVPa with g =2 — p 4 |(d=Le=D) (pfl)} and b = 9+3°P

2a d+2 d+2
Notice that S_(p) < B+(p) if p € (1,2*) and S_(2*) = B+(2*)
0 (d—1)2?(p-1) and d+2

d(d+2)+p—1 T d+3-p

Proposition

Letd>2, pe(1,2)U(2,2%) (p#5o0rd+#2)
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The Moser-Trudinger-Onofri
inequality on Riemannian manifolds

Joint work with G. Jankowiak and M.J. Esteban

Q@ Extension to compact Riemannian manifolds of dimension 2...
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We shall also denote by 91 the Ricci tensor, by Hgu the Hessian of u
and by

Lgu:=Hgzu— % Agu
the trace free Hessian. Let us denote by M, u the trace free tensor
Mgu:=Vu® Vu— % IVul?
We define

/m{HLgu—%MguHQ—HR(Vu,Vu) e /% dv,

Ay = inf
ueH2(9)\ {0} / |vu|2 e—u/2 dv
g

m
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Assume that d =2 and A\, > 0. If u is a smooth solution to

1

2Agu—|—)\:e”

then u is a constant function if A € (0, \,)

The Moser-Trudinger-Onofri inequality on 9t

1
ZHVUH%z(Zm)-l—)\/ udvg>)\|og</ e”dvg) Vu e H(OM)
m m

for some constant A > 0. Let us denote by A; the first positive
eigenvalue of — A,

If d =2, then the MTO inequality holds with A = A := min{4 7, A\, }.
Moreover, if A is strictly smaller than \1/2, then the optimal constant
in the MTO inequality is strictly larger than N\
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The flow

of

a _ Ag(eff/2) o % |vf|2 eff/2

Grlf] ;:/ ||Lgf_%Mgf||2e*f/2dvg+/ R(VE,VF)e 2 dv,
m m
—/\/ |VF2e 2dy,
M

Then for any A < A\, we have

d

ge (8= / (~3 857 +2) (Bg(e™7?) = 3[VF2e2) dv,
m

=—G[f(t, )]
Since F) is nonnegative and lim;—, o, Fx[f(t,-)] = 0, we obtain that

Falu] > /ODQ Galf(t,-)] dt
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Weighted Moser-Trudinger-Onofri inequalities on the
two-dimensional Euclidean space

On the Euclidean space R?, given a general probability measure s
does the inequality

1
—/ |Vul?dx > X |log /e“du —/ udp
167'(' R2 R2 R2

hold for some A > 0 7 Let

—Al
A= inf 28K
x€R? 8w

Assume that p is a radially symmetric function. Then any radially
symmetric solution to the EL equation is a constant if A < A, and the
inequality holds with A\ = A, if equality is achieved among radial functions
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Caftarelli-Kohn-Nirenberg
inequalities

Work in progress with M.J. Esteban and M. Loss
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Caffarelli-Kohn-Nirenberg inequalities and the symmetry
breaking issue

Let D, p = { veLr(RY |x|7Pdx) : |[x|7?|Vv| € L2 (R, dx) }

p 2/p 2
(/ ||V||bp dx> < Cop ||V|\;|a dx VveD,,
Rd | X Rd | X

hold under the conditions that a < b<a+1ifd>3,a<b<a+1if
d=2a+1/2<b<a+lifd=1and a<a.:=(d—2)/2

- 2d
d—2+2(b—a)

p

> With

x5 v 13

2
_ (p—2) (2c—2)) 72 . _
Vi (x) (1 + |x]| ) and Cj, TCEAZAL

do we have Cyp = C} , (symmetry)
or Cop > C , (symmetry breaking) ¢
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The Emden-Fowler transformation and the cylinder

a—ac

v(r,w)=r""%*p(s,w) with r=|x|, s=—logr and w="2
;

With this transformation, the Caffarelli-Kohn-Nirenberg inequalities
can be rewritten as

100112,y + IVwpllEoey) + MellEae,) = 1) [9llEse,) Ve € HY(C)

where A := (a. — a)?, C = R x S9! and the optimal constant u(A) is

1
u(/\):C with a=a.+ VA and b:%i\/x
a,b
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Numerical results

50 - l‘L

oo P e asymptotic
------- symmetric
20 4
i ——— non-symmetric
0E \ ) )
bifurcation
Alp)
L 1 L L L 1 L L L 1 L L L 1 L L L 1
20 40 60 80 100

Parametric plot of the branch of optimal functions for p =2.8, d =5,

0 = 1. Non-symmetric solutions bifurcate from symmetric ones at a
bifurcation point computed by V. Felli and M. Schneider. The branch
behaves for large values of N\ as predicted by F. Catrina and Z.-Q. Wang
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The symmetry result

brs(a) := d(ac —2) +a—a.

2y/(ac—a)2+d-1

Let d > 2 and p < 4. If either a € [0,a.) and b > 0, or a < 0 and
b > brg(a), then the optimal functions for the Caffarelli-Kohn-Nirenberg
inequalities are radially symmetric

J. Dolbeault Sharp functional inequalities and nonlinear diffusions



Symmetry region

b = bdirect(a) .

Symmetry breaking region

The Felli-Schneider region, or symmetry breaking region, appears in dark
grey and is defined by a < 0, a < b < brs(a). We prove that symmetry
holds in the light grey region defined by b > brs(a) when a < 0 and for any

bela,a+1] ifac]0,ac)
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Sketch of a proot

[m] = -
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A change of variables

With (r = |x|, w = x/r) € R* x S9!, the Caffarelli-Kohn-Nirenberg
inequality is

(/ / |v|P rd=bp dr dw) <G, b/ / |Vv|? T dw
0 §d—1 r §d—1

Change of variables r — r®, v(r,w) = w(r*,w)

/ / P r = ﬂ dw
§d—1

2 —2a-2 ,, dr

Sca,b/ / a2|88_vrv| +,_12|VwW|2) rd 2221 dI

0 §d—1 r

Choice of «

TN

- —2a-2
n:d bp:d a 42
Q e

Then p = T” is the critical Sobolev exponent associated with n
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A Sobolev type inequality

The parameters « and n vary in the ranges 0 < a < oo and d < n < o
and the Felli-Schneider curve in the (o, n) variables is given by

d-—1
n—1

a= =: aFs

With

ow 1
D = _— w = n—1
w (a EPRP \Y W> , dp=r""drdw

the inequality becomes

2
al™h </ [w|P dM> < Ca,b/ IDw|? du
RY R

Proposition

Let d > 4. Optimality is achieved by radial functions and C, , = C , if
@ < aFs

The case of Gagliardo-Nirenberg inequalities on general cylinders is
similar
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Notations

When there is no ambiguity, we will omit the index ,, and from now
on write that V =V, denotes the gradient with respect to the
angular variable w € S9~! and that A is the Laplace-Beltrami
operator on S9!, We define the self-adjoint operator £ by

-1 A
EW::—D*DW:a2W”+a2n—W’ id

The fundamental property of £ is the fact that

/ W1£W2d,u:—/ Dwy - Dwodp Vwy, WgED(Rd)
Rd Rd

> Heuristics: we look for a monotonicity formula along a well chosen
nonlinear flow, based on the analogy with the decay of the Fisher
information along the fast diffusion flow in R?
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Fisher information

Let uz™n = |w| <= u=|wlP,p= 20

I[u] == Dp*d = ™1 oand m=1--
[u] /R,,”| pI*dp, p=1——u and m -

Here 7 is the Fisher information and p is the pressure function

Proposition

With A = 4a?/(p — 2)? and for some explicit numerical constant r, we
have

% p(N) = inf {I[U] : ”u”Ll(Sd,du,,)}
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The fast diffusion equation

ou m 1
a—ﬁu , mfl—z

Barenblatt self-similar solutions

h r? -
W8 T, =t *
(1) ¢ +2(n—1)a2t2

K s (N) = Z[ue(t,-)] Vt>0

> Strategy:
1) prove that ZZ[u(t, ")

] S
2) prove that 2Z[u(t,)] =

means that v = u, up to a time shift
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Decay of the Fisher information along the flow ?

op 1 5
_— = = — D
B -pLp |Dp|

1
Qlpl =5 £ IDp|> —Dp-DLp

Kloli= [ (ol 2 (eo?) o an

d n—1
2 Zlu(t, )] = =2(n = 1) K[p]

If u is a critical point, then K[p] =0
Boundary terms ! Regularity !
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Proving decay (1/2)

1 1 1
klp] := Q(p) — ~ (£p)* = 5 L|Dp|* = Dp-D Lp — —(Lp)*

1
kan[p] := 5 A [Vpl> = Vp-VAp— -1 (Ap)* — (n—2)a? |Vp|

n

Lemma

Let n # 1 be any real number, d € N, d > 2, and consider a function
p € C3((0,00) x M), where (M, g) is a smooth, compact Riemannian
manifold. Then we have

k[p] = o* (1_%> {p//_%’_ﬁ]z

Vp — L

+ 7 ko [p]

1
+2a2—2 E
r r
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Proving decay (2/2)

Assume that d >3, n > d and 9t = S?~1. There is a positive constant
(s such that

./gd—1 kon[p] p' ™" dw > (A« — (n —2) &?) /

Sd

IVp?p' ™" dw
—1

+¢(nm— d)/ Vp[* pi=" duw
§d—1

Proof based on the Bochner-Lichnerowicz-Weitzenbock formula

Let d > 2 and assume that « < aps. Then for any nonnegative function
u € LY(RY) with Z[u] < 400 and [p, udp =1, we have

Tlu] > Z.

When M =S, A\, = (n—2) <=2
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A perturbation argument

@ If u is a critical point of 7 under the mass constraint fRd udp=1,
then

o(e)=Z[u+eLu™ —Z[u] = —2(n—1)"teK[p] + o(e)

because € £ u™ is an admissible perturbation. Indeed, we know that

/(u—l—eﬁum)du:/ udp =1
RY RY

and, as we take the limit as ¢ — 0, u 4+ ¢ £ u™ makes sense and, in
particular, is positive
@ If a < afg, then K[p] = 0 implies that v = u,
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A summary
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Q@ the sphere: the flow tells us what to do, and provides a simple
proof (choice of the exponents / of the nonlinearity) once the problem
is reduced to the ultraspherical setting 4+ improvements

@ [not presented here: Keller-Lieb-Thirring estimates| the spectral
point of view on the inequality: how to measure the deviation with
respect to the semi-classical estimates, a nice example of bifurcation
(and symmetry breaking)

Q@ Riemannian manifolds: no sign is required on the Ricci tensor and
an improved integral criterion is established. We extend the theory
from pointwise criteria to a non-local Schrédinger type estimate
(Rayleigh quotient). The method generically shows the
non-optimality of the improved criterion

Q@ the flow is a nice way of exploring an energy space: it explain how
to produce a good test function at any critical point. A rigidity result
tells you that a local result is actually global because otherwise the
flow would relate (far away) extremal points while keeping the energy
minimal
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These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Conferences/
> Lectures
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Thank you for your attention !
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