Résultats de stabilité pour les inégalités de
Gagliardo-Nirenberg-Sobolev

Jean Dolbeault

http://www.ceremade.dauphine.fr/ ~dolbeaul
Institut de Mathématiques de Toulouse

15 février 2022


http://www.ceremade.dauphine.fr/~dolbeaul

A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Joint work on Stability in Gagliardo-Nirenberg-Sobolev inequalities:

Flows, regularity and the entropy method arXiv:2007.03674 with
1l

Matteo Bonforte
> Universidad Autonoma de Madrid and ICMAT

Bruno Nazaret
> Université Paris 1 Panthéon-Sorbonne
and Mokaplan team

Nikita Simonov
> Ceremade, Université Paris-Dauphine (PSL)

J. Dolbeault Stability in GNS inequalities


https://arxiv.org/pdf/2007.03674.pdf

Outline

@ Abrief introduction to entropy methods

© A variational point of view on stability
@ Optimality by concentration-compactness
@ Non-constructive stability results
@ Towards constructive stability results

© Fast diffusion equation and entropy methods
@ Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
@ The fast diffusion equation in self-similar variables
@ Initial and asymptotic time layers

@ stability in Gagliardo-Nirenberg-Sobolev inequalities
@ The threshold time and the improved entropy - entropy production
inequality (subcritical case)
o First stability results (subcritical case)
@ Stability in Sobolev’s inequality (critical case)

J. Dolbeault Stability in GNS inequalities



to entropy methods
view on stability

A brief introduction
to entropy methods

> An example of application: uniqueness of critical points
= The Bakry-Emery method: Fokker-Planck equation on RY

> Entropies and flows on the sphere
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A brief introduction to entropy methods

A result of uniqueness on a classical example

On the sphere S, let us consider the positive solutions of

—Au+Au=uPl
pell,2)u(2,2*]ifd=3,2" = 2%
pe[l,2)u(2,+00)ifd=1,2

IfA<d, u=AY(P=2) js the unique solution

[Gidas, Spruck, 1981], [Bidaut-Véron, Véron, 1991]
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Bifurcation point of view
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Figure: (p=2)A— (p—2)u(A) with d=3
IVUlEs oy + AUlE> g0y = p(A) 10175 50
Taylor expansion of u =1+¢e¢j as € — 0 with —Agp1 =d @1
d
u(A) <A ifand onlyif A> o

> The inequality holds with u(1) =1 = p%’z [Bakry, Emery, 1985]
[Beckner, 1993], [Bidaut-Véron, Véron, 1991, Corollary 6.1]
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A brief introduction to entropy methods

The carré du champ method

Q@ The Bakry-Emery method (compact manifolds)

> The Fokker-Planck equation

> The Bakry-Emery method on the sphere: a parabolic method

> The Moser-Trudiger-Onofri inequality (on a compact manifold)

Q@ Fast diffusion equations on the Euclidean space (without weights)
> Euclidean space: Rényi entropy powers

> Euclidean space: self-similar variables and relative entropies

> The role of the spectral gap

> Second part of the lecture
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A brief introduction to entropy methods

The Fokker-Planck equation (domain in RY)

The linear Fokker-Planck (FP) equation

ou

3t Au+V-(uVe)

on a domain Q < RY, with no-flux boundary conditions
(Vu+uVeg)-v=0 on 0Q

is equivalent to the Ornstein-Uhlenbeck (OU) equation
ov
— =Av-V¢-Vv=ZLv
ot ¢
[Bakry, Emery, 1985], [Arnold, Markowich, Toscani, Unterreiter, 2001]
With mass normalized to 1, the unique stationary solution of (FP) is
e_d)

= = =1
Joe P dx v

Us
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A brief introduction to entropy methods

The Bakry-Emery method

With dy = us dx and v such that [, vdy =1, g € (1,2], the g-entropy is
defined by

salvli=— [ (vI=1=a(v-1)dy

Under the action of (OU), with w = v9/2, .¢, qlv] = 4 fQ Vw|? dy,

d d
8alv(t)] == Flu(t )] and —(F[v] - 2466[v]) <0
with A:= inf Jo (222 |Hess wi+Hess p: VwaVw) dy

weH(Q,dy)\(0} JalVwizdy

Proposition

[Bakry, Emery, 1984] [JD, Nazaret, Savaré, 2008] Let Q be convex.
If A>0 and v is a solution of (OU), then F4[v(t,-)] < Z4[v(0,-)] e 27
and &q[v(t,-)] < E4[v(0,)] e 2At for any t =0 and, as a consequence,

vz 2A8[v] VYveHY(Q,dy)
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A proof of the interpolation
inequalities on S¢ by the carré du
champ method

4
p—2
pell,2)u(2,2*]ifd=3,2" = 2%

2
IVull,

12(sd) =

(1012 g0y = N0l ¥ HY(SY)

pe[l,2)u(2,+00)ifd=1,2
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A brief introduction to entropy methods

The Bakry-Emery method on the sphere

Entropy functional

2 2 .
8ol = 325 | fse p? du—(Jsap dp)o| if p#2

&2[p] := Jsa p log (m) du
Fisher information functional
1
Fplo] = fsa|Vp? 2 du
[Bakry, Emery, 1985] carré du champ method: use the heat flow

dp

LA

ot
and observe that %é’p [p] = —Fplp],

& (#lol-dsplpl) <0 = Slo] = d&,l0)

with p = |ulP, if p < 2% :=
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A brief introduction to entropy methods

The evolution under the fast diffusion flow

To overcome the limitation p < 2#, one can consider a nonlinear diffusion
of fast diffusion / porous medium type

op

— =Ap™
ot

[Demange], [JD, Esteban, Kowalczyk, Loss]: for any p € [1,2*]

Tolo) =< (lo] - d81p]) <0

25 30

(p, m) admissible region, d =5
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A brief introduction to entropy methods

Cylindrical coordinates, Schwarz symmetrization,
stereographic projection...

X =

J. Dolbeault Stability in GNS inequalities



A brief introduction to entropy methods

.. and the ultra-spherical operator

Change of variables z = cos6, v(0) = f(z), dvg := vi-l dz/Zy,
v(z):=1-22
The self-adjoint ultraspherical operator is

d
ff::(1—22)f”—dzf’=vf”+Ev’f’

which satisfies (1, £ H) = —f_ll fl’ f2’ vdvy

Proposition

Let pe[1,2)u(2,2*], d=1. For any f e HL([-1,1],dvy),

1125 g0y = 1122 g0)

p—2

1
—(f, L F) =f 12 vdvy=d
-1
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A brief introduction to entropy methods

The heat equation g—t = % g for g = fP can be rewritten in terms of f as

of |£'|2

—f —-1)—

3 ZLf+(p-1) v

].d 1 ]_d |!|2
—_——— f’2 = = — f, f: f, f _1 f
2dtf_1| Pvdva=5— (F L6 =(LF, L)+ (p )<—f v, ¥

4 glg(t, )] +2d 2lg(t,)] = & [L1FPvdvg +2d [ 112 vdvg
1 14 f! 2 f
= =2 [ (1P + (p-1) g2 S - 2(p-1) 157 2 dvg
is nonpositive if
d If* 2 )d—1|FFf”
dv2 2 WP
is pointwise nonnegative, which is granted if

2
2d2+1 ., 2d
1) —— _ #
(p )d+2] =P-Vgm = rgoap =2 “d=
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A brief introduction to entropy methods

The elliptic point of view (nonlinear flow)

u?" 2ﬁ(5€u+1<uv) k=0B(p-2)+1

2 A A
~-Lu—(B- 1)|UI V+p—2U:p—ZUK

Bt

Multiply by £ u and integrate
1 1 |U |2
f fuu’(dvdz—Kf U ——dvy
-1 1 u

Multiply by x ‘= '” 2 and integrate

J. Dolbeault Stability in GNS inequalities
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A brief introduction
to some stability issues
in Sobolev and related inequalities
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Some inequalities
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

The stability result of G. Bianchi and H. Egnell

In Sobolev’s inequality (with optimal constant Sy),

IvFI? ~SqllfI? =0

12(r9) 12° (re) =

3

is there a natural way to bound the l.h.s. from below in terms of a “distance’
to the set of optimal [Aubin-Talenti] functionswhen d = 3?
A question raised in [Brezis, Lieb (1985)]

> [Bianchi, Egnell (1991)] There is a positive constant & such that

IV 12 o) = Sal e gy = @ Inf 19 = VoolEz g

> Various improvements, e.g., [Cianchi, Fusco, Maggi, Pratelli (2009)]
there are constants a and x and f — A(f) such that

V£ > (1+kA(F)*)Sq 1112

12(rY) = 12" ()

However, the question of constructive estimates is still widely open
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Gagliardo-Nirenberg-Sobolev inequalities

We consider the inequalities

IVFIS IS = Gons(p) 112, (GNS)

9:%, pe(l,+oo)ifd=10r2, pe(l,plifd=3, p*=-%

Theorem (del Pino, JD)

Equality case in (GNS) is achieved if and only if

feM:= {g;“,y (A1 y) € (0, +oo)><[R><[Rd}

1

Aubin-Talenti functions: gy ., (x):=pug((x—y)/A), g(x) = (1+[x[?) P T

[del Pino, JD, 2002], [Gunson, 1987, 1991]
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A brief introduction to entropy methods
A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

Related inequalities

IvFI3 ||f||p+1 = Cans(p) I ll2p (GNS)
> Sobolev’s inequality: d =3, p=p* =d/(d -2)
IVFI5=Sq IF15,.

> Euclidean Onofri inequality

n 2
ehh __dx__ < o1dn fr2 IVhP dx
R2 7 (1+[x12)

d =2, p— +oowith fy(x) := g(x) (1+ 55 (h(x) = h)], B = fz h(x ) i

> Euclidean logarithmic Sobolev inequality in scale invariant form

d 2 2 2 2
§|og(mfw|v;f| dx)z[RdIfl log |12 dx

Ifla=1, orfRdIVf|2dx> 2f[RdIfI2 Iog( 12 ) gy d Iog(2ne )fRdlflzdx

113
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A brief introduction to entropy methods O B N
A variational point of view on stability Ly
oot p Non-constructive stability results
Fast diffusion equation and entropy methods Towards constructive stability results
Stability in Gagliardo-Nirenberg-Sobolev inequalities ty

Optimality by
concentration-compactness

o (w1 =
Stability in GNS inequalities
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Deficit functional, scale invariance, weak stability

Deficit functional

d-p(d-2) 1 2
L 2 2 +
o[f]:=(p-1) ||Vf||2+4T IFI57 ) = Hans 111507

Lemma

(GNS) is equivalent to 6[f] =0 if and only if

2
Hons = C(p,d) €00

where y = d:f%ffi)z) and C(p,d) is an explicit positive constant

Take f(x) = A% £ (Ax) and optimize on A > 0 to get (weak stability)

61f1= 61f]- inf 6[1] =:6.[] = 0

A simplification: §[f] = [|f|] so we shall assume that f =0 a.e.
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Minimization and concentration-compactness

d-p(d-2)

Iy = inf{(p— 12 IVFI3+4 %

1 2
IFIELS < F e 2(RY), IFI5E = M}

I = #gns and Iy =l MY forany M >0

Lemma

Ifd =1 and p is an admissible exponent with p<d/(d—2), then

Iy < Inpy + I, Y My, M >0

| \

Lemma

Let d=1 and p be an admissible exponent with p<d/(d-2) ifd=3. If

£.)n is minimizing and if limsup su Ifo]P*L dx =0, then
g p sup
n—+00 yepd JB(y

Jim lifall2p =0 ... Existence

&
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Existence of a minimizer, further properties

Proposition

Assume that d =1 is an integer and let p be an admissible exponent with
p<d/(d-2) if d=3. Then there is a radial minimizer of §

Q. Pélya-Szegi principle: there is a radial minimizer solving
~2(p-1)>Af +4(d—p(d—-2)) P - C 2P =0
Iff =g,then C=8p

Q. A rigidity result: if f is a (smooth) minimizer and P = _% f1=P, then
[od IVFI2 dx 2
(d—p(d—2))fRdfp+1 AP+(p+1)2f'§‘:ﬂ,TdX dx
2
+2dpf 7 |p2P - L aP1d| " dx =0
rRd

_1
> g(x) = (1+1xI?) 7T is a minimizer and 6[g] = 0
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Non-constructive stability results
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Relative entropy and Fisher information

Q. Free energy or relative entropy functional

2
6lflgl:={— _”p fRd (Pt —gPt - 52 g1 P (2P~ g2P))dx =0

Lemma (Csiszar-Kullback inequality)

Let d=1 and p>1. There exists a constant C, >0 such that

|20 -2, < CoBlfIE] if Nfla,=lglap

L1(RY)

@_ Relative Fisher information

1 2
j[flg]:&f ’(p—l)Vf+fpVg1_p dx
p—1Jrd
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

Best matching profile

@_ Nonlinear extension of the Heisenberg uncertainty principle

d 2
(— fP*ldx) sf |Vf|2dxf IxI? £2P dx
p+1Jrd Rd Rd

> Take g =g in ¢[f|g] and expand the square
Q@ Ifgs:=geMissuch that fpa F2P (1,x,|xI%) dx = fra 2P (1,x, |x1%) dx

then &[flg]= %Ld (fp+1 _gp+1) dx

o> A smaller space: #,(R9) := {f € #,5(RY) 1 Ix|IfIP € L2(Rd)}

For any f € Wp(Rd), gr €M is uniquely defined and

&[flgf] = infgeam &[f1g]
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

A first (weak) stability result

Lemma (A weak stability result)

If gr =g, then
5[] 6,111~ &[flg]?

> Up to the invariances, g is the unique minimizer for f — §[f]

Lemma (Entropy - entropy production inequality)

Iflifll2p=ligl, with 8[g] =0, then

Z—j&[f] = 7[flg]-4¢&[flg] =0

> From now on, we will assume that gr = g, i.e.
f f2p(1,X,|X|2)dX:f g2p(1,x,|x|2)dx
R4 R4
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. . R - Optimality by concentration-compactness
A variational point of view on stability e ey v ty results
Towards constructive stability results

Stability in (GNS)

@_ [Bianchi, Egnell (1991)] There is a positive constant a such that

SAIVF Iz gy =N gy 2 @ i IVE =Vl g

@_ Various extensions

> L9 norm of the gradient by [Chianchi, Fusco, Maggi, Pratelli (2009)],
[Figalli, Neumayer (2018)], [Neumayer (2020)], [Figalli, Zhang (2020)]

> (GNS) inequalities by [Carlen, Figalli (2013)], [Seuffert (2017)], [Nguyen
(2019)]

Theorem

There exists a constant C >0 such that
5[f]= C&[flg]

for any f € W,(RY) satisfying

ff2p(1,x,|x|2)dx:f gzp(l,x,|x|2)dx
RrRd RrRd

J. Dolbeault Stability in GNS inequalities
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Towards constructive stability
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

A strategy based on a spectral gap

@_ The spectral gap inequality
4
f |Vu|2g2pdx2 _p/ |u|2g3”_1dx
rRd p—]_ RrRd

valid for any function v such that [pa u g3P~1dx =0, can be improved
with a constant A, >4p/(p—1) under the constraint that

2 3p-1 _
fRd(l,X,lx| )ug dx=0
@_ A Taylor expansion with f = g +n h gives

i Ol (p=1)
n—~0&[flg] ~ p(p+1)

r>Analysis along a minimizing sequence...

*—

4p ]
p—-1

How can we make this strategy constructive ?
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Optimality by concentration-compactness
Non-constructive stability results
Towards constructive stability results

A variational point of view on stability

From the carré du champ method to stability results

Carré du champ method (adapted from D. Bakry and M. Emery)
ou d7 P dg <A
ot dt 7 dt ~

deduce that .# — A % is monotone non-increasing with limit 0

> An improved entropy — entropy production inequality (weak form)

I = Ay(F)

u™,

for some  such that w(0) =0, ¢'(0)=1and v >0
F-ANF=Ay(F)-F)=0

> An improved constant means stability
Under some restrictions on the functions, there is some A, = A such that

F-AF = (A~ N)F

J. Dolbeault Stability in GNS inequalities



Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
Y Initial and asymptotic time layers

Fast diffusion equation
and entropy methods

ou
= AyM FDE
5 = A (FDE)
@ The Rényi entropy powers and the Gagliardo-Nirenberg inequalities

@ Self-similar solutions and the entropy - entropy production method

@ Large time asymptotics, spectral analysis (Hardy-Poincaré inequality)

@ Initial time layer: improved entropy — entropy production estimates
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables
Initial and asymptotic time layers

Rényi entropy powers
and

Gagliardo-Nirenberg-Sobolev
inequalities

[Toscani, Savaré, 2014]
[JD, Toscani, 2016]
[JD, Esteban, Loss, 2016]
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A brief introduction to entropy methods
\ variational point of view on stability

Fast diffusion equation and entropy methods

Stability in Gagliardo-Nirenberg-Sobolev inequalities

Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables
Initial and asymptotic time layers

The fast diffusion equation in original variables

Consider the fast diffusion equation in R, d =1, me (0,1)
ou
ot

with initial datum u(t = 0, x) = ug(x) = 0 such that

Au™

fuodx=¢%>0 and flxlzuodx<+oo
R4 R4

The large time behavior is governed by the self-similar Barenblatt
solutions 1
X
B(t,x):= %( )
(£:x) (Ktl/ﬂ)d x t1/p

where p:=2+d(m—1) and 2 is the Barenblatt profile with [ps 98 dx = 4

B(x):=(1+ |x|2)_ﬁ
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
Y Initial and asymptotic time layers

The Rényi entropy power F

The entropy is defined by
E:=| vTdx
rRd
and the Fisher information by

|:= f vIVpl?dx with p= m_,m-1
R4 m-1
If v solves the fast diffusion equation, then
E'=(1-m)l

To compute I', we will use the fact that

0

B = (m-1)pap+IVp?
._a._u_21_)_31_
F:=E? with U_d(l—m)_l+1—m(d+m 1 =51-m 1

has alinear growth asymptotically as t — +oco
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
? Initial and asymptotic time layers

The variation of the Fisher information

If v solves & S =Av™ with 1- % <m<1, then

d
ll:%[ V|Vp|2dX——2f ||D2p||2 (m—l)(AP)z)dX

Explicit arithmetic geometric inequality
2.2 1 2 2 1 2
ID%pll -~ (Ap)" = | D°p~— Apld

.. there are no boundary terms in the integrations by parts ?
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
? Initial and asymptotic time layers

The concavity property

[Toscani,Savaré] Assume that m=1— % ifd>1and m>0ifd=1. Then
F(t) is increasing, (1-m)F"(t) <0 and

: 1 _ : o-1 _ o-1
tﬂToo;F(t)—(l—m)athTooE I=(1-m)oE] "l

[Dolbeault-Toscani] The inequality
EC LIz ES LI,
is equivalent to the Gagliardo-Nirenberg inequality

IVwig Iwl2.] = Con Iwlizg

m-1/2 _ _w 1

. 1 int: =T
ifl-5<m<1. Hint: v Twizg’ 9= 2m-1
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A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables
Initial and asymptotic time layers

The fast diffusion equation
in self-similar variables

> Rescaling and self-similar variables
> Relative entropy and the entropy — entropy production inequality

> Large time asymptotics and spectral gaps
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
Y Initial and asymptotic time layers

Entropy - entropy production inequality

With a time-dependent rescaling based on self-similar variables

dR
where — =R, 1(t):= 3 log R(t)

u(t,x)= s

1 X
x4 Rd V(T’ KR )
g—‘t’ = Au™ is changed into a Fokker-Planck type equation

ov

ot

+V-[V(va_1—2x)]=0 (r FDE)
Generalized entropy (free energy) and Fisher information
— 1 m m m-1
g[v].——EfRd(v -B"-mAB (v—%))dx
m-1 2
F|v] :=f V|Vv + 2x| dx
RrRd

are such that .#[v] = 4 Z[v] by (GNS) [del Pino, JD, 2002] so that
F|v(t,")] = F[w]e *t
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods
? Initial and asymptotic time layers

Spectral gap: sharp asymptotic rates of convergence

[Blanchet, Bonforte, JD, Grillo, Vazquez, 2009]
oy —L oy —-L
(Go+IxI9) TP <svo<(Cr+IxI7) T (H)
Let A, 4 > 0 be the best constant in the Hardy-Poincaré inequality

Aa,df fzdua_lsf \VF2du, ¥ FfeHY(dug), ffd,ua_lzo
R4 R4 R4

with dgg := (1 +|x1%)% dx, for & < 0

Under assumption (H),

Flv(t,)] = Ce2r(mt yi>op, y(m):=(1-m)A1/(m-1),d

Moreover y(m):=2 if1-1/d=m<1

J. Dolbeault Stability in GNS inequalities



A brief introduction to entropy methods

A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Spectral gap

Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables
Initial and asymptotic time layers

v(m)

[Denzler, McCann, 2005]
[BBDGYVY, 2009] [BDGYV, 2010] [JD, Toscani, 2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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A brief introduction to entropy methods P SN i . s .
e e e Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
variational point of view on stability ! o .
e 5 The fast diffusion equation in self-similar variables
Fast diffusion equation and entropy methods & focid
S ’ Initial and asymptotic time layers
Stability in Gagliardo-Nirenberg-Sobolev inequalities

Initial and asymptotic time layers

> Asymptotic time layer: constraint, spectral gap and improved entropy —
entropy production inequality

o> Initial time layer: the carré du champ inequality and a backward
estimate
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Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods e ot
a Py Initial and asymptotic time layers

The asymptotic time layer improvement

Linearized free energy and linearized Fisher information
F[g]::mf g? B> Mdx and I[g]::m(l—m)f IVg|? 2B dx
2 Jrd Rd

Hardy-Poincaré inequality. Let d = 1, me (m1,1) and g € L>(RY, 9%~ dx)
such that Vg € L2(R9, B dx), frd g B> ™ dx =0and frdxg B> Mdx=0

l[g]=4aF[g] where a=2-d(1-m)

Proposition

Let me(my,1) ifd=2, me(1/3,1) ifd=1,n=2(dm-d+1) and
x=m/(266+56m). If [pavdx =4, [paxvdx=0 and

(1-e)B=vs(l+e)RB

for some € € (0,xn), then
F1V]> (4+7) F]V]

J. Dolbeault Stability in GNS inequalities



Rényi entropy powers and Gagliardo-Nirenberg-Sobolev inequalities
The fast diffusion equation in self-similar variables

Fast diffusion equation and entropy methods e ot
a Py Initial and asymptotic time layers

The initial time layer improvement: backward estimate

Hint: for some strictly convex function y with w(0) = '(0) = 0, we have
I -4F =4 (y(F)-F)=0

Far from the equality case (i.e., close to an initial datum away from the
Barenblatt solutions) for (FDE), we expect some improvement

Rephrasing the carré du champ method, 2[v] := ;m is such that
d2
Zc2(2-4
7 =2(2-4)

Assume that m> my and v is a solution to (r FDE) with nonnegative
initial datum vy. If for some >0 and t, >0, we have 2[v(t4,)] =4+,
then

4nett

2(v(t,)] =z 4+ ———
(e )2 4

Vite[0,t]
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A variational point of view on stability

Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

The threshold time and the improved entropy - entropy production inequality (subcr
First stability results (subcritical case)
Stability in Sobolev’s inequality (critical case)

Stability in
Gagliardo-Nirenberg-Sobolev
inequalities
Our strategy

Choosde > 0, small enough

Get a threshold time ty (€)

, € .
. Backward estimate Forward estimate
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The threshold time and the improved entropy - entropy production inequality (subcr
First stability results (subcritical case)
Stability in Gagliardo-Nirenberg. Sobolev inequalities Stability in Sobolev’s inequality (critical case)

The threshold time

and the uniform convergence
in relative error

> The regularity results allow us to glue the initial time layer estimates
with the asymptotic time layer estimates

The improved entropy — entropy production inequality holds for any time
along the evolution along (r FDE)

(and in particular for the initial datum)
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A variational point of view on stability
Fast diffusion equation and entropy methods
Stability in Gagliardo-Nirenberg-Sobolev inequalities

(suber

If v is a solves (r FDE) for some nonnegative initial datum vg € L1 (RY)
satisfying
d(m-m¢)
supr (1-m) f vpdx <A<oo (Ha)
r>0 [x[>r
then

(1-e)B=<v(t,)s(1+e)B Vt=t,

for some explicit t, depending only on € and A
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Fast diffusion equation and entropy methods Crahilito i e i 3
§ 'eq ¢ entro Stability in Sobolev’s inequality (critical case)

Stability in Gagliardo-Nirenberg-Sobolev inequalities

Large time asymptotics and Barenblatt solutions

ou
— —Ay™ FDE
3 = A (FDE)
admits the self-similar Barenblatt solution
£1/(1-m)

B(t,x) =
[b t2/1 +b |X|2]1/(1_m)
0 ~y2/u(t-my T P1

where p=2-d(1-m)>0, such that

tETwllu(t)_B(t)llLl(Rd):0 and tlim td/“llu(t)—B(t)llLoo(Rd)=O

—+00
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First stability results (subcritical case)

et q - 3 5 R Stability in Sobolev’s inequality (critical case)
Stability in Gagliardo-Nirenberg-Sobolev inequalities ability in Sobolev’s inequality (critical case

The uniform convergence in relative error is a matter of tails

We are interested in the convergence in relative error, i.e., the

convergence of

u(t,x) - B(t,x)
B(t,x)

with A = [pa ug dx. If the initial data is ug(x) = (1+1x/2)~™/(1=m), then
the solution of (FDE) satisfies

1 (1+1t)Tm

—— < u(t,x) < —
[(ct+ 1)1/ Cm) 4 |x2] T (1+t+x2)Tm
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et q - 3 5 R Stability in Sobolev’s inequality (critical case)
Stability in Gagliardo-Nirenberg-Sobolev inequalities ability in Sobolev’s inequality (critical case

Global Harnack Principle

The Global Harnack Principle holds if for some t >0 large enough
B, (t—71,x) < u(t,x) < B, (t+712,x) (GHP)

[Vazquez, 2003], [Bonforte, Vazquez, 2006]: (GHP) holds if ug < x|~ T
[Vazquez, 2003], [Bonforte, Simonov, 2020]: (GHP) holds if

Alug] := supRﬁ_df lugl dx < 0o
R>0 RI\Bg(0)

[Bonforte, Simonov, 2020] If M+ Aug] < oo, then

.

t—o0

J. Dolbeault Stability in GNS inequalities



The threshold time and the improved entropy— entropy production inequality (subcr
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P (i . < . s Stability in Sobolev’ equality (critical case)
Stability in Gagliardo-Nirenberg-Sobolev inequalities 11ty In Sobolevs Inequality (critical case

Uniform convergence in relative error

Theorem

[Bonforte, JD, Nazaret, Simonov, 2021] Assume that me (my,1) if d =2,
me(1/3,1) ifd=1 and let e €(0,1/2), small enough, A>0, and G >0
be given. There exists an explicit threshold time T =0 such that, if u is a

solution of
ou

a :Aum (FDE)

with nonnegative initial datum ug € LX(RY) satisfying
d(m-mc)

Alug] =supr @-m f updx <A<oo (Ha)
[x|>r

r>0

Jgd Uo dx = [pa Bdx = 4 and F[ug) < G, then

u(t,x)
B(t,x) -1

sup
xeRd

<e¢ Vt=T

J. Dolbeault Stability in GNS inequalities
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First stability results (subcritical case)

I . . 3 5 R Stability in Sobolev’s inequality (critical case)
Stability in Gagliardo-Nirenberg-Sobolev inequalities Aty In Sobolev's inequality (critical case

The threshold time

Let me (my,1) ifd=2, me(1/3,1) ifd=1, e€(0,epm,q), A>0 and G>0
1-m g
7_:C*1+A = +G2
Wherea=%2:—,’"n, a=d(m-mc) and 9=v/(d+v)
cx =cx(m,d)= sup max{exi(e,m), e%x2(e, m), ex3(e, m)}
e€(0,6m,q)
8¢ 23-my
Kl(e,m),:max{(1+8)1_m_1,1_(1_8)1_m}
(4a)“ 1K 8a1
gm):=—5——— and «3(e,m)i=———
ka(em):= "=y &M = T
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First stability results (subcritical case)

Stability in Sobolev’s inequality (critical case)

Improved entropy — entropy

production inequality
(subcritical case)
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First stability results (subcritical case)

et q - 3 5 R Stability in Sobolev’s inequality (critical case)

Stability in Gagliardo-Nirenberg-Sobolev inequalities ability in Sobolev’s inequality (critical case

Theorem

Let me(my,1) ifd=2, me(1/2,1) ifd=1, A>0 and G>0. Then
there is a positive number { such that

Flv] = (4+() F|v]

for any nonnegative function v € L1(R?) such that F[v]=G,
Jravdx =M, [paxvdx=0 and v satisfies (Ha)

We have the asymptotic time layer estimate
1 1
€€(0,2¢e4), €x:= > min{emq, xn} with &, =ti(e) = 5 log R(T)
(1-e)B<v(t,)=s(1+e)B Vt=t,
and, as a consequence, the initial time layer estimate

4pettx

j[V(t,)]2(4+c)g[V(t,)] VtE[O,t*] where (Zm
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P (i . < . s Stability in Sobolev’ equality (critical case)

Stability in Gagliardo-Nirenberg-Sobolev inequalities 11ty In Sobolevs Inequality (critical case

Two consequences

Cx ¢ _:477Ca
1+A0mM2 6" 7T 44y

> Improved decay rate for the fast diffusion equation in rescaled variables

(=Z(AFw]), Z(AG):= = )E

2acy

Let me (my,1) ifd=2, me(1/2,1) ifd=1, A>0and G>0. Ifv isa
solution of (r FDE) with nonnegative initial datum vy € L1(R?) such that
Fw) =G, [gdvodx =4, [paxvodx =0 and vy satisfies (Ha), then

Flv(t,)] < Flwle WDt viz0

> The stability in the entropy - entropy production estimate
F|v]-4F|v] = {F[v] also holds in a stronger sense

V] - 4F[v] = 4L+(J[v]
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Stability results
(subcritical case)

> We rephrase the results obtained by entropy methods in the language of
stability a la Bianchi-Egnell

Subcritical range
p*=+ooifd=1or2, p*=-%ifd=3

J. Dolbeault Stability in GNS inequalities
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2

1 713 1
(2dx[fP7E M5\ TP(dA) e
W]-—(—l RGE R UES
d-p(d-4)
— M — V1 2
Alf]:= PECED) sup,sgt P T le|>r|f(X+Xf)| P dx
AlFT P A1)

2p
E[f] := 2p x[f] FP+l _op+l _ 1+p l—p(K[f] £2p _ 2p) d
[f1:= 15 Joo (A[f]dzp & 2p & AP & *

p-1

Sf]:= 42

2 g Z(AIFL EIF)

Letd=1, pe(1,p*)

If f e Wp(RY):={f e L2P(RY) : VF e L2(RY), Ix|FP e L2(RY)},

(1w ||f||p+1) — (Gon Ifll2p)*P7 = SIF] 1557 E[f]
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First stability results (subcritical case)

tability in Gagliardo- Nirenbarg.Soboley baequalitics Stability in Sobolev’s inequality (critical case)
. 2 d+2-p(d-2 . . .
With #gns = C(p, d) %Ggg VY = #{54)), consider the deficit functional
d-p(d-2)

+1 2
IFIP LT = Hons 11507

i (h_1)2 2 ~
6[f]_(p 1) ||Vf“2+4 p+1 p+1

Let d=1 and pe(1,p*). There is an explicit € = €|[f] such that, for any
f e L2P(RY, (1+1x1%) dx) such that Vf e L2(RY) and A[f?P] < oo,

2
5[F] = €][f] inff |(p-1) v + FPYpP [ ax
@M JRd

> The dependence of €[] on A[f?P] and % [£2P] is explicit and does not
degenerate if f € M

> Can we remove the condition A[f 2p ] <o0?
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First stability results (subcritical case)
Stability in Sobolev’s inequality (critical case)

Stability in Sobolev’s inequality
(critical case)

> A constructive stability result

> The main ingredient of the proof
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A constructive stability result

Let2p*=2d/(d-2)=2% d=3and

Wor (RY) = {F e LPL(RY) : VF e L2(RY), IxIFP" e L2(RY)}

Theorem

Let d =3 and A>0. Then for any nonnegative f € #,«(R?) such that

f(l,x,lxlz)f2*dx=f (1,x,|x|2)gdx and suprdf 2 dx< A
R4 R4 [x|>r

r>0

we have

2 2
5[f];=||w||§—s§,||f||§,,_ fRd| 19215 2vg-ﬁ| e

Cx(A) =€, (1+A1/(2d))71 and €, >0 depends only on d
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We can remove the normalization of 7, use the r.h.s. to measure the
distance to the Aubin-Talenti manifold of optimal functions (in relative
Fisher information) and obtain for

A[f]:=suprdfr>0|f|2*(x+x,c) and  Z[f]:= (1+ulf] " ALF)? A[F))

r>0
the Bianchi-Egnell type result

o1z {500 inf A1)

with x¢, A[f] and u[f] as in the subcritical case
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Extending the subcritical result in the critical case

To improve the spectral gap
for m = m;, we need to ad-
just the Barenblatt function

By(x) =172 (X/\/Z) in order
to match [ga Ix|2vdx where the

function v solves (rFDE) or to
further rescale v according to

v(t:x) = 5t wt+(2), m;t)),

0 m

-4 (m-me
)2( )21, 7(0)=0 and 9(r)=e2(®)

dr _ [ 1 2
gL — (T*I[Rd Ix|¢ v dx

t— A(t) and t — 1(t) are bounded on R*
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These slides can be found at

http://www.ceremade.dauphine.fr/ ~dolbeaul/Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/ ~dolbeaul/Preprints/list/
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeault@ceremade.dauphine.fr

Thank you for your attention !
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