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I. Defocusing Nonlinear Schrodinger
equation: confinement, stability and
asymptotic stability - The “boson” case
[Cid, J.D., Rein]

Nonlinear Schrodinger equation with confinement:
e Minimizers, Convexity

e Csiszar-Kullback type inequalities

e Nonlinear stability of NLS

Asymptotic stability and decay estimates (no confinement)
e Time-dependent rescalings

e Decay estimates

e Asymptotic nonlinear stability



MINIMIZERS, CONVEXITY

[Cid,J.D.] Let V be a nonnegative potential such that

lim infess, -, V(z) = oo
r— 00

Assume that p € [1,%12) if d > 3 and p € [1,4c0) if d =1 or 2,
and consider a minimizer ¢~ Of the functional

_ 4 2 B p+1 1 2
Blg] =5 JoulVOP dut o [ ol et 5 [ V@lol do

with A, B > 0, under the constraint H(b”LQ(Rd) = 1.
Euler-Lagrange equations:

A Dpoo + B ldooP oo + V() poo — A poo = 0 (1)
If V is radial and increasing, then the real positive solution ¢«
has to be radial and strictly decreasing by [Gidas-Ni-Nirenberg79].
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b0 realizes the minimum of the functional

Glg] := Fl¢] — Flooo] ,
where F[¢] := E[¢] — 5 Jralé|? dz. The functional G can be
rewritten as

Glo] := Fl¢] — Flopoc] — DF[¢o0] - (¢ — boo)
using the fact that DF[¢o0] = O.

Glol = 5 [V — Vooo|? da
521 frea (|1~ 9oclPH 1 = Dol oo - (6 — 600))

+5 Jra V(@)]6 — doo|? dx — 5 [ga|d — doo|? da .
A < 0: G is not a convex functional = introduce p = |¢|2,
poo = |poo|?, and Flp] = F[/p]
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p-l-l A
dac—i— Vpdm—glédpdx

2
Fo] = 2/ VAR dr +1 >

[Benguria79,Benguria-Brezis-Lieb] With py = tp1 + (1 — t) >,

d> 1 |Vpul? 2 ,
dz = [, 5 10V (p2 = p1) = (p2 = p1)Vprl? do > 0.
dt2 /Rd o T Jra 3 otV (p2 — p1) — (p2 — p1)Vpe|” da

JF is strictly convex with a unique minimizer ¢oo = +/pPoo

A(\/Poo) p%l _
_A o0 £r - e .
o +Bp2 +V(z)—A=0 (2)



Flp]

— Flpo]

A

A

\V/ 2
o (IVVAIZ = 1V Vpecl?) da+ ——

+- + |
5 JodlV = = psc) do
o IV = [Vv/peel?) da +

—|— 1

B
p+1 p"'l
p+1 271



Theorem 1 There exists a unique up to a constant phase factor
(resp. unique) minimizer of E (resp. &) under the constraint
||¢||L2(Rd) =1 (resp. p > 0, ||p||L1(Rd) = 1) that we shall denote
by ¢oo (resp. poo).

Moreover, for any ¢ such that ||¢||L2(Rd) = 1 (resp. for any
nonnegative p such that ||p||L1(Rd) = 1), provided p = |¢|?,

B[] — El¢oo] N
p+1 pt1 p—1 )

> 2 _ pt
_2/ p—l—l <:0 Poo

where equality holds for ¢ = ,/p.

Tlpog (p — poo) |dx



Limiting cases of Theorem 1

Case A =0, B> 0: let ¢oo and poo be defined by
2
p—1

6o0(@) = \fpoo(@) = [ = V4]

Case A >0, B=0: let ¢oo = y/po be the first eigenfunction of
the operator (—AA + V).



Cs1SZAR-KULLBACK TYPE INEQUALITIES
Consider a strictly convex function o on RT, taking finite values

on (0, +o0) and define on LY(RY) the functional

(o) = [, Lo(p) + V() p] da—C
with C such that X[poc] = O.

Lemma 2 [Caceres-Carrillo-J.D.] Assume that d > 1, 1 < p < 3,
max(1,2/(4 —p)) < s < 2, and let ¢q = s(3 —p)/(2 —35s). If
k=inf4<g s_(p_3)/20”(s) > 0, then for any nonnegative function
pin L1 n L(P+1)/2(RA),

1 22(1—|—8)/S

lo = poollF oty < 55— Ky PPl

where Kq — maX{Hp”Lq/Q(Rd)a HIOOO”Lq/Q(Rd)}-

Special case: 2s=qg=p+ 1.
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Corollary 1 With |42 = p, |¢oo|? = poo,

2/14 (\/;) poo dw"‘—”P Poo||2p+1 <&[p]—E€lpoc] < E[p]—E[do]

NONLINEAR STABILITY OF NLS

0
50 = —ADG+ BIOPP o+ V(2) ¢ (3)

EXxistence: [Cazenave].

Corollary 2 Consider a global in time solution of (3) with initial
condition ¢g € HY(R?) such that V'V ¢g € L2(R%). Then for any
e > 0, there exists 6 > 0 such that

Elpo]—Elpc) <8 == [[|6C.D°—|¢cl?ll pp1  <e Vt>O0.
L2 (RY)
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ASYMPTOTIC STABILITY AND DECAY ESTIMATES

Defocusing nonlinear Schrodinger equation (NLS)

i = — AP + [YIP (4)
pe(1,ps) With px :=14+4/(d—2) ifd>2, px :=4c ifd=1,2.
Define p. := 1+ 4/d < p« as the critical exponent:

(i) subcritical case if p € (1, pc),
(ii) critical case (or pseudo-conformal invariant case) if p = pe,
(iii) supercritical case if p € (pc, px).

. d .
RR=R""1 with ¢, = min (5 (p—1),2), R(O)=1, R(O)=0.

) — 2 55, [ T
Y(t,z) = R(1) ¢< (t),R(t)>
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Time-dependent rescalings [J.D.,Rein]. Rescaled equation:

ity =—H Ap+ R ET VP I+ (54252 |¢ 2p+i(B-25) (§ o€ Vo)
Choice: S = R/2R,
1. . /d
T = §RR: R~ where ¢, = min (E(p— 1),2) .

Thus ¢p =d(p—1)/2 if p is subcritical and ¢, = 2 if p is critical
or supercritical, and ¢ solves the equation

_d(o _ 1
ipr = —RP2A¢ + R 2D gp o+ oleP e (5)

lim t) = >0,
t—>—|—ooT( ) 7oo

where 7oo = 400 if p< 14 2/d and 7eo < 400 if p> 1+ 2/d.
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Energy functional:

1 1 ~4(p-1)
B(r) =SR2 [ |Vede+; /RC;5|2|¢|2ds+ — [ Jolrtiag

B =R (2 [ VePde+ 10 D2 [ jgptia)

2 (p+1) R4 (P=1)/2

Case p > pe:

2
R /Rd

- 2
/ IV [2] |2 da:z/ ‘V|e—%lwl2¢|‘ da:</
R4 R4 — JRd

R | 1
Vi — el de=3 [ V% ds < B(r) < E(0) .

dx
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Case p < pe:

1 dﬁﬂr”(%‘;ﬁ) p+1 1 p+1 e <
- E
pH1 Joalo e = —— [ op+ide < 5(0)
1 dip—1 2 c 2
Sl M\ w——xm dx—ERP /d|v¢| d¢ < E(0) .
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Decay estimates

Theorem 3 Assume that p € (1,p«), 7 € [2,p«+ 1). Let ¢ be
a solution of (4) with an initial data vy € H(R%) such that
(14 |-12)Y2y9g € L2(RY). Then there exists a constant C > 0

such that

gl o1) (1.
10 Il ray < CR() (3-1)a-0 Vt>0,

o _ (r=(p41)(4—d(p—1
wheree = 0 ifp € [pe,p«) Oorr € [2,p+1], and e = (r(_g)((ﬁ_dgz)g(q)q-(g(p—)i))

otherwise. Moreover C depends only on d, p, r and

1 > 1 2 1 p+1
Lo = §||V¢O||L2 + ZH |z Yol 72 + ZmeOHLHl :
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Asymptotic nonlinear stability

Theorem 4

H ‘¢|2 o |¢OO|2||%(p+1)/2(Rd> < CER(t -+ to)_Qd(p_l)/(p_'_l)

where Yoo(t,z) = Wﬁbm(%)

Other example: the logarithmic NLS [Cid,J.D.]

iy = — Ay +10g([Y|*) v, pp—o = o .
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II. Stability of mixed states an applications
to molecular dynamics - The “fermion’” case
[J.D., Felmer, Paturel, Rein]

e One-particle linear Schrodinger equation: free energy and sta-
bility
e N-particles Schrodinger equation

e Stability for the Hartree-Fock model with temperature

An extension of the results of [Markowich-Rein-Wolansky]
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ONE-PARTICLE LINEAR SCHRODINGER EQUATION

Consider the linear Schrodinger equation
O = —Ap+Vy, zeR t>0 (1)
Let
B) = [, (Ve +V [4?) de
Assume that V is a potential such that for any < € N,

N 1= ~inf | sup  E(y)
(V)5=1 € (L2(RD)" e Vect(yh;)i_,
(Vi Vi) 2 = 0jk ]| 12

IS @ nhondecreasing sequence such that for any ¢+ € N, there exists
a j € N with j >4 such that \; > \;: Assumption (H1)

19



(N)ieNn IS @ sequence of eigenvalues counted with multiplicity.
Let (¢;);en be the associated eigenstates:

(¢i7¢j)L2(Rd) — 5@3 Vi, 7€ N.
Free energy functional ¥ : [0, 4+o0o)N x (L2(R))N 55 R

Fv,v) = > (B) +vi E(Wy))
i€N
Here ([ is a convex nonnegative and nondecreasing function

such that lim,_,o8(r) = 0 (at least when there is a confining
potential): Assumption (H2). Then X — (8)~1(Ax = X)) is an
increasing function.

Assumption (H3) (on V and §): 3X € R such that

vi=@) T O =), Y wu=1, Y 8 <o, Y <o

1€N €N 1€N
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N
Fv,v) = > (Bw) +v; E(y))

1

B) = [, (IVil? + V wil?) da

Lemma 5 There exists a minimizer (v,7) € [0, +00)Nx (L2(R%))N
of & under the constraints

> =1 and (Wi i) po(ray = 9i Vi, €N,
i€EN
v =BT =)
and the sequence ) = (@)z‘eN IS unique up to any unitary trans-
formation which leaves all eigenspaces of —A + V invariant.



Lemma 6 For any (v,v) € [0, +00)N x (L2(R%))N
Fv, ) =Y (Bw)—Bw) =B 0)(wi—v))+ > vi (E()—E(;)) .-

iEN iEN
If Y = (¢;)ien € (L2(RY))N satisfies the orthogonality conditions
(Wi Vi) p2erdy =05 Vi, j €N,

and is ordered such that (E(;));eN IS @ nondecreasing sequence,
then for any 1 € IN

Bp)—B@) = [, (Vei=VEPHV (==X [vi—il) dz (2)

IS nonnegative.

For an orthogonal sequence v = (¢;);en € (L2(R*))N, define

d; (s, ¥;) 1= E(¢;) — E(;) .
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ST(VMP) —97(57¢)
> (B(y) —BW) — B W) (v — ) + > vidi(y, ;) -
ie€N i€N
defines a "distance” on (0, 4o00)N x (L2(R))N /Uy, where Uy, is
the the group of unitary transformations that leave invariant all
eigenspaces of — A+ V.

d((v, 1), (¥,9))

Theorem 7 Let (v,¢9) € [0, +00)N x (L2(RY))N be such that

ZVZ'ZJ. and ||¢i|lL2=1 VieN

i€N
If ¢¥;(x,t) is the solution to Equation (1) with initial data w?,
then

d((v, (-, 1)), (7,9)) = d((v, ¢, (7, 9)) -
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N-PARTICLES SCHRODINGER EQUATION

Consider now an N-particles wave function ¢(xz1,zo,...,xN;1t)
defined on (R%)N x RT and evolving under the action of a
Schrodinger operator:

N
i) =—Y Dgp+ Ve, zcR >0 (3)
1=1

Case of interest in molecular dynamics:
Moz 1

V(zi,20,...,2N) = Z -+ Z : (4)

p=1 |T — Tl i,j=1,...,N |5 — ]

By Pauli’'s exclusion principle, the N-particles wave function is
antisymmetric:the natural space is AY(IR3), which is invariant
under the evolution according to (3).
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STABILITY FOR THE HARTREE-FOCK MODEL WITH TEMPERATURE

Ansatz (zero-temperature Hartree-Fock model): replace AN (R3)

by

X = {y=—
mUESN

ENF (1,109, . 0N)

> () I vilaoy) + (i) p2ray = 0}

1<5,j<N
>[IVl
1<i<N

M
+ Y <—|w]|2 —ZE Y || % da
1<ij<n’/R || = 1I Ty

1 Vi () (y)(2);( )
5. 2 /R3 /R3 o &

1< G<N |5'7—y|

24



Evolution equation:

M  z 1
o = A — S kb SO Py = (5)
k=1 [z — T 2 1<j<N k: |

1<y <N

Hartree-Fock model with temperature:

o= - S Py Loy Ly, (6)
10p); = — ¢z_k§1|x xk|¢z pr *m@%
1 p(z, y)wz(y)

2 1<j<N R3 [z — y|

pz,y) = D viv(x)v;(y), p(x) = p(x, x)

jEN
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Free energy:

F(v, ) = B(y) + EFF ().

1€N

Lemma 8 Under Assumption (H2), F(v,v) has a minimizer un-
der the constraints

> vy=1 and (%,%)LQ(RCZ):&'j Vi, jeN,

€N
which can be written as
= BN — A )
aut (p oy = Shly 22 v — figs P28 i (y) dy = Ms

(7)
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1 M
ep() = |, IVePde + [ (px—-

o I — 1| ]

p(z,y)
s e V@ v £ ded

No=ep(y), BT =3 wep() and  di(vi, ) = ep(v) — es(dy)

1€N

dx

Lemma 9 Let (v,9°) € [0, +c0)N x (L2(RY))N and assume that
ZI/Z':]. and ||’gbz'||L2=1 VieN.
i€N

If (ey(1;);)icN is nondecreasing, then d;(v;,v;) is nonnegative.

27



Theorem 10 Consider (v,49) € [0, +00)N x (L2(R®))N and as-
sume that
Y vy=1 and ||¢ill;2=1 VieN.
i€N
Let ¢ be the solution of (6) with initial data ¥?. Let o(t,i) be
a reordering such that (ep(,,t)(m(-,t))i)iel\, is nondecreasing for
any t> 0. Then
T, p(, ) =F@,9) = Y BWeri)) — BW) — B @) Woriy — 7))
i€N
+ > Vo) (o (r.i)s i)
i€N
does not depend on t
and measures the distance between ((v(t), v (t));)ien and ((7,4),)ieN

28



III. Lieb-Thirring type inequalities

[J.D., Felmer, Paturel, Loss]

Lieb-Thirring type inequalities and “the stability of matter” in

quantum mechanics.
Let V be a smooth bounded nonpositive potential on ]Rd,

2
Hy = —I> A+ V with eigenvalues

)\1(V) < )\Q(V) < >\3(V) < ... )\N(V) <0
The Lieb-Thirring inequality.

N d
> NI S G @) [, IV da (1)
1=1

v =1: the sum 1Y, [N\;(V)| is the complete ionization energy,

[Hundertmark-Laptev-Weidl00,Laptev-Weidl00]
29



The Lieb-Thirring conjecture

| A (V)Y
Cir(y) = CEIT)(W) = inf A1l )|d :
V EDRY) [oq|V]'F2 da
V<0

(2)

Plan

e Connection of the best constant CElT) () with the best constant
in Gagliardo-Nirenberg inequalities

e A new inequality of Lieb-Thirring type
e [ he “dual” case in Gagliardo-Nirenberg inequalities
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CONNECTION WITH GAGLIARDO-NIRENBERG INEQUALITIES

(Usual case of the Lieb-Thirring inequalities)
d
X, = {v ctIMRY - V>0, V20 a.e.}

Best constant in the Lieb-Thirring inequality:

1 A (=WV)]Y
() = sup | d' .
Ve X, Jpa VT2 da
V>0,V #O0a.e.
where
Vul|? dr — V |ul? dx
A (=V) _ inf fRd| ‘ fRd ‘ |

= Hl(]Rd) fRd |u|2 dx
u %= 0 a.e.
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Gagliardo-Nirenberg inequality:
d

IVl 257 ) [lu ||272+dd
Con(y) = inf PRD - ERD - (3)
uwe HY(RY vl , 2y4d
u % 0 a.e. L2 =2 (RY)

Theorem 11 LetdeIN,d>1. Forany v>1 —%,

R () = k(1) [Con(M) ™2, (4)
where k1(v) = %(ﬁ)lﬁ_z and rko(vy) =2+ %. Moreover, the

constant CE}r)(V) is optimal and achieved by a unique pair of
functions (u,V'), up to multiplications by a constant, scalings
and translations.
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T he scaling invariance can be made clear by redefining

1
[CﬁlT) (v)]” = sup sup R(u,V)
V c Xfy u & Hl(]Rd)
V>0,V %0a.e. u % 0 a.e.

where

JraV u|? do — JRd Vu|? da
1+4-
L’)’"‘%(Rd)

Note indeed that A1(V) < 0, and R(w,V) is invariant under the
transformation

(u, V) = (uy = u(X-), Vi = XN2V(A-),

R(u,V) =
Jralul? dz|[V]

i.e.,
R(’LL)\, V)\) = R(u,V) VA>O0.



Proof of Theorem 11. By HOlder’s inequality,

2v + d

2 2 _ _ il

JroaV Il dz < Allul oy 0y A=V g R S el
. ”uHLQq(Rd) d . . .

With » = ||U||L2(Rd) and 0 = o7 Fd’ the Gagliardo-Nirenberg in-

equality (3) can be rewritten as

||Vu|| 2 (pd 1
LR > [Con(r) #]0

HUHLQ(Rd)
so that
2 2
Ax? — [CoN(7)]0 zb

R(u,V) < 7
At

Optimize on =z.
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The estimate is achieved:
VIl o 2 = V=Vi= P2 = 26D (5)
where u is a solution of
Au + |u|2(q_1)u —u=0 in R?.

Up to a scaling, these two equations are the Euler-Lagrange
equations corresponding to the maximization in V and u.
Gagliardo-Nirenberg inequality:

Jgd u?4 dx — Jgrd Vu|? dx
1
JRd u? dx <fRd u24 da:')”

R(u,V) < R(u,Vy) =

34



A NEW INEQUALITY OF LIEB-THIRRING TYPE

Let V be a nonnegative unbounded smooth potential on R the
eigenvalues of Hy are

O<A(V) < X(V) < X3(V) < ... An(V) ...

Main Theorem
For any ~ > d/2, for any nonnegative V € C*®(IR%)
such that V4/2=7 ¢ L1(RY),

N

d
> (V)T <Ot a() /Rd V2Tl dx.
i=1
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Theorem 12 An inequality by Golden, Thompson and Symanzik
[Symanzik, B. Simon] Let V' be in Li, _(R%) and bounded from below.
Assume moreover that etV is in L1 (R%) for any t > 0. Then

Tr (et A+ < (art)~5 /Rd e V(@) dg (6)

Proof. The usual proof is based on the Feynman-Kac formula.
Here: an elementary approach.
_d _ﬁ A
G(z,t) = (4nt) 2e 4 , e~ f=G(,t)*f.
Trotter’s formula:
t t n
e t=A+V) — |im (eﬁAe_ﬁv)
n—oo
Compute the trace...
36



t
L= /(Rd)ndxdajldasg... da:nG(—,x—azl) e nV(ml)G(n 1—332>

n

e V(@) G (i, Ty — :13) e~n V(@)

n
Notation x = xg = x4 1:

/(Rd)n drxogdxidxy ... drny jl;[o G (5, T — :c]-_|_1) e n LS o Vi) _
Convexity of x — e~ ¥:

ok YR GV (k) < Z et Vi(zk)
" k=0
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Main ingredient:

n
t
/(Rd)n_dxo dridry...drg_1drgyy ... don H G (—,

j=0 "

d
G(t,xp, —xp) = (4mt) " 2.

Tr (eﬁ Aen V) < / drodridry... drn
(RH)"
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Proof of the Main Theorem. By definition of the [ function, for
any v >0 and X\ > 0O,

AT = L/Jroo e A1t
(v)Jo

The operator —A + V is essentially self-adjoint on LQ(]Rd), and
positive:

N T —t(—AFV)\ -1
Using (6), since V37 ¢ LY(R%), we get
- 1 oo —d _4V(z) y—1
T (a+ W) < moy 7 fa@mn 2en VO 0 s at

r(y—9)
(4m)2r (7) 'R’

d
V(z)2  Vdx.

IA
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THE “DUAL” CASE IN GAGLIARDO-NIRENBERG INEQUALITIES

Let V € C°(R%) such that lim,_,4 ., V(z) = 4oc0 and denote by
A1(V), Xo(V), ... An(V) the positive eigenvalues of —A + V.

d_ 1dy -
YWZ{V2 Te LT (RY) VZO,V;‘é—I—ooa.e.}

Second type Gagliardo-Nirenberg inequalities:

DR, T2
| V|| Lo | T 2
: L2(R4 L24(RY
Cona(r) = inf (RO (R
w € HY(R?) lull 2 (ray
u £ 0 a.e.

JRd u|?? dz < oo

(7)

: S 2v—d
with q := 541y —d © (0,1).
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Theorem 13 Let d e N, d>1. For any v > 1 — g, there exists

a positive constant Cl_-l- d(’y) such that, for any V € Y5,
- (1) 4—7
M(V)TT SO d(v) V2 ldz. (8)
The optimal value ofC d(’Y) is such that

E#)dm = k1(7) [Can.a()] "2 (9)

_d d
(2¢)772(d(1 —q))2
(d(1 —q) + 2¢)7
Moreover, the constant CE}r)d(V) is achieved by a unique pair

of functions (u, V), up to multiplications by a constant, scalings
and translations.

k1(y) = and ko(y) =2v.
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Notice that if v > 1 — %, then 2¢ > 1.

A (V)7
(1)(7) _ Sup [ l(d)] |
Vey, fRd V2~ dx
V>0,V £0a.e.
Scaling invariance:
o) . _
[C LT, d(’Y)]’Y = sup sSup R(u,V)

Ve Xy u € Hl(]Rd)

V>0,V £0a.e. u % 0 a.e.

4
Jralul?dz [V <)

o LTT2(RY . _
R(u,V) 1= Ta Va2 dat Jaq V [ul? da is invariant under the trans

formation

(u, V) = (uy = u(X-), Vs = X2V (1))



Proof of Theorem 13. By HOlder’s inequality,

q _q 1—¢q
/ u?d dx = / w29V 9.y 9 dg < (/ V |u|2 da:) (/ VvV 1-q dx) :
R4 R4 R4 R4

1—q
g N\
With C = (fRdV 1—q dw) T =vl , this means that
L”Y—Q(Rd)
ullZ, s, €2
U > d 8
R(u, V) < Zaliy
HVU’HLQ(Rd) + C ||uHL2(Rd)
Optimize R(u, V) under the scaling A — A~% 2y (- /). O

Remark 1 Optimal functions are explicitly known only ford = 1.
Solutions have compact support and minimal ones are radially
symmetric and unique up to translations.
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