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I — Entropy

T he logarithmic Sobolev inequality
Convex Sobolev inequalities — Applications



Entropy - Entropy production method
Intermediate asymptotics : heat equation

e probability theory: [Bakry], [Emery], [Ledoux], [Coulhon],...

e /inear diffusions: [Toscani], [Arnold, Markowich, Toscani, Unterreiter],
[Otto, Kinderlehrer, Jordan]

e nonlinear diffusions: [Carrillo, Toscani], [Del Pino, J.D.], [Otto], [Juen-
gel, Markowich, Toscani], [Carrillo, Juengel, Markowich, Toscani, Unterre-
iter], [Markowich, Lederman], [Carrillo, Vazquez]

' w = Au reR", te RT

Heat equation: w(t=0)=ug >0 / ug do =1 (1)
ez /4t . .

As t — 4o, u(z,t) ~ U(x,t) = @y What is the (optimal)

rate of convergence of ||lu(-,t) — U(-,t)||L1(Rn) ?



The time dependent rescaling

w(zt) =~ o (g _ Rg(ct),f — log R() + 7(0)>

allows to transform this question into that of2the convergence
to the stationary solution veo(¢) = (2m)/2 e~ 1El7/2

e Ansatz: %{ = % R(O)=1 (0)=0:
R(t) = V142t 7(t) =log R(t)

As a consequence: v(T = 0) = ug.

e Fokker-Planck equation:

vy = Av+ V(€D (ER?, 1 € RT

v(7T=0)=ug >0 /nugd;v=1

\



Entropy (relative to the stationary solution v):

> [v] = /an log <é) dx

If v is a solution of (2), then (I is the Fisher information)

(= [0

e Euclidean logarithmic Sobolev inequality: If ||jv||;1 = 1, then

V log (i)‘z de =: —I[v(-,7)]

Voo

1 1 V|2
l0g v d 14 = log(2 <_/ d
/an gv a:—l—n( —|—2 a( 77))_2 . X

v

Equality: v(€) = veo(§) = (2m) /2 = I€1%/2
= S [v(-,7)] < SI[v(:, )]

ug 109 <ﬂ> dx

Voo

S[o(, 7)) < e 2 [ug] = 727 [

n



e Csiszar-Kullback inequality: Consider v > 0, v > 0 such that

U 1 —2

= ||lv — voo||%1(Rn) < 4MX[ug] e 27
7(t) = logv/1 4+ 2t
> 4
||u(-,t) — Uoo(-,t)HLl(Rn) S m Z[UO]

1 T
Uso(x,t) = (D) Voo (R(t),T(t)>

The proof of the Csiszar-Kullback inequality is given by a Taylor development
at second order.



Euclidean logarithmic Sobolev inequality: other formulations
1) independent from the dimension: gaussian form [Gross, 75]

1
ogw du(z) <~ | w|Viogu|? d
| wlogwdu(@) <5 | wViegu|? du(a)

with w = ML’UOO’ |v||;1 =M, du(xr) = vool(x) dx.
2) invariant under scaling [Weissler, 78]

2
w2 log w? dx < " log < / |V’w|2 dac)
R" 2 mTne JR"

for any w € H1(R") such that [w?dz =1



Proof: take w = ,/37%— and optimize for wy(z) = A" 2w(\ )

/R” IVw,|? dz — /R” w§ log w% dx

:)\Q/Rn|Vw|2d:U—/nw2logw2daz—nlog>\ Rand:v

[

Entropy-entropy production method: a proof of the Euclidean
logarithmic Sobolev inequality:

wzw] 2

—I—bw5w dr < 0

d n

- (I[v(, D] = 2E (-, D)) = —CWZ::l/ )

for some C >0, a, b € R. Here w = /v.

Iv(-,7)] — 22 [v(-, )] \\ I [veo] — 23 [veo] = O

—— VYug, Ilug]l—22[upg]>I[v(,7)]—-2X[v(-,7)]>0forT>0
8

ww—l—a i



Entropy-entropy production method: improve-
ments of convex Sobolev inequalities

goal: large time behavior of parabolic equations:

{ v = dive[D(z) (Vv + vV A(2))] = divle AV (ve)]
t>0, zeR" (3)
v(z,t = 0) = vg(x) € L}|_(]Rn)

A(x) ... given ‘potential’
voo(x) = e~ A2) e L1 (unique) steady state
mass conservation: fRd v(t) doe = fRd Voo dr = 1

questions: exponential rate 7 connection to logarithmic Sobolev
inequalities ? [Bakry-Emery '84, Gross '75, Toscani '96, AMTU...]
[Anton Arnold, J.D.]



ENTROPY-ENTROPY PRODUCTION METHOD

[Bakry, Emery, 84]
[Arnold, Markowich, Toscani, Unterreiter, 01]

Relative entropy of v(x) w.r.t. veo():

(V)
3 [v|vo] 1= /Rdw <@) Voo dz > 0
with Y(w) > 0 for w >0, convex
P(1) = ¢'(1)=0
Admissibility condtion: ()2 < ¢!V

Examples:
PV =wlhhw—w+1, X1 (v|lvee) = [vIn (&) dz ... physical entropy
Yp =wP—p(w—1)—1,1<p <2, Xo(v|ve) = fRd(’U—’Uoo)Q’Uo_Oldx
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EXPONENTIAL DECAY OF ENTROPY PRODUCTION

d
T(w()|vo) = 25 [0 () |vee] = —/w” (i) v <i> 2 v dz < O
dt Voo o Voo /,
=u
92 A .
Assume: D=1, —5 > A1ld, A1 >0 (A(z)...unif. convex)
ox
Hessian

entropy production rate:

I' = 2 [ (—)u" +—5  uvscdr+2 | Tr(XY)veodx
Voo Ox? N -

"~

>0
> =2\ 1
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with

B w//(&) w///(v)
o= (E) ) ) >
. Z'L](auz)Q T %u
= (G )
I(t)] < e 2MtI(E=0)] >0

Vg with |I(vg|veo)| < 00

12



EXPONENTIAL DECAY OF RELATIVE ENTROPY

known: I’

'V

—2X\; L o Je0 . dt

—5 (4)
= >i=1 < -2\

Theorem 1 [Bakry, Emery], [Arnold, Markowich, Toscani, Unterreiter]

2
% > A\ 1d (“"Bakry—Emery condition” ), 3 [vg|veo]<oco

X

= 2 [v(t)|veo] < Z[vglvec] e At t>0

[o(t) — vool|£1 < CZ[v(#)|veo] . .. Csiszar-Kullback

13



CONVEX SOBOLEV INEQUALITIES

Entropy—entropy production estimate (4) for A(z) = —Inwvso
(uniformly convex):

1
> [v|vec] < 2 [ (v]voo)|

Example 1: logarithmic entropy ¥ (w) =wlnw —w 4+ 1

2
/vln <i>da;§i/v vin (ﬁﬂ du
Voo 2)\1

Voo
Vv, veo € L}‘_(]Rn), [vdr = [veodx =1
logarithmic Sobolev inequality — “entropy version”

14



Setf2=é:>

2
/f2|nf2d’Uoo < )\—/|Vf|2dvoo
1

Vi e L2(R", dvso), [ f2dvee = 1

logarithmic Sobolev inequality—dvse measure version [Gross '75]

Example 2: non-logarithmic entropies:

Yp(w) = wP —p(w —1) — 1, 1<p<2
p 2 B 2 )p] < 2 2
By [ FPdvse = ([ 1f17dvse) | < SIS
2 2
from (4) with .~ = U} Vi e L (R, voodz)
f|f|pdvoo

Poincaré-type inequality [Beckner '89], (Bp) = (B3), 1<p<?2

15



REFINED CONVEX SOBOLEV INEQUALITIES

Estimate of entropy production rate / entropy production:

2A
2 / " (L) ul o°A UVsodx + 2 / Tr (XY )veodx
Voo Ox2 < - P

>0

I/

> 2]

[Arnold, J.D.]: Observation for ¢p(w) = wP —p(w —1) — 1, 1 <
p < 2:

v ( () v (;;J) )

¢//,( v) %wIV (L

Voo

16



/2
o Assume 947 > \1d = T > onTHRlBE, k=22 <

= [K(Z[vlvee]) < 551/l = 25 S 9" (32) IV Pdvs
“refined convex Sobolev inequality” with z < k(z) = 1"‘5’3](_1;%)%

o Set v/veo = |f]7/[ |f]Fdvos =

Theorem 2

(2 [ (i) ) )™

>
—/|Vf|2dvoo v € Lo(R™. dvs)
1

“refined Beckner inequality” [Arnold, J.D. '00]
(rBp) = (rBp) = (B2), 1<p<?2
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Long Time Behavior of the Quantum Fokker-
Planck equation

[A. Arnold, J. L. Lopez, P. A. Markowich, J. Soler], [C. Sparber, J. A. Carrillo,
J. D., P. A. Markowich]

Heat equation with a source term
[G. Karch, J.D.]

18



An example of application: the flashing ratchet.
Long time behavior and dynamical systems
interpretation

[M. Chipot, D. Heath, D. Kinderlehrer, M. Kowalczyk, N. Walkington,...]
[J.D., David Kinderlehrer, Michat Kowalczyk]

Flashing ratchet: a simple model for a molecular motor (Brownian mo-
tors, molecular ratchets, or Brownian ratchets)

Diffusion tends to spread and dissipate density / transport concentrates den-
Sity at specific sites determined by the energy landscape: unidirectional trans-
port of mass.

Fokker-Planck type problem

ur = (ug + Yzu)z (z,t) € 2 x (0,00)
Uy + Ypu = 0 (z,t) € 02 x (0, 00) (5)
u(x,0) = upg(x) x € 2
ug > 0, fQuO =1, w — ¢($7t)
19



PERIODIC STATE AND ASYMPTOTIC BEHAVIOUR

Theorem 1 Lety € L°°([0,T)x2) be a T-periodic potential and
assume that there exists a finite partition of [0,T) into intervals
T3, Ti+1), i = 0,...,n with To = 0, T = T such that ¢ig, 1., ) €
L®([T;, Tya1), WH(2)). Then there exists a unique nonnega-
tive T-periodic solution U to (5) such that [qU(z,t)dx =1 for
any t e [0,T).

: u—l ifqg>1,
Entropy and entropy production : o4(u) =4 471 _
ulnu ifqg=1.

zai = f o (2) i) (1)
i = o (2) (2 v

20



Theorem 2 Let uy,ur be any two solutions to (5).

> qlug () |ua(t)] < e ™%t g [ug (0)|uz(0)]

Proposition 3 Q is a bounded domain in R® with C1 boundary.
Letu and v be two nonnegative functions in LYNLI(Q) ifq € (1, 2]
and in L1(Q) with uwlogu and uwlogv in L1(Q) (¢ =1).

—1

> glulv] > 2_2/qq [max (Hulliq_(qg), HUHiq_(qQ))] [Ju — UHZQ;Q(Q)

Corollary 4 Let q € [1,2]. Any solution of (5) with initial data
uo € L1 N L900,1) uglogug € L1(0,1) if ¢ = 1, converges to
|ugll;1U(x,t), (periodic solution):

luCa,t) = luoll 1 U, D)l pago,1:00) < K™ ot Vi>02



_ —
Let Uy - = ||u0||L1 fQZ_¢daf

d U U
ﬁzl[umw] /Q [1 + log <@>] up dor — /Q @uw,t dx

u

— I [uluy] — /Q @u%t dx

Lemma 5 Let u > 0 be a solution to (5) such that |oudx = 1.

With the above notations, the following estimate holds:
d

azl[umw] < —Cy X1 [ufuy] + Ky,

Fixed-point for the map T(u(-,0)) = u(-,T) in

Yy={ue H(Q) |u>0, |lullpiq) =1, T1luluo(-,0)] < Ky/Cy}.
Flashing potentials: same on each time interval.
22



Let X be the set of bounded nonnegative functions « in LYNLI(Q)
(resp. in L1() with wlogw in in L1(Q)) if ¢ € (1,2] (resp. if
g = 1) such that [oudx = 1.

Theorem 6 Assume that v € X with 0 < m = infgv < v <

supov =: M < oco. For any q € [1,2]

1 I
S B L R R Y L i) R
g—1 weX Zgfulol we 3 [uf]
UFv a.e. UFv a.e.
(6)
can be estimated by
m

J>4M\(Q2) — {
> 4 X ( )M (7)

where \1(2) is Poincaré’s constant of Q2 (with weight 1).

Relation between entropy and entropy production: exponential

decay of the relative entropy.
23



II — Entropy methods for nonlinear models
involving diffusions

24



A model for traffic flow
[R. Iliner, A. Klar, T. Materne, 2002], [Reinhard Illner, J.D., 2002] f =
f(t,v) is an homogeneous distribution function, with velocities
ranging in (0,1):

fe=(=B(t,v) f+D(t,v) f), (tv) e RT x(0,1)

where f, = af/dt, f' = df/dv. Let C(t,v) = — [3 gggg dw
—C(t,v) ’
g(t,v) =p € is a local equilibrium

Jo e—C(tw) quw
Zero flux: —B(t,v) g+ D(t,v) ¢ = 0 but ¢g; = 0 is not granted.
Relative entropy:

elt, f1:=Jg (flog f—glogg+ C(t,v)(f —g))dv
— [J0.1)x(0.6)Ct(s, V) (f — g)(s,v) dvds

2
/ /
Then Left, f(t,.)] = — L D(t,v) f ‘fT—%‘ dv ... but we dont

have a lower bound for elt, f(¢,.)].

25



Density: p = fol f(t,v) dv does not depend on ¢

Mean velocity: u(t) = % 13 v f(t,v) dv

Braking term

B(t,v) = |

p

—CBW—wmep@-—

| Calo—u®PA - p)
Diffusion term: D(t,v) = om1(p) mo(u(t)) |[v — u(t)|”

N
v-ul) ) if v > u(t)

ifv <wu(t)

Proposition 7 [lliner-Klar-Materne02] Any stationary solution is uni-
quely determined by p and its average velocity w. The set (p,u[p])
is in general multivalued. For any p € (0, 1].

Example. T he Maxwellian case.

26



Relative entropy of f w.r.t. g by E[f]|g] :/o

“Standard” example: ®,(x) = (@ —2)/(a — 1) for some a > 1,
d(x) =xlogx if “a=1"

CONVEX ENTROPIES 1/
P ( ) g dv

( /

<jﬁzpﬁmﬁ(%—§W:4D@wg@ﬂ vV (t,v) € RT x (0,1)

<§>/(t’fu)zo \V/tER_l_,’U:O,l
g(t,v) ;= k(t) e ¢tv) for some k(t) # 0.
, 1 AN
FELF) gt )] = 3 &' (L) fo dv+ /O [<D (5> -, ° <;>] 9t dv

1 >
o o V(e do

=0 if
fol W(g) g dv

, k(0)=1

with W(z) ;= d(2) —zd'(z) < O

27



CONVERGENCE TO A STATIONARY SOLUTION

limsupk(t) < oo .
t——+o0

Theorem 8 Let ® = dy(x) = (¥ —2z)/(aa— 1), f be a smooth
global in time solution and assume that E[ f|g] is well defined
and Cl int. If e € (O,%) s.t. e <u(t) = %folvf(t,v)dv <1l-—c¢
Vt>0, then, ast — +oo, f(t,-) converges a.e. to a stationary
solution f.

28



Coupling with a Poisson equation
[AMT], [P. Biler, J.D.] Nernst-Planck / Debye-Hiuckel drift-diffusion

=V -(Vu+uVop)
vp =V - (Vv —ovVe)
Ap=v—u

in a bounded domain Q c R%, d < 3.
No-flux boundary conditions: 8'“’ —- ua(b = 0, 81/ g(b = 0 on 0N
and either conducting boundary condltlons

=0 on 0N

r “free” boundary conditions (this corresponds to a container
immersed in a medium with the same dielectric constant as the
solute)

¢=Egx(v—u)
where E,; is the fundamental solution of the Laplacian in R?.
29



INTERMEDIATE ASYMPTOTICS: © = R¢

1 _ L _ a/2 =7
L Ugs(x,t) = L vas(x,t) = 27 (2t + 1)) exp ( 22t + 1)

Entropy functional :

= [ulog (u) da:+/vlog( ) d:c+—||w(t>||2

Theorem 9 There exists a constant C such that

L), |Ju(t) —uas@)]|T + [v(t) — vas(@®)|IT + V(D)5 < C H(t)

(2t+1)"1/2 d=?3
where H(t) = (2t + 1) 1log(2t +1)+ 1), d=4
(2t+1)"1, d>4

Moreover if M, = M,, then H(t) = (2t + 1)~ for any d > 3.
30



CONVERGENCE TO A STATIONARY SOLUTION Assume that
iIs bounded. Entropy functional

W (t) =/ulogudm—/U(x)logU(m) dx
—I—/v log v dax — /V(:I:) log V(z) dx
—I—%/(u—v)qbd:v—%/([]—v)cbdxa

where U, V, & is the unique stationary solution such that
[Uder = [udzx, [V dr= [vdx.

Theorem 10 If d > 2, then there exist two positive constants A\
and C such that

W(t) < W(0) e M

lu(t) = U3+ [[o(t) = VI3 + V(¢ — D)3 < C e
31



Streater’'s model
[P. Biler, J.D., M. Esteban, G. Karch]

Nonlinear diffusions coupled with a Poisson
equation
[P. Biler, J.D., P. Markowich]



Entropy methods for nonlinear diffusions

[1. Comparison techniques]
2. Entropy-Entropy production methods

3. Variational approach: [Gross], [Aubin], [Talenti], [Weissler], [Carlen],
[Carlen-Loss], [Beckner], [Del Pino, JD]

[4. Mass transportation methods] [Cordero-Erausquin, Gangbo, Houdré],
[Cordero-Erausquin, Nazaret, Villani], [Agueh, Ghoussoub, Kang]

32



OPTIMAL CONSTANTS FOR (GAGLIARDO-NIRENBERG INEQ.

[Del Pino, J.D.]

a—1
—1

Theorem 11 1<p<n, 1<a§%, b=p

lwlly < 8[Vwllf wllg=®  ifa>p

1-6
lwlla < 8 (IVw|[§ [lwl]; ifa <p 1
.

D
Equality if w(z) = A(1 + B |z|p-1) *77

L — (g—p)n
a>p' 0= Gy (np-(np) D)

Cp — (p—q)n
a<p 0= q(n(p—q)+p(¢g—1))

Proof based on [Serrin, Tang]

33



THE OPTIMAL LP-EUCLIDEAN LOGARITHMIC SOBOLEV INEQUALITY

[Del Pino, J.D., 2001], [Gentil 2002], [Cordero-Erausquin, Gangbo, Houdrég,
2002]

Theorem 12 If ||u||;p = 1, then

[ 1?10 fu] dz < % log [zp/ VP da:]
p

p

_p (p—1 p—1 _»p r(n+1) n
&= (2o [EER

n —1/p .
Equality: u(x) = <7T2( )p* (p :1))> e_%‘w_f’ﬂp

p = 2. Gross' logaritmic Sobolev inequality [Gross, 75], [Weissler, 78]
p = 1: [Ledoux 96], [Beckner, 99]

34



Remark: The three following identities are equivalent:
(i) For any w € WhP(R™) with [ |w|P dz = 1,

[ 1wl?log ] dz < 5 log [Lp/ V| da:]
p

(i) Let PP be the semigroup associated u; = Ap(ul/(P—1);

B—a
af

3

1P fllg < NI flla ACn,pya, B) ¢
(iii) Let @Y be the semigroup associated to v; + % |IVv|P = 0:

n B—«a

p _—
1€949) 153 < ||€9]|a B(n,p,, B) t P 0B

35



Case a =p (¢ = 1): it is more convenient to use this inequality
in @ non homogeneous form:

IVwllp [Vwl|p
inf —Iog(—)+u = n log ( )+ =
p>0 | p lwllp |w|p p

Corollary 13 For any w € WLP(R™), w # 0, for any u > 0,

p/|w\P Iog( vl ) dz 4+ 2 log (p“ >/|w|pda:§,u/|Vw\pda:.
Hpr p an

Casea#=p(g£1): ... Z<CI

36



INTERMEDIATE ASYMPTOTICS FOR NONLINEAR DIFFUSIONS

[Manuel Del Pino, J.D.]
up = Apu'™
Convergence to a stationary solution for:
ve = Apv"™ + V(zv)

Let ¢ = 14+ m — (p— 1)~L. Whether ¢ is bigger or smaller than 1
determines two different regimes like for m = 1.
For q > 0O, define the entropy by

S [v] = / 5(0) — 0(vo0) — 0" (v00) (v — vo0)| dz

o(s) = Sqq__ls if g =1
o(s) =slogsifg=1 (p=2)

37



[Del Pino, J.D.] Intermediate asymptotics of u; = Apu™

Theorem 14 n>2, 1 <p<n, ”(<p11)>gm< Poand g=1+m— 4

() ult,) — use(t, )g < K B-GTA=0)

(ii) w%uyw&u»mméKR%

() gr<m<yly (DS <m <L
a-(l—l<p—1> - R =(1 wt)l/'%fy=<mn+1><p—1>—<n—1>
uoo(t CIZ) Uoo(logR )
veol) = (C L (g - 1>|a:|ﬁ>”<Q‘” if m % L

Voo(z) = C e (P Db ifm=(p—1)"1.

Use vy = App™ 4V - (zv)

— ,(mpt+q—(m+1))/ — — , mp—1)+p-2
w = p\"PT4 Pra=bgq=p mp(p—1)—1
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Intermediate asymptotics in L1 for general
nonlinear diffusion equations
[P. Biler, J.D., M. Esteban]

= Af(u) (8)
If f(u) = u™, Equation (8) can be transformed via a suitable
space-time rescaling into an autonomous equation

vr = Af(v) + V- (VV), (9)

with V(z) = 3|z|2. Here we simply assume that f behaves like
a power law in a neighborhood of O.

General case: Time-dependent rescaling u(t, z) = R~4(t) ’U(’r(t) : _Ri(vt)),
7(t) = log(R(t)), Gt = R(I—m)d—1

vr = MITAF (e_dT’U) + V- (zv) (10)

39



“Local” stationary solution: v (z) = Rl (R—(m—l)d(aﬁo(]\/[) — %|x|2))
such that o1 gy = V]| 1 gy
Example: f(u) =u™, m #£# 1, voo(x) = g(aco(M) — %|w|2),

g(z) = ((m — 1) a/m)y "
Assumption:
(i) f(s)=s"p(s) with ¢€CO([0, +00))NCL(0, +0), ¢>0, p(0) =
1, ¢/ (s) = O(s®) (k> —1) near s=07 /
(ii) there exists a function H with H"(s) = %‘9) H(0) = 0, such
that (m —1)H(s) < f(s) Vs>0
(iii) f € C3(0,4) N C°[0,4), f > 0, f'/s € L.(0,400) and f(u
Luf'(u) for any w > 0 (d > 3). If m < 1, 3so > O such that f,
and g(oz—%| - 12) € LY (RY).
Relative entropy :

<
0

)
"
[0,s0) >

1
> [r,v] = /Rd (edeH(e_dTv) — edeH(e_dT’Ui) —+ §|:13|2(v — ’UOR;)) dx

40



Theorem 15 Under these assumptions, then for any solution v
of (10), there exist two constants 8 := min{2,d(k+1)} >0, K>0
such that for all T > 0O,

0<X[rv]<KePT.

Rates are as good as in the power-law case as soon as k >
—(d —2)/d (if the function ¢ is C! at the origin, then g = 2).

Theorem 16 If moreover {1 :=liminf,_ 1 f/(s)s™ 1 >0 ifme

(1,2) ; o= liminf,_ 4. % >0 ifm e (%52,1), then as
t — o0,

_d(m—=1)+p3/2 .
||U(t, ) _ uOO(t7 .)”Ll(Rd,ugé_l(t,x) dz) < Ct 2+(m=1)d if 1 <m <2

_d(m—l)—I—B/Q
|H ()t ) — H (o) (Ml 1 g gy € CE 2FODT i (d—1)/d<m

41




IIT — L1 Intermediate asymptotics for scalar
conservation laws

J.D., Miguel Escobedo



Introduction

Consider for some ¢ > 1 a nonnegative entropy solution of

Ur+UT)¢=0, £€R, 7>0,
(11)
U(r=0,)=Up,.
T.-P. Liu & M. Pierre (1984): for every p € [1,+00),
. ia-h
lim 794" P/ ||U(T) — Uso(7)|lp = 0.

T—00
U~ IS the self-similar solution defined by

( 1

Uso(T,€) = ¢ (C|}i7|')q_—1 0<¢<ce(r):=q (||lupgll1/(q — 1))(q—1)/q ~1/q

0 elsewhere

\

42



P. Lax (1957): if U is the unique entropy solution to

with f € C2, f(0) = f/(0) = 0 and f” > 0, and if Uy > 0 has
compact support in (s_,sy+), then the following estimate holds:
|U(r,) = Woo(r,- =5 )1 =0("12) as 7— o0,

where Weo (7, &) = f”%O) ~lifo<é¢< —s_—|—8.|_-|-\/2 luolly F(0) 7~ 1/2,
and O elsewhere.

Y.-J. Kim (2003): an alternative approach is based on a detailed
study of special self-similar solutions. Same kind of results.

43



MAIN RESULTS

Theorem 17 [ENTROPY ESTIMATE| Let U be a global, piece-
wise C1 entropy solution of (11) corresponding to a nonnegative
initial data Uy in L1 N L®°(R) which is compactly supported in
(&g, +o0) for some &g € R and such that

U
lim inf 0(152 n >0
&~ |€ — Eo|t/ (e
§>&0
Then, for any o € (0, q_Ll) and e > 0,
imsup ¢ [ U(r,€) ~ Une(r, € — o) (o =0
T—400 R € — &ol@
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F<a(l-1/9) <= q¢/(2(g—1)) <o

Corollary 18 [L! ESTIMATE| For any 3 < 1, there exists a con-
stant CB such that

||U(T7 ) - UOO(Ty T 50)”1 < Cﬁ 7'_5

Theorem 19 [UNIFORM ESTIMATE]

lim sup VU (T, €) — |

§ — €o|1/(q—1) —0
T—+00 ¢esupp(U(T,-)) Tq
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(¢—1)/q
Iirp (1+ QT)_l/q max [supp(U(r,-))] = (q IR U01d£> =:cy
T—100 q—

max [supp(U (7, )] > (1 + q7)Y%p (1 + 0(r71))

Two main tools:

1. A time-dependent rescaling which preserves the initial data
and replaces the characterization of the intermediate asymptotics
by the convergence to a stationary solution.

2. A time-decreasing functional which plays the role of an en-
tropy, in the sense that it captures global informations on the
evolution of the solution and controls its large time asymptotics.
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NOTIONS OF SOLUTION, TIME-DEPENDENT RESCALING, ENTROPY

Proposition 20 Let U > 0 be a piecewise Cl entropy solution
of (11), whose points of discontinuity are £1(17) < &(7) < --- <
En(T). The rescaled function

w(t,z) = €' U (l(eqt — 1), etar;>
q

IS a piecewise 'l function, whose points of discontinuity are
given by s;(t) = e t;((e?t — 1) /q) such that

T - +_ u,; S; u,
() = (D= s = D 8O

Out of the curves x = s;(t) the function u is a classical solution of

ur = (zu — u)y (12)
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and across these curves it satisfies

u, = lim u(t,z) > lim u(t, x) :=u;|_.

x—s5;(t) x—s;(t)

x<s;(t) x>s;(t)

Uo := U(0,-) = u(0,-) =t ug. If Up € L*(R): [[u(®)|l1 = [|Uoll1
vVt>0.

DEFINITION: w« is a solution of (12) iff it is a piecewise C! func-
tion whose discontinuity points are given by {s;(t)}"_, satisfying
(20), which solves (12) out of these curves and such that ()
holds across them. With this definition, if v is a solution of (12)
then U is an entropy solution of (11).
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For every ¢ > 0, let u, be the stationary solution of (12) de-

fined by
/-1 o<z <e

Ugo () = (13)
0] ifxz<Oorxz>c

Ifc=cpy ' =(@M/(q— 1))(q_1)/q, uoo = ugd!. |Juss|l1 = M.
COMPARISON RESULTS Consider two solutions U, V of (11)
with initial data Up, Vp such that 0 < Ug < AgVp a.e. for some

Ag > 0. Then 1
U(r,-) < Ag V(AL "7,) ae. VT ERT.

Scaling argument and comparison principle for entropy solutions.

ug < Agus, a.e. = u(t,z) < A(t) ugg) (z) ae. VteRT

| cat/(q—1) ~1
with A(t) = Sh }1/((;—1) and ¢(t) =c (%)(q "

[1+Ag‘1(eqt—1)
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A GRAPH CONVERGENCE RESULT

Proposition 21 Let ¢ >0, M = [ug dz and cy; = (g_—Ml)@—l)/Q.

Assume that ug > 0 is a piecewise C1 initial data with support

in [0, +00), such that liminf,_ozt/(=Dyqy(z) > 0.
x>0

Then there exists T' > 0 such that, for any t > T

(i) the support of u(-,t) is an interval [0, s(t)].

(ii) infxe[o7s(t)) xl/(l_Q)u(aﬁ, t) > 0.

(iii) there exists a constant Ag > 0 such that u < A(t) ugg”

(iv) for an arbitrarily small e > 0, there exists a constant k such
that u> (1 — ke @) ugd ™ “.

FIGURES
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Theorem 22 Let ug > 0 be a piecewise Cl initial data with
compact support in [0, +oc0) such that liminf 21/ A=Dyq(2) > 0.
x>0

T hen

lim  sup |u(t,x) —u (t)| =0,
t—00 2:€(0,s(t))

where [0, s(t)] :=Supp(u(-, t)) fort > 0 large enough. Moreover
lim s(t) =cy = ( )(q U/a with M = / ug dr
t——+o0
and s(t) > cyy — O(e™ ).
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1st step: A CONSEQUENCE OF THE RANKINE-HUGONIOT RE-
LATION
Let h(t) := Iimmﬁs(t)w@(t) u(x,t). Then

(ds

T pel
dt
4 (14)
dh
““=h(1— lim (u? Y (z,t
o ( ﬁﬁdﬂ(u )z(x,t))
\ $<S(t)

2nd step: ENTROPY SOLUTION If U is an entropy solution of
(11) then it satisfies the entropy inequality (Uq_l)g < q% and

(ui e < (L—e )~

holds in the distribution sense.
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3rd step: BY CONTRADICTION Let uoo(z) := 21/(¢=1) Then
(i) For any € > 0, there exists t; > 0 such that

s(t) >Cpyp—e¢ Vi>ty.
(ii) For any ¢ > 0, § € (0,1), tg > 0, there exists t; > tg such
that

h(t1) > (1 —90) uco(s(t1)) -

4th step: COMBINE STEP 1 AND 2
dh h

dt — et —1
Assume that h(tg) = hg > 0 for some tg > 0. Then

h(t) > hg (1L —e )1/ iy,
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5th step: AN ESTIMATE BASED ON THE MASS As t — +o0o, s(t)
converges to Cy; and for any n € (0,1), there exists a tog > 0
such that

u(,8) > (1 —musl? Vit
Proof. This follows from

o(1) — 2\ /(a=1)
(t) ) =:v(x,t) on (Cp—e, s(t)) .

w(ast) > ((h(t))q—l -

_ »—qt
1l —e 4 +
(15)
and for s(t) > cp; from
Cpy—e s(t)
Mz(l—n)/M Uoso dx + vdzx .
o) Chr—e
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L1 INTERMEDIATE ASYMPTOTICS
For any positive constants ¢ and ¢, define the entropy by

/ /
S0 = [ n@) lu(t,2) —uSe(@) do = [ plu—ul| do+ [ puda
- (16)
for some nonincreasing function p, which is continuous on
(0,+00). The special choice ¢ > SUP, -+ max,cr{suppu(t,z)},
pw(x) = |z|~* and ¢ = cy; will provide exponential rates of con-
vergence. Let f(v) ;= v — Y.

Proposition 23 [DECAY OF THE ENTROPY| Let ug be an initial

data with compact support in [0,4+00), such that 0 < ug(x) <

Ao z1/@=1) for some Ag > 0. Assume that IimO u(x)ul (z) = 0.
€r—

Let ¢ > 0. Suppose that p'ul, and puso are integrable on (0,c).
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Then for every fixed c € (0,c), fort >0 a.e.
u c 1o \4 U
dxr — / H (uoo) f o/ dx
us, ¢ uS,

— u(c) c4/(q—1) {f( +(C)> ‘f (u (c))‘ }_I_ 1(c) (C/)q/(q 1)f (u (c))

()71

< [ s s

where ui(c) = lim  u(x).

r—=C

+(x—c)>0

d2_ c
If c=(, then o < /O w (ul,)?

f <%>| dr < 0.
uOO
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Proof.

dx e ¢ -
= e [Busas, = Vucug,| dot [ pur dat [u(o)lu —uSo()] - 5'(8) 1iy

Using the equation and an integration by parts, we get

< o sl ()| o o) sl )

— u(e) cq—il [ ‘f (C_CIL1 u‘(t,c))' + f (c_qi1 u+(t,c))]

‘/ () 7 () o (e (/o 1>f(“ <C>)

(¢/)a—1
where

|v+—1|—|v_—1|

V(o) = [f) — fD)] e )] = (7))




Since vT < v~ , we have to distinguish three cases:
(N1<ovt<ov: f(v7) < f(vT)<0and V(v ,vt) =0.
(i) vt <1 < v f(v7) <0 < f(vT) and by concavity of

%W(U_v U—I_) — vv—_—_v%l‘ f(’U+) + vl—_—vf:‘_l' ACKD

(i) vt <o~ <1: f(v=)>0and f(vT) >0, W(v,vT)=0.
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Rates of decay

Proposition 24 Assume that ¢ < cpy, ¢ < ¢ and ¢ = ¢y if
cd >c Ifu(z) =2 Vx>0 for some a € (O,q_Ll), then
lim; 4+ Xa(t) =0 and

dia + (g—1)a>Xy(t) — oz/c " dr —r(d) =o(Za(t)) ast— +oo

with (<) = p(c') ()90 f () @D u= ().

Proof. With ¢(t) := min(s(t), c),

o(t) gy L 2 c
x T 1 (%—1) d:z:—l—qa/ x Y u

uS, c

dZa

“(4-1) @ Ta(t)- r(c’)<Cq/O

where x(t) = 0 if s(t) > c(t), x(t) := [ S(8) pul, dx if s(t) < c(t).
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