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1. Vlasov-Poisson: Nonlinear stability

Distribution function f(t,xz,v) >0
density of particles at (z,v,t) e R3xR3 xRT.
Liouville equation

%-I—v-va:f-l-F(t,x)-va=0

F(t,z) = —q(Vzo(t,z) + Vzde(x)) .

Self-consistent potential: ¢ = K * p(f)
K =gl |z|7 p(H(t2) = Jgs f(t,z,0) dv.

(H1) fo is a nonnegative function in L1 (IR®)

Theorem 1 ¢e(x) — oo as |x| — —oo, s.t.
(z,5) = 3271y (s+de(x)) € LINL®(R3, L1(R)).
Let f be a weak solution of VIasov-Poisson
with fo in L1 N LPo, po = (12 4+ 3v5)/11, s.t.
o(fo), (Ipel + [v[?)fo € L*(R3). If for some
p € [1,2],

inf  o”(s)/sP"2>0
s€(0,400) ( >/



If — fooll2p < 3 J3 V(00 — ¢o0)|? dz

+C Jgslo(fo) —o(foo) —0'(foo) (fo— foo)ld(z, v)

where (foo(z,v) = 7(3]v]2 + ¢e(@) + doo(@)), bos).

Here ’y_l = —o'.

Value of pg [HOrst and Hunze] (weak solutions). Renor-
malization [DiPerna and Lions, Mischler]. [Braasch,
Rein and Vukadinovi¢, 1998]. Csiszar-Kullback inequal-

ity: [AMTU, 2000]

Theorem 2 pg = 2 and o(s) = slogs — s.
T here exists a convex functional F reaching

e~ v/2 ;
(2m)372 poc(x) S.T.

1f () = foollF2 < Flfol -

its minimum at foo(z,v) =

Here p=1, v(s)=e"*
6—(¢oo+¢€)
— DA Doo = pPoo = HfOHLlf e—(Pootde) dx
2




Properties of the solutions

1. f is nonnegative for all t > 0.
2. Conservation of mass:

/ f(t,x,v) d(z,v) = / fo(z,v) d(x,v) = M .
]R6 ]R6
3. Finite energy and entropy:

Jrs (3102 + te(@) + ¢(2)) f d(z,v)

< Jio (30?2 + ¢e(@) + ¢0(2)) fo d(=,v)
and  Jge f log f d(z,v) < [ge fo l0g fo d(z,v) ,
(equality in the case of classical solutions).

4. ()l poorey < [1foll Loo(ro)-
5. Moreover, if we assume that

(H2) Jre o(fo) d(z,v) < oo
for some strictly convex continuous function
o ]R(')" — IR, then for any t > 0O,

Leo(h) dav) < [ o(fo) dl,v).

(equality in the case of classical solutions).
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Stationary solutions, entropy functionals

Let fe Ll ¢ =¢[f] st. —A¢p = [3f dv.

foor(@,0) =7 (G112 + Bl (2) + 6e(2) - a)

IS a stationary solution of Vlasov-Poisson <—

_Aqboo,a — Ga(¢oo,a + Pe — Oé)

with Go(¢) = 4mv2 [(F°° /5 v(s + ¢)ds, has a
solution ¢oo,c = ¢[fo,s] S-t. [ foo,cd(x,v)=M.

Confinement conditions :
(H3) 0 € C2(RT) N CO(RY) is a bounded
from below strictly convex function such that

lim o(s)
s—+oo S

= +00.

(H4) ¢. : R3 — R is a measurable bounded
from below function such that lim ¢e(x) = 400

and z — Go(¢e(x)) = 4mv/2 Jo" Vs y(st+de(x)) ds
is bounded in LY N L>®°(R3).



On LI, (R®)={f e LY(R®) : f > 0 ||f||;1=M},

Kolfl = Jge | o(f) 4+ (31v1? + ¢e(@)) £ | d(=,v)
+5 I3 | VoIf] 12 da .

Lemma 3 Under Assumptions (H3)-(H4), K,
is a strictly convex bounded from below func-
tional on L} (R®). It has a unique global min-
imum, feoo, Which is a stationary solution.

Za[f|f00,0] = Ko[f] — KO[fOO,O]
= Jgelo(f) =0 (foo,0) —0'(foo,0) (f — foo,0)] d(x, v)

+% Jr3 Va(o — ¢oo,a)|2 dx

The quantity X,[f|feo,s] Will be called the rel-
ative entropy of f with respect to foo,o.



Corollary 4 Consider a renormalized or weak
solution f under Assumptions (H1), (H2), (H3)

and (H4). Then Z;[f(t)|foo,0] < Zslfolfoo,0]-

Basic examples:

og(s) = 59, 74(s) = (—=s/q) 4T, ¢ > 1.
o1(s) = slogs —s and v1(s) = e~ 5.

LP-nonlinear stability — Proof of Theorem 1

Proposition b Let f and g be two nonnega-
tive functions in L1 (IR®)NLP(IR®), p € [1, 2] and
consider a strictly convex function o : ]R(')" — R
in C2(RT)NCO(RY). Let

A =inf {0”(5)/579—2 NS (O,oo)}
If A > 0, then the following inequality holds:

—2/PA 2
>olflgl = - —7llf — 9l
max (11712"l1912,7) o

+1 s [Va(olf] — ¢lg])|? da




L2-Nonlinear stability of maxwellian states

Lemma 6 Assume that e P% js bounded in
LY(R3) for some 8 > 0. Let f be a nonnega-
tive function in L* N LY(R®), ¢ > 1, such that
(z,v) — (|v|2 + de(x)) f(x,v) is bounded in L1.
Then f log f is also bounded in L (R®).

Proof of Theorem 2. Use a cut-off functional.
Let Eq(z,v) .= 3[v|? + ¢oo.1(z) + de(2).
Enin = Inf{E1(z,v)} > inf{pe(x)} > —00 .

Define m =@ o Fq, p(s) = ke 9,
[[e” P1,00—Pe dz]~1, 3

k= (27r)3/2 p(Emin) and

slogs—s if s € [0, s]
71(8) = 21% min ($—35)2 — (Epin—109 k) (s—3)
+slogs—s5 if s€ (5, +00)
L]



2. Vlasov-Poisson system
with injection boundary conditions

w is a bounded domain in R?, dw is of class C1
Q=wxR?and I = 62 = 6w x R? are the
phase space and its boundary respectively.

st@)={veR?: +v-v(z) >0}
I_i:{(a:,v)ér ; vEZi(:v)}.

VIasov-Poisson system with injection boundary
conditions

(Of +v-Vaf — (Vad + Vago) - Vof =0

fii=0 = fo,s fir— g+ (@ v,t) = v(5v|? 4+ ¢o()),

—Agbzpz/Rdfdv,(x,t)waR_l',

and  ¢(z,t) =0, (z,t) € Ow x RT.
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Assumptions:

(H5) The initial condition fy is a nonnegative
bounded function.

(H6) The external electrostatic potential is
nonnegative, C?(w).

(H7) The function ~ has Property P: it is de-
fined on (Mingew ¢g(x), +00), bounded, smooth,
strictly decreasing with values in ]R;", and rapidly
decreasing at infinity, so that

o0
sup s¥2(s 4 ¢po(x)) ds < 4oo .

TEW

v is strictly decreasing: 8, = — [§v71(2) dz is
strictly convex.



Let U : L1(Q) — Wi D) Ulg] = u the

unigue solution in Wg’d/(d_l)(w) of
—Au = /Rdg(:v,v) dv .
The operator U is linear and satisfies

J g Ulf] dedv = [q f Ulg] dzdv ,

o f ULf] dedv = [,| VaU[f] 2 dz .

M (z,v) = 7 (3] 4+ U[M](2) 4 ¢o(x)) is a sta-
tionary solution:

It is the unique critical point in Hj(w) of the
strictly convex coercive functional

1 2
U|—>§/w|VU| da;—/wG(U-l-¢o)dac,

where G'(v) = g(u) = JgraY <%|v|2 + u) dv
— 2d/2—1|sd—1| _ fo‘|‘00 Sd/2—1,7(8 + ) ds
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Relative entropy
Zy[9lh] = Jo (B+(9) = By(h) — (g — WBy(h)) dedv

+1 [ |VU[g — h]|? da

B~ is the real function defined by
g _
Bi(9) = = [ 7 H(=) d=

Jo w2+ 2 ULf] + éo) dzdu

=Jo |3 (f = MIULf — M] = 5MUM] — f8,(M)] dzdv
Thus
SA[fIM]
= Jo (B+() + G0 + 3 U] + ¢0) f ) dadv
— Jo (By(M) + (3 |v|? + S UM] + ¢o) M )dadv
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Relative entropy and irreversibility

Theorem 7 Assume that fo € L1 N L>® is a
nonnegative function such that ~[fo|M] < 4.
Under Assumptions (H5)-(H7),

I @M = =1 0]

ny" iIs the boundary relative entropy flux

=gl = [, (B4(9) = By(R) = (g = W)BY(R)) dor

Proof.

d
5t Jo PO dedo =% [ 6(1) do

o f (3102 + 53U+ ¢o) dedv

=>+x =S (% v|? + Qbo) do
Jr= £ (3 102+ ¢o(@)) do = — frs f8,(M) do T
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The large time Iimit

S LF() M) + [§ ST 1f(s)|M]ds < S [fo| M]

(fn(x7 v, t)7 ¢n(x7 t)) — (f(iU, v, t_l_tn)a ¢($, t_l_tn))

lim /R+ sH[f"(s)|M] ds =0

n——+oo
sup >, [f"(t)|M] < C .
t>0

+ Dunford-Pettis criterion: (f™, ¢"™) — (f°°, ¢°°)
weakly in Li (dt, L1(2)) x L _(dt, H(w)).

loc

fee=MonlTl
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Is f°° stationary ? A partial answer for d = 1.

Theorem 8 Assume that ~ satisfies Property
(P ) and consider a solution (f°, ¢°°) such that
f®° =M onT ontheintervalw = (0,1) (d =1).
If ¢g is analytic in x with C° (in time) coef-
ficients and if ¢g is analytic with —@—qbf > 0
on w, then (f,¢) is the unique stationary solu-

tion, given by: f = M, ¢ = U[M].

Proof. Let ¢o(0) = 0, ¢o(1) > 0: ¢5(0) > 0.
Characteristics

X
0X _ ., oV 8¢

(X, 1) — 220

— — = ——L X
ot ’ ot ox d:v( )

X(s;x,v,8) =x, V(s;xz,v,8) =0

are defined on (7;,(s;z,v),7e(s; x,v)) : either
Tin(s;z,v) = —oo or (X;p, Vip)(s,z,v) € [, ei-
ther Te(s; z,v) = +oo or (Xe, Vo)(s;z,v) e T

Step 1: the electric field is repulsive at x=0.

14



Step 2 : Analysis of the characteristics in a
neighborhood of (0,0,t).

F(Xins Vins Tin) = 7 (3 [Vinl?)
f(X€7 V€7 776) — 7 (% |V€|2) :

The function ~ is strictly decreasing:

|Vin(to, 0, 0)| = |Ve(to, z0, 0)|

Characteristics are parametrized by

dtt 1 av 10d
- == , e — ———(X, t:I:) .
dX V' o dXx V Oz
Let e+ (X) = 3V2(X).
X dy
FO=toF | v X € [0,0]
TQ \/26:|:(Y)
der = 22X, (X)), exlug) =0
—_— — —— y , (& X = .
dX ox V0
Rescaling: zg = €2, X = &2(1 — ) and

e+(X) 1= 5 e ()
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g
dej: .

=292 [ 2(1 —2),tg+e
du a;;;( o*telo /?(y))

with the condition ei(l) —ef (1) foranye >0
small enough.

o0
= Z z—:ne% .
n=0

Lemma 9 With the above notations, for all
n € IN, we have the following identities:

4 n
0 dezn(x) _ 2(1?; z) T (0, tg),
:|:
2n-|—1 +2(1 — x)" T4y
(i) (z) = (n 4+ 1)! /0 \/@

0, 951 (0, to),
(iii) 8,021 (0,t5) = 0.
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3. With collision kernels

VlIasov-Poisson-Boltzmann system with injec-
tion boundary conditions

[ Of +v-Vaf — (Vo + Vago) - Vof = Q(f)

fit=0 = fos fir-yr+(@v,t) = v(3v|? 4+ ¢o()),

—Agbzpz/Rdfdv,(x,t)waR'l',

\ and  ¢(z,t) =0, (z,t) € Ow x RT.

Additional assumptions:

(H8) The collision operator () preserves the
mass |4 Q(g) dv = 0, and satisfies the H-theorem

plgl = - [, @) [l @) dv >0,

for any nonnegative function g in L1(R%).

(H9) Dlg] =0+ Q(9) =0
18



Examples

1. Pure Viasov-Poisson system.
The inflow function ~ is arbitrary.

2. The Viasov-Poisson-Fokker-Planck system.

Qrp(f) =divy(vf +0Vuf)

Qrpo(f) = dive(vf(1l —af) +0Vyf)
Take My = (210)~4/21vI?/(260)

1
o+ e(u_,u)/e

v(u) =

Lemma 10 [H-theorem] >0, 0< f < a1

f
(1 — af) My
and H(f) = 0 < QFP,a(f) = 0 < f(’U)

(o4 e(olP/2=m/0) 7,

HD = [ @erath)ion ) aw<o
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3. BGK approx. of the Boltzmann operator.

Qa(f) = Jga o, v)[Mg(v)f(v)(1 — af(v))
~Mp(v) f () (1 — af (v')] dv/
H-theorem: same as for the VIasov-Poisson-
Fokker-Planck system.

4. Linear elastic collision operator.

Qu(H) = |, x (F@) = F©)) 6P — o) av'.

x(v,v") is a symmetric positive cross-section.
Let AM(v) = [gd x(v,v") §(Jv]? — |v/|?) dv’ € L.

Lemma 11 Qg is bounded on L' N L*®°(RY).
For any function ¢ and H (increasing)

fed QE(S) - ¥([v]?) dv =0
H(f) = JraQr(f) - H(f) dv < 0.

If H is strictly increasing, H(f) =0 <= Qg(f) =
0 < f(v) = ¢¥(|v|2). ~ is arbitrary.

5. Electron-Electron collision operator.

Boltzmann collision operator Qé%’a or Fokker-

Planck-Landau collision operator QL .

20



Relative entropy and irreversibility

Theorem 12 Assume that fo € L1 N L*>® is
a nonnegative function such that X.|fo|M] <
+o00. Under Assumptions (H5)-(H7),

%Zv[f(t)\M] = —Z;F[f(t)|M] —/WD[f](a:,t) dx

ny" is the boundary relative entropy flux

=gl = [, (8+(9) = B2(h) — (g = WB,(W)) dor

Proof.

4 [ B(f) dxdv
=S4 F fr5 B(f) do + [o B'(F) Q(f) dedu

Gl f (3P + 35Ul + o) dado
=>4+ fr=f (5102 + ¢0) do+ Jq 5 vPQ(f) ddv

Jrx £ (3102 + ¢o(@)) do = — Jrs fB(M) do T
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The large time Iimit

SALF@)IM] + [§ =5 [F(s)|M]ds

+ J§), DIf(z, -, sl dzds < Z[folM]

(fn(g;7 v, t)a qbn(a:? t)) — (f(xa v, t_l_tn)a Qb(ﬂ?, t_l_tn))

: +r e _
Jim [ =M ds =0

lim R+/wD[f”(x,-,s)] dzds =0

n——+oo
sup >, [f"(®)|M] < C .
t>0

+ Dunford-Pettis criterion: (f™, ¢"™) — (f°°, ¢°°)
weakly in L (dt, L1(2)) x L (dt, Hi(w)).

loc

fee=MonlTl
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Ex. 2, 3, 4: f®ecKerQ depends only on |v|?

Lemma 13 Let f € LL  be a solution. If f is

loc
even (or odd) with respect to the v variable,

then it does not depend on t.

Proof. The operator 0; conserves the v parity
while v-V; — (Vzd+ Viog) - Vy transforms the
v parity into its opposite. ]

Corollary 14 Let f be a solution s.t. f =M

on I, with Q = Qp, Qrpa Ra, Qeca + QEF,

Qee,a + Qa, Qee,a + QFp OF @ combination of
these operators. Then on 2, f = M is station-

ary if there are no closed characteristics.

Theorem 15 Assume thata > 0. Let0 < f <
—1
Fp(a, )= (o4 eGP H00@-0/) ™ o 1=

Of +v-Vaf —Vado - Vof = Qalf)
f(z,v) =g(z,v), (z,v)el”
Any solution such that 0 < fo < Fp converges
to the unique stationary solution.
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4. Other boundary conditions: entropies

Diffuse reflection boundary conditions for f.
For any (z,t) € dw x RT, let

p4(x,t) 1= / f(x,v,t) v-v(x) dv .

>+ (z)

There exists a unique function u ;: dwxRT — R
S.t.

o= fie )7 (G + 60@) — ue.)) Jov@)] do
With the notation

mp(a,v,0) = (G112 + do(@) — (a,0)) |

we shall say that f is subject to diffuse reflec-
tion boundary conditions (DRBC) iff

f(z,v,t) = me(x,v,t), V(x,v,t) €l X RT .

Note that under this condition, the total mass
is preserved: %fQ f(x,v,t) dedv = 0.
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Lemma 16 For any M > 0, the system with
diffuse reflection boundary conditions has at
least one nonnegative stationary solution

1
M(z,v) = (S0 + do(e) + UIM] — i )
such that |[M|| 1qy = M.

> ~lglh] = [o(By(g9) — By(h) — (g — h)ﬁ’v(h))da;dv
+1 [, IVUg — B2 da
¥ glh] = [r+(Bv(9) — By(h) — (g — h)BL(h)) do

Theorem 17 Let (f,¢) be a solution with dif-
fuse reflection boundary conditions, M = || fo|l ;1.

Under (H5)-(H8) hold, iflims__o~v(s) = +o0.
Then the relative entropy satisfies

d

S OIM) = == [flmf] + | Dlf(, 5] de
If there are no closed trajectories and if w is
connected , then there exists a unique contin-
uous nonnegative stationary solution.
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5. Relation with nonlinear diffusion equations

Consider a solution in CO(R™, L} (R%)) of

pt = Av(p)+V (pVeo) + V- (pVe)

¢ = VIp) = |54 o~ x
M1(w) = /() /u is nonnegative decreasing
B(w) =~ [T () dz = J§ 7

p(t,-) — poo(x) = M (¢pg + Vpoo] — 1)

> [plpcc] = fRd (B(p) — B(pc) — B (pso)(p — poo)) dx
+5 Jga [VVIp = poo] | da

d

az[plpoo] = —1I|p]

2
1lp) = Jrap|Véo + VVIo] = V(T2 (p)|” dx
Csiszar-Kullback inequality:
1
2 2
2lplpoo] 2 Cllo=poollyy(gay 5 IVUlp—poolll] 2 gy
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The nonlinear diffusion equation can be ob-
tained from a singular perturbation of a kinetic
equation. Let ~ satisfy Property P and con-
sider a function g(v):

1
mg(v) =~ <§|U|2 + ag)
such that [pamg(v) dv = [grag(v) dv.
Consider the Vlasov-Poisson-Boltzmann system

8tfn‘|‘%[U'vxfn_(vx¢0+€vx¢)'vvfn] — 77% Q(fﬂ)

where Q(g) = mg —g. H-Theorem

1

2GS 0)IM] = D[f"(z,-,t)] dz .

Rd

~Dlg] = JraQ(9) [31I? —771(9)] dv
= Jri(mg —g) (v 1(mg) =77 1(9)) dv <0

Formal limit as n — 0: fO=~(Gv|? 4+ asy (2, 1))
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p(z,t) = [a fO(z,v,t) dv satisfies the nonlinear
diffusion equation with

v(u) = — [§s (T 1)/ (s) ds

M(u) = Jgav (%|U|2 + u) dv

p(xat) — r(afo(x7t>>

Proof.
Oy p'l + divyjT =0

with p = [q f7 dv and j7 = %fRdvf” dv

i = 128, j1+divg [ [vwo dv] (Vo tVeT) o

— dive [[v® 7(3]0]? + ago(x, 1)) dv|+(Vdo+Ve) p
=1V, fgalv2 v(3vI2 4+ ag0) dv
= —(lo afo) Vo apo = Vzv(p).

This formal limit holds not only at the level of
the equations but also for the relative entropy .
28



?7[fO|M] = > [plpc]
3 Jroa DU — TTp]

Hilbert expansion for f":

1= 12 +nf1+0@?) .
D 0Q(f1) = v Vaf° = (Vado + Vag) - Voo = —f1

=5 [ DU de=—= [QU™) [Fof2 =720 dvda
— [ DpQUA) - (I () frdvda
=~ [ () dvda

-4 4 et 4

[(=Vzaso + Vago + Vo) - v|2 dv} dx

1 1
— [{ [0l (Gl +a) @)
| = Vaaso + Vago + Vool da
= —/pl — Va0 + Voo + V| do = I[p]
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Example. Fermi-Dirac statistics

1
ool v) = (5ol + ¢0+ 6 — 1)

v(u) = (a4 e*) ™1, where a > 0 is a parameter
related to Planck’s constant.

poo(x) =T (P + ¢ — 1)

IS the unique equilibrium density of

pt =V - (Vv(p) +pV9) ,
where v(u) = — [§ s (IF~1)(s) ds and

M(u) = |57 /OJFOO(QS)‘Z/Q_W(S +u) ds .
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Proof. Taylor development at order two
_ 1 /" 2 1 |
Zolflgl = 5 /}R (" OIf =gl d(,v) + 5 /R LIV (6L,
A 1
£ p—21¢ |2 -
> 2 (&2 —gl? d(@v) + 5 [ V(LS

Holder’s inequality, for any A > 0 and for any
measurable set A C R,

/A f—glPh™ Y h® d(x,v) < </A If — 9‘2 j,p—2 d(aj’?}))p/z

with a =p (2 —-p)/2, s =2/(2 —p).

([17 - oPw=2 den))"" > ([ 1 - ol dz)) (.
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[D] On A = A; = {(z,v) € R® : f(z,0) >
g(z,v)}, use €P=2 > fP~2 and take h = f:

p/2
2¢6p—2
</A1|f_g‘ gp d(a:,v)) Z (/A1|f_g‘p d(xav)> ‘

[i)] On A = Ay = {(z,v) € R® : f(z,v) <
g(z,v)}, use £P72 > gP~2 and take h = g:

p/2
2¢6p—2
</A2|f_g‘ gp d(ﬂ?,’l))) Z (/A2|f_g‘p d(%,’l])) ‘

[l
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