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1. Vlasov-Poisson: Nonlinear stability

Distribution function f(t, x, v) ≥ 0

density of particles at (x, v, t) ∈ IR3× IR3× IR+.

Liouville equation

∂f

∂t
+ v · ∇xf + F (t, x) · ∇vf = 0

F (t, x) = −q (∇xφ(t, x) +∇xφe(x)) .
Self-consistent potential: φ = K ∗ ρ(f)
K = q

4πε0
|x|−1, ρ(f)(t, x) =

∫
IR3 f(t, x, v) dv.

(H1) f0 is a nonnegative function in L1(IR6)

Theorem 1 φe(x) → ∞ as |x| → +∞, s.t.

(x, s) 7→ s3/2−1γ(s+φe(x)) ∈ L1∩L∞(IR3, L1(IR)).

Let f be a weak solution of Vlasov-Poisson

with f0 in L1 ∩ Lp0, p0 = (12 + 3
√

5)/11, s.t.

σ(f0), (|φe| + |v|2)f0 ∈ L1(IR3). If for some

p ∈ [1,2],

inf
s∈(0,+∞)

σ′′(s)/sp−2 > 0

1



‖f − f∞‖2Lp ≤
1
2

∫
IR3 |∇(φ0 − φ∞)|2 dx

+C
∫
IR6[σ(f0)−σ(f∞)−σ′(f∞)(f0−f∞)]d(x, v)

where
(
f∞(x, v) = γ(1

2|v|2 + φe(x) + φ∞(x)), φ∞
)
.

Here γ−1 = −σ′.
Value of p0 [Hörst and Hunze] (weak solutions). Renor-

malization [DiPerna and Lions, Mischler]. [Braasch,

Rein and Vukadinović, 1998]. Csiszár-Kullback inequal-

ity: [AMTU, 2000]

Theorem 2 p0 = 2 and σ(s) = s log s − s.
There exists a convex functional F reaching

its minimum at f∞(x, v)= e−|v|
2/2

(2π)3/2
ρ∞(x) s.t.

‖f(t, ·)− f∞‖2L2 ≤ F[f0] .

Here p=1, γ(s)=e−s

−∆φ∞=ρ∞=‖f0‖L1
e−(φ∞+φe)

∫
e−(φ∞+φe) dx
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Properties of the solutions

1. f is nonnegative for all t ≥ 0.

2. Conservation of mass:
∫

IR6
f(t, x, v) d(x, v) =

∫

IR6
f0(x, v) d(x, v) = M .

3. Finite energy and entropy:

∫
IR6

(
1
2|v|

2 + φe(x) + φ(x)
)
f d(x, v)

≤ ∫
IR6

(
1
2|v|2 + φe(x) + φ0(x)

)
f0 d(x, v)

and
∫
IR6 f log f d(x, v) ≤ ∫

IR6 f0 log f0 d(x, v) ,

(equality in the case of classical solutions).

4. f(t, ·)‖L∞(IR6) ≤ ‖f0‖L∞(IR6).

5. Moreover, if we assume that

(H2)
∫
IR6 σ(f0) d(x, v) <∞

for some strictly convex continuous function

σ : IR+
0 → IR, then for any t ≥ 0,
∫

IR6
σ(f) d(x, v) ≤

∫

IR6
σ(f0) d(x, v) ,

(equality in the case of classical solutions).
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Stationary solutions, entropy functionals

Let f ∈ L1: φ = φ[f ] s.t. −∆φ =
∫
IR3 f dv.

f∞,σ(x, v) = γ

(
1

2
|v|2 + φ[f∞,σ](x) + φe(x)− α

)

is a stationary solution of Vlasov-Poisson ⇐⇒

−∆φ∞,σ = Gσ(φ∞,σ + φe − α)

with Gσ(φ) = 4π
√

2
∫+∞
0

√
s γ(s + φ)ds, has a

solution φ∞,σ = φ[f∞,σ] s.t.
∫
f∞,σd(x, v)=M .

Confinement conditions :

(H3) σ ∈ C2(IR+) ∩ C0(IR+
0 ) is a bounded

from below strictly convex function such that

lim
s→+∞

σ(s)

s
= +∞ .

(H4) φe : IR3 → IR is a measurable bounded

from below function such that limφe(x) = +∞
and x 7→ Gσ(φe(x)) = 4π

√
2
∫+∞
0

√
s γ(s+φe(x)) ds

is bounded in L1 ∩ L∞(IR3).
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On L1
M(IR6)={f ∈ L1(IR6) : f ≥ 0 ‖f‖L1=M},

Kσ[f ] =
∫
IR6

[
σ(f) +

(
1
2|v|2 + φe(x)

)
f
]
d(x, v)

+1
2

∫
IR3 |∇φ[f ] |2 dx .

Lemma 3 Under Assumptions (H3)-(H4), Kσ

is a strictly convex bounded from below func-

tional on L1
M(IR6). It has a unique global min-

imum, f∞,σ, which is a stationary solution.

Σσ[f |f∞,σ] = Kσ[f ]−Kσ[f∞,σ]

=
∫
IR6[σ(f)−σ(f∞,σ)−σ′(f∞,σ)(f−f∞,σ)] d(x, v)

+1
2

∫
IR3 |∇x(φ− φ∞,σ)|2 dx

The quantity Σσ[f |f∞,σ] will be called the rel-

ative entropy of f with respect to f∞,σ.
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Corollary 4 Consider a renormalized or weak

solution f under Assumptions (H1), (H2), (H3)

and (H4). Then Σσ[f(t)|f∞,σ] ≤ Σσ[f0|f∞,σ].

Basic examples:

σq(s) = sq, γq(s) = (−s/q)+1/(q−1), q > 1.

σ1(s) = s log s− s and γ1(s) = e−s.

Lp-nonlinear stability – Proof of Theorem 1

Proposition 5 Let f and g be two nonnega-

tive functions in L1(IR6)∩Lp(IR6), p ∈ [1,2] and

consider a strictly convex function σ : IR+
0 → IR

in C2(IR+) ∩ C0(IR+
0 ). Let

A = inf
{
σ′′(s)/sp−2 : s ∈ (0,∞)

}

If A > 0, then the following inequality holds:

Σσ[f |g] ≥ 2−2/pA[
max

(
‖f‖2−p

Lp
,‖g‖2−p

Lp

)]‖f − g‖2Lp

+1
2

∫
IR3 |∇x(φ[f ]− φ[g])|2 dx
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L2-Nonlinear stability of maxwellian states

Lemma 6 Assume that e−β φe is bounded in

L1(IR3) for some β > 0. Let f be a nonnega-

tive function in L1 ∩ Lq(IR6), q > 1, such that

(x, v) 7→ (|v|2 + φe(x))f(x, v) is bounded in L1.

Then f log f is also bounded in L1(IR6).

Proof of Theorem 2. Use a cut-off functional.

Let E1(x, v) := 1
2|v|

2 + φ∞,1(x) + φe(x).

Emin := inf{E1(x, v)} ≥ inf{φe(x)} > −∞ .

Define m = ϕ ◦ E1, ϕ(s) = κ e−s,
κ = M

(2π)3/2
[
∫
e−φ1,∞−φe dx]−1, s̄ = ϕ(Emin) and

τ1(s) :=





s log s− s if s ∈ [0, s̄]
1
2κ e

Emin (s−s̄)2−(Emin−logκ)(s−s̄)
+s̄ log s̄−s̄ if s ∈ (s̄,+∞)

ut
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2. Vlasov-Poisson system

with injection boundary conditions

ω is a bounded domain in IRd, ∂ω is of class C1

Ω = ω × IRd and Γ = ∂Ω = ∂ω × IRd are the

phase space and its boundary respectively.

Σ±(x) = {v ∈ IRd : ± v · ν(x) > 0}

Γ± = {(x, v) ∈ Γ : v ∈ Σ±(x)} .

Vlasov-Poisson system with injection boundary

conditions




∂tf + v · ∇xf − (∇xφ+∇xφ0) · ∇vf = 0

f|t=0 = f0 , f|Γ−×IR+(x, v, t) = γ(1
2|v|2 + φ0(x)) ,

−∆φ = ρ =

∫

IRd
f dv , (x, t) ∈ ω × IR+,

and φ(x, t) = 0 , (x, t) ∈ ∂ω × IR+.
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Assumptions:

(H5) The initial condition f0 is a nonnegative

bounded function.

(H6) The external electrostatic potential is

nonnegative, C2(ω).

(H7) The function γ has Property P: it is de-

fined on (minx∈ω φ0(x),+∞), bounded, smooth,

strictly decreasing with values in IR+
∗ , and rapidly

decreasing at infinity, so that

sup
x∈ω

∫ +∞

0
sd/2γ(s+ φ0(x)) ds < +∞ .

γ is strictly decreasing: βγ = − ∫ g0 γ−1(z) dz is

strictly convex.
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Let U : L1(Ω) → W
1,d/(d−1)
0 (ω): U [g] = u the

unique solution in W
1,d/(d−1)
0 (ω) of

−∆u =
∫

IRd
g(x, v) dv .

The operator U is linear and satisfies
∫
Ω g U [f ] dxdv =

∫
Ω f U [g] dxdv ,

∫
Ω f U [f ] dxdv =

∫
ω |∇xU [f ] |2 dx .

M(x, v) = γ
(
1
2|v|2 + U [M ](x) + φ0(x)

)
is a sta-

tionary solution:

v · ∇xM − (∇xφ0 +∇xU [M ]) · ∇vM = 0

It is the unique critical point in H1
0(ω) of the

strictly convex coercive functional

U 7→ 1

2

∫

ω
|∇U |2 dx−

∫

ω
G(U + φ0) dx ,

where G′(u) = g(u) =
∫
IRd
γ
(
1
2|v|2 + u

)
dv

= 2d/2−1|Sd−1| · ∫+∞0 sd/2−1γ(s+ u) ds
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Relative entropy

Σγ[g|h] =
∫
Ω

(
βγ(g)− βγ(h)− (g − h)β′γ(h)

)
dxdv

+1
2

∫
ω |∇U [g − h]|2 dx

βγ is the real function defined by

βγ(g) = −
∫ g

0
γ−1(z) dz .

∫
Ω f(1

2 |v|2 + 1
2 U [f ] + φ0) dxdv

=
∫
Ω

[
1
2 (f−M)U [f−M ]−1

2MU [M ]−fβ′γ(M)
]
dxdv

Thus

Σγ[f |M ]

=
∫
Ω

(
βγ(f) + (1

2 |v|2 + 1
2 U [f ] + φ0)f

)
dxdv

− ∫Ω
(
βγ(M) + (1

2 |v|2 + 1
2 U [M ] + φ0)M

)
dxdv
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Relative entropy and irreversibility

Theorem 7 Assume that f0 ∈ L1 ∩ L∞ is a

nonnegative function such that Σγ[f0|M ] < +∞.

Under Assumptions (H5)-(H7),

d

dt
Σγ[f(t)|M ] = −Σ+

γ [f(t)|M ]

Σ+
γ is the boundary relative entropy flux

Σ+
γ [g|h] =

∫

Γ+

(
βγ(g)− βγ(h)− (g − h)β′γ(h)

)
dσ .

Proof.

d

dt

∫

Ω
β(f) dxdv =

∑

±
∓
∫

Γ∓
β(f) dσ

d
dt

∫
Ω f

(
1
2 |v|2 + 1

2 U [f ] + φ0

)
dxdv

=
∑
±±

∫
Γ∓ f

(
1
2 |v|2 + φ0

)
dσ

∫
Γ± f

(
1
2 |v|2 + φ0(x)

)
dσ = − ∫Γ± fβ′γ(M) dσ ut
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The large time limit

Σγ[f(t)|M ] +
∫ t
0 Σ+

γ [f(s)|M ]ds ≤ Σγ[f0|M ]

(fn(x, v, t), φn(x, t)) = (f(x, v, t+tn), φ(x, t+tn))

lim
n→+∞

∫

IR+
Σ+
γ [fn(s)|M ] ds = 0

sup
t>0

Σγ[f
n(t)|M ] ≤ C .

+ Dunford-Pettis criterion: (fn, φn) ⇀ (f∞, φ∞)

weakly in L1
loc(dt, L

1(Ω))× L1
loc(dt, H

1
0(ω)).

f∞ ≡M on Γ
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Is f∞ stationary ? A partial answer for d = 1.

Theorem 8 Assume that γ satisfies Property

(P) and consider a solution (f∞, φ∞) such that

f∞ ≡M on Γ on the interval ω = (0,1) (d = 1).

If φ0 is analytic in x with C∞ (in time) coef-

ficients and if φ0 is analytic with −d
2φ0
dx2

≥ 0

on ω, then (f, φ) is the unique stationary solu-

tion, given by: f = M , φ = U [M ].

Proof. Let φ0(0) = 0, φ0(1) ≥ 0: φ′0(0) ≥ 0.

Characteristics

∂X

∂t
= V ,

∂V

∂t
= −∂φ

∂x
(X, t)− dφ0

dx
(X) ,

X(s; x, v, s) = x , V (s; x, v, s) = v

are defined on (Tin(s; x, v),Te(s; x, v)) : either

Tin(s; x, v) = −∞ or (Xin, Vin)(s; x, v) ∈ Γ−; ei-

ther Te(s; x, v) = +∞ or (Xe, Ve)(s; x, v) ∈ Γ+.

Step 1: the electric field is repulsive at x=0.
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Step 2 : Analysis of the characteristics in a

neighborhood of (0,0, t).

f(Xin, Vin,Tin) = γ
(
1
2 |Vin|2

)

f(Xe, Ve,Te) = γ
(
1
2 |Ve|2

)
.

The function γ is strictly decreasing:

|Vin(t0, x0,0)| = |Ve(t0, x0,0)|

Characteristics are parametrized by

dt±

dX
=

1

V
,

dV

dX
= −1

V

∂Φ

∂x
(X, t±) .

Let e±(X) = 1
2V

2(X).

t±(X) = t0 ∓
∫ X

x0

dY
√

2e±(Y )
∀ X ∈ [0, x0] ,

de±
dX

= −∂Φ
∂x

(X, t±(X)) , e±(x0) = 0 .

Rescaling: x0 = ε2 , X = ε2(1 − x) and

e±(X) := ε2

2 e
ε
±(x)
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deε±
dx = 2 ∂Φ

∂x


ε2(1− x), t0 ± ε

∫ x
0

dy√
eε±(y)




with the condition eε+(1) = eε−(1) for any ε > 0

small enough.

eε± =
+∞∑

n=0

εne±n .

Lemma 9 With the above notations, for all

n ∈ IN, we have the following identities:

(i)
de±2n
dx

(x) =
2(1− x)n

n!
∂n+1
x Φ(0, t0),

(ii)
de±2n+1

dx
(x) =

±2(1− x)n

(n+ 1)!



∫ x

0

dy
√
e0(y)




∂t ∂
n+1
x Φ(0, t0),

(iii) ∂t ∂
n+1
x Φ(0, t0) = 0.

ut
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3. With collision kernels

Vlasov-Poisson-Boltzmann system with injec-

tion boundary conditions




∂tf + v · ∇xf − (∇xφ+∇xφ0) · ∇vf = Q(f)

f|t=0 = f0 , f|Γ−×IR+(x, v, t) = γ(1
2|v|2 + φ0(x)) ,

−∆φ = ρ =
∫

IRd
f dv , (x, t) ∈ ω × IR+,

and φ(x, t) = 0 , (x, t) ∈ ∂ω × IR+.

Additional assumptions:

(H8) The collision operator Q preserves the

mass
∫
IRd
Q(g) dv = 0, and satisfies the H-theorem

D[g] = −
∫

IRd
Q(g)

[
1

2
|v|2 − γ−1(g)

]
dv ≥ 0 ,

for any nonnegative function g in L1(IRd).

(H9) D[g] = 0 ⇐⇒ Q(g) = 0
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Examples

1. Pure Vlasov-Poisson system.

The inflow function γ is arbitrary.

2. The Vlasov-Poisson-Fokker-Planck system.

QFP (f) = divv(vf + θ∇vf)

QFP,α(f) = divv(vf(1− αf) + θ∇vf)

Take Mθ = (2πθ)−d/2e−|v|
2/(2θ)

γ(u) =
1

α+ e(u−µ)/θ

Lemma 10 [H-theorem] α ≥ 0, 0 ≤ f ≤ α−1.

H(f) =

∫

IRd
QFP,α(f) log

(
f

(1− αf)Mθ

)
dv ≤ 0

and H(f) = 0 ⇐⇒ QFP,α(f) = 0 ⇐⇒ f(v) =
(
α+ e(|v|

2/2−µ)/θ
)−1

.
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3. BGK approx. of the Boltzmann operator.

Qα(f) =
∫
IRd

σ(v, v′)[Mθ(v)f(v
′)(1− αf(v))

−Mθ(v
′)f(v)(1− αf(v′))] dv′

H-theorem: same as for the Vlasov-Poisson-
Fokker-Planck system.

4. Linear elastic collision operator.

QE(f) =

∫

IRd
χ (f(v′)− f(v)) δ(|v′|2 − |v|2) dv′ ,

χ(v, v′) is a symmetric positive cross-section.
Let λ(v) =

∫
IRd
χ(v, v′) δ(|v|2 − |v′|2) dv′ ∈ L∞.

Lemma 11 QE is bounded on L1 ∩ L∞(IRd).
For any function ψ and H (increasing)

∫
IRd
QE(f) · ψ(|v|2) dv = 0

H(f) =
∫
IRd
QE(f) ·H(f) dv ≤ 0 .

If H is strictly increasing, H(f) = 0 ⇐⇒ QE(f) =
0 ⇐⇒ f(v) = ψ(|v|2). γ is arbitrary.

5. Electron-Electron collision operator.
Boltzmann collision operator QBee,α or Fokker-
Planck-Landau collision operator QLee,α.
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Relative entropy and irreversibility

Theorem 12 Assume that f0 ∈ L1 ∩ L∞ is

a nonnegative function such that Σγ[f0|M ] <

+∞. Under Assumptions (H5)-(H7),

d

dt
Σγ[f(t)|M ] = −Σ+

γ [f(t)|M ]−
∫

ω
D[f ](x, t) dx

Σ+
γ is the boundary relative entropy flux

Σ+
γ [g|h] =

∫

Γ+

(
βγ(g)− βγ(h)− (g − h)β′γ(h)

)
dσ .

Proof.

d
dt

∫
Ω β(f) dxdv

=
∑
±∓

∫
Γ∓ β(f) dσ+

∫
Ω β′(f)Q(f) dxdv

d
dt

∫
Ω f

(
1
2 |v|2 + 1

2 U [f ] + φ0

)
dxdv

=
∑
±±

∫
Γ∓ f

(
1
2 |v|2 + φ0

)
dσ +

∫
Ω

1
2 |v|2Q(f) dxdv

∫
Γ± f

(
1
2 |v|

2 + φ0(x)
)
dσ = − ∫Γ± fβ′γ(M) dσ ut
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The large time limit

Σγ[f(t)|M ] +
∫ t
0 Σ+

γ [f(s)|M ]ds

+
∫ t
0

∫
ωD[f(x, ·, s] dx ds ≤ Σγ[f0|M ]

(fn(x, v, t), φn(x, t)) = (f(x, v, t+tn), φ(x, t+tn))

lim
n→+∞

∫

IR+
Σ+
γ [fn(s)|M ] ds = 0

lim
n→+∞

∫

IR+

∫

ω
D[fn(x, ·, s)] dx ds = 0

sup
t>0

Σγ[f
n(t)|M ] ≤ C .

+ Dunford-Pettis criterion: (fn, φn) ⇀ (f∞, φ∞)

weakly in L1
loc(dt, L

1(Ω))× L1
loc(dt, H

1
0(ω)).

f∞ ≡M on Γ
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Ex. 2, 3, 4: f∞∈KerQ depends only on |v|2

Lemma 13 Let f ∈ L1
loc be a solution. If f is

even (or odd) with respect to the v variable,

then it does not depend on t.

Proof. The operator ∂t conserves the v parity

while v · ∇x− (∇xφ+∇xφ0) · ∇v transforms the

v parity into its opposite. ut

Corollary 14 Let f be a solution s.t. f ≡ M
on Γ, with Q = QE, QFP,α, Qα, Qee,α + QE,

Qee,α +Qα, Qee,α +QFP,α or a combination of

these operators. Then on Ω, f ≡M is station-

ary if there are no closed characteristics.

Theorem 15 Assume that α ≥ 0. Let 0 ≤ f ≤
FD(x, v)=

(
α+ e(

1
2|v|2+φ0(x)−µ)/θ

)−1
on Γ−.

∂tf + v · ∇xf −∇xφ0 · ∇vf = Qα(f)

f(x, v) = g(x, v) , (x, v) ∈ Γ−

Any solution such that 0 ≤ f0 ≤ FD converges

to the unique stationary solution.
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4. Other boundary conditions: entropies

Diffuse reflection boundary conditions for f .

For any (x, t) ∈ ∂ω × IR+, let

ρ+(x, t) :=
∫

Σ+(x)
f(x, v, t) v · ν(x) dv .

There exists a unique function µ : ∂ω×IR+ → IR

s.t.

ρ+ =

∫
∑−(x)

γ

(
1

2
|v|2 + φ0(x)− µ(x, t)

)
|v·ν(x)| dv

With the notation

mf(x, v, t) := γ

(
1

2
|v|2 + φ0(x)− µ(x, t)

)
,

we shall say that f is subject to diffuse reflec-

tion boundary conditions (DRBC) iff

f(x, v, t) = mf(x, v, t) , ∀ (x, v, t) ∈ Γ− × IR+ .

Note that under this condition, the total mass

is preserved: d
dt

∫
Ω f(x, v, t) dxdv = 0.
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Lemma 16 For any M > 0, the system with

diffuse reflection boundary conditions has at

least one nonnegative stationary solution

M(x, v) = γ

(
1

2
|v|2 + φ0(x) + U [M ]− µM

)

such that ‖M‖L1(Ω) =M.

Σγ[g|h] =
∫
Ω(βγ(g)− βγ(h)− (g − h)β′γ(h))dxdv

+1
2

∫
ω |∇U [g − h]|2 dx

Σ+
γ [g|h] =

∫
Γ+(βγ(g)− βγ(h)− (g − h)β′γ(h)) dσ

Theorem 17 Let (f, φ) be a solution with dif-

fuse reflection boundary conditions, M = ‖f0‖L1.

Under (H5)-(H8) hold, if lims→−∞ γ(s) = +∞.

Then the relative entropy satisfies

d

dt
Σγ[f(t)|M ] = −Σ+

γ [f |mf ] +

∫

ω
D[f(x, ·, s] dx

If there are no closed trajectories and if ω is

connected , then there exists a unique contin-

uous nonnegative stationary solution.
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5. Relation with nonlinear diffusion equations

Consider a solution in C0(IR+, L1
+(IRd)) of

ρt = ∆ ν(ρ) +∇ (ρ∇φ0) +∇ · (ρ∇φ)

φ = V [ρ] = |Sd−1|−1 |x|−(d−2) ∗ ρ
Γ−1(u) = −ν′(u)/u is nonnegative decreasing

β′(u) = − ∫ u0 Γ−1(z) dz =
∫ u
0
ν′(z)
z dz

ρ(t, ·) → ρ∞(x) = Γ(φ0 + V [ρ∞]− µ)

Σ[ρ|ρ∞] =
∫
IRd
(
β(ρ)− β(ρ∞)− β′(ρ∞)(ρ− ρ∞)

)
dx

+1
2

∫
IRd
|∇V [ρ− ρ∞]|2 dx

d

dt
Σ[ρ|ρ∞] = −I[ρ]

I[ρ] =
∫
IRd
ρ
∣∣∣∇φ0 +∇V [ρ]−∇(Γ−1(ρ))

∣∣∣
2
dx

Csiszár-Kullback inequality:

Σ[ρ|ρ∞] ≥ C ‖ρ−ρ∞‖2L1(IRd)
+

1

2
‖∇U [ρ−ρ∞]‖2

L2(IRd)
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The nonlinear diffusion equation can be ob-

tained from a singular perturbation of a kinetic

equation. Let γ satisfy Property P and con-

sider a function g(v):

mg(v) = γ

(
1

2
|v|2 + ag

)

such that
∫
IRd
mg(v) dv =

∫
IRd
g(v) dv.

Consider the Vlasov-Poisson-Boltzmann system

∂tf
η+

1

η
[v·∇xfη−(∇xφ0+ε∇xφ)·∇vfη] =

1

η2
Q(fη)

where Q(g) = mg − g. H-Theorem

d

dt
Σγ[f

η(·, ·, t)|M ] = − 1

η2

∫

IRd
D[fη(x, ·, t)] dx .

−D[g] =
∫
IRd
Q(g)

[
1
2|v|2 − γ−1(g)

]
dv

=
∫
IRd

(mg − g)
(
γ−1(mg)− γ−1(g)

)
dv ≤ 0

Formal limit as η → 0: f0=γ(1
2|v|2 + af0(x, t))
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ρ(x, t)=
∫
IRd
f0(x, v, t) dv satisfies the nonlinear

diffusion equation with

ν(u) = − ∫ u0 s (Γ−1)′(s) ds
Γ(u) =

∫
IRd
γ
(
1
2|v|2 + u

)
dv

ρ(x, t) = Γ(af0(x, t)).

Proof.

∂t ρ
η + divxj

η = 0

with ρη =
∫
IRd
fη dv and jη = 1

η

∫
IRd
vfη dv

−jη = η2∂t j
η+divx

[∫
v⊗v fη dv

]
+(∇φ0+∇φη) ρη

→ divx
[∫
v⊗ γ

(
1
2|v|2 + af0(x, t)

)
dv
]
+(∇φ0+∇φ) ρ

= 1
d ∇x

∫
IRd
|v|2 γ

(
1
2|v|2 + af0

)
dv

= −(Γ ◦ af0)∇x af0 = ∇x ν(ρ).

This formal limit holds not only at the level of

the equations but also for the relative entropy .
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Σγ[f0|M ] = Σ[ρ|ρ∞]
1

η2

∫

IRd
D[fη] dx→ I[ρ]

Hilbert expansion for fη:

fη = f0 + ηf1 +O(η2) .

Df0Q(f1) = v · ∇xf0 − (∇xφ0 +∇xφ) · ∇vf0 = −f1
1

η2

∫
D[fη] dx=− 1

η2

∫
Q(fη)

[
1

2
|v|2 − γ−1(fη)

]
dvdx

→
∫
Df0Q(f1) · (γ−1)′(f0) f1 dv dx

= −
∫

(f1)
2(γ−1)′(f0) dv dx

= −
∫
{
∫
γ′
(
1

2
|v|2 + a

)

|(−∇xaf0 +∇xφ0 +∇xφ) · v|2 dv} dx
= −1

d

∫ {∫
|v|2γ′

(
1

2
|v|2 + a

)
dv

}

| − ∇xaf0 +∇xφ0 +∇xφ|2 dx
= −

∫
ρ | − ∇xaf0 +∇xφ0 +∇xφ|2 dx = I[ρ]
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Example. Fermi-Dirac statistics

f∞(x, v) = γ

(
1

2
|v|2 + φ0 + φ− µ

)

γ(u) = (α+ eu)−1, where α > 0 is a parameter

related to Planck’s constant.

ρ∞(x) = Γ(φ0 + φ− µ)

is the unique equilibrium density of

ρt = ∇ · (∇ν(ρ) + ρ∇φ) ,

where ν(u) = − ∫ u0 s (Γ−1)′(s) ds and

Γ(u) = |Sd−1|
∫ +∞

0
(2s)d/2−1 γ (s+ u) ds .
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Proof. Taylor development at order two

Σσ[f |g] =
1

2

∫

IR6
σ′′(ξ)|f − g|2 d(x, v) +

1

2

∫

IR3
|∇x(φ[f ]− φ[g])|2 dx

≥ A

2

∫

IR6
ξp−2|f − g|2 d(x, v) +

1

2

∫

IR3
|∇x(φ[f ]− φ[g])|2 dx

Hölder’s inequality, for any h > 0 and for any

measurable set A ⊂ IR6,

∫

A
|f−g|p h−α hα d(x, v) ≤

(∫

A
|f − g|2 hp−2 d(x, v)

)p/2 (∫

A
hαs d(x, v)

)1/s

with α = p (2− p)/2, s = 2/(2− p).

(∫

A
|f − g|2 hp−2 d(x, v)

)p/2
≥
(∫

A
|f − g|p d(x, v)

) (∫

A
hp d(x, v)

)(p−2)/2
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[i)] On A = A1 = {(x, v) ∈ IR6 : f(x, v) >

g(x, v)}, use ξp−2 > fp−2 and take h = f :

(∫

A1

|f − g|2ξp−2 d(x, v)

)p/2
≥
(∫

A1

|f − g|p d(x, v)
)
‖f‖−(2−p) p/2

Lp .

[ii)] On A = A2 = {(x, v) ∈ IR6 : f(x, v) ≤
g(x, v)}, use ξp−2 ≥ gp−2 and take h = g:

(∫

A2

|f − g|2ξp−2 d(x, v)

)p/2
≥
(∫

A2

|f − g|p d(x, v)
)
‖g‖−(2−p) p/2

Lp .

ut
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