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a H! hypocoercivity: an example

0
8—{+Tf:Avf+vv-(vf), Tf=v-Vof —x-Vof (VEP)
(JD, X. Li) take h = (f/f<)?/?, pe (1,2)
2
Oh i oipy 222 VPl A= vk
ot P h

Twisted Fisher information

Ia[h] = (1-X) [ra [Voh|? dp+(1-)) Jra V2h|? dp+ fra [Vah + Voh|? dp

For some t = A\(t), there is a function t — p(t) > 1 a.e.

4 7y [h(t,)] < = p(t) Tay[A(t,)] VE20

and T [h(t,)] < Tujalho] exp (- [y p(s) ds)

(C. Villani) (JD, X. Li) 4 coupling with a Beckner type inequality

J. Dolbeault L2 Hypocoercivity



L? Hypocoercivity: first results Global overview
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a L2 hypocoercivity: the strategy

(JD, C. Mouhot, C. Schmeiser) II is the orthogonal projection on Ker(L)

E£+TF—*LF
dt

F.=Fy+eF | +e2F, + O(e?) as e+0+, u=Fy=11F,
Opu+ (TI)* (T u=0

> The microscopz'c coercim'ty assumption

S I = (LFF) <~ A (1~ THF?

is not enough to conclude that | F(t,-)|? decays exponentially and a

macroscopic coercivity assumption (Poincaré inequality) is needed

I TILF | > Ay | 1ILF |

A= (1+(TH)*T ) (TID)* is such that (ATIIF, F) > 1i‘f‘\IM |TLF|?

and we can use the L2 entropy / Lyapunov functional

H[F]:= L |F|?+ 6 Re(AF, F)
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a H-! hypocoercivity: a brief summary

> (S. Armstrong, J.-C. Mourrat, 2019), (D. Albritton, S. Armstrong,
J.-C. Mourrat, M. Novack, 2024), (Y. Cao, J. Lu, L. Wang, 2020-23).
Variational methods for the kinetic Fokker-Planck equation.

> (G. Brigati, 2021), (G. Brigati & al.). Time averages for kinetic
Fokker-Planck equations

Consider the kinetic-Ornstein- Uhlenbeck equation
Oth+v-Voh = Agh:= Ayh—av(v)*2-V,h, h(0,--)=hy (OU)

on R*T9 x R? with local equilibrium v, (v) = Z e~ (v)®

Theorem (G. Brigati)

Let a>1 and 7> 0. There exists a constant A >0 such that, for all
ho € L2(dx dvys ) with zero-average,

t+71
£ I e ar iy 4 < TholBaqpary € V220

Averaging lemma + Poincaré inequality (based on JI;"Lions” lemnma)
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Vlasov—Fokker—Planck equation: history, methods

Vlasov-Fokker-Planck equation with external potential 1)
3tf+v'me—Vx¢'Vuf:Avf+Vv(Uf) (VFP)

@ Decomposition on Hermite functions (¢(z) = |x|*/2) and spectral
results

@ Green’s function as in Kolmogorov’s computation

() [z +o(t) [v]2+8(t) zv
eXp(_W 4a(t)~(t)-B2(t )
G(t,,v) = ()~ ()=A2 (1)

@ (a1 0-520)"

@ Hypoelliptic methods (Hormander, 1965)

@ H! hypocoercivity (Villani, 2001 & 2005)

@ L2 hypocoercivity (Mouhot, Neumann, 2006), (Hérau, 2006), (JD,
Mouhot, Schmeiser 2009 & 2015) + Lyapunov functions method
(Arnold, Erb, 2014)

@ H™! hypocoercivity (Armstrong, Mourrat, 2019), (Brigati, 2021),
(Cao, Lu, Wang, 2020), (Albritton, Armstrong, Mourrat-Novack,
2021), (Brigati, Stoltz, 2023), (Brigati, Lorler, L. Wang, 2024),
(Brigati, Stoltz, A.Q. Wang, L. Wang, 2024)
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L2 Hypocoercivity

> Abstract statement, diffusion limit (the compact case)
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An abstract evolution equation

Let us consider the equation

d—F +TF =LF
dt

In the framework of kinetic equations, T and L are respectively the
transport and the collision operators

We assume that T and L are respectively anti-Hermitian and
Hermitian operators defined on the complex Hilbert space (H, (,})
* denotes the adjoint with respect to (-,-)

IT is the orthogonal projection onto the null space of L

The estimate

CIFI? = (LF F) < = A [ (1-TD F|?

DO | —
&‘Q‘

is not enough to conclude that |F(¢,-)|? decays exponentially
< microscopic coercivity
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o Formal macroscopic / diffusion limit

F=F(t,xz,v), T=v-V,, L good collision operator. Scaled evolution

equation

EE-J-TF—*LF
dt

on the Hilbert space H. With F. = Fy +e Fy +e2 Fp + O(3) as € » 0,

el LEp =0,
EO : TFQ = LF1 y
el: Lo TH =LF,

> the first equation reads as u = Fy = I1Fy
> the second equation is simply solved by Fy = — (TII) Fy
> after projection, the third equation is % (ITFy) — UT(TII) Fy =TILF5 =0

Opu+ (TIH)* (T u =0

is such that < |lu)? = -2 |(TID) ul® < -2 Ay [u?
< macroscopic coercivity

J. Dolbeault L2 Hypocoercivity
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The assumptions in the compact case

Am, A, and C)y are positive constants such that, for any F € H
> microscopic coercivity

—(LE,F) >\, |(1-T)F|?
> macroscopic coercivity
| TIF|? 2 Aar [TLF2
> parabolic macroscopic dynamics:
[OTIIF =0
> bounded auziliary operators:

[AT(L-IDF[ + [ALF[ < Car [ (1 =T F|

J. Dolbeault L2 Hypocoercivity
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Equivalence and entropy decay

For some & > 0 to be chosen, the L2 entropy / Lyapunov functional is
defined by
H[F]:= L |F|?+ 5 Re(AF, F)

> norm equivalence of H[F] and | F|?
PIFP <HIF] < 22 | )P

Entropy decay: %H[F] =-D[F]
> entropy decay rate: for any 6 > 0 small enough and A\ = A(¢)

D[F] > AH[F]
(JD, C. Mouhot, C. Schmeiser, 2015)

Under (H1)—(H4), for any t >0,

H[F(t,-)] < H[Fo]e ™'
|F@E, )P <ClFol?e™t with C=3%

J. Dolbeault L2 Hypocoercivity
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Details of the proof

A= (1+(TI)*TI) " (TI)* is such that (ATILE, F) > 240 |I1F?
With X := |(Id-II)F| and Y := |[ILF||, we can prove that

CIF? 4 SRe(AR, F) = HF] < L (X +7?) + 0 XY
D[F] 2> (Am - 8) X*+ 0 A — SOy XY
1+)\]w

The largest value of A = A(d) for which D[F] - AH[F] >0 can be
estimated by the largest value of A for which

QX,Y) =(A\p - 8) X7 + OAu_ 2 acMXY—i(X%Y?)—i(SXY
1+ s 2 2
:(/\m—5—é)X2—5(CM+é)XY+( 0 Au _é)y2

is a nonnegative quadratic form
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A classical example

@ Vlasov-Fokker-Planck equation (harmonic potential)

%{w Vof = Vad-Vof = Auf + Vo - (v f)

With p:= [za F(v) dv, ITF := p M(v), ¢(z) = 5 ||

> microscopic coercivity: Gaussian Poincaré inequality in v

dv dv
JeulF@ = pME)P s s [ [ 9F@P s

> macroscopic coercivity: Gaussian Poincaré inequality in x

[ lzl?
e 2 dmﬁ[Rd/RdWIp(x)Fe 2 dx

> parabolic macroscopic dynamics (H3) and bounded auxiliary
operators (H4) are consequences of elliptic estimates

el#?r2
P( ) - A{Qﬂ—)dﬂ

J. Dolbeault L2 Hypocoercivity
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> Nash’s inequality and consequences
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a Basic examples without confinement

We consider the Cauchy problem
atf+v'vmf:Lfv f(o,.’[,l)):fo(.’ﬂ,l))
L is the Fokker-Planck operator Ly or the linear BGK operator Ly

Lif=Auf+V,-(vf) and Lof:=pru-f

3 lof?
w(v) = Enae is the normalized Gaussian function

py = .[]Rd f dv is the spatial density
1
dy:=v(v)dv where ~:i=—
1
Weighted norm

9o aoany = [, M @0 dudy

J. Dolbeault L2 Hypocoercivity
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Results (whole space, no external potential)

On the whole Euclidean space, we can define the entropy
HUf1 = 5 1122 (dw ay + O (AT, fhasay
Replacing the macroscopic coercivity condition by Nash’s inequality
HUHLz(d’I‘) < CNash HUHU (dz) Hquﬁgidz)
proves that
2 _d
HLf1< C(HLfol + | fol 1 (amavy) (1 +1)72
(Bouin, JD, Mischler, Mouhot, Schmeiser, 2020)

There exists a constant C >0 such that, for any t >0

2 2 ® _d
1f @ )i2(away < C (HfOHLz(dmd’y) W HfO”Lz(d'y;Ll(dm))) (1+t)72

J. Dolbeault L2 Hypocoercivity
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By the Nash inequality (1958)
2 <e 72 5 yyeLlnH!(RY
[l < Covat Ll IVl Ve LA (R
N2 < a1 (2(ATNY, with & ') =y+(2)" vyz0
Y Y c Y

o2
where ¢ =2 @CNlasﬁi [l fo

We deduce the entropy decay inequality

3
HLl(dac dv)

d

4 4 —a 5
DIF) =~ H 2 (Mol gy + Vol frary) WIS
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L? Hy reivity: first results Confinement, moments and functional inequalities
Fokker-Planck e quatloy and addpt d cntropy mcthod Summdry Tdbl 1
fu neralized kinetic Fokker-Planck equation: Table 2

Fokker-Planck equations with
various external potentials, moments
and functional inequalities

> Adapted functional inequalities
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Fokker-Planck equations and adapted entropy methods Summary: Table 1
L“ Hypocoercivity: further results Generalized kinetic Fokker-Planck equation: Table 2

Strong confinement case: Poincaré inequality

If ¢(x) = o™t (x)® with a > 1, (z):= /1 + |22, and du = e~® dz, then
fRd I TEPYY: fRd ludp Vue 2(RY) st fRdud,u =0
with Ay > 0 (false if a < 1). A solution p = e® u of

0
S =8p+T-(pV0) (FP)

satisfies
d 2 2 2
%”P(ta MNiz@aany = = 21Vo(t ) L2 @aauy < =220 [(E ) T2 R0
which yields the estimate

—2n,
|‘p(ta')‘|iQ(Rd7du) < HPO“%%]Rd,dM) et V>0
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Fokker-Planck equatiops and dddpmd ety m(.thods Summary: Table 1
L° Hyp civity: further re Generalized kinetic Fokker-Planck equation: Table 2

Weak confinement case: weighted Poincaré inequality

Let ¢(x) = o™ (2)® with a € (0,1)
If u = pe? solves the Ornstein-Uhlenbeck (backward Kolmogorov) equation

ou
— =Au-Vo-
T u-Veo-Vu (0OU)

> Moments.
d - —_
%[Rd |u(t,x)|2 (l‘)ke ®dx +2 fRd |Vg;U(t,x)|2 (m>ke ¢ de
< [ (bl ™) u(e, )P (o) e

There exists a constant (k) > 0 such that for any ¢ >0

[ @ ot e de < Ky [ (@) pof? e do
> Weighted Poincaré inequality. With @ = [pa udp/ [z dp

-¢
2 wP 2 ¢
[Rd |Voul*dp > € /ﬂéd [u — eI dx

J. Dolbeault L2 Hypocoercivity



Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

(E. Bouin, JD, L. Lafleche, C. Schmeiser, 2020)

For anyt>0

2 4(1-a)fk | 4(1-a) €y ) 20w
L lot2) = pu(@)P e dw < (oo - pu il + 2535 1)

Holder’s inequality with k> 2(1-a) and 6 = k/(k+2(1-«))

_ 2 ¢ a2 € 2 (g)k e
Rd|u ul“e de(/Rdm al @ )2(1 3 )([ lu —al*( dx)

= K(k)? [a (2)* |pol* € da + [pa (x)F e ? da Hpo”il(]Rd)

1-6
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Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Weak confinement, a limit case

In the limit as a — 0., take

¢(x) = log(z)

with 7 > d: there is a L'(R?) stationary solution of (FP)
> Hardy-Poincaré inequality

k — k—
fR [9oul () du > 6 [R u-al ()2 du

> Moments

For anyt>0

2 2 -k
fRde(t,w)—p*(x)l duS/Rd lpo = pul"dp (L+ct)™> V>0

where ¢ depends on d, v, k, [ga|pol® ()" dz and HPOHil(Rd)

(E. Bouin, JD, L. Ziviani, 2024)

J. Dolbeault L2 Hypocoercivity



Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Very weak confinement case: CKN inequality

Let 1 <vy<d, k=max{2,v/2}, a=(d+2k-~v)/(d+2+2k-~) and
¢(x) =7 log(x)
With e = (2)77, if u = p(x)?7 solves (OU)
i Ja lu(t,2)? ( ) dr = =2 [pu [Vu(t,z)? (x) 7 da
Mic(t) = fa ()" p(t,2) do y
< 2% (M0 + ((Mk(()) ~ M) v 2(drk-2-7) Mgfkt) )

> Inhomogeneous Caffarelli-Kohn-Nirenberg inequality

Jia Jul* (x)™" dz < %kcf/{N (fRd [Vl (x)™ dm)a (.[]R”’ u(z)F d )

2(1-a)

For anyt>0
—&=3
Hp(tv')Hi’z(Rd’dﬂ) < HPOHiZ(Rd’d#) (1+ct) =

(E. Bouin, JD, C. Schmeiser, 2020)
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L° Hypocoer ty: f Confinement, moments and functional inequalities
Fokker-Planck equatiops and dddpmd ety m(.thods Summary: Table 1
L° Hyp ivity: further re Generalized kinetic Fokker-Planck equation: Table 2

No potential case: Nash’s inequality

We assume that ¢ = 0 so that (FP) is the heat equation

d 2 2
2 1Pt ) L2may = =2 1Vo(t, )L (ro)
> Nash’s inequality

lullpz(ray < Enasn [Vl MRd) Hu\lﬁfw)

2 _ _é
Hence y(t) = |p(t,) 2z solves ' < ~26ky, [0l g 43

For anyt>0

/
2 4/d
oGt )32y < (ool patimey + 77— loollzifaay t)

(E. Bouin, JD, S. Mischler, C. Mouhot, C. Schmeiser, 2020)

J. Dolbeault L2 Hypocoercivity



Fokker-Planck equations and adapted entropy methods

Confinement, moments and functional inequalities
Summary: Table 1

Generalized kinetic Fokker-Planck

equation: Table 2

2

. ¢(x) =y log(x) || ¢(x) =y log(x) | ¢(x) = L(n)* | g(x) = L)@
=0 a a
Potential ¢ y<d y>d ae® 1 o>
Inequality Nash Caffa'relh—Kohn- Hardy-Poincaré We.ightefi Poincaré
Nirenberg Poincaré
Asymptotic el @2 17k/2 P e
behavior decay decay convergence convergence convergence
References (7] [4] [5] [3] (%)

Table 1 Alternative: weak Poincaré inequalities: see [8, Theorem 2.1], [1, Theorem 1.4] and [6]. () Poincaré inequality: [7], [2]
References [1] D. Bakry, P. Cattiaux, A. Guillin, 2008; [2] D.Bakry, I. Gentil, M. Ledoux, 2014; [3] E. Bouin,

JD, L. Lafleche, C. Schmeiser, 2020; [4] E. Bouin, JD, C. Schmeiser, 2020; [5] E. Bouin, JD, L. Ziviani, 2024,
[6] O. Kavian, S.Mischler, M. Ndao, 2021; [7] J.Nash, 1958; [8] M. Rockner, F.Y. Wang, 2001

J. Dolbeault
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Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Generalized kinetic Fokker-Planck equation

Generalized kinetic Fokker-Planck equation

WS+ -Vuf =Vagp- Vo f = e VOV (XY, f) falnv) = Z7 exp(-¢(0) —w (1)) (2KFP)

$(x) = 20"
_1 @
Potential ¢=0 o) =5 §x>n a>1o0rT¢
@€@D Macro Poincaré
0 =Lop ran e b<l e
v =gl B=2 convergence
B=1 decay
Mi l; . < 4] convergence [11, 13,9, 10,
icro Poincaré o 12.1.8,5,6]
= - -
_1 r 174 t
w(lvg) E_((l)‘ i\;)ﬁ = min{%, 2(17[—13)} convergence convergence
’ decay, [3] *) (%)
Limitas 8 — 0, g€ (0,2) tife>2
v = fractional dif- *) convergence
—(d + &) log(v) | fusion limit, [2] *)

Table 2 Additional assumptions are needed: if (a, 8) € [1 + ) x (0, 1), fy € L>(RY x RY, (W)("A 7 qu); if ¢ = 0 and
Be1),fe L2 (R" xR4, (V)”2 dp); if (@, B) € (0, 1) x (0, 1), uniform bounds (weak Poincaré inequality)

References [1] D. Albritton, S. Armstrong, J.C. Mourrat, M. Novack, 2024; [2] E. Bouin, JD, L. Lafleche, 2022; [3] E. Bouin,
JD, L. Lafleche, C. Schmeiser, 2020; [4] E. Bouin, JD, S. Mischler, C. C. Mouhot Schmeiser, 2020; [5] G. Brigati, 2023; [6] G.
Brigati, G. Stoltz, 2023; [7] C. Cao, 2019; [8] Y. Cao, J. Lu, L. Wang, 2023; [9] JD, C.C. Mouhot Schmeiser, 2009; [10]JD, C.C.
Mouhot Schmeiser, 2015; [11] F. Hérau, 2006; [12] S. Mischler, C. Mouhot, 2016; [13] C. Mouhot, L. Neumann, 2006
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Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

With the transport operator defined by the Poisson bracket as
Tf=Vy& -Vaof V& -Vyf

corresponding to the Hamiltonian energy &(z,v) := ( Vo + p(x)
(E. Bouin, JD, L. Ziviani, 2024) Under the condltlon

0<fo<Cfs
=Ly | g =g
- -0 d(x) = 5 (x) @
Potential ¢ @e @ a>1
Yv) = 7 l(v)ﬁ ~d/2 s ot
Micrf P_oincaré decay convergence convergence
y(v) = %(V)ﬁ i {4t || o min{ s ) TR
Be@1) convergence convergence convergence

J. Dolbeault L2 Hypocoercivity



Confinement, moments and functional inequalities
Fokker-Planck equations and adapted entropy methods Summary: Table 1

Generalized kinetic Fokker-Planck equation: Table 2

... Without the assumption
0<fo<Cfs

Regions in the («, 8) plane:

Green: H and moments

Red: Lyapunov function method

Blue: modified DMS method 1

2/3

(L. Ziviani, in progress)

2/3 1
With
Tf=v-Vof=Va& Vo f
instead of Tf :=V,& - Vof - Va8 -Vof... ?
(E. Bouin, L. Ziviani, 2025) (for very weak potentials)
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Hypocoercivity: further results

> Mode-by-mode methods
> Fractional diffusion limits
> Macroscopic modes

J. Dolbeault L2 Hypocoercivity
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Mode-by-mode methods
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Mode-by-mode methods
3 Fractional diffusion limits
L2 Hypocoercivity: further results Special macroscopic modes

Fourier variables

On R? or on T, the transport operator T = v -V, is rewritten as a
simple multiplication operator i v - £ and

i§
AF :_7.f F F
(AF)(v) G e ¥ (w) dw F(v)
With X := |(Id-II)F| and Y := |ILF|, we obtain

2
—(LF,F)+ 0 (ATIIF, F) > X* + 5 1¢] y?2
L+[¢f?

Proving that D[F'] - AH[F'] > 0 amounts to choose A such that the
quadratic form Q(X,Y’) is nonnegative: a discriminant condition
(Bouin, JD, Mischler, Mouhot, Schmeiser, 2020), (A. Arnold, JD, C.
Schmeiser, T. Wohrer, 2021)
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SEraes Gty e Fractional diffusion limits
Special macroscopic modes

“okker-Planck equatic
L2 Hypowemvny feriher memis

o Optimisation on the parameters

A(8) = sup A€ (0.20) 5 he(8,0) <0} and € (8) = 222

-5-3)(#e-2)

ha(6,0) 1= 0% (Car + 2)* =4 (A

With s = [¢], A\ = 1, App = 82
and CM=3(1+\/§S)/(1+52)

Mode-by-mode optimisation

H[F(t,")] <H[Fy]e ™™t
|F(t,-)]? < Cu(8) e MO Fy 2

©G1(s), 1i(s)

hi(61, 1) <0
0.4 6 0.8 10

02

J. Dolbeault L2 Hypocoercivity



Fokker-Planck equatiops
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L? Hypocoercivity: first results
and adapted entropy methods
Hypocoercivity: further results

Mode-by-mode methods
Fractional diffusion limits
Special macroscopic modes

Fractional diffusion limits
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Mode-by-mode methods
o Fractional diffusion limits
L2 Hypocoercivity: further results Special macroscopic modes

Fractional diffusion limits and hypocoercivity

atf+v'vzf:Lf

with fat tail local equilibrium p
VoeR?Y  p(v) = (v;y’f”f where  (v):=\/1+ [v]2.

> Fokker-Planck type operator (8 = 2)
Lf = Vo (02 (1)

> Linear Boltzmann operator, or scattering collision operator

Lot = [ D) (00O = £ () v

with collision frequency v(v) = [pa b(v,v") p(v") dv’ e lv| 2

> the fractional Fokker-Planck operator (0<o <2, B=0-7)
Laf = ATPf + V0 (Ef)

+ technical conditions
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Decay result

(Bouin, JD, Lafleche, 2022)

Theorem

Let d > 2, 66R 'y>max{0 -8B} and k € [0,7) such that v+ 2+ 8 or if
y=2+0 and £ N > 5. If f is a solution with initial condition

fmeLl(de dv) mLQ(( Ve da p~ 1dv), then for any t >0,

”meLl(dw alaf)y Hfin“;((u)k s =L k)
£t am oty S (T

with T = mln{— = anda=min{%,2}

Threshold case v =2+ g, and with either k=0 if <0 or k> 0 if
B>0, O(t logt)~¥? + specific statement if d = 1
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Tools for the proof

> The Lyapunov function property: there exist three positive constant
a, b and R, a real parameter 3, and a (smooth) positive Lyapunov
function F = F(v) on R? such that

-LF<(alp, -b(v)?)F

> Moment estimates + stationary states are not factorized +

fractional Nash inequality

> The L?-hypocoercivity with Ag = w ) meiw (in Fourier

variables) and the entropy functional

2 —
= 71"+ I Re(AcF. )
> Fractional diffusion: the exponent « arises from
O+ (-A) 2y =0

(A. Mellet, S. Mischler, C. Mouhot, 2011), (M. Jara, T. Komorowski,
S. Olla, 2011), (Cattiaux, Noureddine, Puel, 2019), (Fournier, Tardif,
2021), (E. Bouin, L. Kanzler, C. Mouhot),...
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Fractional diffusion limit

The scaled equation
e f+ev-Vuf =Lf
written in Fourier variables is € 9, f +icv-& f = Lf where L = Ly is
= (15 -7) with 18 [ 0177 Ftgydv

with flux i1~ [p,v-€ fdv given by

rf 2-a (V)7 (v-&*F , v-E0f
Z° .[Rd (v)728 +e2(v-€)? dv—zs/l;d (v)*5+i5v-§dv

With £ and  such that 0 < a < 2, the macroscopic limit of the
continuity equation as € - 0 is (formally) the fractional heat equation

Oipo + K [&]* Do = 0

J. Dolbeault L2 Hypocoercivity
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Figure: d = 3. If L = Ls, 7y is limited to the strip enclosed between the two
dashed red lines
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Special macroscopic modes

Special macroscopic modes and
hypocoercivity

Joint work with with Kleber Carrapatoso, Frédéric Hérau, Stéphane

Mischler, Clément Mouhot, Christian Schmeiser
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The equation

Consider the kinetic equation

Wf=2Lf=Tf+Cf, fi-o=lo

with transport operator & given by
Tf==-v-Vaof + V20 Vo f

where ¢ € C?(R%,R). Let p(z) := e () and ( = [papp dzx
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Linear collision operator

—|v|2/2
(2 @m)arz
and has the (d + 2)-dimensional kernel of collision invariants given by

% acts only on v € R?, is self-adjoint in L2(p™1), with p(v) :=

Ker ¢ = Span {1, v1 11, ..., vq 1, |v]* p}

> Spectral gap property

- [ IO EF@) > o | =T o

()

where IT denotes the L2(u~!)-orthogonal projection onto Ker %
> For any polynomial function p(v) : R? - R of degree at most 4, the
function pu is in the domain of ¥ and

C(p) =€ (pu)|r2(ury < oo
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Other assumptions (1/2)

> Normalization conditions:
_ _ 2\ _ 2 _
Lop@dr=1, [ wp@ar=0, (vie)= [ v20pdv=Tds
> Growth/regularity assumption
V24| <e|Vad|” + Ce
> Poincaré inequality
cp fRd lu— (u)|? p dz < fRd |V ul® p da

> Moment bounds on p

L (et + 10+ 1920) p az s
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Other assumptions (2/2)

> Semi-group property

2 is a strongly continuous semi-group on L2(.# ")

t—e
where . is the global Mazwellian equilibrium

ot -6(2)

M (x,v) = p(x) p(v) = T2z
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Special macroscopic modes (1/2)

Special macroscopic modes €F =0, OF=TF

F=(r(t,z)+m(t,z) - v+e(t,z) €v)) A, €E@):=

> Energy mode F = H .4 with
H(a,v) =1 (o - d) + 6(x) - ()
> The set of infinitesimal rotations compatible with ¢ defined as
Ry ={z~ Az : Ae M5 (R) s.t. Vo eR?, vop(z) - Ax =0}
gives rise rotation modes compatible with ¢

(Az-v) A (x,v), AecRy
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Special macroscopic modes (2/2): harmonic modes

Harmonic directions Eg = Span{V () — T} yega , dg := dim E
R

> the potential is partially harmonicif 1 <dg <d-1
harmonic directional modes are defined by

(zicost—v;sint) A4, (x;sint+v;cost) A, iely:={dy+1,...,d}
> If dy = 0, the potential ¢(z) = 3 |2]* + g log(2 ) is fully harmonic
In addition to the harmonic directional modes, there are harmonic

pulsating modes

(% (|x|2 - |U|2)Cos(2t) -z vsin(2t))///
(% (|~T|2 - |v|2)sin(2t) +x- vcos(2t))///

(Boltzmann, 1876) (Uhlenbeck, Ford, 1963) (Cercignani, 1983)
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Theorem (Special macroscopic modes and hypocoercivity)

(1) All special macroscopic modes are given by
F=oadl +BHM+Ax-v M+ Fair + Foul

(2) There are explicit constants C' >0 and A > 0 such that, for any
solution f € C(R*;L2(//l_1)) with initial datum fy, there exists a
unique special macroscopic mode F such that

Vt20, [|£(t) = F®)lpea—r) <Ce ™ Ifo = FO)lpa(pmr)
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A micro-macro decomposition

Oth=Lh:=Th+Ch, Ch:=p"% (uh)
with KerC = Span{l,vl, U, |v|2} and

_ f—a%-ﬂ%%_Frot_Fdir_Fpul

h:
M

Micro-macro decomposition

h=hl+nt, Wli=r+m-v+e€(v)

(rm,e)(ta) = [ (1,0,€(0)) it ,0) p(e) do

Q@ [ is a special macroscopic modes iff h* =0
Q@ all steady states are special macroscopic modes: factorization
(use entropy-dissipation arguments)
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Sketch of the proof

The function i = hl + h* =7+ m-v + e &(v) + h* is such that

d
—|h* < =2ce | A2
Al <20 1]
With the Witten-Laplace operator  :=-A, + V-V, +1 and
E[h]:= fRd (v®@v-Idgxq) hudv, ©O[h]:= A«dv(é(v) - %)hudv
we build a Lyapunov functional
Flh) = B2+ (@7 Ve, Oh]) + 2% (@71 V5™ my, B[R] - \/2 (e) Idaxa)
+et (Q’l Vmws,ms) te® (-7 dwg, wy)
—eB (X -Y -V,0), Ve Az) -3 (b,1) -6 (¢, ")
such that, for some A > 0,

d
37 <-AF[h] and |nl* < F[A] 5 K|
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These slides can be found at
http://www.ceremade.dauphine.fr /~dolbeaul /Lectures/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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