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H1 hypocoercivity: an example
∂f

∂t
+Tf = ∆vf +∇v ⋅ (v f) , Tf ∶= v ⋅ ∇xf − x ⋅ ∇vf (VFP)

(JD, X. Li) take h = (f/f∗)
2/p, p ∈ (1,2)

∂h

∂t
+Th = Lh + 2 − p

p

∣∇vh∣
2

h
, Lh ∶= ∆vh − v ⋅ ∇vh

Twisted Fisher information

Jλ[h] = (1−λ) ∫Rd ∣∇vh∣2 dµ+(1−λ) ∫Rd ∣∇xh∣2 dµ+λ ∫Rd ∣∇xh +∇vh∣2 dµ

Theorem
For some t↦ λ(t), there is a function t↦ ρ(t) > 1 a.e.

d
dt
Jλ(t)[h(t, ⋅)] ≤ −ρ(t)Jλ(t)[h(t, ⋅)] ∀ t ≥ 0

and Jλ(t)[h(t, ⋅)] ≤ J1/2[h0] exp (−∫
t

0 ρ(s)ds)

(C. Villani) (JD, X. Li) + coupling with a Beckner type inequality
J. Dolbeault L2 Hypocoercivity
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L2 hypocoercivity: the strategy
(JD, C. Mouhot, C. Schmeiser) Π is the orthogonal projection on Ker(L)

ε
dF

dt
+TF =

1
ε

LF

Fε = F0 + εF1 + ε
2 F2 +O(ε3) as ε→ 0+, u = F0 = ΠF0

∂tu + (TΠ)
∗
(TΠ)u = 0

⊳ The microscopic coercivity assumption
1
2
d

dt
∥F ∥

2
= ⟨LF,F ⟩ ≤ −λm ∥(1 −Π)F ∥

2

is not enough to conclude that ∥F (t, ⋅)∥2 decays exponentially and a
macroscopic coercivity assumption (Poincaré inequality) is needed

∥TΠF ∥
2
≥ λM ∥ΠF ∥

2

A ∶= (1 + (TΠ)∗TΠ)
−1

(TΠ)∗ is such that ⟨ATΠF,F ⟩ ≥ λM
1+λM ∥ΠF ∥2

and we can use the L2 entropy / Lyapunov functional
H[F ] ∶= 1

2 ∥F ∥
2
+ δRe⟨AF,F ⟩

J. Dolbeault L2 Hypocoercivity
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H−1 hypocoercivity: a brief summary
⊳ (S. Armstrong, J.-C. Mourrat, 2019), (D. Albritton, S. Armstrong,
J.-C. Mourrat, M. Novack, 2024), (Y. Cao, J. Lu, L. Wang, 2020-23).
Variational methods for the kinetic Fokker-Planck equation.
⊳ (G. Brigati, 2021), (G. Brigati & al.). Time averages for kinetic
Fokker-Planck equations
Consider the kinetic-Ornstein-Uhlenbeck equation
∂th + v ⋅ ∇xh = ∆αh ∶= ∆vh − αv ⟨v⟩

α−2
⋅ ∇vh , h(0, ⋅, ⋅) = h0 (OU)

on R+Td ×Rd with local equilibrium γα(v) = Z
−1
α e−⟨v⟩

α

Theorem (G. Brigati)

Let α ≥ 1 and τ > 0. There exists a constant λ > 0 such that, for all
h0 ∈ L2(dxdγα) with zero-average,

⨏

t+τ

t
∥h(s, ⋅, ⋅)∥2

L2(dxdγα)
ds ≤ ∥h0∥

2
L2(dxdγα)

e−λt ∀ t ≥ 0

Averaging lemma + Poincaré inequality (based on JL Lions’ lemma)
J. Dolbeault L2 Hypocoercivity
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Vlasov-Fokker-Planck equation: history, methods
Vlasov-Fokker-Planck equation with external potential ψ

∂tf + v ⋅ ∇xf −∇xψ ⋅ ∇vf = ∆vf +∇v(v f) (VFP)
Decomposition on Hermite functions (ψ(x) = ∣x∣2/2) and spectral

results
Green’s function as in Kolmogorov’s computation

G(t, x, v) =
exp(− γ(t) ∣x∣

2
+α(t) ∣v∣2+β(t)x⋅v

4α(t)γ(t)−β2(t) )

(2π)d (4α(t)γ(t)−β2(t))
d/2

Hypoelliptic methods (Hörmander, 1965)
H1 hypocoercivity (Villani, 2001 & 2005)
L2 hypocoercivity (Mouhot, Neumann, 2006), (Hérau, 2006), (JD,

Mouhot, Schmeiser 2009 & 2015) + Lyapunov functions method
(Arnold, Erb, 2014)

H−1 hypocoercivity (Armstrong, Mourrat, 2019), (Brigati, 2021),
(Cao, Lu, Wang, 2020), (Albritton, Armstrong, Mourrat-Novack,
2021), (Brigati, Stoltz, 2023), (Brigati, Lörler, L. Wang, 2024),
(Brigati, Stoltz, A.Q. Wang, L. Wang, 2024)
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L2 Hypocoercivity

⊳ Abstract statement, diffusion limit (the compact case)
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An abstract evolution equation
Let us consider the equation

dF

dt
+TF = LF

In the framework of kinetic equations, T and L are respectively the
transport and the collision operators

We assume that T and L are respectively anti-Hermitian and
Hermitian operators defined on the complex Hilbert space (H, ⟨⋅, ⋅⟩)
∗ denotes the adjoint with respect to ⟨⋅, ⋅⟩

Π is the orthogonal projection onto the null space of L
The estimate

1
2
d

dt
∥F ∥

2
= ⟨LF,F ⟩ ≤ −λm ∥(1 −Π)F ∥

2

is not enough to conclude that ∥F (t, ⋅)∥2 decays exponentially
⇐ microscopic coercivity

J. Dolbeault L2 Hypocoercivity
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Formal macroscopic / diffusion limit
F = F (t, x, v), T = v ⋅ ∇x, L good collision operator. Scaled evolution
equation

ε
dF

dt
+TF =

1
ε

LF

on the Hilbert space H. With Fε = F0 + εF1 + ε
2 F2 +O(ε3) as ε→ 0+

ε−1 ∶ LF0 = 0 ,
ε0 ∶ TF0 = LF1 ,

ε1 ∶ dF0
dt

+TF1 = LF2

⊳ the first equation reads as u = F0 = ΠF0
⊳ the second equation is simply solved by F1 = −(TΠ)F0
⊳ after projection, the third equation is d

dt
(ΠF0) − ΠT (TΠ)F0 = ΠLF2 = 0

∂tu + (TΠ)
∗
(TΠ)u = 0

is such that d
dt
∥u∥2 = −2 ∥(TΠ)u∥2 ≤ −2λM ∥u∥2

⇐ macroscopic coercivity
J. Dolbeault L2 Hypocoercivity
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The assumptions in the compact case

λm, λM , and CM are positive constants such that, for any F ∈ H

⊳ microscopic coercivity

−⟨LF,F ⟩ ≥ λm ∥(1 −Π)F ∥
2 (H1)

⊳ macroscopic coercivity

∥TΠF ∥
2
≥ λM ∥ΠF ∥

2 (H2)

⊳ parabolic macroscopic dynamics:

ΠTΠF = 0 (H3)

⊳ bounded auxiliary operators:

∥AT(1 −Π)F ∥ + ∥ALF ∥ ≤ CM ∥(1 −Π)F ∥ (H4)

J. Dolbeault L2 Hypocoercivity
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Equivalence and entropy decay
For some δ > 0 to be chosen, the L2 entropy / Lyapunov functional is
defined by

H[F ] ∶= 1
2 ∥F ∥

2
+ δRe⟨AF,F ⟩

⊳ norm equivalence of H[F ] and ∥F ∥2

2− δ
4 ∥F ∥

2
≤ H[F ] ≤ 2+δ

4 ∥F ∥
2

Entropy decay: d
dt

H[F ] = −D[F ]

⊳ entropy decay rate: for any δ > 0 small enough and λ = λ(δ)
D[F ] ≥ λH[F ]

(JD, C. Mouhot, C. Schmeiser, 2015)

Theorem
Under (H1)–(H4), for any t ≥ 0,

H[F (t, ⋅)] ≤ H[F0] e
−λt

∥F (t, ⋅)∥2
≤ C ∥F0∥

2 e−λt with C = 2+δ
2−δ

J. Dolbeault L2 Hypocoercivity
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Details of the proof

A ∶= (1 + (TΠ)∗TΠ)
−1

(TΠ)∗ is such that ⟨ATΠF,F ⟩ ≥ λM
1+λM ∥ΠF ∥2

With X ∶= ∥(Id −Π)F ∥ and Y ∶= ∥ΠF ∥, we can prove that

1
2
∥F ∥

2
+ δRe⟨AF,F ⟩ =∶ H[F ] ≤

1
2
(X2

+ Y 2) +
δ

2
X Y

D[F ] ≥ (λm − δ)X2
+

δ λM
1 + λM

Y 2
− δ CM X Y

The largest value of λ = λ(δ) for which D[F ] − λH[F ] ≥ 0 can be
estimated by the largest value of λ for which

Q(X,Y ) ∶=(λm − δ)X2
+

δ λM
1 + λM

Y 2
− δ CM X Y −

λ

2
(X2

+ Y 2) −
λ

2
δX Y

=(λm − δ −
λ

2
)X2

− δ (CM +
λ

2
)X Y + (

δ λM
1 + λM

−
λ

2
)Y 2

is a nonnegative quadratic form

J. Dolbeault L2 Hypocoercivity
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A classical example

Vlasov-Fokker-Planck equation (harmonic potential)

∂f

∂t
+ v ⋅ ∇xf −∇xφ ⋅ ∇vf = ∆vf +∇v ⋅ (v f) (VFP)

With ρ ∶= ∫Rd F (v)dv, ΠF ∶= ρM(v), φ(x) = 1
2 ∣x∣2

⊳ microscopic coercivity: Gaussian Poincaré inequality in v

∫
Rd

∣F (v) − ρM(v)∣2
dv

M(v)
≤ ∫

Rd
∫
Rd

∣∇vF (v)∣2
dv

M(v)
(H1)

⊳ macroscopic coercivity: Gaussian Poincaré inequality in x

∫
Rd

∣ρ(x) − M e−∣x∣
2
/2

(2π)d/2 ∣
2
e
∣x∣2

2 dx ≤ ∫
Rd
∫
Rd

∣∇xρ(x)∣
2 e

∣x∣2
2 dx (H2)

⊳ parabolic macroscopic dynamics (H3) and bounded auxiliary
operators (H4) are consequences of elliptic estimates

J. Dolbeault L2 Hypocoercivity
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Without confinement

⊳ Nash’s inequality and consequences
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Basic examples without confinement
We consider the Cauchy problem

∂tf + v ⋅ ∇xf = Lf , f(0, x, v) = f0(x, v)

L is the Fokker-Planck operator L1 or the linear BGK operator L2

L1f ∶= ∆vf +∇v ⋅ (v f) and L2f ∶= ρf µ − f

µ(v) = e−
1
2 ∣v∣

2

(2π)d/2 is the normalized Gaussian function

ρf ∶= ∫Rd f dv is the spatial density

dγ ∶= γ(v)dv where γ ∶=
1
µ

Weighted norm

∥f∥2
L2(dxdγ) ∶= ∬Rd×Rd

∣f(x, v)∣2 dxdγ

J. Dolbeault L2 Hypocoercivity
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Results (whole space, no external potential)
On the whole Euclidean space, we can define the entropy

H[f] ∶= 1
2 ∥f∥2

L2(dxdγ) + δ ⟨Af, f⟩dxdγ

Replacing the macroscopic coercivity condition by Nash’s inequality

∥u∥2
L2(dx) ≤ CNash ∥u∥

4
d+2
L1(dx)

∥∇u∥
2d
d+2
L2(dx)

proves that

H[f] ≤ C (H[f0] + ∥f0∥
2
L1(dxdv)) (1 + t)−

d
2

(Bouin, JD, Mischler, Mouhot, Schmeiser, 2020)

Theorem
There exists a constant C > 0 such that, for any t ≥ 0

∥f(t, ⋅, ⋅)∥
2
L2(dxdγ) ≤ C (∥f0∥

2
L2(dxdγ) + ∥f0∥

2
L2(dγ; L1(dx))) (1 + t)− d2

J. Dolbeault L2 Hypocoercivity
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By the Nash inequality (1958)

∥u∥2
L2(dx) ≤ CNash ∥u∥

4
d+2
L1(dx)

∥∇u∥
2d
d+2
L2(dx)

∀u ∈ L1
∩H1

(Rd)

∥Πf∥2
≤ Φ−1(2 ⟨ATΠf, f⟩) with Φ−1

(y) ∶= y + (
y

c )

d
d+2

∀ y ≥ 0

where c = 2 ΘC−1− 2
d

Nash ∥f0∥
−

4
d

L1(dxdv)

We deduce the entropy decay inequality

D[F ] = −
d

dt
H[f] ≳ (∥f0∥

4
d+2
L2(dxdγ)

+ ∥f0∥
4
d+2
L1(dxdv)

)
−
d+2
d

H[f]1+ 2
d

J. Dolbeault L2 Hypocoercivity
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Confinement, moments and functional inequalities
Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Fokker-Planck equations with
various external potentials, moments

and functional inequalities

⊳ Adapted functional inequalities

J. Dolbeault L2 Hypocoercivity



L2 Hypocoercivity: first results
Fokker-Planck equations and adapted entropy methods

L2 Hypocoercivity: further results

Confinement, moments and functional inequalities
Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Strong confinement case: Poincaré inequality
If φ(x) = α−1 ⟨x⟩α with α ≥ 1, ⟨x⟩ ∶=

√
1 + ∣x∣2, and dµ = e−φ dx, then

∫
Rd

∣∇u∣2 dµ ≥ λM ∫
Rd

∣u∣2 dµ ∀u ∈ D(Rd) s.t. ∫
Rd
udµ = 0

with λM > 0 (false if α < 1). A solution ρ = eφ u of

∂ρ

∂t
= ∆ρ +∇ ⋅ (ρ∇φ) (FP)

satisfies

d

dt
∥ρ(t, ⋅)∥2

L2(Rd,dµ) = −2 ∥∇ρ(t, ⋅)∥2
L2(Rd,dµ) ≤ −2λM ∥ρ(t, ⋅)∥2

L2(Rd,dµ)

which yields the estimate

∥ρ(t, ⋅)∥2
L2(Rd,dµ) ≤ ∥ρ0∥

2
L2(Rd,dµ) e

−2λM t
∀ t ≥ 0

J. Dolbeault L2 Hypocoercivity
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Weak confinement case: weighted Poincaré inequality
Let φ(x) = α−1 ⟨x⟩α with α ∈ (0,1)
If u = ρ eφ solves the Ornstein-Uhlenbeck (backward Kolmogorov) equation

∂u

∂t
= ∆u −∇φ ⋅ ∇u (OU)

⊳ Moments.
d

dt
∫
Rd

∣u(t, x)∣2 ⟨x⟩k e−φ dx + 2 ∫
Rd

∣∇xu(t, x)∣
2
⟨x⟩k e−φ dx

≤ ∫
Rd

(ak − bk ⟨x⟩
α−2) ∣u(t, x)∣2 ⟨x⟩k e−φ dx

There exists a constant K(k) > 0 such that for any t ≥ 0

∫
Rd

⟨x⟩k ∣ρ(t, x)∣2 eφ dx ≤ K(k)∫
Rd

⟨x⟩k ∣ρ0∣
2 eφ dx

⊳ Weighted Poincaré inequality. With ū = ∫Rd udµ/ ∫Rd dµ

∫
Rd

∣∇xu∣
2 dµ ≥ C wP

α ∫
Rd

∣u − ū∣2
e−φ

⟨x⟩2 (1−α) dx

J. Dolbeault L2 Hypocoercivity
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Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

(E. Bouin, JD, L. Lafleche, C. Schmeiser, 2020)

Theorem
For any t ≥ 0

∫
Rd

∣ρ(t, x) − ρ⋆(x)∣
2 eφ dx ≤ (∥ρ0 − ρ⋆∥

−4 (1−α)/k
L2(Rd,dµ) +

4 (1−α)C wP
α

kK
2 (1−α)/k
∗

t)
−

k
2 (1−α)

Hölder’s inequality with k ≥ 2 (1 − α) and θ = k/(k + 2 (1 − α))

∫
Rd

∣u − ū∣2 e−φ dx ≤ (∫
Rd

∣u − ū∣2
e−φ

⟨x⟩2 (1−α) dx)

θ

(∫
Rd

∣u − ū∣2 ⟨x⟩k e−φ dx)
1−θ

K∗ ∶= K(k)
2
∫Rd ⟨x⟩

k ∣ρ0∣
2 eφ dx + ∫Rd ⟨x⟩

k e−φ dx ∥ρ0∥
2
L1(Rd)

J. Dolbeault L2 Hypocoercivity
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Confinement, moments and functional inequalities
Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Weak confinement, a limit case
In the limit as α → 0+, take

φ(x) = γ log⟨x⟩

with γ > d: there is a L1(Rd) stationary solution of (FP)
⊳ Hardy-Poincaré inequality

∫
Rd

∣∇xu∣
2
⟨x⟩k dµ ≥ C HP

γ−k ∫Rd
∣u − ū∣2 ⟨x⟩k−2 dµ

⊳ Moments
Theorem
For any t ≥ 0

∫
Rd

∣ρ(t, x) − ρ⋆(x)∣
2 dµ ≤ ∫

Rd
∣ρ0 − ρ⋆∣

2 dµ (1 + c t)− k2 ∀ t ≥ 0

where c depends on d, γ, k, ∫Rd ∣ρ0∣
2 ⟨x⟩k−γ dx and ∥ρ0∥

2
L1(Rd)

(E. Bouin, JD, L. Ziviani, 2024)
J. Dolbeault L2 Hypocoercivity
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Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Very weak confinement case: CKN inequality
Let 1 ≤ γ < d, k = max{2, γ/2}, a = (d + 2k − γ)/(d + 2 + 2k − γ) and

φ(x) = γ log⟨x⟩
With e−φ = ⟨x⟩−γ , if u = ρ ⟨x⟩γ solves (OU)

d
dt ∫Rd ∣u(t, x)∣

2 ⟨x⟩−γ dx = −2 ∫Rd ∣∇u(t, x)∣2 ⟨x⟩−γ dx

Mk(t) ∶= ∫Rd ⟨x⟩
k ρ(t, x)dx

≤ 2 k−2
2 (M0 + ((Mk(0) −M0)

2/k
+ 2 (d + k − 2 − γ)M2/k

0 t)
k/2

)

⊳ Inhomogeneous Caffarelli-Kohn-Nirenberg inequality

∫Rd ∣u∣
2 ⟨x⟩−γ dx ≤ C CKN

k,γ (∫Rd ∣∇u∣
2 ⟨x⟩−γ dx)

a
(∫Rd u ⟨x⟩k−γ dx)

2(1−a)

Theorem
For any t ≥ 0

∥ρ(t, ⋅)∥2
L2(Rd,dµ) ≤ ∥ρ0∥

2
L2(Rd,dµ) (1 + c t)

−
d−γ

2

(E. Bouin, JD, C. Schmeiser, 2020)
J. Dolbeault L2 Hypocoercivity
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Confinement, moments and functional inequalities
Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

No potential case: Nash’s inequality

We assume that φ = 0 so that (FP) is the heat equation

d

dt
∥ρ(t, ⋅)∥

2
L2(Rd) = −2 ∥∇ρ(t, ⋅)∥

2
L2(Rd)

⊳ Nash’s inequality

∥u∥L2(Rd) ≤ CNash ∥∇u∥
d
d+2
L2(Rd) ∥u∥

2
d+2
L1(Rd)

Hence y(t) ∶= ∥ρ(t, ⋅)∥
2
L2(Rd) solves y′ ≤ −2C −1

Nash ∥ρ0∥
−

4
d

L1(Rd) y
1+ 2

d

Theorem
For any t ≥ 0

∥ρ(t, ⋅)∥
2
L2(Rd) ≤ ( ∥ρ0∥

−4/d
L2(Rd) +

4
dCNash

∥ρ0∥
−4/d
L1(Rd) t)

−d/2

(E. Bouin, JD, S. Mischler, C. Mouhot, C. Schmeiser, 2020)

J. Dolbeault L2 Hypocoercivity
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Confinement, moments and functional inequalities
Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Potential � = 0 �(x) = � loghxi
� < d

�(x) = � loghxi
� > d

�(x) = 1
↵ hxi↵

↵ 2 (0, 1)
�(x) = 1

↵ hxi↵
↵ � 1

Inequality Nash Ca�arelli-Kohn-
Nirenberg Hardy-Poincaré Weighted

Poincaré
Poincaré

Asymptotic
behavior

t�d/2

decay
t�(d��)/2

decay
t�k/2

convergence
t�

k
2 (1�↵)

convergence
e�� t

convergence

References [7] [4] [5] [3] (⇤)
Table 1 Alternative: weak Poincaré inequalities: see [8, Theorem 2.1], [1, Theorem 1.4] and [6]. (⇤) Poincaré inequality: [7], [2]

References [1] D. Bakry, P. Cattiaux, A. Guillin, 2008; [2] D.Bakry, I. Gentil, M. Ledoux, 2014; [3] E. Bouin,
JD, L. Lafleche, C. Schmeiser, 2020; [4] E. Bouin, JD, C. Schmeiser, 2020; [5] E. Bouin, JD, L. Ziviani, 2024;
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Summary: Table 1
Generalized kinetic Fokker-Planck equation: Table 2

Generalized kinetic Fokker-Planck equation
Generalized kinetic Fokker-Planck equation

@t f + v · rx f � rx� · rv f = e� (v) rv
⇣
e (v) rv f

⌘
, f?(x, v) = Z�1 exp (��(x) �  (v)) (gKFP)

Potential � = 0 �(x) = 1
↵ hxi↵

↵ 2 (0, 1)

�(x) = 1
↵ hxi↵

↵ � 1, or Td
Macro Poincaré

 (v) = 1
� hvi�

� � 1
Micro Poincaré

t�d/2

decay
[4]

e�tb , b < 1
� = 2

convergence
[7]

e�� t
convergence
[11, 13, 9, 10,
12, 1, 8, 5, 6]

 (v) = 1
� hvi�

� 2 (0, 1)

t�⇣
⇣ = min{ d2 , `

2(1��) }
decay, [3]

t�⇣
convergence

(*)

t�⇣
convergence

(*)

Limit as � ! 0+
 (v) =

�(d + ") loghvi

" 2 (0, 2)
fractional dif-

fusion limit, [2]
(*)

t�⇣ if " > 2
convergence

(*)

Table 2 Additional assumptions are needed: if (↵, �) 2 [1 + 1) ⇥ (0, 1), f0 2 L2 �Rd ⇥ Rd, hvi(1��) � dµ
�
; if � = 0 and

� 2 (0, 1), f0 2 L2 �Rd ⇥ Rd, hvi`/2 dµ
�
; if (↵, �) 2 (0, 1) ⇥ (0, 1), uniform bounds (weak Poincaré inequality)
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With the transport operator defined by the Poisson bracket as
Tf ∶= ∇vE ⋅ ∇xf −∇xE ⋅ ∇vf

corresponding to the Hamiltonian energy E (x, v) ∶= 1
β
⟨v⟩β + φ(x)

(E. Bouin, JD, L. Ziviani, 2024) Under the condition
0 ≤ f0 ≤ C f⋆

Potential � = 0 �(x) = 1
↵ hxi↵

↵ 2 (0, 1)
�(x) = 1

↵ hxi↵
↵ � 1

 (v) = 1
� hvi�

� � 1
Micro Poincaré

t�d/2

decay
t�

k
2(1�↵)

convergence
e��t

convergence

 (v) = 1
� hvi�

� 2 (0, 1)
t�min

�
d
2 ,

`
2(1��)

 

convergence
t�min

�
k

2(1�↵) ,
`

2(1��)

 

convergence
t�

`
2(1��)

convergence
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Summary: Table 1
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... Without the assumption
0 ≤ f0 ≤ C f⋆

Regions in the (α,β) plane:
Green: H and moments
Red: Lyapunov function method
Blue: modified DMS method

(L. Ziviani, in progress)

5.2. L2 estimates with energy based weights 49

is a weight of the type m = Ek or similar, in general a function thanks to which we can
simultaneously control moments in x and v.

Let us briefly summarize the methods we managed to apply and the sets of paramiters
ω, ε they allow us to solve.

• In section 5.2, we couple the evolution in time of H and Mk(t). We obtain a decay
estimate of H in terms ofMk and a growth estimate ofMk in terms of H. Combining
the two, we are able to show that moments are propagated for ω, ε > 2

3 .

• In section 5.3, we seek for Lyapunov functions in order to apply the same ideas of
[13, 15]. Our Lyapunov functions are inspired by [26] and we are able to cover the cases
ω > 0 and ε > 1.

• In section 5.4, we introduce a modified entropy in the same spirit of the Dolbeault-
Mouhot-Schmeiser method, but with much stronger L2-norm. Thanks to an interpolation
argument we are then able to prove that all the energy moments are propagated. This
method works for ω → 1 and ε > 0.

In figure 5.1.1, we show graphically the regions these three methods cover. At the end, we
conclude the chapter with section 5.5 by showing how to use these moments to produce a
decay rate for H.

2/3 1

2/3

1

ω

ε

Figure 5.1.1: Regions in the ωε-plane concerned with the di!erent methods. Green region:
Coupling H andMk. Red region: Lyapunov function method . Blue region: modified DMS
method

5.2 L2 estimates with energy based weights

We begin with the following reformulation of the estimate on the entropy dissipation, which
clearly show how the loss of weight in x is happening for the macroscopic component and loss
of weight in v is happening for the microscopic component.

With
Tf ∶= v ⋅ ∇xf −∇xE ⋅ ∇vf

instead of Tf ∶= ∇vE ⋅ ∇xf −∇xE ⋅ ∇vf ... ?
(E. Bouin, L. Ziviani, 2025) (for very weak potentials)
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Hypocoercivity: further results

⊳ Mode-by-mode methods
⊳ Fractional diffusion limits
⊳ Macroscopic modes
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Fourier variables

On Rd or on Td, the transport operator T = v ⋅ ∇x is rewritten as a
simple multiplication operator i v ⋅ ξ and

(AF )(v) = −
i ξ

1 + ∣ξ∣2
⋅ ∫

Rd
wF (w)dwF (v)

With X ∶= ∥(Id −Π)F ∥ and Y ∶= ∥ΠF ∥, we obtain

−⟨LF,F ⟩ + δ ⟨ATΠF,F ⟩ ≥X2
+

δ ∣ξ∣2

1 + ∣ξ∣2
Y 2

Proving that D[F ] − λH[F ] ≥ 0 amounts to choose λ such that the
quadratic form Q(X,Y ) is nonnegative: a discriminant condition
(Bouin, JD, Mischler, Mouhot, Schmeiser, 2020), (A. Arnold, JD, C.
Schmeiser, T. Wöhrer, 2021)
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Optimisation on the parameters

λ⋆(δ) ∶= sup{λ ∈ (0,2λm) ∶ h⋆(δ, λ) ≤ 0} and C⋆(δ) ∶=
2+δ
2−δ

h⋆(δ, λ) ∶= δ
2 (CM + λ

2 )
2
− 4 (λm − δ − λ

2 ) (
δ λM
1+λM − λ

2 )

With s ∶= ∣ξ∣, λm = 1, λM = s2

and CM = s (1 +
√

3 s) /(1 + s2)

Mode-by-mode optimisation

H[F (t, ⋅)] ≤ H[F0] e
−λt

∥F (t, ⋅)∥2 ≤ C⋆(δ) e
−λ⋆(δ) t ∥F0∥

2

20 A. Arnold, J. Dolbeault, C. Schmeiser, and T. Wöhrer

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

�

�

s = 5

h1(�1, �1) < 0

(�1(s), �1(s))

-

6

Fig. 1 With �m , �M and CM given by (39), the admissible range Tm of the parameters (�, �) is
shown in grey for s = 5. The darker area is the region in which h1(�, �, s) takes negative values,
and (�1(s), �1(s)) are the coordinates of the maximum point of the curve which separates the two
regions in the triangle Tm .

Tm (s) :=
(
(�, �) 2

⇣
0, �m 1+s2

s2

⌘
⇥ (0,2 �m ) : � < 2

⇣
�m � � s2

1+s2

⌘ )
with �m = 1. Exactly the same discussion as for s 7! �1(s) and s 7! �1(s) deter-
mines the curves s 7! �2(s) and s 7! �2(s) shown in Figs. 2 and 3. Solutions satisfy
s 7! �

�2(s), �2(s)
� 2 Tm (s) for any s > 0.
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Fractional diffusion limits and hypocoercivity

∂tf + v ⋅ ∇xf = Lf
with fat tail local equilibrium µ

∀ v ∈ Rd, µ(v) =
cγ

⟨v⟩d+γ
where ⟨v⟩ ∶=

√
1 + ∣v∣2 .

⊳ Fokker-Planck type operator (β = 2)
L1f ∶= ∇v ⋅ (µ∇v(µ

−1f))

⊳ Linear Boltzmann operator, or scattering collision operator

L2f ∶= ∫
Rd

b(⋅, v′) (f(v′)µ(⋅) − f(⋅)µ(v′)) dv′

with collision frequency ν(v) ∶= ∫Rd b(v, v′)µ(v′) dv′ ∼
∣v∣→+∞

∣v∣−β

⊳ the fractional Fokker-Planck operator (0 < σ < 2, β = σ − γ)

L3f ∶= ∆σ/2
v f +∇v ⋅ (E f)

+ technical conditions
J. Dolbeault L2 Hypocoercivity
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Decay result

(Bouin, JD, Lafleche, 2022)

Theorem

Let d ≥ 2, β ∈ R, γ > max{0,−β} and k ∈ [0, γ) such that γ ≠ 2 + β or if
γ = 2 + β and k

β+
> d

2 . If f is a solution with initial condition
f in ∈ L1(dx dv) ∩ L2(⟨v⟩k dxµ−1 dv), then for any t ≥ 0,

∥f(t, ⋅, ⋅)∥
2
L2(dxµ−1 dv) ≲

∥f in∥
2
L1(dx dv) + ∥f in∥

2
L2(⟨v⟩k dx µ−1 dv)

(1 + t)τ

with τ = min { d
α
, k
β+

} and α = min {
γ+β
1+β ,2}

Threshold case γ = 2 + β, and with either k = 0 if β < 0 or k > 0 if
β ≥ 0, O(t log t)−d/2 + specific statement if d = 1
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Tools for the proof
⊳ The Lyapunov function property: there exist three positive constant
a, b and R, a real parameter β, and a (smooth) positive Lyapunov
function F = F (v) on Rd such that

−LF ≤ (a1BR − b ⟨v⟩
−β)F

⊳ Moment estimates + stationary states are not factorized +
fractional Nash inequality
⊳ The L2-hypocoercivity with Aξ ∶= 1

⟨v⟩2
Π (− i v⋅ξ)⟨v⟩β

1+⟨v⟩2 ∣1+β∣ ∣ξ∣2 (in Fourier
variables) and the entropy functional

Hξ[f] ∶= ∥f̂∥
2
+ δRe⟨Aξ f̂ , f̂⟩

⊳ Fractional diffusion: the exponent α arises from

∂tu + (−∆)
α/2u = 0

(A. Mellet, S. Mischler, C. Mouhot, 2011), (M. Jara, T. Komorowski,
S. Olla, 2011), (Cattiaux, Noureddine, Puel, 2019), (Fournier, Tardif,
2021), (E. Bouin, L. Kanzler, C. Mouhot),...
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Fractional diffusion limit
The scaled equation

εα ∂tf + ε v ⋅ ∇xf = Lf

written in Fourier variables is εα ∂tf̂ + i ε v ⋅ ξ f̂ = Lf̂ where L = L2 is

Lf̂ = ⟨v⟩−β (rf
F

Z
− f̂) with rf(t, ξ) ∶= ∫

Rd
⟨v′⟩−β f̂(t, ξ, v′)dv′

with flux i ε1−α
∫Rd v ⋅ ξ f̂ dv given by

rf
Z
ε2−α

∫
Rd

⟨v⟩−β (v ⋅ ξ)2 F

⟨v⟩−2β + ε2 (v ⋅ ξ)2 dv − i ε∫Rd
v ⋅ ξ ∂tf̂

⟨v⟩−β + i ε v ⋅ ξ
dv

With β and γ such that 0 < α < 2, the macroscopic limit of the
continuity equation as ε→ 0 is (formally) the fractional heat equation

∂tρ̂0 + κ ∣ξ∣α ρ̂0 = 0
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decay rate t−
d
α

decay rate t
− k
β

decay rate t−
d
2

decay rate (t ln(t))−
d
2

β

γ

σ = 0+

σ = 2−

β = 2

Figure: d = 3. If L = L3, γ is limited to the strip enclosed between the two
dashed red lines

J. Dolbeault L2 Hypocoercivity



L2 Hypocoercivity: first results
Fokker-Planck equations and adapted entropy methods

L2 Hypocoercivity: further results

Mode-by-mode methods
Fractional diffusion limits
Special macroscopic modes

β

γ

σ = 0+

σ = 2−

β = 2

Figure: d = 2
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β

γ

σ = 0+

σ = 2−

β = 2

Figure: d = 1
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Special macroscopic modes and
hypocoercivity

Joint work with with Kleber Carrapatoso, Frédéric Hérau, Stéphane
Mischler, Clément Mouhot, Christian Schmeiser
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The equation

Consider the kinetic equation

∂tf = L f ∶= T f +C f , f∣t=0 = f0

with transport operator T given by

T f ∶= − v ⋅ ∇xf +∇xφ ⋅ ∇vf

where φ ∈ C2(Rd,R). Let ρ(x) ∶= e−φ(x) and ⟨ϕ⟩ ∶= ∫Rd ϕρ dx
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Linear collision operator

C acts only on v ∈ Rd, is self-adjoint in L2(µ−1), with µ(v) ∶= e−∣v∣
2
/2

(2π)d/2

and has the (d + 2)-dimensional kernel of collision invariants given by

KerC = Span {µ, v1 µ, . . . , vd µ, ∣v∣
2 µ}

⊳ Spectral gap property

−∫
Rd
f(v)C f(v)

dv
µ(v)

≥ cC ∥f −Πf∥2
L2(µ−1)

where Π denotes the L2(µ−1)-orthogonal projection onto KerC
⊳ For any polynomial function p(v) ∶ Rd → R of degree at most 4, the
function pµ is in the domain of C and

C(p) ∶= ∥C (pµ)∥L2(µ−1) < ∞
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Other assumptions (1/2)

⊳ Normalization conditions:

∫
Rd
ρ(x)dx = 1 , ∫

Rd
xρ(x)dx = 0 , ⟨∇

2
xφ⟩ = ∫Rd

∇
2
xφρ dx = Idd×d

⊳ Growth/regularity assumption

∣∇
2
xφ∣ ≤ ε ∣∇xφ∣

2
+Cε

⊳ Poincaré inequality

cP ∫
Rd

∣u − ⟨u⟩∣2 ρ dx ≤ ∫
Rd

∣∇xu∣
2 ρ dx

⊳ Moment bounds on ρ

∫
Rd

(∣x∣4 + ∣φ∣2 + ∣∇xφ∣
4
)ρ dx ≤ Cφ
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Other assumptions (2/2)

⊳ Semi-group property

t↦ etL is a strongly continuous semi-group on L2(M −1)

where M is the global Maxwellian equilibrium

M (x, v) ∶= ρ(x)µ(v) =
e−

1
2 ∣v∣

2
−φ(x)

(2π)d/2
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Special macroscopic modes (1/2)

Special macroscopic modes CF = 0 , ∂tF = T F

F = (r(t, x) +m(t, x) ⋅ v + e(t, x)E(v))M , E(v) ∶=
∣v∣2 − d
√

2d

⊳ Energy mode F = HM with

H(x, v) ∶= 1
2 (∣v∣2 − d) + φ(x) − ⟨φ⟩

⊳ The set of infinitesimal rotations compatible with φ defined as

Rφ ∶= {x↦ Ax ∶ A ∈Mskew
d×d (R) s.t. ∀x ∈ Rd , ∇xφ(x) ⋅Ax = 0}

gives rise rotation modes compatible with φ

(Ax ⋅ v)M (x, v) , A ∈ Rφ
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Special macroscopic modes (2/2): harmonic modes

Harmonic directions Eφ ∶= Span
Rd

{∇xφ(x) − x}x∈Rd , dφ ∶= dimEφ

⊳ the potential is partially harmonic if 1 ≤ dφ ≤ d − 1
harmonic directional modes are defined by

(xi cos t − vi sin t)M , (xi sin t + vi cos t)M , i ∈ Iφ ∶= {dφ + 1, . . . , d}

⊳ If dφ = 0, the potential φ(x) = 1
2 ∣x∣2 + d

2 log(2π) is fully harmonic
In addition to the harmonic directional modes, there are harmonic
pulsating modes

( 1
2 (∣x∣2 − ∣v∣2) cos(2 t) − x ⋅ v sin(2 t))M

( 1
2 (∣x∣2 − ∣v∣2) sin(2 t) + x ⋅ v cos(2 t))M

(Boltzmann, 1876) (Uhlenbeck, Ford, 1963) (Cercignani, 1983)
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Theorem (Special macroscopic modes and hypocoercivity)
(1) All special macroscopic modes are given by

F = αM + βHM +Ax ⋅ vM + Fdir + Fpul

(2) There are explicit constants C > 0 and λ > 0 such that, for any
solution f ∈ C(R+; L2(M −1)) with initial datum f0, there exists a
unique special macroscopic mode F such that

∀ t ≥ 0 , ∥f(t) − F (t)∥L2(M−1) ≤ C e
−λt

∥f0 − F (0)∥L2(M−1)
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A micro-macro decomposition

∂th = Lh ∶= T h + Ch , Ch ∶= µ−1 C (µh)

with KerC = Span {1, v1, . . . , vd, ∣v∣
2} and

h ∶=
f − αM − βHM − Frot − Fdir − Fpul

M

Micro-macro decomposition

h = h∥ + h� , h∥ ∶= r +m ⋅ v + eE(v)

(r,m, e)(t, x) ∶= ∫
Rd

(1, v,E(v) )h(t, x, v)µ(v)dv

f is a special macroscopic modes iff h� = 0
all steady states are special macroscopic modes: factorization

(use entropy-dissipation arguments)
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Sketch of the proof
The function h = h∥ + h� = r +m ⋅ v + eE(v) + h� is such that

d
dt

∥h∥2
≤ −2 cC ∥h�∥2

With the Witten-Laplace operator Ω ∶= −∆x +∇xφ ⋅ ∇x + 1 and

E[h] ∶= ∫
Rd

(v ⊗ v − Idd×d)hµdv , Θ[h] ∶= ∫
Rd
v (E(v) −

√
2
d
)hµdv

we build a Lyapunov functional

F[h] ∶= ∥h∥2
+ε ⟨Ω−1

∇xe,Θ[h]⟩ + ε
3
2 ⟨Ω−1

∇
sym
x ms,E[h] −

√
2
d
⟨e⟩ Idd×d⟩

+ ε
7
4 ⟨Ω−1

∇xws,ms⟩ + ε
15
8 ⟨−Ω−1 ∂tws,ws⟩

− ε
61
32 ⟨(X − Y ⋅ ∇xφ),∇xφ ⋅Ax⟩ − ε

62
32 ⟨b, b′⟩ − ε6 ⟨c′, c′′⟩

such that, for some λ ≥ 0,
d
dt
F[h] ≤ −λF[h] and ∥h∥2

≲ F[h] ≲ ∥h∥2
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These slides can be found at

http://www.ceremade.dauphine.fr/∼dolbeaul/Lectures/
⊳ Lectures

The papers can be found at

http://www.ceremade.dauphine.fr/∼dolbeaul/Preprints/
⊳ Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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