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Consider (VP)
Of +v-Vaf —(Vap + Vagg) - Vof =0
(VP)

in presence of an external potential ¢g. If we look for stationary
solutions taking the form

Fa0) =g (510 + 6) + doe) - r)

VlIasov's equation is satisfied and the problem is reduced to solve
the nonlinear Poisson equation

Ap = 4my G(p+ ¢o — k)
with
A [T

G(u):=/1R3g<%|v|2—l—u> d’l):? , g(s +u)V2sds



An example: let g(u) = (27) 3/2¢~% and M > 0 fixed. The
distribution function f is a gaussian and

AP = 4rvye” e P=%0  for A4nme” /]R{?’ e P70 dy = M

For v = 41, ¢ = +¢, F(u) = eT%, ¢e~% = v, we have to solve

F
Ao = (¥)
Jo F(p) dx
Plasma case, v = —1: if ¢’ = @, then ¢ is a critical point of

1
6= [ IVoRdz+ [ 66+ do — klé + ol) dz — M k[ + gl

which is convex if g is nonincreasing



The parameter « is a functional of ¢, implicitly defined by

4ry [ [ G(6+ 60— rlo + do) do = M

where M > 0 is the mass of the solution: M = [pe f(z,v) dzdv
The solution is unique if one assumes that g \, (§ convex)

Dual approach: look for a critical point of the functional

Fro [ (S0P + 6 + d0() — ) fGa,v) dedot [ H(f(z,v)) dude

where H'(:) = ¢(~1)(=.) and x now appears as the Lagrange
multiplier associated to the mass constraint.

~ = —1: [Batt, Morrison, Rein], [Braasch, Rein, Vukadinovic],
[Caceres, Carrillo, J.D.]

~ = +41: [Wolansky], [Rein], [Guo], [J.D., Sanchez, Soler], [Sanchez,
Soler]



The three-dimensional Viasov-Poisson system can be written in
terms of a distribution function f: (0,00) x R3 x R3 — RT U {0}
and the corresponding mass density p(z,t) := [p3 f(t,2,v)dv as
follows:

(O f +v-Vaf —Vad-Vof =0

f(t:O7$7U) :fO(ajan) (VP)

7\

where v = 41 corresponds to the gravitational case and v = —1
to the plasma physical case.

Polytropic gas spheres (v = +1):

f(@,v) = (Eg — [v]?/2 — (@) |z x v[**



EXxistence results
Classical solutions: K. Pfaffelmoser, Schaeffer, R. Glassey| Take
fo with compact support and control the growth of the size of

the support:
O(t) = 1+ Sup{|v| At ) € (0.4) x R3s.t. f(t.z.v) £ o}

Then the Cauchy problem for (VP) has a unique C1 solution
and Q(t) < Cp(l+t)P with p> 33

——=Strong solutions: fo € L1 N L, finite energy

Weak solutions: [Horst, Hunze] fo € LI NLP, p > (12+3v5)/11,
finite energy

Renormalized solutions: [DiPerna, Lions] fg € L1, folog fo € L1,
finite energy

Other results using moments [Perthame, Lions], [Castella]
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1. OPTIMAL BOUNDS FOR THE KINETIC AND POTENTIAL ENERGIES

Total energy associated to f:

E(f) .= Exin(f) —vEpor(f)

Kinetic energy:

1

Egin(f) ==

5 Jre |v|2f(t,w,v) dx dv

Potential energy

1

Epor(f) =g |5 V§|? da

T he potential ¢ associated to f is given by the Poisson equation:

- Y
¢——m*/R3fW>dv



For a smooth solution the total energy remains constant. Total
Mass IS also preserved

||f(t7 B '>|||_1(]R6) — /IR{6 f(t,x,v) dx dv
The transport also preserves uniform bounds :

Hf(t7 K ')HI_OO(R6) < ||f(07 " ')|||_OO(R6) .
Functional setting: for any M > 0, let

I_M — {f S Ll M LOO(R6) : f(ﬂ?,’l)) > Oa ||fHL1(R6) — M7 ||fHI_OO(R6) < 1}

and consider Ey; :=inf{E(f) : fel}
Let v+ = 1 (gravitational case). For any E > E),

E E
Ki(B,M):= —2Ey|(1—-— 4+ /1 -
2F En

PL(E, M) := —2Ey, (1 + \/1 _ i)
By



Theorem 1 F,, is negative, bounded from below and for any
f ey, with E= E(f), the following properties hold:

() Exrn(f) € [K_<E, M), K4 (E, M)]

(i) Epor(f) € [ max{0, P_(E, M)}, Py (E, M)]

(i) Epor(f) € [0, \/_4EMEKIN(f)]

Moreover, there exist functions which minimize the energy onl ;.

They are stationary solutions to the VP system for which E =
Ey\r and

K+(B, M) = Eg iy (f) = 3 Bpor(f) = Pa(B, M)



A potential energy estimate

Lemma 1 There exists a positive constant C such that
V f e Ll NL>®(R®) with |[v]? f € L1(R®)

1/2
L4190 o < O ) 1L gy ([ o2 0) izl

Proof. From the definition of ¢ we have

2 _ p(y)p(x)
/R3\V¢| d:v—/]R3(—Aq5)qﬁdw—47T/IR6 L dedy

According to the Hardy-Littlewood-Sobolev inequalities,

V 2d:c<47rz 2
/R3| o7 do < 4nZllpl%s

7/12 5/12
Ll(R3) ||p|| L5/3(R3)
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Because of Holder's inequality, ||,0||L6/5(R3) < ||p]



Interpolation of the L5/3-norm of p

2 1pI%/2 dz < CUIFIFL zey Jps 102 f(a,v) da do

For any R > O,
plat) = [ fmdo= [ fe)dot [ fe)de

._ 4 3 1 2
p(x,t) := /]1%3 f(t,z,v)dv < ?R ||f||LOO(IR{6)+? /R3|v| f(t,z,v) dv

— 1 fR3 |’U|2 f(t,CU,’U) dv
27 HfHLOO(R6) '

Optimize on R = R(t,z) for t, = fixed: R>

3/5
p(a,t) < C IS ey ( [ o102 £t ,0) do) 0

11



An equivalent minimization problem
Let Jy, =inf{J(f) : feTl

I = sIgs v fdzdv _ Exin(f)
(8% Jr6 V|2 dm>2 ~ (Epor())?

Lemma 2 The minimization problems E(f) = Ey; and J(f) =
Jps over the set [ ), are equivalent
(i) Their respective minima satisfy

4y Ey = —1

(ii) If fyy € Ty is @ minimizer of the functional E, then it is also
a minimizer of the functional J.

If J(gnr) = Jp for some gy € Ty, then E(gf,) = Ej where

Epor(gn)
2Ern(gnr)

9?\4(3577}) L= gM(UQZ,U/O) and o =

12



Proof. The set Iy, is stable under f — f9(x,v) = f(ox,v/0),
o > 0. Optimize on o:

E(f°) = 0?Exin(f) — 0 Epor(f)

_1(Bpor(f))* _ 1
4 Erin(f) 4J(f)

EPOT(f) Omi
Omin -— , E > F man ) —
2 Erern () (f) (fomin)

Proof of Assertions of (i)-(iii) of Theorem 1.

Erin(f) 1
E:=E(f) = Exin—FE d =J(f)>
(f) Kin—FBpor and Y2 (f) = 1 Ey,

_Epor(f))?

G — Epor(f) <E, (Egin—E)?<—-4EyEgn
M
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Existence of minimizers 7

Corollary 2 Let fj; be a minimizing function for the functional
E on T p. Then

Epor(fm) =2Ein(fv) = —2E)y

Note that Eyy = —Exn(fi) = —3 Epor(far) <O
This property is shared with any stationary solution.
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Nonincreasing symmetric rearrangements

The symmetric rearrangement A* of the Borel set A C R" is the
open ball in R™ centered at the origin whose volume is that of A:

e 1 _
1t L1571 2] < [lxall 1 gmy = 1Al

XA = XAr =
O otherwise

Let h : R®" — C be a Borel measurable function:

h () 1= /OOO X oy (%) dt

Partial symmetric nonincreasing rearrangement with respect to
the x variable only:

0.
0 (@.0) 1= [ Xnern: g(ey>y U

15



Elementary properties: use Fubini’'s theorem

Jr2n g7 (x,v) dx dv
1971 oo (m2ny

Jp2n \v|29*f’3(az,v) dx dv
Jpn g% (x,v) dv

fRn g*$(|:c|,v) dv

Jrn ¥ (Jz]) g*=(|z|, v) dv

ATV

Theorem 3 [Riesz’ theorem]

Jr2n g(x,v) dx dv
||9|||_OO(R2n)

Jr2n \'v\Qg(w,v) dx dv

fan g(@0)dv If |2 = |
Jrn g™ (Jyl,v) dv if |z] <y
Jrn ¥ (|z]) g(z,v) dv  forp /7

|

/n/nf(x)g(x—y)h(y) d%dy — [(f’g,h) S I(f*,g*,h*)

If g is radially symmetric and strictly decreasing, equality holds
only if 3y e R" f(x) = f*(x —vy) and h(z) = h*(x — vy)

16



Spherical symmetry and reqgularity of the potential

Lemma 3 Let M > 0. There exists a minimizing sequence
(fn)nen € MY, of the functional E such that pp(x) = [p3 fn(z,v) dv
is a radial nonincreasing function.

oo
/]1%3 V| de = 4 /(R3)4 f($,|?;);f§jif| ) dx dx’ dv dv'’

fre(xz,v) f*= (', v")
S 4T /(R3>4 |z — 2|

dx dx’ dv dv’

Lemma 4 Let p e LLR3)NL3/3(R3) be a spherically symmetric
function. Then ¢ € W>>/3(R3) and 37> 0, VR > 0

ocC
/ V2T de < C(M, R) (/ 053 da + 1>
[z|<R |

r|<R

17



A priori estimates, scalings and tools of the concentration-compactnes
Poisson equation

Ap=4np, im  ¢(z) =0

|z[—-00
¢ is radial, nondecreasing and strictly increasing in the interior

of the support of p if pe L] is radial. Let [g3p(z)dz =: M >0
(i) For any r > 0,

M M

¢'(r)<— and ——<g¢(r)<0
r r

(ii) For any R > 0,

M2
\Y 2de < 41—
Jpon | VO@ P de < am =

18



Lemma 5 ([Scaling] [Guo, Rein]
Ey = M3 By

Lemma 6 [Splitting] [Guo, Rein] Let f € I'y; be such that the
mass density p(x) = [p3 f(x,v) dv is spherically symmetric. Given
R>0,ifM-—\= f|x‘<RfR3 f(x,v)dv dx for some X\ € [0, M], then

7 Eyy 1
3 M2 411 R

B(f) - Bar 2 - ( ) (M =2\

Proof. Let ¢ = ¢1 + ¢, with
D1(@) = [ xBp@) f@v)dv,  Aga(a) = [ (1=xp,(@)) f(z.v)dv

19



E(f) = Exin(xBpf) + Exin((1 —xBp)f)
1 1 1
— [ IVerPde = [ IVéslPdz— [ V1 -V do

1
= E(xp,f) +E((1—xB,)f) — 1 Jrs VL V2 da

1
Eys+E —/ N
M-xF Ex+ | 02 Doy da

7 7

A\3 A\3
(-5 + () -
1)‘v’$€[0,1],(1—x)7/3+x7/3—1§—%w(1—x)

2) | Jp3 b2 Ad1 da| < ||d2ll sorsy (M = N)
where [|g2| so(r3y = [$2(0)| = |¢2(R)| < 725 O

Vv

1
> E —/ Adq d
> M-|-47T R3¢2 ¢1 dx
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2
Lemma 7 [No vanishing] Let Rg > 2837T]\,4EM|, (fn)neN € I‘]]}} a
minimizing sequence as in Lemma 3. Then

limsup

n—00 /\aﬁ\ZRo R3 Jn dvdz =0

Proof. By contradiction: limy—co f|x|ZRO Jg3 fndvdz =X > 0.

A
IRn>Ro = /|x|an [ o dvde

Apply now Lemma 6 to each f, with R = Ry

BUn =B > (53 + Gom,) (M 3)

N <;;\E4Ag + 4731?%0> <M B %)

'V

21



Convergence of a minimizing sequence

Proposition 8 Let (fn),en € MY be @ minimizing sequence for
the functional E, with radial nonincreasing mass densities. Up to
a subsequence, the sequence converges to a minimizer fyr € [y

2
s.t. Eyy = E(fi), supp (far) C Br, X R® where Ro = 2837r]\\4EM\

Proof. Lemma 7=limp—o fBRO Jp3 fndvdx = M. Dunford-Pettis:

() (fn)nen is bounded in L1 (R®)
(i) for any measurable set A

[ fndedv < lfalloqsy 1Al < 1A
(iii) for any Ky, Ko, either K1 > Rgy or

1
dx d </ / derdv < — E ]
/\$|>K1 /\U|>K2fn T = JRs |v\>K2fn v = K% Kin(n)

22



2. SOLUTIONS OF THE VP SYSTEM WITH MINIMAL ENERGY

Theorem 4 Let fp; be a minimizing function for the functio-
nal E on I s, with radial mass density. Then

1 if L2+ ¢y, (x) < ZEGM

fM(ajalv) = 9

\ O otherwise

where ¢y, is the unique radial solution on R> of

7 Eny 3/2

o, =S (1B,

It is the unique minimizer with radial mass density and it is also a
steady-state solution to the VP system. Moreover, if f is another
minimizing function, then with z := % Jre T f(z,v) dx dv

f(x,v) = fyy(e —z,v) V(x,v) € RS

23



Explicit form of the minimizers

Lemma 9

1/3
1 for (z,v) such that |v| < (% pM(:I:)) e
fu(z,v) = 9
0 otherwise

Proof. 1) ”fM|||_<><>(R6) = 1 otherwise let:
Fla.v) = rf (232, 57 30)

||f|||_1(R6) — ||f|||_1(R6) ; ||JF|||_OO(]R6) — R ||f||LOO(R6) . E(f)= k2/3 E(f)

for k = |\fM||[Olo(R6) > 1, a contradiction



2) Let e € (0,1) and g(z,v) € LY(R®) NL>(R®) be a test function
such that ¢ > 0 a.e. in R6\supp (far), with compact support
contained inside

(supp (far) \ Se)° = (R®\ supp (far)) U S
where S. = {(z,v) e R® : ¢ < fy(z,v) <1 —¢}. Let

tg + fu
1tg + farll 1 (s

—1
g(t) =M . 0<t<T:=Me (Mgl ~+lgll_1)

0 <—=T|gll_oo(rey + €< tg+ far In Se
0 < v =tg+ far  insupp (far) \ Se
0< tg =tg+ fyy in RO\ supp (far)

T||9||LOO(R6)+1_€ — 1
M=Tlgll 1 g6y = g(t) € My
lg(O | 1(rey = M

19Dl oo(s)y < M
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Taylor expansion at ¢ = 04

oO—Fa = td @+ " @) =t (= L[ [ gaear] fur)+5 5" 0)

3k

B0~ By =t [ (51 + 5, — 1) g dedv+0G)

Since fjp; minimizes E(-) — Ej; on Iy, we have that E(g(t)) —
Eyy > 0 for any t € [0,7] and consequently

1. . 3By

for every g and e.
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(i) g >0 on RO\ supp (far):

%|v|2 + (be(w) > % V (z,v) € R6\SUDD (far)

or equivalently
{(:c,v)E]R6 : |v|2+¢fM(x)< I’ }csupp(fM)

(ii) On the other hand, g has no determined sign on S

1 3F
5 v|? + of,,(x) = TM V (z,v) € Sensupp (far)

This set and S and have O Lebesgue measure:

fy=1 on supp(fa)
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3) fyy minimizes {E(f) : f € vy} where

sz{fEI‘M - f=1a.e. onsupp(f), /RSf(x,v)dvsz(:r;) Vm€R3}

The problem is therefore reduced to the minimization of
{Exin(f) @ fevu}

2 kg 2
/R3 [v]© f* dv < /R3 lv|© f dv
with a strict inequality unless f = f* a.e. Thus

=X in R3 x R3 a.e.

pl<(Zon@)
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Lemma 10 Let fy; be a minimizing function for E on I j; with

radial mass density. Then pyr = [p3 fp(-,v) dv and ¢g, = |- -1
pprg are related by
(4 7 : 182
w2380 o, @) i gy, (a) < FBM
pr(T) =
e otherwise

Proof. Let p(x) € LL(R3) N L5/3(R3) be a nonnegative function

such that ||p||; 1/r3y=M and define f,(x,v) ;= x
i ’ o< (2 o)
Epor(f,) = p(y) p(z)
35/3 5/3
Exin(fp) = 10 (4m)2/3 /R3 [P(ﬂ?)] dx

and write the Euler-Lagrange equations.
28



Lemma 11 ¢f is unique and continuously differentiable. If f
Is another minimum of E on [ s, then there exists y € R3 such

that
/R?)f(a:,v)dv:pM(x—y) a.e. x€R3.

Proof. Rewrite the Poisson equation for ¢y,

(1 27~ (TE 3/2 . 7E
3 (4m) = 9y it ¢r () < 554

Doy, = dmpy(a) =1 255~ on) A

0 otherwise

\

with w(r) = %EWM — ¢, (r/y/c), c= %32\/5772:
(12w () + r2w?(r) = 0

At = 45V w() = 0 and w() =~ da, () = -2



Nonlinear stability for the evolution problem
We follow the strategy of Guo in [Guo99]. Consider for any g, h €
[ the distance d defined by

1
A(g,h) = E(9) — E(h) + Vg — Voull 2 ()

Theorem 5 For every e > 0, there exists a § > 0 such that, if f
is a solution of the VP system with an initial condition fqg €Ty,
then

d(fo, fv) <6 = d(f*(t),fm) <e Vt>0

Proof. The result is easily achieved by contradiction since E(f*(t))—
E(fa) < E(fo) — E(far) \ 0 implies [V ) — Vor, (I 23y \ O
]
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3. LARGE TIME BEHAVIOUR

The Galilean invariance of a classical solution f to the VP system
with initial data fo(z,v) means that for any « € R3, the solution
with initial data f§(z,v) = fo(x,v —u) is given by

fu(t7x7v) — f(t,fC—t’UJ,’U—”U,) v (tpxyv) c (O,+OO) X R3 X R3
Total momentum:
)" = [ of'(ta,v) dedo = ©)(F) + ullF Ol ey
Total energy:

B(f") = B() + - ) + 5 [l 1l 1 rs)-

Among the family (f“) cg3: Min g3 Exin(f*) is reached by

WP @)
21 £1l 2 (gey 17112 (re)
31

Exin(f") = Exin(f) —



Galilean invariance and asymptotic behaviour

Lemma 12 E(f) < 1 (v)%())

2 If 1l 1 (ws)y

= E(fY) <0

Proposition 13 Under the above condition, there exists three
constants Cy, Co, C3 > 0 such that

C1 < Epor(f(t,--)) <C>
H,Of(t, ')HL5/3(R3) > C3



Variance and dispersion estimates T he solutions to the VP sys-
tem in the gravitational case have a qualitative behaviour which
strongly differs from the behaviour in the plasma physics case
since, for instance, stationary solutions exist. Assume that

1 (0)2(f)
E _
D> Sl s
<(Az)2> = Jr6 |x|2f(t,x,v) dx dv — (fR6 xf(t,z,v) dr dv)2
<(DV)2> = fps 02w, 0) dudv — (fgs vf (@, v) dadv)”
Lemma 14
1 d? 1 1
S5 <(Ba)?> = B(H)+ S <(Av)®> —Z0)(f)
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Proof. A straightforward calculation using the VP system gives

1 d?
2 dt2

1d
5£/]R6 |5U|2 (—v-Vazf +Vzo-Vyf) dodv

/R6(v-a;) (—v - Vaf + Vo - Vof) dedv

/]1%6 1z f(t, z,v) dz dv

1
1
= vzfda:dv—— quQd:I:
R6 8~ym JR3
1
= BN+ [ lof?f dodo

This equivalent to the pseudo-conformal law
t

d 42
— / lz — tv]°f(t,z,v) dedv — —— | _|Vé|?dz | = ——— [ _|Vo|?dx
established by R. Illner, G. Rein [IIRe96], and B. Perthame [Pert96].
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2
Proposition 15 If B(f) > + ()

2 £l 1 (wsy
stants C, C1, C> > 0 such that for some tg > 0,

, then there exists con-

Cq t2 §/R6 |a:\2f(t,x,fu) drdv < Cst® Vt>tg>0

and, for any p € [1,00),

C
Hp(tam)HLP(R:%) Z t3(p_1)/p Vit> tO > 0

1 d?
Proof. 5@ (/R6 |$‘2 f(t,z,v) dx d’U) =2FE(f) + EPOT(f)

/R6f(t,az,v) drdv < /R3/a:|<Rf(t x,v) da:dv—l—/ /|x‘>Rf(t,:c,v) dx dv

3p—3
5p—3
< Clot DN E s, ([ lo2rta) dean) ™ O
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CONCLUSION

e Rotating systems [Guo, Rein], [Schaeffer]: mathematically,
rotations do not induce a loss of compactness

e Other norms (or convex functionals) than L°°: stability w.r.t.
other stationary solutions

e Stability in L1 [Sanchez, Soler] can be achieved by concentration-
compactness methods (no rotation)
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e Concentration-compactness offers 3 scenarii (after concentra-
tion has been discarded)

[J.D., Poupaud, Sanchez, Soler, in progress]

1) compactness

2) vanishing

3) dichotomy

Notion of “eternal” solution

e Several notions of dispersion

1) local convergence to O in Ll

2) local convergence to 0 in LY, ¢ > 1, or in LY(LZ(L}))

3) statistical dispersion: (z2) — ()2 ~ t2 as t — 4o0. This occurs
whenever E(f%) > 0
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