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I — Entropy methods for linear diffusions

T he logarithmic Sobolev inequality
Convex Sobolev inequalities



I-A. Entropy method for getting the interme-
diate asymptotics of the heat equation

Consider the heat equation:

(

u = Au reR", teRT

< (1)
u(-,t=0)=ug>0 /nuodazzl

\

22
As t — +oo, u(z,t) ~ U(z,t) = ﬁ. What is the (optimal)

rate of convergence of ||ju(-,t) — U(-,t)HLl(Rn) ?



The time dependent rescaling

w(zt) =~ o (g _ Rg(ct),f — log R() + 7(0)>

allows to transform this question into that ofzthe convergence
to the stationary solution veo(€) = (2m)/2 e~ I€l7/2,

e Ansatz: %{ = % R(O)=1 ~(0)=0:
R(t) =V14+2t, 7(t)=logR(t)

As a consequence: v(T = 0) = ug.

e Fokker-Planck equation:

vy = Av+ V(D) (ER?, 1 € RT

v(7=0)=ug >0 /nugd;v=1

\



Entropy (relative to the stationary solution v):

> [v] = /an log (é) dx

If v is a solution of (2), then (I is the Fisher information)

(= [0

e Euclidean logarithmic Sobolev inequality: If ||v||;1 = 1, then

V log (i)f de =: —I[v(-,7)]

Voo

1 1 V|2
l0g v d 14 = log(2 <_/ d
/an gv a:—l—n( —|—2 a( 77))_2 . X

v

Equality: v(€) = veo(§) = (2m) /2 = I€17/2
= S [v(-,7)] < SI[v(:, )]

ug 109 <ﬂ> dx

Voo

[o(, 7)) < e 27 [ug = 727 [

n



e Csiszar-Kullback inequality: Consider v > 0, v > 0 such that

U 1 —2

= |lv — voo||%1(Rn) < 4MX[ug] e 27
7(t) = logv/1 4+ 2t
> 4
||u(-,t) — Uoo(-,t)HLl(Rn) S m Z[UO]

1 T
Uso(x,t) = (D) Voo (R(t>,7'(t)>

The proof of the Csiszar-Kullback inequality is given by a Taylor development
at second order.



Euclidean logarithmic Sobolev inequality: other formulations
1) independent from the dimension|[Gross, 75]

1
ogw du(z) <~ | w|Viogu|? d
| wiogwdu(@) <5 | wViegu|? du(a)

with w = ML’UOO’ |v||;1 =M, du(xr) = vool(x) dx.
2) invariant under scaling [Weissler, 78]

2
w? log w? dx < " log < / |V’w|2 dac)
R" 2 mTne JR"

for any w € H1(R") such that [w?dz =1



Proof: take w = ,/37%— and optimize for wy(z) = A" 2w(\ )

/R” IVw,|? dz — /R” w§ log w§ dx

:)\Q/Rn|Vw|2d:U—/nw2logw2daz—nlog)\ Rand:v

[

Entropy-entropy production method: a proof of the Euclidean
logarithmic Sobolev inequality:

wzw] 2

—I—bw5w dr < 0

d n

- (I[o( D] = 2E (-, D)) = —CWZ::l/ )

for some C >0, a, b € R. Here w = /v.

Iv(-,7)] — 22 [v(-, )] \\ I [veo] — 23 [veo] = O

—— VYug, Ilug]l—22[upg]>I[v(,7)]—-2X[v(-,7)]>0forT>0
8
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I-B. Entropy-entropy production method: im-
provements of convex Sobolev inequalities

goal: large time behavior of parabolic equations:

{ v = dive[D(z) (Vv + vV A(2))] = divle= AV (ve)]
t>0, zeR" (3)
v(z,t = 0) = vg(x) € L}|_(]Rn)

A(x) ... given ‘potential’
voo(x) = e~ A2 e L1 (unique) steady state
mass conservation: fRd v(t) doe = fRd Voo dr = 1

questions: exponential rate 7 connection to logarithmic Sobolev
inequalities ? [Bakry-Emery '84, Gross '75, Toscani '96, AMTU...]
[Anton Arnold, J.D.]



ENTROPY-ENTROPY PRODUCTION METHOD

[Bakry, Emery, 84]
[Arnold, Markowich, Toscani, Unterreiter, 01]

Relative entropy of v(x) w.r.t. veo():

(V)
> [v|vee] 1= /Rdw <@) Voo dz > 0
with Y(w) > 0 for w >0, convex
P(1) = ¢'(1)=0
Admissibility condtion: ()2 < ¢!V

Examples:
V1 =wlhhw—w+1, X1 (v|lvee) = [vIn (&) dz ... physical entropy
Yp =wP—p(w—1)—1,1<p <2, Xo(v|vew) = fRd(’U—Uoo)Q’Uo_Oldx
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EXPONENTIAL DECAY OF ENTROPY PRODUCTION

d
T(w()|vso) = 25 [0 () |vee] = —/w” (i> v (i) 2 v dz < O
dt Voo o Voo /,
=u
92 A .
Assume: D=1, —5 > Aild, A1 >0 (A(z)...unif. convex)
ox
Hessian

entropy production rate:

I' = 2 [ (—)u" - —5 uvscdr+2 | Tr(XY) veodx
Voo Ox? N -

Ve

>0
> =2\ 1
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with

B w//(&) w///(v)
o= (E) ) )
. Z'L](auz)Q T %u
= (G )
I(t)] < e 2MtI(E=0)] >0

Vg with |I(vg|veo)| < 00

12



EXPONENTIAL DECAY OF RELATIVE ENTROPY

known: I’

'V

—2X\; L o JR0

—5 (4)
= >i=1 < -2\

Theorem 1 [Bakry, Emery], [Arnold, Markowich, Toscani, Unterreiter]

2
% > A\ 1d (“Bakry—Emery condition” ), 3 [vg|vec]<oo

X

= > [v(t)|veo] < Z[vglvec] e At t>0

[o(t) — vool|£1 < CZ[v(t)|veo] . .. Csiszar-Kullback

13



CONVEX SOBOLEV INEQUALITIES

Entropy—entropy production estimate (4) for A(z) = —Inwvso
(uniformly convex):

1
> [v|vec] < 2 [ (v]voo)|

Example 1: logarithmic entropy ¥ (w) =wlnw —w 4+ 1

2
/vln <i)dx§i/v vin (iﬂ di
Voo 2)\1

Voo
Vv, veo € L}‘_(]Rn), [vdr = [veodx =1
logarithmic Sobolev inequality — “entropy version”

14



Setf2=é:>

>
/f2|n e < )\—/|Vf|2dvoo

1

Vi e L2(R™, dvso), [ f2dvee = 1

logarithmic Sobolev inequality—dvse measure version [Gross '75]

Example 2: non-logarithmic entropies:
Yp(w) = wP —p(w — 1) — 1, l1<p<?2

(By) 2 [[ Pvse = ([ 1517 | < 2 [ 19120

"IN

2
from (4) with & = 1/} Vi€ L (R", vood)

Voo
f | f|P dvoo
Poincaré-type inequality [Beckner '89], (Bp) = (B3), 1l<p<?2

15



REFINED CONVEX SOBOLEV INEQUALITIES

Estimate of entropy production rate / entropy production:

2A
2 / " (L) ul - o°A UVsodx + 2 / Tr (XY )veodx
,UOO axz ~ - -4

>0

I/

> 2]

[Arnold, J.D.]: Observation for ¢¥p(w) = wP — p(w —1) — 1,

X:(W(v";) @b”’(”"i))>O

" (%) 2¢IV<

16



/2
o Assume 947> \1d = T > onT4RlBE, k=22 <

= [K(Z[vlvee]) < 551/l = 25 S 9" (32) Vo Pdvse
“refined convex Sobolev inequality” with z < k(z) = 1"‘5’3](_1/:'%)%

o Set v/veo = If]7/[ |f]Fdvos =

Theorem 2

(2 [ (i) ) )™

>
—/|Vf|2dvoo v € Lo(R™, dos)
1

“refined Beckner inequality” [Arnold, J.D. '00]
(rBp) = (rBp) = (B2), 1<p<?2

17



I-C. An example of application: the flashing
ratchet. Long time behavior and dynamical
systems interpretation

[M. Chipot, D. Heath, D. Kinderlehrer, M. Kowalczyk, N. Walkington,...]
[J.D., David Kinderlehrer, Michat Kowalczyk]

Flashing ratchet: a simple model for a molecular motor (Brownian mo-
tors, molecular ratchets, or Brownian ratchets)
Diffusion tends to spread and dissipate density / transport concentrates den-

Sity at specific sites determined by the energy landscape: unidirectional trans-
port of mass.

Fokker-Planck type problem

ur = (ug + Yzu)r (z,t) € Q2 x (0,00)
Uy + Yru = 0 (z,t) € 02 x (0, 00) (5)
u(x,0) = upg(x) x € 2

ug > O, fQuO — 17 w — ¢($7t)

18



PERIODIC STATE AND ASYMPTOTIC BEHAVIOUR

Theorem 1 Lety € L°°([0,T)x2) be a T-periodic potential and
assume that there exists a finite partition of [0,T) into intervals
T3, Ti+1), i = 0,...,n with To = 0, Ty = T such that yig, 1., ) €
L®([T;, Tja1), WH()). Then there exists a unique nonnega-
tive T-periodic solution U to (5) such that [qU(z,t)dx =1 for
any t e [0,T).

. ul—1 ifqg>1
Entropy and entropy production : o4(u) =4 471 , ’
ulnu ifqg=1.

zai = f o (2) i) (1) o
= o (2) (2 v

19



Theorem 2 Let uy,ur be any two solutions to (5).

> glug () |ua(t)] < e ™%t g [ug (0)|uz(0)]

Proposition 3 Q is a bounded domain in R® with C1 boundary.
Letu and v be two nonnegative functions in LYNLI(QY) ifq € (1, 2]
and in L1(Q) with uwlogu and uwlogv in L1(Q) (¢ =1).

—1

> glulv] > 2_2/qq [max (Hulliq_(qg), HUHiq_(qQ))] [lu — UHZQ;Q(Q)

Corollary 4 Let q € [1,2]. Any solution of (5) with initial data
uo € L1 N L900,1) uglogug € L1(0,1) if ¢ = 1, converges to
|ugll;1U(x,t), (periodic solution):

luCa,t) = lluoll 1 U@, )l pao,1:00) < K& ot V>0



_ —
Let Uy)y - = ||u0||L1 fQZ_¢d£IZ°

d U U
ﬁzl[umw] /Q [1 + log <@>] up do — /Q @uw,t dx

u

— I [uluy] — /Q @u%t dx

Lemma 5 Let u > 0 be a solution to (5) such that |oudx = 1.

With the above notations, the following estimate holds:
d

azl[umw] < —Cy X1 [ufuy] + Ky,

Fixed-point for the map T(u(-,0)) = u(-,7T) in

Yy={ue H(Q) |u>0, |lullpiq =1, Tiluluo(-,0)] < Ky/Cy}.
Flashing potentials: same on each time interval.
21



Let X be the set of bounded nonnegative functions « in LYNLI(Q)
(resp. in L1() with wlogw in in L1(Q)) if ¢ € (1,2] (resp. if
g = 1) such that [oudx = 1.

Theorem 6 Assume that v € X with 0 < m = infgv < v <

supov =: M < oco. For any q € [1, 2]

1 I
L By L R R Y L i) R
g—1 weX Zgfulol we 3 [ufo]
UFv a.e. UFv a.e.
(6)
can be estimated by
m

J>4MN(2) — {
> 4 X ( )M (7)

where \1(2) is Poincaré’s constant of Q2 (with weight 1).

Relation between entropy and entropy production: exponential

decay of the relative entropy.
22



DISSIPATION PRINCIPLE
[Jordan, Kinderlehrer, Otto], [Chipot, Kinderlehrer, Kowalczyk]
Wasserstein distance between Borel probability measures u, p*:

d(p, p*)? = inf — €% p(dzd
(popy? = inf [ e = €7 p(dedd)

d:Q—Q, $(0) =0, ¢(1) = 1, strictly increasing continuous

_ * 0
| ¢rdg= [ c(6@)f(@)de,  for any ¢ € COS2).

f = F’ is the push forward of f* = (F*)’, ¢ is the transfer
function. In particular if ¢ = x[g .1, then

#() )
/O J&)de = Flote) = /o (') da’ = F*(z) = ¢ = FLoF*.

Wasserstein distance: d(f, f*)? = [o |z — ¢(2)|?f*(x) dz.

23



[Benamou and Brenier]: convex duality. Differentiating with re-
spect to t and x vields

a¢a¢ 2¢ —o

fe(o(z, ), t) +ft(¢( ,t), t) -I-f(qb(a? t), t)

2
We implicitly define a velocity v by v(¢,t) = 92. Using 59 =
l/g(qﬁ,t)% we find a continuity equation for f(x,t):

ft + (wf)z =0, in Q2 x (0,7).

-
A 2 =rmin [ v, ) f(a, ) dedt,
where the minimum is taken over all velocities v such that

ft+ Wf)e =0, in Q x (0,7),
f(z,0) =f* f(z,7) = f"(z) =€

24



Free energy functional:
F(u) = /Q(zpu + oculogu) dx.

[Kinderlehrer, Otto, Jordan]: Determine w(¥) such that

%d(u(k_l), W2 4 7Py = min Bd(u(k_l)a u)? 4 7F(u)| .

(8)
Then ur(z,t) ;= uF)(z) iftelkr,(k+1)7), z € Q.
(1) There exists a unique solution to the above scheme.
(2) As 7 — 0, ur converges strongly in L1((0,¢) x ) to the
unique solution to (5).
Observe that in the limit 7 — 0, v(x,t) = —(clogu + ).
After [Kinderlehrer and Walkington], a new numerical scheme,
based on the spatial discretization of

Ut = u(logu + )q.

25



I-D. Heat equation with a source term
[J.D., G. Karch]

26



I-E. A model for traffic flow

[J.D., Reinhard Illner] f = f(t,v) is an homogeneous distribution
function, with velocities ranging in (0, 1):

fi = (=B(t,v) f + D(t,v) f)', (t,v) € RT x (0,1)

where f, = af/dt, f' = df/ov. Let C(t,v) = — [3 gg;‘;g dw
e—C(tw)
g(t,v) =p is a local equilibrium

I e—C(tw) du
Zero flux: —B(t,v) g+ D(t,v) g = 0 but g; = 0 is not granted.
Relative entropy:

elt, f1 := [3 (flog f—glogg+ C(t,v)(f — g))dv
— JJ0,1)x0.)Ct(s,v)(f — g)(s,v) dv ds

2
/ /
Then Left, f(t,.)] = — L D(t,v) f ‘fT—%‘ dv ... but we dont

have a lower bound for elt, f(¢,.)].

27



Density: p = fol f(t,v) dv does not depend on ¢
Mean velocity: u(t) = % & v f(t,v) dv

Braking term

B(t,v) = |

p

—cBw—wmep@-—

| Calo—u(®)2(1 - p)
Diffusion term: D(t,v) = omq1(p) mo(u(t)) |v — u(t)|”

"{jggg 5) if o > u(t)

if v < wu(t)

Proposition 7 [lliner-Klar-Materne02] Any stationary solution is uni-
quely determined by p and its average velocity w. The set (p,u[p])
is in general multivalued. For any p € (0, 1].

Example. T he Maxwellian case.

28



CONVEX ENTROPIES 1 ([
P ( ) g dv

Relative entropy of f w.r.t. g by E[f]|g] :/o

“Standard” example: ®,(x) = (@* —2)/(a — 1) for some a > 1,
d(x) =xlogx if “a=1"

( /

<jﬁ:P@mﬂ(%—§W:4D@wg@ﬂ v (t,v) € RT x (0,1)

<§>/(t’fu)zo \V/tER_l_,’U:O,l
g(t,v) ;= k(t) e ¢tv) for some k(t) # 0.
, 1 AN
FELF) gt )] = 3 &' (L) fi dv+ /O [<D (5> -, <;>] 9t dv

1 >
o Jo V(e do

=0 if
fol \U(g) g dv

, k(0)=1

with W(z) ;= ®(2) — zd'(z) < O
29



CONVERGENCE TO A STATIONARY SOLUTION

limsupk(t) < oo .
t——+o0

Theorem 8 Let & = dy(x) = (¥ —2z)/(aa— 1), f be a smooth
global in time solution and assume that E[ f|g] is well defined
and Cl int. If e € (O,%) s.t. e <u(t) = %folvf(t,v)dv <1l-—c¢
Vit>0, then, ast — +oo, f(t,-) converges a.e. to a stationary
solution f~.

30



I-F. Navier-Stokes in dimension 2
[J.D., T. Gallay, Wayne, C. Villani, A. Munnier]
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II — Entropy methods for (non)linear

diffusions
The logarithmic Sobolev inequality in WP

[coll. Manuel del Pino (Universidad de Chile), Ivan Gentil (Cere-
made)]

32



OPTIMAL CONSTANTS FOR (GAGLIARDO-NIRENBERG INEQ.

[Del Pino, J.D.]

a—1
—1

Theorem 9 1<p<n, 1<a§%, b=p

lwlly < 8[IVwllf wllg=®  ifa>p

1-6
lwlla < 8 (IVw|[§ [lwl]; ifa <p 1
.

D
Equality if w(z) = A(1 + B|z|p-1) *77

L — (g—p)n
a>p' 0= Gy (np-(np) )

C o — (p—q)n
a<p 0= q(n(p—q)+p(¢g—1))

Proof based on [Serrin, Tang]

34



NONHOMOGENEOUS VERSION — (GAGLIARDO-NIRENBERG INEQ.

,azbq,vzwb. For p #+= 2, let

_ 1 1
f[v]Z/v r=1|VolP de — — ( n —|—L>/qum
g \1—rkp p-—2

1 p—1
’fng(l?—l) p

Corollary 3 n>2, 2n+1)/(n+1)<p<n. Vv S.t. |[v]|;1 = ||veol 1

Flv] > Floe]

35



The optimal LP-Euclidean logarithmic Sobolev inequality (an op-
timal under scalings form) [Del Pino, J.D., 2001], [Gentil 2002],
[Cordero-Erausquin, Gangbo, Houdré, 2002]

Theorem 10 If ||u||zp = 1, then

[ulPlog |u| dx < }% log [Lp [ |VulP dx]
p

__p (p=1\p~1 _»p I‘(”—l—l) n
&= () ot [EER

—1/p
Equality: u(x) = <7T ( )p* I‘((;j—_l))) e o—‘f’j z[P”

p = 2. Gross' logaritmic Sobolev inequality [Gross, 75], [Weissler, 78]
p = 1: [Ledoux 96], [Beckner, 99]

36



For some purposes, it is sometimes more convenient to use this
inequality in @ non homogeneous form, which is based upon the
fact that

Vwllp

mf
|w|p

p>0

= n log (

\V/ p
LIS
p |w[p

)+
p

Corollary 11 For any w € WLP(R™), w # 0, for any pu > 0,

/|w|p og (HM ) dx—l——IOg (p’w) /|w|P dz < ,u/|Vw|p dz .

Ip

37



Consequences

II-A. Existence and uniqueness: [M. Del Pino, J.D., I. Gentil]
Cauchy problem for u; = Ap(ul/P=1))  (z,¢) e R x RT

II-B. Applications to nonlinear diffusions: [M. Del Pino, J.D.] inter-
mediate asymptotics for u; = Apu™

II-C. Hypercontractivity, Ultracontractivity, Large deviations: [M.
Del Pino, J.D., I. Gentil] Connections with u; + [Vu[P =0
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II-A. EXistence and uniqueness
[Manuel Del Pino, J.D., Ivan Gentil] Consider the Cauchy problem

ug = Ap(ul/(P=1)) (z,t) € R" x RT (9)
u(-t=0)=f >0

Apu™ = div (|Vum|p—2Vum) is 1-homogeneous <= m =1/(p—1).
Notations: |jullq = (Jgn |u|9dz)Y/?, ¢ #0. p* =p/(p—1), p> 1.

Theorem 12 Letp > 1, f € LY(R™) s.t. |z|P f, flog f € LY(RM).
T hen there exists a unique weak nonnegative solution u € C’(]R;", Ll)
of (9) with initial data f, such that ul/P e L,loc(Rj',Wlé’f .
[Alt-Luckhaus, 83] [Tsutsumi, 88] [Saa, 91] [Chen, 00] [Agueh, 02]
[Bernis, 88], [Ishige, 96]
The a priori estimate on the entropy term [wulogudx plays a
crucial role in the proof.

39



(9) is 1-homogenous: we assume that [ fdx = 1. u is a solution
of (9) if and only if v is a solution of

vr = A/ (P £ Ve (6v)  (2,t) ER? x RT (10)
v(,T=0)=f

provided v and v are related by the transformation

(e t) = - v(e,r), = o, 7(t) =10g R(t), R(t) = (14 pt)}/?

R(t)™ R(t)

[DelPino, J.D., 01]. Let

TG+
r(2+1)

Yu > 0, pvs is @ nonnegative solution of the stationary equation

voo(§) =7 2P exp(~"[2l), o= (")’

Apvl/(p—l) + Ve(€v) =0

40



In the original variables, ¢ and z: consider ueo = #t)”voo(ﬁt)’ log R(t)).

/u log (ui)da: = /u log ud:I:—I—(p—l)(R(t))_p*/kI:\p*u da:—l—a(t)/u dx
Note that:

d 1
—/ulogudch——
dt p—1

p* Vul/p‘p dz .

Lemma 13 [Benguria, 79], [Benguria, Brezis, Lieb, 81], [Diaz,Saa, 87]
On the space {u € LY(R") : w!/P ¢ WLP(R™)}, the functional
Flu] := [|Vu®P dx is convex for any p > 1, a € [%, 1].

From (p — 1)Vul/(P=1) = 5 1/(p(=1))yy1/P, we get by HOlder's
inequality (with Holder exponents p and p*)

IVt =Dy < p¥[ful| Y PE) g/,

41



Remark 14 The entropy decays exponentially since
%fulog (fgdw = —ﬁf p* Vul/P|P dz, and

For any w € WLP(R™), w # 0, for any u > 0,
p [ |wlP log (M ) dz + ™ log <%2) [wlP dz < u [ |Vw|P dz.

applied with w = w1/P, y = anp gives

d p+1
—/ulog ¢ daf;g—(p*) e/
dt [udzx n Ly

u log (f—d) dx .

42



Uniqueness. Consider two solutions w1 and uo of (9).

d uq
— log (—)d
dt/ul g(u2) B

- / (1 + log (ﬂ)> (u1)t dx — / (L) (up); da
U u2
_ —2
_ —(p—l)_(p_l)/ " [Vm B V’UQ] , {vul ’ 2@ | Vuaf” vu?] dr .
U1 U U1 uq up up

It is then straightforward to check that two solutions with same
initial data f have to be equal since

»
1 () — ua(-0)]|F < /ul(-,t) log (ul( )> dr < /flog (;) dr =0

UQ('at)

1
4| fll1
by the Csiszar-Kullback inequality.
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II-B. Optimal constants, Optimal rates

[Manuel Del Pino, J.D.]

Intermediate asymptotics for:
up = Apu'™
Convergence to a stationary solution for:
vy = Dpv"™ + V(zv)

Let g = 14+ m — (p — 1)_1. Whether ¢ is bigger or smaller than 1
determines two different regimes like for m = 1.

For ¢ > O, define the entropy by
> [v] = / [a(v) — 0(Vso) — 0 (Vo) (v — ’Uoo)} dx

o(s) = Sqq_—f if g~ 1
o(s) =slogsifg=1 (p=2)

44



[Del Pino, J.D.] Intermediate asymptotics of u; = Apu™

Theorem 15 n>2, 1 <p<n, ”(<p11)>gm< Loand g=1+m— 4

() ult,) — use(t, )g < K B-GTA=0)

(ii) w%uyw&u»mméKR%

(O grsm<yly DSy <m <L
a-(l—l<p—1> - R =(1 wt)l/'%fy=<mn+1><p—1>—<n—1>
uoo(t CIZ) Uoo(logR )
vool() = (C L (g - 1>|a:|ﬁ>”<Q‘” if m % L

Voo(x) = C e (P Db ifm=(p—1)"1.

Use vy = App™ 4V - (zv)

— o,(mpt+q—(m—+1))/ — — , mp—1)+p-2
w = p\"PTa Pra=bgq=p mp(p—1)—1
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Case g #= 1. apply one of the optimal Gagliardo-Nirenberg in-
equalities.
Case ¢ = 1: apply the optimal LP-Euclidean logarithmic Sobolev
inequality.

— < -CXx.
dt

Csiszar-Kullback inequality: an extension [Caceres-Carrillo-JD]

Lemma 16 Let f and g be two nonnegative functions in L1(<2)
for a given domain 2 in R"™. Assume that q € (1,2]. Then

/[ (%)—0o (1)(——1)]gq dw>_max(”f”Lq(Q)?||g||Lq(Q))||f 9||Lq(Q)
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II-C. Hypercontractivity, Ultracontractivity, Large
deviations

[Manuel Del Pino, J.D., Ivan Gentil]

Understanding the regularizing properties of

Theorem 17 Leta, B € [1,4o0] with 8 > «. Under the same as-
sumptions as in the existence Theorem, if moreover f € L*(IR™),
any solution with initial data f satisfies the estimate

n B—a
Dl < Il A >0

npP-—a L

with A(n, .0 8) = (€1 (5~ )P o €3, €1 = nlper—t C-LNT
15B 1ﬁp 1_|_1
62—(5 L) aﬁl . Casep=2, Lo = 2

(a—1)"a" a5l e

, [Gross 75]
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AS a special case of Theorem 17, we obtain an ultracontractivity
result in the limit case corresponding to a =1 and 8 = oo.

Corollary 18 Consider a solution uw with a nonnegative initial
data fe LY(R™). Then for any t > 0

e\ p
(s D) loo < If11 <—1> |

t

Case p = 2, [Varopoulos 85]
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Proof. Take a nonnegative function v € LY(R™) with u?logw in
LI(R"). It is straightforward that

d
—/uqda:Z/uqlogudm. (11)
dgq
Consider now a solution u; = A,ul/(P~1) For a given q € [1, 400),
d —1
—/uq dr = — alg — 1) u? P|VulP dx . (12)
dt (p—1)p—1

Assume that ¢ depends on t and let F(t) = ||u(-,t)||q(t). Let

I = %. A combination of (11) and (12) gives

F' ! ud 2(g—1) 1
F q “og (_)d /q (q )_1
F Fa qg(p—1)p—1 F4

/uq_p|Vu|p dm] :
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Since [ul™P|VulP dz = (B)P | IVui/P|P dz:, Corollary 11 applied with
w = uQ/p,
= (¢ —1)p”
¢ qP=2 (p— 1)p~1

gives for any t > 0

t p—2 ./
F(t) < F(O)eA®  with A@) =" / T log (Jcpq q) ds
p JO q q—1
e pp‘l']- '

Now let us minimize A(t): the optimal function t — ¢(t) solves

the ODE
1

at+b
Take qp=«a, q(t) =0 allows to compute at:O;—_ﬁﬁ and bzé.

¢"q=2¢° < qt) =
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LARGE DEVIATIONS AND HAMILTON-JACOBI EQUATIONS

Consider a solution of

2—p "
v LVopP = L p T Ay (2,6) ER?XRT (g4
U(°7t — O) — 49

Lemma 19 Lete > 0. Then v is a C? solution of (13) iff
1 L
_ o
wu=re 2" withi=2
p—1

is a C? positive solution of
w; = P Ap(ul/(p_l))

1
with initial data f = e ¥ 7.
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Conclusion: The three following identities are equivalent:
(i) For any w € WhP(R™) with [|w|P dx = 1,

[ 1wl?log ] dz < 5 log [Lp/ V| da:]
p

(i) Let PP be the semigroup associated u; = Ap(ul/(P—1));

B—a
af

3

1P fllg < NI flla ACn,pya, B) ¢
(iii) Let @Y be the semigroup associated to v; + % |IVv|P = 0:

n B—«

p _—
1949|153 < ||e9]la B(n,p,, B) t P 0B
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