
Symmetry of extremals of 
functional inequalities via spectral 
estimates for linear operators
Preliminaries
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The curve of Felli and Schneider : (b - a) as a function of a
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pFS@a_, d_D :=
2 8 a + 4 a2 - 4 a d + d2

4 + 8 a + 4 a2 - 4 d - 4 a d + d2

FS@a_, d_D := b@a, pFS@a, dD, dD - a

:p Ø
2 8 a + 4 a2 - 4 a d + d2

4 + 8 a + 4 a2 - 4 d - 4 a d + d2
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Plot@FS@a, 3D, 8a, -10, 0<, PlotRange Ø AllD
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The new curve : (b - a) as a function of a
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4 Hp - 2L ã a, pF@@1DD

pLT@a_, d_D :=
2 I1 + 8 a + 4 a2 - d - 4 a d + d2M
3 + 8 a + 4 a2 - 3 d - 4 a d + d2

LT@a_, d_D := b@a, pLT@a, dD, dD - a
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FF

:p Ø
2 I1 + 8 a + 4 a2 - d - 4 a d + d2M
3 + 8 a + 4 a2 - 3 d - 4 a d + d2

>

-
-2 + d

2 H2 + dL
Plot@LT@a, 3D, 8a, -10, 0<, PlotRange Ø AllD
Simplify@LT@0, dDD
N@% ê. d Ø 3D

-10 -8 -6 -4 -2

0.4

0.6

0.8

1.0

1

1 - d + d2

0.142857

Plots for d=3, 5, 7, 9, 11

P@d_D := Plot@8FS@a, dD, LT@a, dD<, 8a, -6, 0<, PlotRange Ø AllD
Table@P@dD, 8d, 2, 12, 2<D
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FullSimplify@LT@a, dD - FS@a, dD, Assumptions Ø d - 2 - 2 a > 0D
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d 1 +

2
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+

2 a

4 a H2 + aL - 4 a d + d2
-

d

4 a H2 + aL - 4 a d + d2
+

2 - 2 d

1 + 4 a H2 + aL - d - 4 a d + d2

PLTta@d_D := Plot@LT@a, dD - FS@a, dD, 8a, -6, 0<, PlotRange Ø AllD
Table@PLTta@dD, 8d, 2, 12, 2<D
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FDelta@a_, d_D :=
d

2
 1 -

ac - a

d - 1 + Ha - acL2
-

2 Hd - 1L
4 Ha - acL2 + 3 Hd - 1L

SimplifyB1
2
d 1 +

2

4 a H2 + aL - 4 a d + d2
+

2 a

4 a H2 + aL - 4 a d + d2
-

d

4 a H2 + aL - 4 a d + d2
+

2 - 2 d

1 + 4 a H2 + aL - d - 4 a d + d2
- FDelta@a, dD ê. 4 a2 - 4 a H-2 + dL + d2 Ø xF

Table@Plot@FDelta@a, dD, 8a, -6, 0<, PlotRange Ø AllD, 8d, 2, 12, 2<D
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amin = -1.3;
brange = 8-0.75, 1.5<;
eps = 0.005;

P0@d_D := PlotB8a, a + 1<, :a, 0,
d - 2

2
>, Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.9DF

P1@d_D := 8Plot@FS@a, dD + a, 8a, amin, 0<, PlotRange Ø All, PlotStyle Ø 8Thick, Black<D,
Plot@LT@a, dD + a, 8a, amin, 0<, PlotRange Ø All, PlotStyle Ø 8Thick, Black<D<

P2@d_D := Plot@8LT@a, dD + a, a + 1<, 8a, amin, 0, 0<,
Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.9DD

P3@d_D := Plot@8FS@a, dD + a, a<, 8a, amin, 0, 0<,
Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.7DD

ShowBP0@3D, P3@3D, P2@3D, P1@3D, ListPlot@88-0.5, -0.025<, 8-0.5, 0.035<<, Joined Ø TrueD,
ListPlot@880.5 - eps, 0.5 - eps<, 8amin, amin<<, Joined Ø True, PlotStyle Ø 8Thick, Black<D,
ListPlot@880.5 - eps, 1.5 - eps<, 8amin, 1 + amin<<, Joined Ø True, PlotStyle Ø 8Thick, Black<D,
ListPlot@880.5, -0.025<, 80.5, 1.525<<, Joined Ø True, PlotStyle Ø BlackD,
ListPlotB:80, 0<, :0, 1

7
>>, Joined Ø True, PlotStyle Ø BlackF,

ListPlot@880, 1<, 8amin, 1 + amin<<, Joined Ø True, PlotStyle Ø 8Thick, Black<D,
PlotRange Ø 8All, brange<, Ticks Ø

NoneF
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A verification

SolveBl ã 4 
d - 1

p2 - 4
, pF@@2DD

a - ac +
d

p
ê. %;

BFS = FullSimplifyA% ê. l Ø Hac - aL2E
FullSimplify@a + FS@a, dD - BFSD
:p Ø
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l
>
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2
2 + d -1 +
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SolveBl ã
Hd - 1L H6 - pL

4 Hp - 2L , pF
a - ac +

d

p
ê. %;

BLT = FullSimplifyA% ê. l Ø Hac - aL2E@@1DD
FullSimplify@a + LT@a, dD - BLTD
::p Ø

2 H-3 + 3 d + 4 lL
-1 + d + 4 l

>>

a +
1 + 4 a H2 + a - dL

1 + 4 a H2 + aL - d - 4 a d + d2

0

Monotonicity in tems of a

FullSimplify@FDelta@a, dDD
1

2
d 1 +

2 + 2 a - d

4 a H2 + aL - 4 a d + d2
+

2 - 2 d

1 + 4 a H2 + aL - d - 4 a d + d2

f@x_D := -
x

x + e
-

2 e

4 x + 3 e

FullSimplifyB x

x + e
 D@f@xD, xDF

e -
1

2 Hx + eL2 +
8 x

x+e

H4 x + 3 eL2
ExpandA162 x Hx + eL3 - H4 x + 3 eL4E
-96 x2 e2 - 176 x e3 - 81 e4
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ü The optimal function for the Lieb - Thirring (1) inequality

u@a_, s_D := Cosh@sD-a

A1 =
p l

2

1

p-2

;

B1 =
p - 2

2
 l ;

u1@s_D := A1 uB 2

p - 2
, B1 sF

- u1''@sD + l u1@sD - u1@sDp-1;

% ê. CoshB1
2

H-2 + pL s l F Ø x;

FullSimplifyBPowerExpandBA H-2 + pL2 x
2+

2

-2+p  % ê. SinhB1
2

H-2 + pL s l F2 Ø x2 - 1FF
0

ü Computation of the best constant in the Lieb - Thirring (1) inequality

Integrate@u@a, sD, 8s, -¶, ¶<, Assumptions Ø a > 0D
I1@a_D :=

2-1+a GammaA a

2
E2

Gamma@aD
2-1+a GammaA a

2
E2

Gamma@aD
SolveBg ==

p + 2

2 Hp - 2L, pF@@1DD;
FullSimplifyBPowerExpandB lg

A1p

B1
 I1B 2 p

p-2
F ê. %FF

CLT@g_D :=
I1 - 2

1+2 g
M-

1

2
+g
Gamma@1 + gD

p GammaA 3
2

+ gE

FullSimplifyB 1
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+ gEF
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FullSimplifyB 1
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p2 - 4

8 p
 
GammaB p+2

2 Hp-2LF
GammaB 2
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p

p-2 ê. p Ø 2 
2 g + 1
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F
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ü The ODE corresponding to q < 1

u@s_D := A Cosh@B sD-
2

p-2

-q u''@sD + h u@sD - u@sDp-1;
% ê. Cosh@B sD Ø x;

FullSimplifyBPowerExpandBA H-2 + pL2 x
2+

2

-2+p  % ê. Sinh@B sD2 Ø x2 - 1FF
-Ap H-2 + pL2 + A2 IH-2 + pL2 x2 h + 2 B2 Ip - 2 x2M qM
f@x_D := -Ap H-2 + pL2 + A2 IH-2 + pL2 x2 h + 2 B2 Ip - 2 x2M qM
Off@Solve::"incnst"D
Off@Solve::"ifun"D
Solve@8f@0D ã 0, f''@0D ã 0<, 8A, B<D@@4DD
:B Ø

4 - 4 p + p2 h

2 q
, A Ø 2

1

2-p
1

p h

1

2-p>

FullSimplifyBPowerExpandB-q u''@sD + h u@sD - u@sDp-1 ê. :B Ø
4 - 4 p + p2 h

2 q
, A Ø 2

1

2-p
1

p h

1

2-p>FF
0

ü Various constants

gq = g ê. SolveB g +
1

2
 Hp - 2L ã p q, gF@@1DD

2 - p + 2 p q

2 H-2 + pL
hq = h ê. SolveBh ã H1 - qL 

p - 2

p + 2
 
h

q
+ l, hF@@1DD

H2 q + p qL l

2 - p + 2 p q
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Aq =
p hq

2

1

p-2

Bq = PowerExpandBFullSimplifyBPowerExpandBHp - 2L hq

2 q
FFF

2
-

1

-2+p
p H2 q + p qL l

2 - p + 2 p q

1

-2+p

H-2 + pL 2 + p l

2 2 + p H-1 + 2 qL
qq = q ê. SolveBq + 1 ==

2 g

g - 1
ê. g Ø gq, qF@@1DD

-2 + p + 2 p q

6 - 3 p + 2 p q

SimplifyB N - 1

qq - 1
F

H-1 + NL H6 + p H-3 + 2 qLL
4 H-2 + pL

SimplifyB H1 - qL p

gq Hp - 2LF
SimplifyB q p - 2

gq Hp - 2LF

-
2 p H-1 + qL

2 + p H-1 + 2 qL
2 H-2 + p qL

2 + p H-1 + 2 qL

FullSimplifyBPowerExpandB Aqp

Bq
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gq Hp-2L
 
Aqp
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H1-qL p

gq Hp-2LFF
16

1

-2+p-2 p q H-2 + pL 4-2 p

2-p+2 p q p
2 p

2-p+2 p q H2 + pL 2-p

2-p+2 p q HH2 + pL qL 2 p

2-p+2 p q H2 + p H-1 + 2 qLL-
2+p

2-p+2 p q l
2+p

2-p+2 p q

ü The computation of the constant for q = 1

LegendeDupl@z_D := 21-2 z p  
Gamma@2 zD
Gamma@zD

sharpcgn.nb  15



FullSimplifyBFullSimplifyBPowerExpandBCLT@gD 1

g  
Aqq p

Bq
 I1B 2 p

p - 2
F

1

g FF ê. g Ø gqF;
FullSimplify@PowerExpand@ % ê. q Ø 1DD
FullSimplify@PowerExpand@ % ê. l Ø 1DD;
FullSimplifyBPowerExpandB% ê. GammaB1

2
+

p

-2 + p
F Ø LegendeDuplB p

-2 + p
FFF

FullSimplifyBPowerExpandB% ê. GammaB1 +
p
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F Ø

p
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 GammaB p
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FFF

4
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8
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4
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ü The computation of the constant for q < 1

FullSimplifyBPowerExpandBCLT@gD 1

g  
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Bq
 I1B 2 p

p - 2
F q-

2

p

 
Aq2

Bq
 I1B 4

p - 2
F

1-q
p

p-2
 
1

g

FF;
FullSimplify@PowerExpand@% ê. g Ø gqDD;
FullSimplifyBPowerExpandB% ê. GammaB1

2
+

p q

-2 + p
F Ø LegendeDuplB p q

-2 + p
FFF;

FullSimplifyBPowerExpandB% ê. GammaB1 +
p q

-2 + p
F Ø

p q

-2 + p
GammaB p q

-2 + p
FFF;

FullSimplifyBPowerExpandB% ê. GammaB 4

-2 + p
F Ø

H-2 + pL2
4 Hp + 2L  GammaB 2 p

-2 + p
FFF;

Cpq = FullSimplifyBPowerExpandB% ê. GammaB 2
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F Ø

p - 2

2
 GammaB p
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FFF

FullSimplify@PowerExpand@ % ê. q Ø 1DD
1

2 + p H-1 + 2 qL2
-1+
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2+p H-1+2 qL H2 + pL 2+p

2-p+2 p q H2 + p H-1 + qLL1+ 2-p
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GammaB p
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F
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16  sharpcgn.nb



FullSimplifyBPowerExpandB
1

Cpq
 l Hp + 2L 2+p

2-p+2 p q  
1

2 + p H-1 + 2 qL  
2

2 + p H-1 + qL
-
2 H2-p+p qL
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GammaB p q
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F

GammaB p

-2+p
F

4 H2- pL
2-p+2 p q

 
GammaB 2 p q

-2+p
F
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-2+p
F
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FF
1

FullSimplifyBPowerExpandBCLT@gqD 1

gq  
Aqp

Bq
 

4

p + 2
 I1B 4

p - 2
F

2 Hq p-2L
2+p H-1+2 qL

 
Aq2

Bq
 I1B 4

p - 2
F

2 p H1-qL
2+p H-1+2 qLFF;

FullSimplifyBPowerExpandB% ê. GammaB1
2

+
p q

-2 + p
F Ø LegendeDuplB p q

-2 + p
FFF;

FullSimplifyBPowerExpandB% ê. GammaB1 +
p q

-2 + p
F Ø

p q

-2 + p
GammaB p q

-2 + p
FFF;

FullSimplifyBPowerExpandB% ê. GammaB 4

-2 + p
F Ø

H-2 + pL2
4 Hp + 2L  GammaB 2 p

-2 + p
FFF;

FullSimplifyBPowerExpandB %

Cpq
ê. GammaB 2

-2 + p
F Ø

p - 2

2
 GammaB p

-2 + p
FFF

1

ü More results in the case q < 1

p ê. SolveBH2 q + 1L p - 2

H2 q - 3L p + 6
+ 1 ==

2 Hd - 1L
d - 3

, pF@@1DD
q ê. SolveBp ==

2 d

d - 2 q
, qF@@1DD

FactorBd - 1

q - 1
ê. q Ø

H2 q + 1L p - 2

H2 q - 3L p + 6
F

2 d

d - 2 q

-2 d + d p

2 p

H-1 + dL H6 - 3 p + 2 p qL
4 H-2 + pL
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