Symmetry of extremals of
functional inequalities via spectral
estimates for linear operators
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The new curve : (b - a) as a function of a
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Plots for d=3, 5, 7, 9, 11
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amin = -1.3;

brange = {-0.75, 1.5};

eps = 0.005;
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PO[d_] := Plot[{a, a+1l}, {a, o, }, Filling-> {1- {2}}, FillingStyle—»GrayLevel[0.9]]
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P1[d_] := {Plot[FS[a, d] +a, {a, amin, 0}, PlotRange » All, PlotStyle » {Thick, Black}],
Plot[LT[a, d] +a, {a, amin, 0}, PlotRange -» All, PlotStyle -» {Thick, Black}]}
P2[d_] :=Plot[{LT[a, d] +a, a+ 1}, {a, amin, O, O},
Filling - {1 -> {2}}, FillingStyle -» GrayLevel[0.9]]
P3[d_] :=Plot[{FS[a, d] +a, a}, {a, amin, O, O},
Filling- {1 - {2}}, FillingStyle » GrayLevel[0.7]]

Show[P0[3], P3[3], P2[3], P1[3], ListPlot[{{-0.5, -0.025}, {-0.5, 0.035}}, Joined - True],

ListPlot[{{0.5-eps, 0.5 -eps}, {amin, amin}}, Joined -» True, PlotStyle -» {Thick, Black}],
ListPlot[{{0.5-eps, 1.5 -eps}, {amin, 1 + amin}}, Joined -» True, PlotStyle » {Thick, Black}],
ListPlot[{{0.5, -0.025}, {0.5, 1.525}}, Joined » True, PlotStyle -» Black],

1
ListPlot[{{O, 0}, {0, —}}, Joined -» True, PlotStyle » Black] ,
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ListPlot[{{0, 1}, {amin, 1 + amin}}, Joined -» True, PlotStyle -» {Thick, Black}],
PlotRange » {All, brange}, Ticks -

None]
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= The optimal function for the Lieb - Thirring (1) inequality

ufa_, s_] :=Cosh[s]™®
1
PA)rz
Al=|— ;
2

p-2
Bl=—V2a;
2

ulfs_] :=A1u[ ,Bls]

p-2
-ul''[s] +Aul[s] -ul[s]?};
1
%/. Cosh[— (-2 +p) s«/T] - x;
2
2

2 1
Fullsimplify[PowerExpand[A (-2 +p)2 x % /. Sinh[— (-2+p) s '\/7] - x? - 1”
2

0

s Computation of the best constant in the Lieb - Thirring (1) inequality

Integrate[u[a, s], {s, -, ©}, Assumptions » a > 0]
2-1ra Gamma[%]2

Il t=
a1 Gamma [a]

2-Lra Gamma[%}z
Gamma [ o]

p+2

Solve[7 == —
2 (p-2)

;B L1111
AY

we g [22]
Bl p-2

FullSimplify [PowerExpand [

/.%]]

1
2\t
(1— 1*2),) ? Gammal[l + y]

CLT[y_] :=
vV Gamma[%+y]
1 2y-1 3 2y Gamma [¥]
Fullsimplify[ ( ] ]
CLT[y] (2¥v+1 2y+1 T Gamma[%+x]
Ly
(1— 1+227,) 2 Gamma|[l + y]

\/;Gamma{%+ﬂ



14 | sharpcgn.nb

Gamma[—P+2 ] ?
1 p2-4 2 (p-2) [2];72/ 227+1]
. ->

LT gyx  Gamma| L] (P

FullSimplify[
P

s The ODE corresponding to 6 < 1

2
-2

u[s_] :=ACosh[Bs] »

-6u''[s] +nu[s] -u[s]?Y;
% /. Cosh[Bs] - x;

2
Fullsimplify[PowerExpand[A (-2 + p)2 x2+H % /. Sinh[B s] 2, x2- 1”
-aP (-2+p)?+2a? ((-2+p)?x*n+2B? (p-2%?)6)
£[x_] :=-AP (-2+p)?+A% ((-2+p)°x*n+2B? (p-2x?)6)
Off[Solve::"incnst"]

Off[Solve::"ifun"]
Solve[{£f[0] =0, £''[0] =0}, {A, B}][[4]]

\J4-4p+p? /1 NERY-
{B% ,AeZZP[—] }

26 pn

Fullsimplify[PowerExpand[—eu "'[s] +nu[s] -u[s]P! /. {B—) , A 22p

0

m Various constants

1
Yo=vy/. Solve[[7+ ;] (p-2) ==po, 7][[1]]

2-p+2p6H
2 (-2+p)
p-2
p+2

n
nG:n/.Solve[ry:: (1-0) ;+A, n][[lll

(26+p6) A

2-p+2pb



sharpcgn.nb | 15

2
P r]G) 2

no- |
2

(P-Z)VU_G]]]
2ve

B6 = PowerExpand [Ful 1Simplify [PowerExpand[

1
“2ip

2,% [p(2@+pe))x
™

2-p+2p6

(-2+p)+/2+DP \/7

2+/2+p (-1+206)

2y
a®=q/. 501ve[q+ == —— /. ¥ > Y¥6, Q][[l]]
¥y-1
-2+p+2pbH
6-3p+2p6
N-1
Simplify[ ]
qo -1

(-1+N) (6+p (-3+206))

4 (-2+p)
) ) (1-6)p
Slmpllfy[—]
¥6 (p-2)
ep-2
simplify[ —— ]
¥6 (p-2)
2p (-1+06)

2+p (-1+20)

2 (-2+p0O)

2+p (-1+206)

op-2 a-e)p

vo -2 (RGP ¥ <p»2)]]
BO6

1 4-2p 2p 2p 2:+p 24p

2-p
16 %557 (-2 4 p) Fwied pEees (2.4p) Feind ((2+p) ©) TeEer (24P (~1+20)) TeEes AFeies

AeP
FullSimplify [PowerExpand [

BO
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