A numerical study of the stationary solution of the Keller-
Segel model in self-similar variables

e=10"%;
R=5;
The density

1
Fla_, DS_] := Plot[Exp[—; r? +v[r]] /.

v'([s]

NDSolve[{—v' '[s] - = Exp[—%sz+v[s]], v[e] ==a, v'[€] = }, {v,v'}, {s, €, R}],

s

{r, €, R}, DisplayFunction -» DS, PlotRange » {Automatic, All}]

{F[0.1, $DisplayFunction], F[1, $DisplayFunction], F[5, $DisplayFunction]}
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Show[Table[F[a, Identity], {a, -2.3, 2.5, 0.3}],
DisplayFunction -» $DisplayFunction, PlotRange » {{0, 2}, All}]
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The mass distribution

Fla_, DS_] := Plot[m[r] /.

v'[s] 1 1
NDSolve[{—v' '[s] - = Exp[—— s? +v[s]], m'[s] = sExp[—— s? +v[s]], v[e] == a,
s 2 2
v'[e] ==0, m[e] = }, {v, v', m}, {s, €, R}], {r, €, R}, DisplayFunction—»DS]

{F[0.1, $DisplayFunction], F[1l, $DisplayFunction], F[10, $DisplayFunction]}

08} 14}
12F
- 3.9945
061 Lob
08Ff 3.9940
{0.47 ' ol ,
3.9935
02l 04F
02




2| KS.nb

The normalization constant

Fla_, DS_] := Plot[v[r] +m[R] Log[r] /.

v'[s] 1 1
NDSolve[{—v' '[s] - = Exp[—— s? +v[s]], m'[s] = sExp[—— s? +v[s]], v([e] = a,
s 2 2
v'[e] =0, m[e] == }, {v,v',m}, {s, €, R}], {r, €, R}, DisplayFunction—»DS]

{F[0.1, $DisplayFunction], F[1l, $DisplayFunction], F[10, $DisplayFunction]}
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The bifurcation diagram

ParametricPlot[{m[R] , a-v[R] -m[R] Log[R]} /.

v'[s]

NDSolve[{—v‘ '[s] - == Exp[—%s2 +v[s]] , m'[s] = sExp[-% s? +v[s]], v[e] = a,

S

v'[e] =0, m[e] = 0}, {v, v', m}, {s, €, R}], {a, 0.1, 10}, AspectRatio—»OJ]

1.5 20 2.5 30 35 40

The range of the mass and its dependence in a

Mass[a_] :=
v'[s]

27m[R] /. NDSolve[{—v' '[s] - = Exp[—zsz+v[s]], m'[s] = sExp[—%s2 +v[s]] ’

S
vie] =a, v'[e] =0, m[e] =0}, {v, v', m}, {s, &, R}|[[1]]
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Mass[a]

Plot[ , {a, -5, 10}]
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Plots of of ¢, in terms of a

v (sl = Exp[—%s2 +v[s]],

Show[Table[Plot[v[r] -v[R] -m[R] Log[R] /. NDSolve[{—v' '[s] -
s

1
m'[s] = sExp[- ~s*+v[s]|, vie] =a, v'[e] = 0, m[e] = 0}, {v, v', m}, {s, & R}],
2

{r, €, R}, DisplayFunction -» Identity], {a, -2.3, 2.5, 0.3}],

DisplayFunction -» $DisplayFunction, PlotRange » {{0, 3}, {-1, 1.6}} ]

15F
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The asymptotic regime as a—+oco

b[a_] := v[R] +m[R] Log[R] /.
v'[s]

NDSolve[{—v' "[s] - == Exp[—§s2+v[s]], m'[s] = sExp[—%sz+v[s]],
vie] =a, v'[e] =0, m[e] = }, {v,v',m}, {s, ¢, R}] [[1]]
Fla_, DS_] := Module[{)L = \/?e'i}, 1>lot[)L2 Exp[—% (Ar)? +v[Ar]] /. NDSolve[

v'[s]

{—v' '[s] -

R
{r, €, ;}, DisplayFunction -» DS, PlotRange -» {Automatic, All}”

. = Exp[-%sz+v[s]], vie] =a, v'[e] = }, {v,v'}, {s, &, R}],
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Show[Table[F[a, Identity], {a, -2, 5, 0.5}],
DisplayFunction -» $DisplayFunction, PlotRange » {{0, 2}, All}]
8

Show[%, Plot[
(1 + rz)

, {r, 0, 2.2}, PlotStyle - Red] , PlotRange - {{0, 2}, All}]

0.5 1.0 1.5 20

The asymptotic regime as a—-co

l1-e®

Integrate[ , {s, 0, x}, Assumptions -» Re[x] > 0]

s
1

Y[r_] := — (EulerGamma + Gamma[0, x] + Log[x]) /. x -> — r?
2 2

EulerGamma + Gamma [0, x] + Log[x]

Fla_, DS_] := Plot[e'a (a-v[r]) /.

vIsl Exp[-%sz+v[s]], vie] =a, v'[e] = }, v, v'}, {s, €, R}],

NDSolve[{—v' '[s] -

{r, €, R}, DisplayFunction -» DS, PlotRange -» {Automatic, All}]
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Show[Table[F[a, Identity], {a, -5, 5, 0.5}], DisplayFunction -» $DisplayFunction]
Show([%, Plot[y[r], {r, O, R}, PlotStyle » Red]]
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The kernel

Fla_, DS_] := Plot[f[r] /.

v'[s] 1 fl[s]
= Exp[—;sz+v[s]], -f''[s] -

NDSolve[{—v"[s] - == Exp[—%sz+v[s]] f[s],

S
viel =a, v'[e] =0, fle] =1, £'[e] =0}, {v, v', £ £'}, {s, &, R}],

{r, €, R}, DisplayFunction -» DS, PlotRange » {Automatic, All}]

{F[0.1, $DisplayFunction], F[1, $DisplayFunction], F[5, $DisplayFunction]}
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R =10;

Show[Table[F[a, Identity], {a, -3, 10, 0.5}],
DisplayFunction -» $DisplayFunction, AxesOrigin -» {0, 0}]

R=5;

1
Fla_, DS_] := Plot[f[r] Exp[—— r? +v[r]] /.
2

v'[s] 1 £'[s]
== Exp[—;sz+v[s]], -f''[s] -

NDSolve[{—v"[s] - = Exp[—%sz+v[s]] f[s],

S
viel =a, v'[e] =0, £fle] =1, £'[e] =0}, {v, v', £ £'}, {s, &, R}],

s

{r, €, R}, DisplayFunction -» DS, PlotRange -» {Automatic, All}]

{F[0.1, $DisplayFunction], F[1, $DisplayFunction], F[5, $DisplayFunction]}
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Show[Table[F[a, Identity], {a, -3, 10, 0.5}],
DisplayFunction -» $DisplayFunction, PlotRange » {{0, 1.5}, {-4, 14}}]

The radial eigenvalues

e =10%;
R=17;
F[a_, Amin_, Amax_] :=

v'[s] 1
Plot[Log[1+f[R]2] /. NDSolve[{—v' '[s] - == Exp[—— s? +v[s]],
s 2
f'[s] 1
-£''[s] - = (v'[s]-s) (£'[s]-o[s]) + (Exp[—— sz+v[s]] +)L] £[s],
s 2
e[s] 1,
o' [s] = - - f[s] Exp[——s +v[s]], v[ie] =a, v'[e] =0,
s 2

£'[e] =0, £[e] =1, ¢[e] =0}, (v, v', £, £, 0}, {s, &, R}|,

{A, Amin, Amax}, PlotRange -» {Automatic, All}]

KS.nb |7
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F[1, -1, 10]

as5F

{rfo, -1, 101, F[1, -1, 10], F[5, -1, 10]}

" 2 4 6 8 10

S T ST
The eigenfunction and the shooting method around A=2
R=5;
FP[a_, A_] := Plot[{Exp[— i r? +v[r]], flr] Exp[— i r? +v[r]]} /.
-7 2 2

v (sl = Exp[—%s2 +v[s]],

NDSolve[{—v"[s] - N

£'[s] 1
—f''[8] - ——— = (v'[s] -s) (£'[s] -o[s]) + (Exp[—;sz+v[s]] +A] £[s],

o[s] 1,
@' [s] = -— - f[s]Exp[——s +v[s]], v[ie] =a, v'[e] =0, £'[e] =0,
s 2

fle]l =1, p[e] = }I {v, v', £, £', 0}, {s, € R}]I {r, €, R}, PIOtRange_)All]



KS.nb |9

(FP[1, 2], FP[1, 1.9], FP[1, 2.1]}
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Computation of the spectrum of the operator restricted to radial functions

n=10"%;
R=17;
v'[s]

1
Fla_, A_] := Log[l + f[R]z] /. NDSolve[{—v' "[s] - = Exp[—— s? +v[s]],
2

S

£'[s] 1
-f£''[s] - = (v'[s]-s) (£'[s] -o[s]) + (Exp[——sz+v[s]] +)L] £[s],
s 2
o[s] 1,
o' [s] = - - £[s] Exp[- = s?+v[s]|, v[e] =a, v'[e] =0,
s 2

£'0e] =0, fle] =1, ¢[e] =0}, {v, v', £ £', ¢}, {s, &, R}][[1]]
Fiter[a_, A_, h_, b_] := If[Abs[h] < n, {A, h}, Module[{m = F[a, A]},
If[(m-b) <0, Fiter[a, A+h, h, m], Fiter[a, A-h/2, -h /2, m]]]]
Search[a_, A_, h_] := Fiter[a, A, h, F[a, A-h]]
Bifurcation[A_, h_] := ParametricPlot[{Mass[a], Search[a, A, h][[1]]}, {a, -3, 10}]
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Pl = Bifurcation[1, 0.2];
Show[P1l, AspectRatio - 1]

P2 = Bifurcation[3, 0.2];
Show[P2, AspectRatio - 1]
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P3 = Bifurcation[5.5, 0.2];
Show[P3, AspectRatio - 1]
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Show[{P1l, P2, P3}, PlotRange -» {{0, 8w}, {0, 7.5}}, AspectRatio -» 1, AxesOrigin » {0, 0}]
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Radial eigenfunctions

Mass[1]

Search[1l, 3, 0.2][[1]]

Show[FP[1, %], PlotRange » {All, {-0.45, 0.1}}]
Search[1l, 5.5, 0.2][[1]]

Show[FP[1, %], PlotRange » {All, {-0.1, 0.1}}]
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Second eigenfunction

10'7;
5;

€

R
! 1

v I8l == Exp[—— s? +V[S]],
2

Flla_, A_] := Plot[ (v'[r] -x) /. NDSolve[{—v' ‘Is] -

flr] -1 s

f'[s] 1
-f£''[s] - = (v'[s]-s) (£'[s] -0[s]) + (Exp[——sz+v[s]] +A] £[s],
s 2
o[s] 1,
0'[s] = -——- £[s] Exp[-=s*+v[s]], vie]l =a, v'[e] =0, £'[e] =0, £[e] =1,
s 2

olel =0}, (v, v', £, £', 0}, {s, &, R}], {r, e, R}, PlotRange > {All, {0, 4}}]
{F1[1, 1.99], F1[1, 2], F1[1, 2.01]}
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The k=1 component of the spectrum: Taylor expansion approach

vO[r_] t=a+a2r?+a3ri+asrt+asr’
v0 ' [r]
H[r_] :=v0''[r]+ — +e
r
Solve[{Limit[H[r], r » 0] == 0, Limit[H'[r], r> 0] =0,
Limit[H''[r], r> 0] == 0, Limit[H'"''[r], r > 0] == 0}, {a2, a3, a4, a5}]1[[1]];
vO[r] /. %

1
vo[r]-> r?

a .2

e’ r

+—e® (2+e?) rt
4 64

vO[r_] :

a-

e? r? 1
+—e* (2+e?)r
4 64

4

fO[r_] :=r+a2r’+a3ri+asrt+asr’®
YO[r_] :t=alr+a2r’+a3r’+adr®+a5r’

r £f0'[r] - £0[r] vo[r]-L r?
H[r_] :=£0"'"[r] + . + (v0'[r] -r) (fO'[r]—z[:O'[r])+(JL+e 2 )fO[r]
r
o TYo ' [r] -yO[r] o1
HH[r_] :=y0"'"'[r] + " +e 2" f0[r]
r
{Limit[H[r], r - 0] == 0, Limit[HH[r], r - 0] == O,

Limit[H'[r], r > 0] == 0, Limit[HH'[r], r » 0] == 0, Limit[H''[r], r> 0] = O,
Limit[HH''[r], r > 0] == 0, Limit[H'"''[r], r > 0] == 0, Limit[HH'''[r], r » 0] == 0};
Solve[%, {a2, a3, a4, a5, al, a2, a3, a4}]1[[1]];
{r+a2r2+a3r3+a4r4+a5r5,a1r+a2r2+a3r3+a4r4+a5r5}/.95
1

{r+7e’ar3 (2ea+eza—96a5) +
4

384 192

1 e?r (6e*+5e??-38405+2e 1)
-—e*r*+rias-
8 2 +e?

1 1
rs[—ea(l4+5ea—2k)——e’a (2e*+e?*-960a5) (-6+e*+22) |,

13



14| KS.nb

The k=1 component of the spectrum: an ansatz

e =10"%;
R=17;

Mass[a_] :=
v'([s]

27m[R] /. NDSolve[{—v’ '[s] - = Exp[—§52+v[s]], m'[s] = sE:xp[—%s2 +v[s]] ’

S
vie] =a, v'[e] =0, m[e] =0}, {v, v', m}, {s, &, R}|[[1]]

Fla_, k_, amin_, Amax_] :=

v'[s] 1

Plot[Log[1+f[R]2] /. NDSolve[{—v' '[s] - = Exp[—; s? +v[s]],
S
£'[s] £[s] 1
-f£''[s] - + k2 = (v'[s]-s) (f'[s]—z[/'[s])+[Exp[——sz+v[s]]+1]f[s],
s s? 2
v's] _, ¥ls] 1
-y [s] - +k == f[s] Exp[——s +v[s]], v[e] =a, v'[e] =0,
s s2 2
1 1 € 1 €
f'[e] ==—[—ea+1], fle] ==—[—ea+1] —, ¥'[€] =-—e?, Y[e] = - ea},
2 2 k2 2 2 k?

(v, v', £, £, 0, 4"}, (s, €, R}] , {A, Amin, Amax}, PlotRange - {Automatic, All}]

F[lr 1! _11 6]

50 F

35?—
30;
25;

20F
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n=10"%;
R=17;
Fla_, A_] :=
‘ 1 £ £
Log[1+ £[R]?] /. NDSolve[{-v"[s] _v st Exp[——sz+v[s]], -f''[s] - [s1, fls] |
s 2 s s2?
1. ) v'[s]  ¥[s]
(v'[s]-s) (£'[s]-u'[s])+ Exp[-—s +v[s]]+)L £[s], -¥''[s] - + -
2 s s?
1 1 1
f[s] Exp[——sz+v[s]], vie] =a, v'[e] =0, £'[€e] == —(—ea+1), fle] = —[—ea+1] €,
2 2 2

1 €
vilel =-—e* yle] =-=e}, (v, v', £ £, ¥, ¥'}, {s, &, R}|[[1]]
2 2

Fiter[a , A ,h , b ] := If[Abs[h] <7, {A, h}, Module[{m = F[a, A]},
If[(m-b) <0, Fiter[a, A+h, h, m], Fiter[a, A-h /2, -h/2,m]]]]

Search[a_, A_, h_] := Fiter[a, A, h, F[a, A-h]]

Fpl[a_, A_] :=

v'[s]

Plot |Exp —ir2+v[r] £'[r]%2+f[r]?) /. NDSolvel|{-v''[s] - = Exp —isz+v[s] ,
2 ( ) 2

£'[s] £[s] 1
-f''[s] - + = (v'[s] -s) (f'[s]—w'[s])+(Exp[——sz+v[s]]+]L]f[s],
s s 2
¥'[s] ¥[s] 1
—y' ' [s] - +—— == £[s] Exp[—— sz+v[s]], vie] =a, v'[e] =0,
s s2 2

1 1 1 e
£'[e] ==—(—ea+1], £le] ==—(—ea+1]e,x[r'[e] = - e, yle] ==——ea},
2 2 2 2

v, v', £, £, 0, 4"}, {s, &, R}|[[1]], {x, &, R}]

Search[1l, 0.8, 0.1]
Search[1l, 3, 0.1]
A2 = %[[1]11;

R=28;

Fpl[1l, A2]

{1.,5.96046 x 10°}

{3.22762, 5.96046 x 10’9}
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The k=1 component of the spectrum: general case, a first method

e =10"%;
R=3;
Fla_, A_, pmin_, pmax_] :=

v'[s]

S

Plot[Log[l +m[R]2] /. NDSolve[{—v' "[s] - = Exp[—é s? +v[s]],

£'[s] £[s] 1
-£''[s] - + = (v'[s] -s) (f'[s]-z[/'[s])+(Exp[——sz+v[s]]+A]f[s],
s s 2
¥'[s] ¥[s] 1
-y ' [s] - + —— == f[s]Exp[——sz+v[s]],
s s?2 2

1
m'[s] = sExp[——sz+v[s]] (f’[s]2+f[s]2), v[e] =a, v'[e] =0,
2
£'[e] =-1, fle] = -¢, ¥ '[e] = -p, ¥[e] = -ep, m[e] =0},
{v,v', £, £', ¢, ¢',m}, {s, €, R}], {p, pmin, pmax}, PlotRange-»All]

{F[1, 0.5, 0, 3], F[1, 1, 0, 3], F[1, 3, -1, 3]}

12f 8
ol 10f
8} 8 of
{6’ I 61 ’ . }
4 4t
2f o2 \ ‘ ‘ ‘ ‘ ‘ 27
05 10 15 20 25 30 05 10 15 20 25 30 . 1 2 3
F[1, 1, 0, 3]
il
e
8;
6;
4;
2;
05 o 5 20 25 30
n=10"°;
Fpla_, A_, p_] :=
v'[s] 1 £'[s] f£[s]
Log[1l+m[R]?] /. NDSolve[{—v‘ "[s] - = Exp[-—s2+v[s]], -£'"[s] - +
2 s s?
1, L w'Is] [s]
(v'[s1-8) (£'[s]-w'[s])+ |Exp[- = s?+v[s]| +2| £[s], -4 " [s] - +
2 s s?

1 1
£[s] Exp[—;sz+v[s]], m'[s] = sExp[—;sz+v[s]] (£'[s1%+ £[s]1?), v[e] = a,

v'[e] =0, £'[e] = -1, f[e] = -€, ¥ '[€] = -p, ¥[€e] = -ep, m[e] = 0},

(v, v', £, £, 4, ¥, m}, {s, &, R}|[[1]]
Fpiter[a_, A_, p_, h_, b_] := If[Abs[h] <7, {p, h}, Module[{m = Fp[a, A, p]},
If[(m-b) <0, Fpiter[a, A, p+h, h, m], Fpiter[a, A, p-h/2, -h/2,m]]]]
Searchp[a_, A_, p_, h_] := Fpiter[a, A, p, h, Fp[a, A, p-h]]
popt[a_, A_] := Searchp[a, A, 0.1, 0.1][[1]]
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Plot[popt[l, A]l {)‘l '11 6]‘]

F[a_, Amin_, Amax_] := Plot[

v'[s]

1
Module[{p = popt[a, A]}, Log[1+f[R]2] /. NDSolve[{—v' '[s] - == Exp[—— s? +v[s]],
s 2

£'[s] £[s] 1
—f''[s] - + = (v'[s] -s) (f'[s]—w'[s])+(Exp[——sz+v[s]]+)L £[s],
s s 2
¥'[s] ¥Is] 1,
—y' ' [s] - + == £[s] Exp[——s +v[s]],
s s 2
1
m'[s] ::sExp[——s2+v[s]] (£'[s]1*+£[s]?), v[e] =a, v'[e] =0, £'[€e] = -1,
2

fle] = -€, y' [e] = -p, ¥[€] = -ep, m[e] == o}l {v, v', £, £, ¢4, ¢, m}, {s, €, R}]]l
{A, Amin, Amax}, PlotRange -» {Automatic, All}]

F[0.1, -1, 6]

15
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Fk[a_, A_] :=

v sl = E:xp[—%s2 +v[s]],

Module[{p = popt[a, 1]}, Log[l + f[R]z] /. NDSolve[{—v' "[s] -
s

£'[s] f£[s] 1
-£''[s] - + = (v'[s] -s) (f'[s]—df'[s])+(Exp[——sz+v[s]]+1]f[s],
s s 2
¥'[s] ¥[s] 1
-y [s] - + == f£[s] Exp[-—s2+v[s]], vie] =a, v'[e] =0, £'[e] = -1,
s s 2

£le] = -, ¥'[e] = -p, ¥[e] = -ep}, {v, v', £ £, ¥, ¥'}, {s, &, R}] | [[1]]

Fkiter[a_, A_, h_, b_] := If[Abs[h] < n, {1, h}, Module[{m = Fk[a, 1]},
If[(m-b) <0, Fkiter[a, A+h, h, m], Fkiter[a, A-h/2, -h/2,m]]]]
Searchk[a_, A_, h_] := Fkiter[a, A, h, Fk[a, A-h]]
Bifurcationk[A_, h_] := ParametricPlot[{Mass[a], Searchk[a, A, h][[1]]}, {a, -3, 10}]

F[1, 0.8, 0.9]

Searchk[1l, 0.5, 0.1]
0.0004 -
0.0003 -

0.0002 -

0.0001

L I N P I
0.82 0.84 0.86 0.88 0.90

{0.839176, -7.62939 x 10’7}

R=2.75;

Tl = {0, 0.1, 0.25, 0.5, 0.75, 1, 1.5, 2, 2.5, 3};

Table[{T1[[k]], Searchk[T1[[k]], 0.5, 0.11[[1]1]}, {k, 1, Length[T1]}];
ListLinePlot[%, PlotRange - All]

2.1

20
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The k=1 component of the spectrum: general case, an accurate method

n=10"%;
R=17;
v'[s] 1
Fpla_, A_, p_] := (m[R] +2p)2 /. NDSolve[{—v' "Is] - Exp[-— 52 +V[s]],
s 2

£'[s] f£[s] 1
-£''[s] - + = (v'[s] -s) (f'[s]—zI/'[s])+[Exp[——sz+v[s]]+l]f[s],
s s 2
y'(s] uls] 1, 1,
—y'[s] - §— o= f[s]Exp[-—s +v[s]],m'[s] Exp[-—s +v[s]] £[s],
s s? 2 2
vie] =a, v'[e] =0, £'[e] = -1, £[e] = -€, ¥'[e] = -p, ¥[e] = -ep, m[€] = o},

{(v.v', £ £, 4, 4", m}, (s, &, R}|[[1]]
Fpiter[a_, A_, p_, h_, b_] :=If[Abs[h] < n, {p, h}, Module[{m = Fp[a, A, p]},
If[(m-b) <0, Fpiter[a, A, p+h, h, m], Fpiter[a, A, p-h/2, -h/2,m]]]]
Searchpl[a_, A_, p_, h_] := Fpiter[a, A, p, h, Fp[a, A, p-h]]
popt[a_, A_] := Searchp[a, A, 0.1, 0.1][[1]]

Plot[Fp[l, 1, p], {pP, 0, 2}]
popt[1l, 1]

0.5
0.576117
e
N[ —]
e+2
0.576117

Plot[popt[1l, A], {A, -1, 6}]
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F[a_, Amin_, Amax_] := Plot[

v [s] = Exp[—% s? +v[s]],

Module[{p = popt[a, A]}, Log[1+ f[R]z] /. NDSolve[{—v' '[s] -
s

£'[s] f£[s] 1
—f''[s] - . = (v'[s]-s) (f'[s]—z[t'[s])+[Exp[——sz+v[s]]+1]f[s],
s s 2
¥'[s] ¥I[s] 1,
-y ' ' [s] - + == f[s] Exp[——s +v[s]], vie] =a, v'[e] =0, £'[e] == -1,
s s 2
f[e = -€y lll'[G] = -p, ¥[e ==_ep}l {v, v‘lfl f'l ¥, d"]’l {s, €, R}]]I

{A, Amin, Amax}, PlotRange -» {Automatic, All}]

F[0.1, -1, 6]

40 —
35 —
30 —
25 —
20"

15F

T S S T S L SR
-1 - 1 2 3 4 5 6

Fkla_, A_] :=

v (sl = lE:xp[—és2 +v[s]],

Module[{p = popt[a, 1]}, Log[l + f[R]z] /. NDSolve[{—v' "[s] -

£'[s] £[s] 1
-f''[s] - + = (v'[s] -s) (f'[s]—w'[s])+(Exp[——sz+v[s]]+]L]f[s],
s s 2
¥'[s] ¥[s] 1
—y' ' [s] - +—— == £[s] Exp[-—s2+v[s]], vie] =a, v'[e] =0, £'[e] = -1,
s s 2

£le] = -, ¥'[e] = -p, ¥[e] =-ep}, {v, v', £ £, ¥, ¥'}, {s, &, R}]] [[1]]

Fkiter[a_, A_, h_, b_] := If[Abs[h] < n, {1, h}, Module[{m = Fk[a, 1]},
If[(m-b) <0, Fkiter[a, A+h, h, m], Fkiter[a, A-h/2, -h/2,m]]]]
Searchk[a_, A_, h_] := Fkiter[a, A, h, Fk[a, A-h]]
Bifurcationk[A_, h_] := ParametricPlot[{Mass[a], Searchk[a, A, h]1[[1]]}, {a, -3, 5}]

{Searchk[0.1, 0.5, 0.1], Searchk[1l, 0.5, 0.1], Searchk[5, 0.5, 0.1]}

{{1., 5.96046x10°}, {1., 5.96046x10°}, {1., 5.96046 x10°}}
{Searchk[0.1, 3, 0.1], Searchk[1l, 3, 0.1], Searchk[5, 3, 0.1]}

{{3.11374, 5.96046><10’9}, {3.22762, 5.96046><10’9}, {4.02916, 5.96046><10’9}}

Off [InterpolatingFunction]
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Pkl = ListLinePlot[
Table[ {Mass[a], Searchk[a, 0.5, 0.1][[1]]}, {a, -3, 5, 0.25}], PlotStyle - Red];
Show[Pkl, AspectRatio - 1]

1.00001
1.00001
1.00000
1.00000
1.00000

\ \ \ \
5 10 15 20
Pk2 = ListLinePlot[

Table[{Mass[a], Searchk[a, 3, 0.2][[1]]}, {a, -3, 10, 0.25}], PlotStyle -» Red];
Show[Pk2, AspectRatio - 1]

42+

40—

38+

36+

34—

32+

30
| [ TR TR N I
5 10 15 20 25
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Pk3 = ListLinePlot[
Table[ {Mass[a], Searchk[a, 5.5, 0.2][[1]]}, {a, -3, 10, 0.25}], PlotStyle » Red];
Show [Pk3, AspectRatio - 1]

62

6.0

58—

56

541

52+

50
| [ TR TR N I
5 10 15 20 25

Show[{Pkl, Pk2, Pk3}, PlotRange » {{0, 8 7}, {0, 7.5}},
AspectRatio » 1, AxesOrigin -» {0, 0}]

(S}
T T T T T T T




show[{P1l, P2, P3, Pkl, Pk2, Pk3},
PlotRange -» {{0, 8 7}, {0, 7.5}}, AspectRatio » 1, AxesOrigin » {0, 0}]

N
L L

| [ [ T R |
5 10 15 20 25

Pkll = ListLinePlot[{{0, 1}, {8, 1}}, PlotStyle -» Red];
P11l = ListLinePlot[{{0, 2}, {8 7w, 2}}];

Show[{Pl1l, P2, P3, Pkll, Pk2, Pk3},
PlotRange -» {{0, 8 7}, {0, 7.5}}, AspectRatio » 1, AxesOrigin » {0, 0}]

]
L L L

KS.nb

|23
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The spectrum: general case, an accurate method

n=10"%;
R=17;
v'[s] 1
Fpla_, k_, 2_, p_] := (m[R] +2p)2 /. NDSolve[{—v' '[s] - = Exp[—— s? +v[s]],
s 2
£'[s] £[s] 1
-f£''[s] - + k2 = (v'[s]-s) (f'[s]-z[/'[s])+[Exp[——sz+v[s]]+1]f[s],
s s? 2
y'[s] , ¥Is] 1 1,
—y'[s] - + k2 == £[s] Exp[-—s +v[s]], m'[s] = Exp[-—s +v[s]] £[s],
s s? 2 2

viel =a, v'[e] =0, £ [e] =-1, f[e] = -¢, ¥'[e] = -p, ¥[e] = -ep, m[e] =0},

{(v.v', £ £, 4, 4", m}, (s, &, R}|[[1]]
Fpiter[a_, k_, A_, p_, h_, b_] :=1f[Abs[h] < n, {p, h}, Module[{m = Fp[a, k, A, p]},
If[(m-b) <0, Fpiter[a, k, A, p+h, h, m], Fpiter[a, k, A, p-h/2, -h/2,m]]]]
Searchp[a_, k_, A_, p_, h_] := Fpiter[a, k, A, p, h, Fp[a, k, A, p-h]]
popt[a_, k_, A_] := Searchp[a, k, A, 0.1, 0.1][[1]]

Plot[Fp[l, 1, 1, p], {pP, 0, 2}]
popt[l, 1, 1]

0.5
0.576117

Plot[Fp[1l, 2, 1, p], {p, O, 2}]
popt[1l, 2, 1]

6><10'zf
5><10'2f
4><10'2f
3><10'2f
2><10'2f

1% 102}

1.15701
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Plot[popt[l, ll A]I {Al 'lr 6}]

S T S T T S R S
-1 1 2 3 4 5 6

Fla_, k_, Amin_, amax_] := Plot [Module[{p = popt[a, k, A]},

v'[s] 1
Log[1+ f[R]z] /. NDSolve[{—v' "[s] - == Exp[—— s? +v[s]],
2
£'[s] £[s] 1
-£''[s] - + k2 = (v'[s] -s) (f'[s]—x[t'[s])+(Exp[——sz+v[s]]+1)f[s],
s s? 2

v'[s] , uls]
+k

s s?

£'[e] = -1, £[e] = -¢, ¥'[e] = -p, ¥le]l =-ep}, (v, v', £ £', ¥, ¥'}, {s, &, R}]],

1
-y ' [s] - == f[s] Exp[—;sz+v[s]], vie] =a, v'[e] =0,

{A, Amin, Amax}, PlotRange -» {Automatic, All}]

F[0.1, 1, -1, 6]

\4{;
40 —
35 —
30 —
25 —

20
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F[0.1, 2, -1, 6]

5+
\,
70
65
60

55

50

[ I L L ol L |
-1 1 2 3 4 5 6

F[0.1, 2, 2, 10]

65

60

55

50

45

I I I I
4 6 8 10

Fkl[a_, k_, A_] := Module[{p = popt[a, k, 1]},

v'[s] 1
Log[1+ £[R]?] /. NDSolve[{—v‘ "[s] - = Exp[—— s? +v[s]],
2
£'[s] £[s] 1
-£''[s] - + k2 = (v'[s] -s) (f'[s]—z,b'[s])+(Exp[-—sz+v[s]]+)L]f[s],
s s? 2
¥’ [s] ¥[s] 1
—y ' [s] - + K2 == £[s] Exp[- = s*+v[s]], v[e] =a, v'[e] =0, £'[e] = -1,
s s? 2

£le] = -, ¥'[e] = -p, ¥[e] =-ep}, {v, v', £ £, ¥, ¥'}, {s, &, R}]] [[1]]

Fkiter[a_, k_, A_, h_, b_] :=If[Abs[h] <n, {1, h}, Module[{m = Fk[a, k, 1]},
If[(m-b) <0, Fkiter[a, k, A+h, h, m], Fkiter[a, k, A-h/2, -h/2,m]]]]
Searchk[a_, k_, A_, h_] := Fkiter[a, k, A, h, Fk[a, k, A-h]]
Bifurcationk[k_, A_, h_] :=
ParametricPlot[{Mass[a], Searchk[a, k, A, h][[1]]}, {a, -3, 5}]

{Searchk[0.1, 1, 0.5, 0.1], Searchk[1l, 1, 0.5, 0.1], Searchk[5, 1, 0.5, 0.1]}

{{1.,5.96046x107°}, {1., 5.96046x 10"}, {1., 5.96046x107°}}
{Searchk[0.1, 1, 3, 0.1], Searchk[1l, 1, 3, 0.1], Searchk[5, 1, 3, 0.1]}

{{3.11374, 5.96046 x 10’9}, {3.22762, 5.96046><10’9}, {4.02916, 5.96046x10’9}}

Off[InterpolatingFunction]
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Pkkl = ListLinePlot|[
Table[ {Mass[a], Searchk[a, 2, 4, 0.1][[1]]}, {a, -3, 10, 0.25}], PlotStyle » Brown];
Show [Pkkl, AspectRatio —» 1]

48

4.6

44

42+

40

| [ T T I [
5 10 15 20 25
Pkk2 = ListLinePlot|[
Table[{Mass[a], Searchk[a, 2, 6, 0.2][[1]]}, {a, -3, 10, 0.25}], PlotStyle » Brown];
Show [Pkk2, AspectRatio » 1]

68—

6.6 —

64

62

6.0
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Pkk3 = ListLinePlot|[
Table[ {Mass[a], Searchk[a, 2, 8, 0.2][[1]]}, {a, -3, 10, 0.25}], PlotStyle » Brown];
Show [Pkk3, AspectRatio - 1]

[ N
8.8
8.6
84
82
80

| [ TR TR N I

5 10 15 20 25

Show|[ {Pkkl, Pkk2, Pkk3}, PlotRange -» {{0, 8}, {0, 9}},
AspectRatio » 1, AxesOrigin -» {0, 0}]

o
2
: iy ) 2 25

Pkll = ListLinePlot[{{0, 1}, {8, 1}}, PlotStyle -» Red];
P11l = ListLinePlot[{{0, 2}, {8 7w, 2}}];
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The spectrum

show[{P1l1, P2, P3, Pkll, Pk2, Pk3, Pkkl, Pkk2, Pkk3},
PlotRange » {{0, 8 7}, {0, 9}}, AspectRatio -» 1, AxesOrigin -» {0, 0}]

| [ [ T R |
5 10 15 20 25

how[%, PlotRange -» {{0, 8 7}, {0, 7}}, AspectRatio » 1, AxesOrigin -» {0, 0}]

2}




