
A numerical study of the stationary solution of the Keller-
Segel model in self-similar variables

e = 10-6;
R = 5;

The density

F@a_, DS_D := PlotBExpB-
1

2
r2 + v@rDF ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0>, 8v, v'<, 8s, e, R<F,

8r, e, R<, DisplayFunction Ø DS, PlotRange Ø 8Automatic, All<F

8F@0.1, $DisplayFunctionD, F@1, $DisplayFunctionD, F@5, $DisplayFunctionD<

:
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Show@Table@F@a, IdentityD, 8a, -2.3, 2.5, 0.3<D,
DisplayFunction Ø $DisplayFunction, PlotRange Ø 880, 2<, All<D
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The mass distribution

F@a_, DS_D := PlotBm@rD ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF, v@eD ã a,

v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F, 8r, e, R<, DisplayFunction Ø DSF

8F@0.1, $DisplayFunctionD, F@1, $DisplayFunctionD, F@10, $DisplayFunctionD<

:
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The normalization constant

F@a_, DS_D := PlotBv@rD + m@RD Log@rD ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF, v@eD ã a,

v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F, 8r, e, R<, DisplayFunction Ø DSF

8F@0.1, $DisplayFunctionD, F@1, $DisplayFunctionD, F@10, $DisplayFunctionD<

:
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The bifurcation diagram

ParametricPlotB8m@RD, a - v@RD - m@RD Log@RD< ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF, v@eD ã a,

v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F, 8a, 0.1, 10<, AspectRatio Ø 0.7F
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The range of the mass and its dependence in a

Mass@a_D :=

2 p m@RD ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF,

v@eD ã a, v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F@@1DD

2   KS.nb



PlotB
Mass@aD

8 p
, 8a, -5, 10<F
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Plots of of ca in terms of a

ShowBTableBPlotBv@rD - v@RD - m@RD Log@RD ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

m'@sD ã s ExpB-
1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F,

8r, e, R<, DisplayFunction Ø IdentityF, 8a, -2.3, 2.5, 0.3<F,

DisplayFunction Ø $DisplayFunction, PlotRange Ø 880, 3<, 8-1, 1.6<<F
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The asymptotic regime as aØ+¶
b@a_D := v@RD + m@RD Log@RD ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF,

v@eD ã a, v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F@@1DD

F@a_, DS_D := ModuleB:l = 8 ‰-
a

2>, PlotBl2 ExpB-
1

2
Hl rL2 + v@l rDF ê. NDSolveB

:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0>, 8v, v'<, 8s, e, R<F,

:r, e,
R

l
>, DisplayFunction Ø DS, PlotRange Ø 8Automatic, All<FF
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Show@Table@F@a, IdentityD, 8a, -2, 5, 0.5<D,
DisplayFunction Ø $DisplayFunction, PlotRange Ø 880, 2<, All<D

ShowB%, PlotB
8

I1 + r2M2
, 8r, 0, 2.2<, PlotStyle Ø RedF, PlotRange Ø 880, 2<, All<F
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The asymptotic regime as aØ-¶

IntegrateB
1 - ‰-s

s
, 8s, 0, x<, Assumptions Ø Re@xD > 0F

y@r_D :=
1

2
HEulerGamma + Gamma@0, xD + Log@xDL ê. x ->

1

2
r2

EulerGamma + Gamma@0, xD + Log@xD

F@a_, DS_D := PlotB‰-a Ha - v@rDL ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0>, 8v, v'<, 8s, e, R<F,

8r, e, R<, DisplayFunction Ø DS, PlotRange Ø 8Automatic, All<F
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Show@Table@F@a, IdentityD, 8a, -5, 5, 0.5<D, DisplayFunction Ø $DisplayFunctionD
Show@%, Plot@y@rD, 8r, 0, R<, PlotStyle Ø RedDD
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The kernel

F@a_, DS_D := PlotBf@rD ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, -f''@sD -

f'@sD

s
ã ExpB-

1

2
s2 + v@sDF f@sD,

v@eD ã a, v'@eD ã 0, f@eD ã 1, f'@eD ã 0>, 8v, v', f, f'<, 8s, e, R<F,

8r, e, R<, DisplayFunction Ø DS, PlotRange Ø 8Automatic, All<F

8F@0.1, $DisplayFunctionD, F@1, $DisplayFunctionD, F@5, $DisplayFunctionD<

:

1 2 3 4 5

0.2

0.4

0.6

0.8

1.0

,
1 2 3 4 5

-0.5

0.5

1.0

, 1 2 3 4 5

-1.0

-0.5

0.5

1.0

>

R = 10;
Show@Table@F@a, IdentityD, 8a, -3, 10, 0.5<D,
DisplayFunction Ø $DisplayFunction, AxesOrigin Ø 80, 0<D
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R = 5;

F@a_, DS_D := PlotBf@rD ExpB-
1

2
r2 + v@rDF ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, -f''@sD -

f'@sD

s
ã ExpB-

1

2
s2 + v@sDF f@sD,

v@eD ã a, v'@eD ã 0, f@eD ã 1, f'@eD ã 0>, 8v, v', f, f'<, 8s, e, R<F,

8r, e, R<, DisplayFunction Ø DS, PlotRange Ø 8Automatic, All<F

8F@0.1, $DisplayFunctionD, F@1, $DisplayFunctionD, F@5, $DisplayFunctionD<
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Show@Table@F@a, IdentityD, 8a, -3, 10, 0.5<D,
DisplayFunction Ø $DisplayFunction, PlotRange Ø 880, 1.5<, 8-4, 14<<D
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The radial eigenvalues
e = 10-6;
R = 7;
F@a_, lmin_, lmax_D :=

PlotBLogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
ã Hv'@sD - sL Hf'@sD - j@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

j'@sD ã -
j@sD

s
- f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0,

f'@eD ã 0, f@eD ã 1, j@eD ã 0>, 8v, v', f, f', j<, 8s, e, R<F,

8l, lmin, lmax<, PlotRange Ø 8Automatic, All<F
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F@1, -1, 10D
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The eigenfunction and the shooting method around l=2
R = 5;

FP@a_, l_D := PlotB:ExpB-
1

2
r2 + v@rDF, f@rD ExpB-

1

2
r2 + v@rDF> ê.

NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
ã Hv'@sD - sL Hf'@sD - j@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

j'@sD ã -
j@sD

s
- f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã 0,

f@eD ã 1, j@eD ã 0>, 8v, v', f, f', j<, 8s, e, R<F, 8r, e, R<, PlotRange Ø AllF
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8FP@1, 2D, FP@1, 1.9D, FP@1, 2.1D<

:
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8FP@0.1, 2D, FP@0.1, 1.9D, FP@0.1, 2.1D<
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Computation of the spectrum of the operator restricted to radial functions

h = 10-8;
R = 7;

F@a_, l_D := LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
ã Hv'@sD - sL Hf'@sD - j@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

j'@sD ã -
j@sD

s
- f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0,

f'@eD ã 0, f@eD ã 1, j@eD ã 0>, 8v, v', f, f', j<, 8s, e, R<F@@1DD

Fiter@a_, l_, h_, b_D := If@Abs@hD < h, 8l, h<, Module@8m = F@a, lD<,
If@Hm - bL < 0, Fiter@a, l + h, h, mD, Fiter@a, l - h ê 2, -h ê 2, mDDDD

Search@a_, l_, h_D := Fiter@a, l, h, F@a, l - hDD
Bifurcation@l_, h_D := ParametricPlot@8Mass@aD, Search@a, l, hD@@1DD<, 8a, -3, 10<D
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P1 = Bifurcation@1, 0.2D;
Show@P1, AspectRatio Ø 1D
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P2 = Bifurcation@3, 0.2D;
Show@P2, AspectRatio Ø 1D
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P3 = Bifurcation@5.5, 0.2D;
Show@P3, AspectRatio Ø 1D
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Show@8P1, P2, P3<, PlotRange Ø 880, 8 p<, 80, 7.5<<, AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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Radial eigenfunctions
Mass@1D
Search@1, 3, 0.2D@@1DD
Show@FP@1, %D, PlotRange Ø 8All, 8-0.45, 0.1<<D
Search@1, 5.5, 0.2D@@1DD
Show@FP@1, %D, PlotRange Ø 8All, 8-0.1, 0.1<<D
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Second eigenfunction

e = 10-7;
R = 5;

F1@a_, l_D := PlotB
r

f@rD - 1
Hv'@rD - rL ê. NDSolveB:-v''@sD -

v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
ã Hv'@sD - sL Hf'@sD - j@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

j'@sD ã -
j@sD

s
- f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã 0, f@eD ã 1,

j@eD ã 0>, 8v, v', f, f', j<, 8s, e, R<F, 8r, e, R<, PlotRange Ø 8All, 80, 4<<F

8F1@1, 1.99D, F1@1, 2D, F1@1, 2.01D<

:
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The k=1 component of the spectrum: Taylor expansion approach

v0@r_D := a + a2 r2 + a3 r3 + a4 r4 + a5 r5

H@r_D := v0''@rD +
v0'@rD

r
+ ‰v0@rD-

1

2
r2

Solve@8Limit@H@rD, r Ø 0D ã 0, Limit@H'@rD, r Ø 0D ã 0,
Limit@H''@rD, r Ø 0D ã 0, Limit@H'''@rD, r Ø 0D ã 0<, 8a2, a3, a4, a5<D@@1DD;

v0@rD ê. %

v0@r_D := a -
‰a r2

4
+

1

64
‰a H2 + ‰aL r4

a -
‰a r2

4
+

1

64
‰a H2 + ‰aL r4

f0@r_D := r + a2 r2 + a3 r3 + a4 r4 + a5 r5

y0@r_D := a1 r + a2 r2 + a3 r3 + a4 r4 + a5 r5

H@r_D := f0''@rD +
r f0'@rD - f0@rD

r2
+ Hv0'@rD - rL Hf0'@rD - y0'@rDL + Kl + ‰v0@rD-

1

2
r2
O f0@rD

HH@r_D := y0''@rD +
r y0'@rD - y0@rD

r2
+ ‰v0@rD-

1

2
r2 f0@rD

8Limit@H@rD, r Ø 0D ã 0, Limit@HH@rD, r Ø 0D ã 0,
Limit@H'@rD, r Ø 0D ã 0, Limit@HH'@rD, r Ø 0D ã 0, Limit@H''@rD, r Ø 0D ã 0,
Limit@HH''@rD, r Ø 0D ã 0, Limit@H'''@rD, r Ø 0D ã 0, Limit@HH'''@rD, r Ø 0D ã 0<;

Solve@%, 8a2, a3, a4, a5, a1, a2, a3, a4<D@@1DD;
9r + a2 r2 + a3 r3 + a4 r4 + a5 r5, a1 r + a2 r2 + a3 r3 + a4 r4 + a5 r5= ê. %

:r +
1

4
‰-a r3 I2 ‰a + ‰2 a - 96 a5M +

r5
1

384
‰a H14 + 5 ‰a - 2 lL -

1

192
‰-a I2 ‰a + ‰2 a - 96 a5M H-6 + ‰a + 2 lL ,

-
1

8
‰a r3 + r5 a5 -

‰-a r I6 ‰a + 5 ‰2 a - 384 a5 + 2 ‰a lM

2 + ‰a
>
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The k=1 component of the spectrum: an ansatz

e = 10-6;
R = 7;

Mass@a_D :=

2 p m@RD ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF,

v@eD ã a, v'@eD ã 0, m@eD ã 0>, 8v, v', m<, 8s, e, R<F@@1DD

F@a_, k_, lmin_, lmax_D :=

PlotBLogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+ k2

f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+ k2

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0,

f'@eD ã -
1

2
‰a + 1 , f@eD ã -

1

2
‰a + 1

e

k2
, y'@eD ã -

1

2
‰a, y@eD ã -

e

2 k2
‰a>,

8v, v', f, f', y, y'<, 8s, e, R<F, 8l, lmin, lmax<, PlotRange Ø 8Automatic, All<F

F@1, 1, -1, 6D
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h = 10-8;
R = 7;
F@a_, l_D :=

LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, -f''@sD -

f'@sD

s
+
f@sD

s2
ã

Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-
1

2
s2 + v@sDF + l f@sD, -y''@sD -

y'@sD

s
+

y@sD

s2
==

f@sD ExpB-
1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã -

1

2
‰a + 1 , f@eD ã -

1

2
‰a + 1 e,

y'@eD ã -
1

2
‰a, y@eD ã -

e

2
‰a>, 8v, v', f, f', y, y'<, 8s, e, R<F@@1DD

Fiter@a_, l_, h_, b_D := If@Abs@hD < h, 8l, h<, Module@8m = F@a, lD<,
If@Hm - bL < 0, Fiter@a, l + h, h, mD, Fiter@a, l - h ê 2, -h ê 2, mDDDD

Search@a_, l_, h_D := Fiter@a, l, h, F@a, l - hDD
Fpl@a_, l_D :=

PlotBExpB-
1

2
r2 + v@rDF If'@rD2 + f@rD2M ê. NDSolveB:-v''@sD -

v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0,

f'@eD ã -
1

2
‰a + 1 , f@eD ã -

1

2
‰a + 1 e, y'@eD ã -

1

2
‰a, y@eD ã -

e

2
‰a>,

8v, v', f, f', y, y'<, 8s, e, R<F@@1DD, 8r, e, R<F

Search@1, 0.8, 0.1D
Search@1, 3, 0.1D
l2 = %@@1DD;
R = 8;
Fpl@1, l2D

91., 5.96046 µ 10-9=

93.22762, 5.96046 µ 10-9=
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The k=1 component of the spectrum: general case, a first method

e = 10-6;
R = 3;
F@a_, l_, pmin_, pmax_D :=

PlotBLogA1 + m@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF,

m'@sD ã s ExpB-
1

2
s2 + v@sDF If'@sD2 + f@sD2M, v@eD ã a, v'@eD ã 0,

f'@eD ã -1, f@eD ã -e, y'@eD ã -p, y@eD ã -e p, m@eD ã 0>,

8v, v', f, f', y, y', m<, 8s, e, R<F, 8p, pmin, pmax<, PlotRange Ø AllF

8F@1, 0.5, 0, 3D, F@1, 1, 0, 3D, F@1, 3, -1, 3D<

:
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,
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8

>

F@1, 1, 0, 3D
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h = 10-6;
Fp@a_, l_, p_D :=

LogA1 + m@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF, -f''@sD -

f'@sD

s
+
f@sD

s2
ã

Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-
1

2
s2 + v@sDF + l f@sD, -y''@sD -

y'@sD

s
+

y@sD

s2
==

f@sD ExpB-
1

2
s2 + v@sDF, m'@sD ã s ExpB-

1

2
s2 + v@sDF If'@sD2 + f@sD2M, v@eD ã a,

v'@eD ã 0, f'@eD ã -1, f@eD ã -e, y'@eD ã -p, y@eD ã -e p, m@eD ã 0>,

8v, v', f, f', y, y', m<, 8s, e, R<F@@1DD

Fpiter@a_, l_, p_, h_, b_D := If@Abs@hD < h, 8p, h<, Module@8m = Fp@a, l, pD<,
If@Hm - bL < 0, Fpiter@a, l, p + h, h, mD, Fpiter@a, l, p - h ê 2, -h ê 2, mDDDD

Searchp@a_, l_, p_, h_D := Fpiter@a, l, p, h, Fp@a, l, p - hDD
popt@a_, l_D := Searchp@a, l, 0.1, 0.1D@@1DD
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Plot@popt@1, lD, 8l, -1, 6<D

-1 1 2 3 4 5 6

-0.5

0.5

1.0

F@a_, lmin_, lmax_D := PlotB

ModuleB8p = popt@a, lD<, LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF,

m'@sD ã s ExpB-
1

2
s2 + v@sDF If'@sD2 + f@sD2M, v@eD ã a, v'@eD ã 0, f'@eD ã -1,

f@eD ã -e, y'@eD ã -p, y@eD ã -e p, m@eD ã 0>, 8v, v', f, f', y, y', m<, 8s, e, R<FF,

8l, lmin, lmax<, PlotRange Ø 8Automatic, All<F

F@0.1, -1, 6D
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0.5

1.0

1.5
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Fk@a_, l_D :=

ModuleB8p = popt@a, lD<, LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã -1,

f@eD ã -e, y'@eD ã -p, y@eD ã -e p>, 8v, v', f, f', y, y'<, 8s, e, R<FF@@1DD

Fkiter@a_, l_, h_, b_D := If@Abs@hD < h, 8l, h<, Module@8m = Fk@a, lD<,
If@Hm - bL < 0, Fkiter@a, l + h, h, mD, Fkiter@a, l - h ê 2, -h ê 2, mDDDD

Searchk@a_, l_, h_D := Fkiter@a, l, h, Fk@a, l - hDD
Bifurcationk@l_, h_D := ParametricPlot@8Mass@aD, Searchk@a, l, hD@@1DD<, 8a, -3, 10<D

F@1, 0.8, 0.9D
Searchk@1, 0.5, 0.1D

0.82 0.84 0.86 0.88 0.90

0.0001

0.0002

0.0003

0.0004

90.839176, -7.62939 µ 10-7=

R = 2.75;
T1 = 80, 0.1, 0.25, 0.5, 0.75, 1, 1.5, 2, 2.5, 3<;
Table@8T1@@kDD, Searchk@T1@@kDD, 0.5, 0.1D@@1DD<, 8k, 1, Length@T1D<D;
ListLinePlot@%, PlotRange Ø AllD

0.5 1.0 1.5 2.0 2.5 3.0

1.5

1.6

1.7

1.8

1.9

2.0

2.1
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The k=1 component of the spectrum: general case, an accurate method

h = 10-8;
R = 7;

Fp@a_, l_, p_D := Hm@RD + 2 pL2 ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, m'@sD ã ExpB-

1

2
s2 + v@sDF f@sD,

v@eD ã a, v'@eD ã 0, f'@eD ã -1, f@eD ã -e, y'@eD ã -p, y@eD ã -e p, m@eD ã 0>,

8v, v', f, f', y, y', m<, 8s, e, R<F@@1DD

Fpiter@a_, l_, p_, h_, b_D := If@Abs@hD < h, 8p, h<, Module@8m = Fp@a, l, pD<,
If@Hm - bL < 0, Fpiter@a, l, p + h, h, mD, Fpiter@a, l, p - h ê 2, -h ê 2, mDDDD

Searchp@a_, l_, p_, h_D := Fpiter@a, l, p, h, Fp@a, l, p - hDD
popt@a_, l_D := Searchp@a, l, 0.1, 0.1D@@1DD

Plot@Fp@1, 1, pD, 8p, 0, 2<D
popt@1, 1D
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0.576117

NB
‰

‰ + 2
F

0.576117

Plot@popt@1, lD, 8l, -1, 6<D
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F@a_, lmin_, lmax_D := PlotB

ModuleB8p = popt@a, lD<, LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã -1,

f@eD ã -e, y'@eD ã -p, y@eD ã -e p>, 8v, v', f, f', y, y'<, 8s, e, R<FF,

8l, lmin, lmax<, PlotRange Ø 8Automatic, All<F

F@0.1, -1, 6D
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Fk@a_, l_D :=

ModuleB8p = popt@a, lD<, LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+
f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã -1,

f@eD ã -e, y'@eD ã -p, y@eD ã -e p>, 8v, v', f, f', y, y'<, 8s, e, R<FF@@1DD

Fkiter@a_, l_, h_, b_D := If@Abs@hD < h, 8l, h<, Module@8m = Fk@a, lD<,
If@Hm - bL < 0, Fkiter@a, l + h, h, mD, Fkiter@a, l - h ê 2, -h ê 2, mDDDD

Searchk@a_, l_, h_D := Fkiter@a, l, h, Fk@a, l - hDD
Bifurcationk@l_, h_D := ParametricPlot@8Mass@aD, Searchk@a, l, hD@@1DD<, 8a, -3, 5<D

8Searchk@0.1, 0.5, 0.1D, Searchk@1, 0.5, 0.1D, Searchk@5, 0.5, 0.1D<

991., 5.96046 µ 10-9=, 91., 5.96046 µ 10-9=, 91., 5.96046 µ 10-9==

8Searchk@0.1, 3, 0.1D, Searchk@1, 3, 0.1D, Searchk@5, 3, 0.1D<

993.11374, 5.96046 µ 10-9=, 93.22762, 5.96046 µ 10-9=, 94.02916, 5.96046 µ 10-9==

Off@InterpolatingFunctionD
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Pk1 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 0.5, 0.1D@@1DD<, 8a, -3, 5, 0.25<D, PlotStyle Ø RedD;

Show@Pk1, AspectRatio Ø 1D
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1.00000

1.00001

1.00001

Pk2 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 3, 0.2D@@1DD<, 8a, -3, 10, 0.25<D, PlotStyle Ø RedD;

Show@Pk2, AspectRatio Ø 1D
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Pk3 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 5.5, 0.2D@@1DD<, 8a, -3, 10, 0.25<D, PlotStyle Ø RedD;

Show@Pk3, AspectRatio Ø 1D
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Show@8Pk1, Pk2, Pk3<, PlotRange Ø 880, 8 p<, 80, 7.5<<,
AspectRatio Ø 1, AxesOrigin Ø 80, 0<D

5 10 15 20 25

1

2

3

4

5

6

7

22   KS.nb



Show@8P1, P2, P3, Pk1, Pk2, Pk3<,
PlotRange Ø 880, 8 p<, 80, 7.5<<, AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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Pkl1 = ListLinePlot@880, 1<, 88 p, 1<<, PlotStyle Ø RedD;
Pl1 = ListLinePlot@880, 2<, 88 p, 2<<D;

Show@8Pl1, P2, P3, Pkl1, Pk2, Pk3<,
PlotRange Ø 880, 8 p<, 80, 7.5<<, AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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The spectrum: general case, an accurate method

h = 10-8;
R = 7;

Fp@a_, k_, l_, p_D := Hm@RD + 2 pL2 ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+ k2

f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+ k2

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, m'@sD ã ExpB-

1

2
s2 + v@sDF f@sD,

v@eD ã a, v'@eD ã 0, f'@eD ã -1, f@eD ã -e, y'@eD ã -p, y@eD ã -e p, m@eD ã 0>,

8v, v', f, f', y, y', m<, 8s, e, R<F@@1DD

Fpiter@a_, k_, l_, p_, h_, b_D := If@Abs@hD < h, 8p, h<, Module@8m = Fp@a, k, l, pD<,
If@Hm - bL < 0, Fpiter@a, k, l, p + h, h, mD, Fpiter@a, k, l, p - h ê 2, -h ê 2, mDDDD

Searchp@a_, k_, l_, p_, h_D := Fpiter@a, k, l, p, h, Fp@a, k, l, p - hDD
popt@a_, k_, l_D := Searchp@a, k, l, 0.1, 0.1D@@1DD

Plot@Fp@1, 1, 1, pD, 8p, 0, 2<D
popt@1, 1, 1D
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Plot@Fp@1, 2, 1, pD, 8p, 0, 2<D
popt@1, 2, 1D
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Plot@popt@1, 1, lD, 8l, -1, 6<D

-1 1 2 3 4 5 6

0.4

0.6

0.8

1.0

F@a_, k_, lmin_, lmax_D := PlotBModuleB8p = popt@a, k, lD<,

LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+ k2

f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+ k2

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0,

f'@eD ã -1, f@eD ã -e, y'@eD ã -p, y@eD ã -e p>, 8v, v', f, f', y, y'<, 8s, e, R<FF,

8l, lmin, lmax<, PlotRange Ø 8Automatic, All<F

F@0.1, 1, -1, 6D
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F@0.1, 2, -1, 6D
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F@0.1, 2, 2, 10D
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Fk@a_, k_, l_D := ModuleB8p = popt@a, k, lD<,

LogA1 + f@RD2E ê. NDSolveB:-v''@sD -
v'@sD

s
ã ExpB-

1

2
s2 + v@sDF,

-f''@sD -
f'@sD

s
+ k2

f@sD

s2
ã Hv'@sD - sL Hf'@sD - y'@sDL + ExpB-

1

2
s2 + v@sDF + l f@sD,

-y''@sD -
y'@sD

s
+ k2

y@sD

s2
== f@sD ExpB-

1

2
s2 + v@sDF, v@eD ã a, v'@eD ã 0, f'@eD ã -1,

f@eD ã -e, y'@eD ã -p, y@eD ã -e p>, 8v, v', f, f', y, y'<, 8s, e, R<FF@@1DD

Fkiter@a_, k_, l_, h_, b_D := If@Abs@hD < h, 8l, h<, Module@8m = Fk@a, k, lD<,
If@Hm - bL < 0, Fkiter@a, k, l + h, h, mD, Fkiter@a, k, l - h ê 2, -h ê 2, mDDDD

Searchk@a_, k_, l_, h_D := Fkiter@a, k, l, h, Fk@a, k, l - hDD
Bifurcationk@k_, l_, h_D :=
ParametricPlot@8Mass@aD, Searchk@a, k, l, hD@@1DD<, 8a, -3, 5<D

8Searchk@0.1, 1, 0.5, 0.1D, Searchk@1, 1, 0.5, 0.1D, Searchk@5, 1, 0.5, 0.1D<

991., 5.96046 µ 10-9=, 91., 5.96046 µ 10-9=, 91., 5.96046 µ 10-9==

8Searchk@0.1, 1, 3, 0.1D, Searchk@1, 1, 3, 0.1D, Searchk@5, 1, 3, 0.1D<

993.11374, 5.96046 µ 10-9=, 93.22762, 5.96046 µ 10-9=, 94.02916, 5.96046 µ 10-9==

Off@InterpolatingFunctionD
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Pkk1 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 2, 4, 0.1D@@1DD<, 8a, -3, 10, 0.25<D, PlotStyle Ø BrownD;

Show@Pkk1, AspectRatio Ø 1D
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Pkk2 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 2, 6, 0.2D@@1DD<, 8a, -3, 10, 0.25<D, PlotStyle Ø BrownD;

Show@Pkk2, AspectRatio Ø 1D
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Pkk3 = ListLinePlot@
Table@8Mass@aD, Searchk@a, 2, 8, 0.2D@@1DD<, 8a, -3, 10, 0.25<D, PlotStyle Ø BrownD;

Show@Pkk3, AspectRatio Ø 1D
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Show@8Pkk1, Pkk2, Pkk3<, PlotRange Ø 880, 8 p<, 80, 9<<,
AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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Pkl1 = ListLinePlot@880, 1<, 88 p, 1<<, PlotStyle Ø RedD;
Pl1 = ListLinePlot@880, 2<, 88 p, 2<<D;
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The spectrum
Show@8Pl1, P2, P3, Pkl1, Pk2, Pk3, Pkk1, Pkk2, Pkk3<,
PlotRange Ø 880, 8 p<, 80, 9<<, AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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Show@%, PlotRange Ø 880, 8 p<, 80, 7<<, AspectRatio Ø 1, AxesOrigin Ø 80, 0<D
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