
Improved interpolation inequalities on the sphere
J. Dolbeault, M.J. Esteban, M. Kowalczyk, M. Loss

The function m is a second order polynomial in b

f@b_D :=
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L

Simplify@f@bD ê. p Ø 1D

SimplifyBf@bD ê. p Ø
2 d

d - 2
F ê. b Ø b

H-1 + bL2

H2 - d + H-3 + dL bL2

H-2 + dL2

Simplify@f@bD ê. d Ø 1D
Simplify@f@bD ê. d Ø 2D

1

3
I3 + 2 H-4 + pL b - 3 H-2 + pL b2M

1

16
I16 + 8 H-5 + pL b + I33 - 18 p + p2M b2M

f@0D
Factor@f'@0D ê 2D
f''@0D ê 2

1

-
3 + d - p

2 + d

1

2
4 +

2 H-1 + dL2 H-1 + pL2

H2 + dL2
- 2 p

a@p_, d_D :=
1

2
4 +

2 H-1 + dL2 H-1 + pL2

H2 + dL2
- 2 p

b@p_, d_D :=
3 + d - p

2 + d



Simplify@a@1, dDD

SimplifyBaB
2 d

d - 2
, dFF

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

H-3 + dL2

H-2 + dL2

1

The discriminant

SimplifyAb@p, dD2 - a@p, dDE

-
d Hd H-2 + pL - 2 pL H-1 + pL

H2 + dL2

FullSimplifyAH2 + dL2 a@aa, dDE ê. aa Ø p

3 H3 + d H2 + dLL - 3 I2 + d2M p + H-1 + dL2 p2

g@p_D := 3 H3 + d H2 + dLL - 3 I2 + d2M p + H-1 + dL2 p2
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MatrixForm@Simplify@Table@8d, a@p, dD, b@p, dD<, 8d, 1, 4<DDD

1 2 - p
4-p

3

2 1
16

I33 - 18 p + p2M
5-p

4

3 1
25

I54 - 33 p + 4 p2M
6-p

5

4 1
4
H-3 + pL2

7-p

6

MatrixForm@
Simplify@Table@8d, b@p, dD ê. Simplify@Solve@g@pD ã 0, pDD<, 8d, 1, 4<DDD

1 :
2
3
>

2 9-1 + 3 , -1 - 3 =

3 :
3
4
, 0>

4 :
2
3
, 2

3
>

MatrixFormB

SimplifyBTableB:d,
1

2 b@p, dD
ê. Simplify@Solve@g@pD ã 0, pDD>, 8d, 1, 4<FFF

1 :
3
4
>

2 :
1
4
I1 + 3 M, 1

4
I1 - 3 M>

3 :
2
3
, ComplexInfinity>

4 :
3
4
, 3

4
>
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The functions p±

p ê. Solve@g@pD ã 0, pD

ShowBListLinePlot@880, 1<, 84, 1<<, PlotStyle Ø BlackD,

ListLinePlot@881, 5<, 81, 20<<, PlotStyle Ø BlackD,
ListLinePlot@882, 0<, 82, 20<<, PlotStyle Ø BlackD,

PlotB
2 d

d - 2
, 8d, 2, 4<, PlotStyle Ø Black, PlotRange Ø 8All, 80, 50<<F,

Plot@%, 8d, 0, 4<, PlotStyle Ø
88Black, Dashing@TinyD, Thickness@0.005D<, 8Black, Thickness@0.005D<<D,

PlotRange Ø 8All, 80, 20<<, AxesOrigin Ø 80, 0<, AspectRatio Ø 1.2F

:
6 + 3 d2 - 3 16 d + 12 d2 - d4

2 I1 - 2 d + d2M
,
6 + 3 d2 + 3 16 d + 12 d2 - d4

2 I1 - 2 d + d2M
>
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psoln@d_D := :d,
6 + 3 d2 - 3 16 d + 12 d2 - d4

2 I1 - 2 d + d2M
,
6 + 3 d2 + 3 16 d + 12 d2 - d4

2 I1 - 2 d + d2M
>

MatrixForm@8psoln@0D, psoln@2D, psoln@3D, psoln@4D<D

0 3 3

2 1
2
I18 - 8 3 M

1
2
I18 + 8 3 M

3 9
4
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4 3 3
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LimitB
6 + 3 d2 - 3 16 d + 12 d2 - d4

2 I1 - 2 d + d2M
, d Ø 1F

2

The functions b±

h@p_, d_D := FullSimplifyAb ê. SolveAa@p, dD b2 - 2 b@p, dD b + 1 ã 0, bEE

h@1, dD

FactorBhB
2 d

d - 2
, dFF

81, 1<

:
-2 + d

-3 + d
,

-2 + d

-3 + d
>

Plow@d_D := ShowBPlot@h@p, dD, 8p, 1, 10<, PlotStyle Ø

88Black, Thickness@0.005D<, 8Black, Thickness@0.005D<<, AxesOrigin Ø 80, 0<D,

PlotB
4

6 - p
, 8p, 1, 6<, PlotStyle Ø 8Black, Dashing@TinyD, Thickness@0.004D<FF

Plow@1D
Plow@2D
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Pl@d_D := ShowBPlotBh@p, dD, :p, 1,
2 d

d - 2
>, PlotStyle Ø

88Black, Thickness@0.005D<, 8Black, Thickness@0.005D<<, AxesOrigin Ø 80, 0<F,

PlotB
4

6 - p
, :p, 1,

2 d

d - 2
>, PlotStyle Ø 8Black, Dashing@TinyD, Thickness@0.004D<FF

Pl@3D
Show@Pl@4D, PlotRange Ø 8All, 80, 20<<D
Pl@5D
Pl@10D
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Range covered by the function b = 4
6-p

SolveBfB
4

6 - p
F ã 0, pF

::p Ø
2 d

-2 + d
>, :p Ø

18 d

-2 + 17 d
>>

Some preliminary computations for the admissible range for the improvement

SolveB:
1

q
+

1

q1
+
1

2
ã 1, k ã 2 b - 1, k q q1 == b p, k H1 - qL q ã 2 b >, 8q, q1, k, q<F

Simplify@8k q , k H1 - qL< ê. %D

::q Ø
2 H-2 b + p bL

2 - 4 b + p b
, q1 Ø

H-2 + pL b

-1 + b
, k Ø -1 + 2 b, q Ø

p H-1 + bL

H-2 + pL H-1 + 2 bL
>>

::
p H-1 + bL

-2 + p
,
2 + H-4 + pL b

-2 + p
>>

EvaluateB
1

q
ê. q Ø

2 H-2 b + p bL

2 - 4 b + p b
F;

:Solve@% ã 0, bD@@1DD, SolveB% ã
1

2
, bF@@1DD>

::b Ø -
2

-4 + p
>, 8b Ø 1<>

SolveB:
1

q
+

1

q1
ã 1, k ã 2 H2 b - 1L, k q q1 == b p, k H1 - qL q ã 2 b >, 8q, q1, k, q<F

Simplify@8k q , k H1 - qL< ê. %D

::q Ø
H-2 + pL b

2 - 4 b + p b
, q1 Ø

H-2 + pL b

2 H-1 + bL
, k Ø 2 H-1 + 2 bL, q Ø

p H-1 + bL

H-2 + pL H-1 + 2 bL
>>

::
2 p H-1 + bL

-2 + p
,
4 + 2 H-4 + pL b

-2 + p
>>
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a@p_, d_D :=
1

2
4 +

2 H-1 + dL2 H-1 + pL2

H2 + dL2
- 2 p

b@p_, d_D :=
3 + d - p

2 + d

The functions b± and the admissible range for the improvement

h@p_, d_D := FullSimplifyAb ê. SolveAa@p, dD b2 - 2 b@p, dD b + 1 ã 0, bEE

h@1, dD

FactorBhB
2 d

d - 2
, dFF

81, 1<

:
-2 + d

-3 + d
,

-2 + d

-3 + d
>

Rng@p_, d_, hlim_D := :Min@h@p, dD@@1DD, h@p, dD@@2DDD, IfBp < 4,

MinB
2

4 - p
, Max@h@p, dD@@1DD, h@p, dD@@2DDDF, Max@h@p, dD@@1DD, h@p, dD@@2DDDF>

RngLim@p_, d_, hlim_D := Module@8M = Rng@p, d, hlimD<, If@M@@1DD < 0 »» M@@2DD § 1,
8Max@M@@2DD, 1D, hlim<, 8Max@1, M@@1DDD, Max@1, Min@M@@2DD, hlimDD<DD

RngGrey@d_, hlim_D := ModuleB8M = RngLim@p, d, hlimD<,

PlotB8M@@1DD, M@@2DD<, :p, 2, IfBd § 2, 10,
2 d

d - 2
F>,

PlotStyle Ø 88Black, Thickness@0.001D, Opacity@0.1D<,
8Black, Thickness@0.001D, Opacity@0.1D<<, Filling Ø 81 Ø 82<<,

FillingStyle Ø GrayLevel@0.9D, PlotRange Ø 8Automatic, 80, hlim<<FF
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Plow@d_D := ShowBPlot@h@p, dD, 8p, 1, 10<, PlotStyle Ø

88Black, Thickness@0.005D<, 8Black, Thickness@0.005D<<, AxesOrigin Ø 80, 0<D,

PlotB
4

6 - p
, 8p, 1, 6<, PlotStyle Ø 8Black, Dashing@TinyD, Thickness@0.004D<FF

PRange@d_, PR_D := PlotB:
2

4 - p
, 1>, 8p, 1, 10<, PlotRange Ø  PR,

PlotStyle Ø 88Black, Thickness@0.004D, Dashing@80.025, 0.01<D<,

8Black, Thickness@0.004D, Dashing@80.025, 0.01<D<<F

PlowRange@d_, PR_D := Show@Plow@dD, PRange@d, PRDD
Show@Show@RngGrey@1, 2.5D, PlotRange Ø 880, 10<, 8-2.5, 2.5<<D,
PlowRange@1, 8All, 8-2.5, 2.5<<DD

Show@Show@RngGrey@2, 3.2D, PlotRange Ø 880, 10<, 8-3.2, 3.25<<D,
PlowRange@2, 8All, 8-3.2, 3.25<<DD

Pl@d_, PR_D := ShowBPlotBh@p, dD, :p, 1,
2 d

d - 2
>,

PlotStyle Ø 88Black, Thickness@0.005D<, 8Black, Thickness@0.005D<<,

AxesOrigin Ø 80, 0<F, PlotB
4

6 - p
, :p, 1,

2 d

d - 2
>,

PlotStyle Ø 8Black, Dashing@TinyD, Thickness@0.004D<F, PRange@d, PRDF

Show@RngGrey@3, 7.5D, Pl@3, 8All, 8-9, 8<<D, PlotRange Ø 880, 6.2<, 8-6, 7.5<<D
Show@RngGrey@4, 20D, Pl@4, 8All, 80, 20<<D, PlotRange Ø 880.5, 4.5<, 80, 15<<D
Show@RngGrey@5, 6D, Pl@5, 8All, 80, 6.1<<D, PlotRange Ø 880.5, 4.2<, 80, 6.1<<D
Show@RngGrey@10, 3D, Pl@10, 8All, 80, 2.75<<D,
PlotRange Ø 880.55, 2.7<, 80, 2.75<<D
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The two-dimensional case

Simplify@a@p, 2DD

1

16
I33 - 18 p + p2M

1

16
I33 - 18 p + p2M

Solve@% ã 0, pD
N@%D

1

16
I33 - 18 p + p2M

99p Ø 9 - 4 3 =, 9p Ø 9 + 4 3 ==

88p Ø 2.0718<, 8p Ø 15.9282<<

h@p, 2D

:
4

5 + 2 2 -1 + p - p
, -

4

-5 + 2 2 -1 + p + p
>

SolveB
4

5 + 2 2 -1 + p - p
ã 1, pF

88p Ø 1<, 8p Ø 9<<

1 ê h@p, 2D
8Solve@%@@1DD ã 0, pD@@1DD, Solve@%@@2DD ã 0, pD@@1DD<

:
1

4
J5 + 2 2 -1 + p - pN,

1

4
J5 - 2 2 -1 + p - pN>

99p Ø 9 + 4 3 =, 9p Ø 9 - 4 3 ==
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Plow2@d_D := ShowBPlot@h@p, dD, 8p, 1, 25<, PlotStyle Ø

88Black, Thickness@0.005D<, 8Black, Thickness@0.005D<<, AxesOrigin Ø 80, 0<D,

PlotB
4

6 - p
, 8p, 1, 6<, PlotStyle Ø 8Black, Dashing@SmallD, Thickness@0.004D<FF

RngGreyExtended@d_, hlim_D := ModuleB8M = RngLim@p, d, hlimD<,

PlotB8M@@1DD, M@@2DD<, :p, 2, IfBd == 2, 9 + 4 3 ,
2 d

d - 2
F>,

PlotStyle Ø 88Black, Thickness@0.001D, Opacity@0.1D<,
8Black, Thickness@0.001D, Opacity@0.1D<<, Filling Ø 81 Ø 82<<,

FillingStyle Ø GrayLevel@0.9D, PlotRange Ø 8Automatic, 80, hlim<<FF

Show@Show@RngGreyExtended@2, 3.2D, PlotRange Ø 880, 25<, 8-3.2, 3.25<<D,
Plow2@2D, ListLinePlot@880, 1<, 825, 1<<, PlotStyle Ø BlackDD
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Plow1@d_D := ShowBPlot@h@p, dD, 8p, 1.9, 2.1<,

PlotStyle Ø 88Black, Thickness@0.004D<, 8Black, Thickness@0.004D<<,

AxesOrigin Ø 80, 0<D, PlotB
4

6 - p
, 8p, 1.9, 2.1<,

PlotStyle Ø 8Black, Dashing@SmallD, Thickness@0.004D<FF

ShowBPlotB:IfBp < 9 - 4 3 ,
2

4 - p
, 2F, 1>, 8p, 2, 2.1<,

PlotStyle Ø 88Black, Thickness@0.004D<, 8Black, Thickness@0.004D<<,

Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.9D, PlotRange Ø 8All, 80, 2<<F,

Show@ListLinePlot@882, 0.5<, 82, 1.25<<, PlotStyle Ø BlackD,
ListLinePlot@881.9, 1<, 82.1, 1<<, PlotStyle Ø BlackD, Plow1@2D,
PlotRange Ø 881.9, 2.1<, 80.5, 1.25<<, AspectRatio Ø 0.5D,

PlotRange Ø 881.9, 2.1<, 80.5, 1.25<<, AxesOrigin Ø 81.92, 0.6<F
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Case p>2, optimization on  b>1

g@b_, p_, d_D :=

-SimplifyB
d - 1

d + 2
Hk + b - 1L

2

- k Hb - 1L -
d

d + 2
Hk + b - 1L ê. k Ø b Hp - 2L + 1F

d@b_, p_D := SimplifyB
p - H4 - pL b

2 b Hp - 2L
F

phi@p_, d_, b_, x_D := NIntegrateBExpB

g@b, p, dD

2 b2 H1 - d@b, pDL Hp - 2L
IH1 - Hp - 2L zL1-d@b,pD - H1 - Hp - 2L xL1-d@b,pDMF, 8z, 0, x<F

Rng@p_, d_D := :Max@1, Min@h@p, dD@@1DD, h@p, dD@@2DDDD, IfBp < 4,

MinB
2

4 - p
, Max@h@p, dD@@1DD, h@p, dD@@2DDDF, Max@h@p, dD@@1DD, h@p, dD@@2DDDF>

BetaTable@p_, d_D := ModuleB8M = Rng@p, dD<, TableBb,

:b, M@@1DD +
M@@2DD - M@@1DD

Nbre
, M@@2DD -

M@@2DD - M@@1DD

Nbre
,
M@@2DD - M@@1DD

Nbre
>FF

Nbre = 10;

b0@p_D :=
4

6 - p
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BetaTable@2.5, 5D

82.38333, 2.26667, 2.15, 2.03333, 1.91667, 1.8, 1.68333, 1.56667, 1.45<

PMax@p_, d_, PR_D :=

ShowBModuleB8M = Rng@p, dD<, TableBPlotBphi@p, d, b, xD - x, :x, 0,
1

p - 2
>,

PlotStyle Ø 8Black, Thickness@0.005D<, DisplayFunction Ø IdentityF,

:b, M@@1DD +
M@@2DD - M@@1DD

Nbre
, M@@2DD -

M@@2DD - M@@1DD

Nbre
,
M@@2DD - M@@1DD

Nbre
>FF,

DisplayFunction Ø $DisplayFunction, PlotRange Ø PRF

PMax@2.5, 5, 8Automatic, 80, 1<<D
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0.2

0.4

0.6

0.8

1.0

DeltaPMax@p_, d_, PR_D :=

ShowBModuleB8M = Rng@p, dD<, TableBPlotBphi@p, d, b, xD - phi@p, d, b0@pD, xD, :x, 0,

1

p - 2
>, PlotStyle Ø 8Black, Thickness@0.005D<, DisplayFunction Ø IdentityF,

:b, M@@1DD +
M@@2DD - M@@1DD

Nbre
, M@@2DD -

M@@2DD - M@@1DD

Nbre
,
M@@2DD - M@@1DD

Nbre
>FF,

DisplayFunction Ø $DisplayFunction, PlotRange Ø PRF

Nbre = 20;
DeltaPMax@2.5, 5, 880, 1.2<, Automatic<D
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-0.002
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Estimates based on the case b=1

p1 =
5

2
; d1 = 2;

TwoSharp =
2 d2 + 1

Hd - 1L2
ê. d Ø d1;

d - 1

d + 2

2

Hp - 1L HTwoSharp - pL ê. d Ø d1;

g1 = % ê. p Ø p1;

f0@x_D :=
1

g1
2

+ p1 - 2
Kx

2+
g1

p1-2 - 1O

P0 = PlotB:1, Hp1 - 2L
f0@xD

x2 - 1
>, 8x, 1, 10<,

PlotStyle Ø 88Black, Thickness@0.005D, Dashing@TinyD<,
8Black, Thickness@0.004D, Dashing@80.025, 0.01<D<<,

PlotRange Ø 8All, Automatic<, AxesOrigin Ø 81, 0<F
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TwoSharp =
2 d2 + 1

Hd - 1L2
ê. d Ø d1;

p1 =
3

2
; d1 = 2;

d - 1

d + 2

2

Hp - 1L HTwoSharp - pL ê. d Ø d1;

g1 = % ê. p Ø p1;

f0@x_D :=
1

g1
2

+ p1 - 2
Kx

2+
g1

p1-2 - 1O

P1 = PlotB:1, H2 - p1L
f0@xD

1 - x2
>, 8x, 0, 1<,

PlotStyle Ø 88Black, Thickness@0.005D, Dashing@TinyD<,

8Black, Thickness@0.004D, Dashing@80.025, 0.01<D<<, PlotRange Ø 8All, 80, 2<<F
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a1 = 3;

f1@x_D :=
a1

1 - Hp1 - 1La1
I1 - x2M

f2@x_, g_D :=
a1

1 - Hp1 - 1La1 gê2
H1 - xgL

f3@x_D :=
2

Log@p1 - 1D
Log@xD
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P2 = PlotBTableB
f2@x, gD

f1@xD
, 8g, 0.1, 2, 0.1<F, 8x, 0, 1<,

PlotStyle Ø 8Black, Thickness@0.001D<, PlotRange Ø 8All, 80, 2<<F;

P3 = PlotB:1,
f3@xD

f1@xD
>, 8x, 0, 1<, PlotRange Ø 8All, 80, 2<<, PlotStyle Ø

88Black, Thickness@0.005D, Dashing@TinyD<, 8Black, Thickness@0.005D<<F;

Show@
P2,
P3D
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