
Definitions

f@b_, p_, d_D :=
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L

Betapm@p_, d_D := b ê. Solve@f@b, p, dD ã 0, bD

BetaPlot@d_D :=

ModuleB8M = Betapm@p, dD<, ShowBListLinePlot@881, 0<, 81, 3<<, PlotStyle Ø BlackD,

ListLinePlotB::
2 d

d - 2
, 0>, :

2 d

d - 2
, 3>>, PlotStyle Ø BlackF,

PlotBM, :p, 1,
2 d

d - 2
>, Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.9D,

PlotStyle Ø 88Thickness@0.005D, Black<, 8Thickness@0.005D, Black<<F,

PlotRange Ø All, AxesOrigin Ø 82, 1<FF

mPlot@d_D := ModuleB:M = 1 +
2

p

1

b
- 1 ê.

SolveB
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L ã 0, bF>,

ShowBListLinePlot@881, 0<, 81, 2<<, PlotStyle Ø BlackD,

ListLinePlotB::
2 d

d - 2
, 0>, :

2 d

d - 2
, 2>>, PlotStyle Ø BlackF,

PlotBM, :p, 1,
2 d

d - 2
>, Filling Ø 81 Ø 82<<, FillingStyle Ø GrayLevel@0.9D,

PlotStyle Ø 88Thickness@0.005D, Black<, 8Thickness@0.005D, Black<<F,

PlotRange Ø All, AxesOrigin Ø 82, 1<FF



Dimension d=1

Show@RegionPlot@f@b, p, 1D < 0,
8p, -10, -2<, 8b, 0, 1<, PlotStyle Ø GrayLevel@0.9DD,

RegionPlot@f@b, p, 1D < 0, 8p, 1, 30<, 8b, -4, 4<, PlotStyle Ø GrayLevel@0.9DD,
Plot@Betapm@p, 1D, 8p, 1, 1.9999<, PlotPoints Ø 500,
PlotStyle Ø 8Thickness@0.005D, Black<D, Plot@Betapm@p, 1D, 8p, 2.00001, 30<,
PlotPoints Ø 500, PlotStyle Ø 8Thickness@0.005D, Black<D, Plot@Betapm@p, 1D,
8p, -10, -2<, PlotPoints Ø 500, PlotStyle Ø 8Thickness@0.005D, Black<D,

ListLinePlot@881, 1<, 830, 1<<, PlotStyle Ø 8Thickness@0.005D, Black<D,
PlotRange Ø 88-8, 28<, 8-1.3, 2.5<<, AxesOrigin Ø 80, 0<D
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Dimension d=2

Show@RegionPlot@f@b, p, 2D < 0, 8p, 0, 30<, 8b, -4, 4<, PlotStyle Ø GrayLevel@0.9DD,
Plot@Betapm@p, 2D, 8p, 1, 30<, PlotPoints Ø 500,
PlotStyle Ø 8Thickness@0.005D, Black<D,

ListLinePlot@881, 1<, 830, 1<<, PlotStyle Ø 8Thickness@0.005D, Black<D,
PlotRange Ø 880, 28<, 8-2.5, 2.5<<D
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Dimension d=3

Show@RegionPlot@f@b, p, 3D < 0, 8p, 0, 7<, 8b, -4, 4<, PlotStyle Ø GrayLevel@0.9DD,
Plot@Betapm@p, 3D, 8p, 1, 7<, PlotPoints Ø 500,
PlotStyle Ø 8Thickness@0.005D, Black<D,

ListLinePlot@881, 1<, 87, 1<<, PlotStyle Ø 8Thickness@0.005D, Black<D,
PlotRange Ø 8All, 8-3.8, 3.8<<D
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Dimension d¥4

Table@BetaPlot@dD, 8d, 4, 12<D

:
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Dimension d=5
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mPlot@5D
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The lower branch

f@b_D :=
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L

Res = Simplify@Solve@f@bD ã 0, bDD@@1DD;

ShowBListLinePlot@882, 1<, 86, 1<<, PlotStyle Ø BlackD,

TableBListLinePlotB::
2 d2 + 1

Hd - 1L2
, 0.6>, :

2 d2 + 1

Hd - 1L2
, 1.5>>, PlotStyle Ø BlackF,

8d, 3, 10<F, TableBListLinePlotB::
2 d

d - 2
, 0.6>, :

2 d

d - 2
, 1.5>>,

PlotStyle Ø 8Dashed, Black<F, 8d, 3, 10<F, PlotB

TableB
6 + d2 - d H-5 + pL - -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL - 2 p

H-3 + pL2 - 2 d I-3 + p2M + d2 I3 - 3 p + p2M
, 8d, 3, 10<F,

8p, 2, 6<, PlotStyle Ø 8Thickness@0.005D, Black<F,

PlotRange Ø 882, 6<, 80.7, 1.3<<F
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The second obstruction

FullSimplifyBSimplifyB-Ha + b - 1L2 + 2
d - 1

d + 2
Hp - 1L Ha + b - 1L b -

d

d + 2
Hp - 1L b2 ê.

a Ø
d - 1

d + 2
Hp - 1L bF ê. ResF;

f@p_, d_D := -
1

H2 + dL IH-3 + pL2 + d2 H3 + H-3 + pL pL - 2 d I-3 + p2MM2
2

H-1 + pL -H-3 + pL2 -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL +

d5 H-2 + pL H1 + H-3 + pL pL + d3 22 - 4 -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL +

p -11 + 2 -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL + H16 - 3 pL p +

2 d4 I2 + p I2 + p - p2MM + d2 12 + 8 p3 - 11 -d H2 + dL2 H-1 + pL H-2 d + H-2 + dL pL +

3 p 8 + -d H2 + dL2 H-1 + pL H-2 d + H-2 + dL pL -

p2 12 + -d H2 + dL2 H-1 + pL H-2 d + H-2 + dL pL +

2 d -3 -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL +

p 6 - 4 -d H2 + dL2 Hd H-2 + pL - 2 pL H-1 + pL +

p 4 - 2 p + -d H2 + dL2 H-1 + pL H-2 d + H-2 + dL pL

h@d_D := PlotBf@p, dD, :p,
2 d2 + 1

Hd - 1L2
,

2 d

d - 2
>, PlotStyle Ø 8Thickness@0.005D, Black<F
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h@3D
h@5D
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Table@h@dD, 8d, 3, 12<D

:
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,
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,
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0.025

,
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0.005
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,

2.555 2.560 2.565 2.570

0.002

0.004

0.006

0.008

0.010
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,

2.490 2.495 2.500
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0.008

,
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>

The second obstruction: the region in which A is positive when d=5

A@b_, p_, d_D :=

Ha + b - 1L2 - 2
d - 1

d + 2
Hp - 1L Ha + b - 1L b +

d

d + 2
Hp - 1L b2 ê. a Ø

d - 1

d + 2
b Hp - 1L

g@p_, d_D := b ê. Solve@A@b, p, dD ã 0, bD
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ShowBRegionPlot@A@b, p, 5D < 0, 8p, 1, 4<,

8b, -4, 8<, PlotStyle Ø GrayLevel@0.5DD, BetaPlot@5D,

RegionPlotBA@b, p, 5D < 0 && f@b, p, 5D < 0, :p,
2 d2 + 1

Hd - 1L2
ê. d Ø 5,

2 d

d - 2
ê. d Ø 5>,

8b, -4, 8<, PlotStyle Ø GrayLevel@0.3D, PlotPoints Ø 200F,

ListLinePlotB::
2 d2 + 1

Hd - 1L2
, 0>, :

2 d2 + 1

Hd - 1L2
, 3>> ê. d Ø 5, PlotStyle Ø BlackF,

Plot@g@p, 5D, 8p, 3, 4<, PlotStyle Ø 8Thickness@0.005D, Black<D,

PlotRange Ø 880.8, 3.8<, 80.4, 6.2<<F

The second obstruction when d¥5

ABetaPlot@d_D :=

ShowBBetaPlot@dD, ListLinePlotB::
2 d2 + 1

Hd - 1L2
, 0>, :

2 d2 + 1

Hd - 1L2
, 3>>, PlotStyle Ø BlackF,

PlotBg@p, dD, :p,
2 d2 + 1

Hd - 1L2
,

2 d

d - 2
+
0.2

d
>, PlotStyle Ø BlackF,

PlotRange Ø ::
2 d2 + 1

Hd - 1L2
,

2 d

d - 2
+
0.2

d
>, 80.8, 1.8<>F
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Table@ABetaPlot@dD, 8d, 4, 12<D

:
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,

3.15 3.20 3.25 3.30 3.35 3.40

,
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,

2.72 2.74 2.76 2.78 2.80 2.82 2.84 2.86

,

2.60 2.62 2.64 2.66 2.68 2.70 2.72

,

2.52 2.54 2.56 2.58 2.60 2.62

,

2.46 2.48 2.50 2.52 2.54 2.56

,

2.40 2.42 2.44 2.46 2.48 2.50

,

2.36 2.38 2.40 2.42 2.44

>

The second obstruction when d=3

Pg@d_, pmax_D := PlotBg@p, dD, :p,
2 d2 + 1

Hd - 1L2
, pmax>,

PlotPoints Ø 500, PlotStyle Ø 8Thickness@0.005D, Black<F
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Show@RegionPlot@f@b, p, 3D < 0, 8p, 0, 7<, 8b, -4, 4<, PlotStyle Ø GrayLevel@0.9DD,
RegionPlot@A@b, p, 3D < 0, 8p, 4.5, 7<, 8b, -4, 8<, PlotStyle Ø GrayLevel@0.5D,
PlotPoints Ø 50D, RegionPlot@A@b, p, 3D < 0 && f@b, p, 3D < 0, 8p, 4.5, 7<,
8b, -4, 8<, PlotStyle Ø GrayLevel@0.3D, PlotPoints Ø 50D, Plot@Betapm@p, 3D,
8p, 1, 7<, PlotPoints Ø 500, PlotStyle Ø 8Thickness@0.005D, Black<D,

ListLinePlot@881, 1<, 87, 1<<, PlotStyle Ø 8Thickness@0.005D, Black<D,
Pg@3, 7D, PlotRange Ø 8All, 8-3.8, 3.8<<D
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Show@RegionPlot@A@b, p, 2D < 0, 8p, 1, 30<,
8b, -4, 8<, PlotStyle Ø GrayLevel@0.5D, PlotPoints Ø 50D,

RegionPlot@f@b, p, 2D < 0, 8p, 0, 30<, 8b, -4, 4<, PlotStyle Ø GrayLevel@0.9DD,
RegionPlot@A@b, p, 2D < 0 && f@b, p, 2D < 0, 8p, 9, 30<,
8b, -4, 8<, PlotStyle Ø GrayLevel@0.3D, PlotPoints Ø 50D,

Plot@Betapm@p, 2D, 8p, 1, 30<, PlotPoints Ø 500,
PlotStyle Ø 8Thickness@0.005D, Black<D, Pg@2.001, 30D, Pg@2.001, 14D,

ListLinePlot@881, 1<, 830, 1<<, PlotStyle Ø 8Thickness@0.005D, Black<D,
PlotRange Ø 880, 28<, 8-2.5, 2.5<<D

Positivity of A (theoretical)

A@b_, p_, d_D :=

Ha + b - 1L2 - 2
d - 1

d + 2
Hp - 1L Ha + b - 1L b +

d

d + 2
Hp - 1L b2 ê. a Ø

d - 1

d + 2
b Hp - 1L

B = FullSimplify@b ê. Solve@A@b, p, dD ã 0, bD, Assumptions Ø d ¥ 2D

:
2 + d

2 + d - H-1 + pL I-1 + d2 H-2 + pL + p - 2 d pM
,

2 + d

2 + d + H-1 + pL I-1 + d2 H-2 + pL + p - 2 d pM
>

b = SimplifyBFullSimplifyB

b ê. SolveB
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L ã 0, bFF,

Assumptions Ø d + 2 > 0F

:
2 + d

3 + d + -d Hd H-2 + pL - 2 pL H-1 + pL - p
,

2 + d

3 + d - -d Hd H-2 + pL - 2 pL H-1 + pL - p
>
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b = SimplifyBFullSimplifyB

b ê. SolveB
d - 1

d + 2

2

Hb Hp - 1LL2 - Hb Hp - 2L + 1L Hb - 1L -
d

d + 2
b Hp - 1L ã 0, bFF,

Assumptions Ø d + 2 > 0F

:
2 + d

3 + d + -d Hd H-2 + pL - 2 pL H-1 + pL - p
,

2 + d

3 + d - -d Hd H-2 + pL - 2 pL H-1 + pL - p
>

R1 = FullSimplifyBH2 + dL
1

B@@1DD
-

1

b@@1DD
F

Solve@R1 ã 0, pD

LimitB p -
2 d2 + 1

Hd - 1L2
D@R1, pD, p Ø

2 d2 + 1

Hd - 1L2
F

-1 - -d Hd H-2 + pL - 2 pL H-1 + pL + p - H-1 + pL I-1 + d2 H-2 + pL + p - 2 d pM

:8p Ø 1<, :p Ø
2 d

-2 + d
>, :p Ø

1 + 2 d2

H-1 + dL2
>>

-
1

2
d H2 + dL

R2 = FullSimplifyBH2 + dL
1

B@@2DD
-

1

b@@1DD
F

Solve@R2 ã 0, pD

LimitB p -
2 d2 + 1

Hd - 1L2
D@R2, pD, p Ø

2 d2 + 1

Hd - 1L2
F

-1 - -d Hd H-2 + pL - 2 pL H-1 + pL + p + H-1 + pL I-1 + d2 H-2 + pL + p - 2 d pM

:8p Ø 1<, :p Ø
2 d

-2 + d
>, :p Ø

1 + 2 d2

H-1 + dL2
>>

1

2
d H2 + dL
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