Definitions

d-1

2
£[B_,p_,d] ==( ) (B(p-1))2- (B (pP-2)+1) (B-1) - B(p-1)

d+2 d+2

Betapm[p ,d_] :=8/. Solve[f[B, p, d] =0, 3]
BetaPlot[d_] :=

Module[{M = Betapm[p, d]}, Show[ListLinePlot[{{l, 0}, {1, 3}}, PlotStyle - Black],

2d 2d
ListLinePlot [{{ _—, 0} ’ {— ’ 3}} , PlotStyle » Black] ’
d-2 d-2

2d
Plot[M, {p, 1, —}, Filling - {1 -» {2}}, FillingStyle - GrayLevel[0.9],
a-2

PlotStyle » {{Thickness[0.005], Black}, {Thickness[0.005], Black}}] '
PlotRange -» All, AxesOrigin - {2, 1}] ]

2 (1
mPlot[d_] :=Module[{M= 1+ — [—-1J /.
p\B

d-1

2
Solve[( ) (B(p-1))%2-(B(p-2)+1) (B-1) -

B(e-1) =0, 8]}

+2 d+2

Show[ListLinePlot [{{1, 0}, {1, 2}}, PlotStyle -» Black],
2d 2d

ListLinePlot [{{ _ 0} ’ {— ’ 2}} , PlotStyle » Black] ’
d-2 d-2

d
—} Filling - {1 » {2}}, FillingStyle - GrayLevel[0.9],

Plot [M, {p, 1,
d-2

PlotStyle » {{Thickness[0.005], Black}, {Thickness[0.005], Black}}] ’

PlotRange » All, AxesOrigin - {2, 1}] ]
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Dimension d=1

Show[RegionPlot[f[3, p, 1] < O,
{p, -10, -2}, {B, 0, 1}, PlotStyle » GrayLevel[0.9]],
RegionPlot[f[B, p, 1] <O, {p, 1, 30}, {B, -4, 4}, PlotStyle » GrayLevel[0.9]],
Plot [Betapm[p, 1], {p, 1, 1.9999}, PlotPoints - 500,
PlotStyle » {Thickness[0.005], Black}], Plot[Betapm[p, 1], {p, 2.00001, 30},
PlotPoints » 500, PlotStyle » {Thickness[0.005], Black}], Plot[Betapm[p, 1],
{p, -10, -2}, PlotPoints -» 500, PlotStyle » {Thickness[0.005], Black}],
ListLinePlot[{{1, 1}, {30, 1}}, PlotStyle » {Thickness[0.005], Black}],
PlotRange » {{-8, 28}, {-1.3, 2.5}}, AxesOrigin » {0, 0}]
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Dimension d=2
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Show[RegionPlot[f[B, p, 2] < O, {p, O, 30}, {B, -4, 4}, PlotStyle -» GrayLevel[0.9]],

Plot [Betapm[p, 2], {p, 1, 30}, PlotPoints -» 500,
PlotStyle » {Thickness[0.005], Black}],
ListLinePlot[{{1, 1}, {30, 1}}, PlotStyle » {Thickness[0.005], Black}],

PlotRange -» {{0, 28}, {-2.5, 2.5}}]
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Dimension d=3

Show[RegionPlot[f[B, p, 3] <0, {p, O, 7}, {B, -4, 4}, PlotStyle » GrayLevel[0.9]],
Plot [Betapm[p, 3], {p, 1, 7}, PlotPoints -» 500,
PlotStyle » {Thickness[0.005], Black}],
ListLinePlot[{{1, 1}, {7, 1}}, PlotStyle » {Thickness[0.005], Black}],
PlotRange -» {All, {-3.8, 3.8}}]
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Dimension d>4

Table[BetaPlot[d], {d, 4, 12}]
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Dimension d=5

BetaPlot[5]
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mPlot [5]
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The lower branch

d-1

2
£[B_] := (d 2) (B(p-1))2-(B(p-2)+1) (B-1) -
+

Res = Simplify[Solve[£[B] =0, B11[[1]];

B(p-1)
d+2

Show[ListLinePlot [{{2, 1}, {6, 1}}, PlotStyle -» Black],

24d4%+1 24%2+1
Table [ListLinePlot[{{—, }, {—, 1.5}}, PlotStyle » Black] ,
(d-1)2 (d-1)2
2d 2d
{4, 3, 10}] , Table[ListLinePlot[{{—, 0.6}, {—, 1.5}},
d-2 d-2

PlotStyle - {Dashed, Black}] , {d, 3, 10}] , Plot[

6+d2-d (-5+p) —'\/—d(2+d)2 (d(-2+p)-2p) (-1+p) -2p
(-3+p)?-2d (-3+p?) +a® (3-3p+p?)

Table| , {4, 3, 10}],

{p, 2, 6}, PlotStyle » {Thickness[0.005], Black}] ’

PlotRange -» {{2, 6}, {0.7, 1.3}}]
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The second obstruction

Fullsimplify[simplify[—(a+/3—1)2+2 (p-1) (a+B-1)B- (p-1) B2 /.
d+2 d+2
a-1
a»> — (p-1) B] /.Res];
d+2
1
£lp_,d_] := - 2

(2+d) ((-3+p)2+d® (3+ (-3+p) p) -24 (-3+p?))”

(-1+p) (—(—3+p>2\/—d(2+d>2 (d (-2+p) -2p) (-1+p) +

d®> (-2+p) (1+(-3+p) p) +a° (22—4'\/—d (2+d)%2 (d (-2+p) -2p) (-1+p) +

p(—11+2\/—d(2+d)2 (d(-2+p) -2p) (-1+p) + (16-3p) p)] +

2a* (2+p (2+p-p?)) +@° (12+8p3-11‘\/—d (2+d)2 (-1+p) (-2d+ (-2+d) p) +

3p (8+‘\/—d (2+d)2 (-1+p) (-2d+ (-2+4d) p) )—

p? (12+\/—d (2+4d)% (-14p) (-2d+ (-2+4d) p) )] .

2d(—3\/—d (2+4d)%2(d (-2+p) -2p) (-1+p) +

p(6—4’\/—d (2+d)2 (d (-2+p) -2p) (-1+p) +

P (4—2p+'\/—d (2+d)2 (-1+p) (-2d+ (-2+d) p) )))J

24%2+1 24d
, —}, PlotStyle - {Thickness[0.005], Black}]
(d-1)% d-2

h[d_] := Plot[f[p, aj, {p,
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Table[h[d], {d, 3, 12}]
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The second obstruction: the region in which A is positive when d=5

A[B_I P_, d_] :=

(p-1) (a+B-1) B+ (p-1)B*/.a-
d+2 d+2 d+2

g[P_l d_] :=f3/. Solve[A[B, p, d] =0, 3]

(a+B-1)%2-2

B(p-1)
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Show[RegionPlot[A[B, p, 51 <0, {p, 1, 4},
{B, -4, 8}, PlotStyle » GrayLevel[0.5]], BetaPlot[5],

2d%+1 2d
RegionPlot[A[B, p, 5] <0&& £[B, p, 5] <O, {p, - /.d55,— /.4 5},
(d-1)2 d-2

(B, -4, 8}, PlotStyle —» GrayLevel[0.3], PlotPoints - 200] ,

, 0}, {
(d-1)2 (d-1)2
Plot[g[p, 5], {p, 3, 4}, PlotStyle » {Thickness[0.005], Black}],
PlotRange - {{0.8, 3.8}, {0.4, 6.2}}]

2d%2+1 2d%2+1

ListLineplot[{{ , 3}} /.d- 5, PlotStyle - Black] ,

The second obstruction when d=5

ABetaPlot[d_] :=
2d%2+1 2d%2+1
Show [BetaPlot [d], ListLinePlot [{{ _— —_—

o} {

}, PlotStyle - Black] ,

’ , 3}}, PlotStyle » Black] ’
(d-1)? (a-1)2

2d%2+1 2d 0.2
_— +

(d_l)zld—z d

Plot[glp, a1, {p,

2d%2+1 2d 0.2

+

(d_1)2'd—2 d

PlotRange-){{ }, {0.8, 1-3}}]



Table[ABetaPlot[d], {d, 4, 12}]
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The second obstruction when d=3
24d%2+1
Pg[d_, pmax_] := Plot[g[p, a], {p, _— pmax},
(d-1)2

PlotPoints - 500, PlotStyle —» {Thickness[0.005], Black}]



12 | Figures.nb

Show[RegionPlot[f[B, p, 3] <0, {p, O, 7}, {B, -4, 4}, PlotStyle » GrayLevel[0.9]],
RegionPlot[A[B, p, 3] <O, {p, 4.5, 7}, {B, -4, 8}, PlotStyle » GrayLevel[0.5],
PlotPoints » 50], RegionPlot[A[B, p, 3] < 0&& f[B, p, 3] <0, {p, 4.5, 7},
{B, -4, 8}, PlotStyle » GrayLevel[0.3], PlotPoints » 50], Plot[Betapm[p, 3],
{p, 1, 7}, PlotPoints » 500, PlotStyle » {Thickness[0.005], Black}],
ListLinePlot[{{1, 1}, {7, 1}}, PlotStyle » {Thickness[0.005], Black}],
Pg[3, 7], PlotRange » {All, {-3.8, 3.8}}]
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Show[RegionPlot[A[B, p, 2] < 0, {p, 1, 30},
{B, -4, 8}, PlotStyle » GrayLevel[0.5], PlotPoints -» 50],
RegionPlot[f[B, p, 2] <O, {p, O, 30}, {B, -4, 4}, PlotStyle » GrayLevel[0.9]],
RegionPlot[A[B, p, 2] < 0&& f[B, p, 2] <0, {p, 9, 30},
{B, -4, 8}, PlotStyle » GrayLevel[0.3], PlotPoints -» 50],
Plot [Betapm[p, 2], {p, 1, 30}, PlotPoints -» 500,
PlotStyle » {Thickness[0.005], Black}], Pg[2.001, 30], Pg[2.001, 14],
ListLinePlot[{{1, 1}, {30, 1}}, PlotStyle » {Thickness[0.005], Black}],

PlotRange » {{0, 28}, {-2.5, 2.5}}]

2t

Positivity of A (theoretical)

A[B_, P_/ d_] :=

d-1

(p-1) (a+B-1) B+ (p-1)B*/.a- B(p-1)

(a+B-1)%2-2
d+2 d+2 d+2

B = FullSimplify[B /. Solve[A[B, p, d] == 0, B], Assumptions » d > 2]
2+d

14

2+d-+/(-1+p) (-1+d? (-2+p) +p-2dp)
2+d

2+d+~/(-1+p) (-1+d? (-2+p) +p-2dp)

b= Simplify[FullSimplify[
d-1

2 d
ﬁ/.s°1ve[[ ) (B (2-1)?- (B (p-2) +1) (B-1) - —— B (p-1) =0, B]],
+

+2

Assumptions—»d+2>0]
{ 2+d 2+d }
3+d++/-d(d(-2+p) -2p) (-1+p) -p 3+d-+/-d(d(-2+p)-2p) (-1+p) -P
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b = Simplify[FullSimplify[

d-1

2 d
B/.Sohm[( ] (B (p-1)*- (B (p-2)+1) (B-1) - —— B (p-1) =0, B]],
+

d+2

Assumptions »d+2 > O]

{ 2+d 2+d
3+d++/-d(d(-2+p) -2p) (-1+p) fp, 3+d-+/-d(d(-2+p)-2p) (-1+p) -p
1 1
R1=Fullsimp1ify[(2+d)( - ]]
B[[1]] b[[1]]

Solve[Rl = 0, p]

2d%2+1 2d2+1
D[R1, p], p - ]
(d-1)2 (d-1)2

Limit[ p-

—1—\/—d(d(—2+p)—2p) (-1+p) +p—J(—1+p) (-1+a® (-2+p) +p-2dp)

24 1+2d?
{{pﬁl}r {P* 72+d}’ {p%<—1+d)2}}
,EVE7ETET

1 1
R2 = FullSimplify[(2+4) (a[[2]] ) b[[l]]]]

Solve[R2 == 0, p]

2d%+1 2d%+1
D[R2, p], P - ]
(d-1)2 (d-1)2

Limit[ p-

~1-./-d (d (-2+p)-2p) (-1+p) +p+J(—1+p) (-1+d® (-2+p) +p-2dp)

2d 1+24d?
{1 foo o) feo ﬁ}}
ix/d (2 +d)

2



