m The symmetry breaking region

FSB[d_, R_] := Show[Plot[d-Z, (¥, d-R, d+R},
PlotStyle » {Black, Dashed}, PlotRange » {{d-R, d+R}, {d-2-R, d-2+R}}],
ListLinePlot[{{d, d-2-R}, {d, d-2+R}}, PlotStyle » {Black, Dashed}],
da-2
Plot[d-2- (y-d), {¥, d-R, d +R}, PlotStyle - Black], Plot[{— Y, ¥- 2},
a
{y, d-R, d +R}, PlotStyle » {{Thick, Black}, {Thick, Black}}, Filling » {1 -» {2}},

FillingStyle -» GrayLevel[0.8], PlotRange » {{d-R, d+R}, {d-2-R, d-2+ R}}] ’

Plot[{—2+d—'\/4+d2+72—2d(2+7) , —2+d+\/4+d2+72—2d(2+7) },
{y, d-R, d + R}, PlotStyle » {{Thick, Black}, {Thick, Black}},
PlotRange - {{d -R, d + R}, {d—2—R,d—2+R}}],

d-2 da-2

v, -2+d-\a+d eyt -2d 24y |, T"}’ {¥, d-R, 0},

Plot[{Min[
PlotStyle -» {{Thick, Black}, {Thick, Black}}, Filling -» {1 -» {2}},
FillingStyle » GrayLevel[0.6], PlotRange » {{d-R, d+R}, {d-2-R, d-2+ R}}] ’

d-2

P d-2
¥ -2+d+'\/4+d +¥°-2d (2+7) ], Tw}, {¥,2d, d+R},

Plot [{Max|

PlotStyle -» {{Thick, Black}, {Thick, Black}}, Filling -» {1 » {2}}, FillingStyle -»
GrayLevel[0.6], PlotRange -» {{d-R, d+R}, {d-2-R, d-2+ R}}] , Ticks - None]

FSB[5, 10]

m The symmetry breaking region (local)

Fl[d_] := Show[Plot[d -2, {y, -d/2, d+2}, PlotStyle » {Thick, Black, Dashed},

a-2
PlotRange » {{-d /2, d+2}, {-d/2,d}}], Plot[{T ¥, 7-2}, (y, -d4/2,d+2},

PlotStyle -» {{Thick, Black}, {Thick, Black}}, Filling -» {1 -» {2}},
FillingStyle » GrayLevel[0.8], PlotRange » {{-d /2, d+ 2}, {-d/ 2, d}}] , Ticks » None]

F3[d_] :=Plot[{—2+d—\/4+d2+72—2d(2+7) , —2+d+\/4+d2+72—2d(2+7) },
{y, -d/2,d+2}, PlotStyle » {{Thick, Black}, {Thick, Black}},
PlotRange -» {{-d/2, d+2}, {-d4/2, d}}, Ticks-»None]

a-2
F3b[d_] :=Plot[{—2+d—'\/4+dz+72—2d(2+7) , —7}, (¥, -d/2, 0},
a

PlotStyle -» {{Thick, Black}, {Thick, Black}}, Filling -» {1 -» {2}},
FillingStyle -» GrayLevel[0.6], PlotRange » {{-d/2, d+2}, {-d/2, d}}, Ticks » None]
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G[d_] := Show[F1[d], F3b[d], F3[d]]

G[3]
Show[%, PlotRange » {{-1, 1}, {-1.5, 1.5}}]

= The symmetry breaking region (local) and gap issues

F1[d_, p_ ] := Show[Plot[d—Z, (y, -d/2, d+2},
PlotStyle -» {Thick, Black, Dashed}, PlotRange -» {{-d /2, d+2}, {-d/2, d}}],

d-2 -d-2p+dp+Yy
Plot[y-2, {y, -d/2, d+2}, PlotStyle » {Thick, Black}], Plot[{ ¥, }
d p
{y, -d/2, d+2}, PlotStyle » {{Thick, Black}, {Thick, Black}}, Filling » {1 -» {2}},

FillingStyle - GrayLevel[0.8], PlotRange » {{-d /2, d+2}, {-d/2, d}}] , Ticks - None]

14

@ (-1+p?) +2d (P (-2+¥) +¥) - (P (-2+7¥) +¥)?
F2[d_, p_] := Plot[ .
2p (1+p) (d-v)
{y, -d/2,d+2}, PlotStyle » {Thick, Black, Dotted},

PlotRange -» {{-d /2, d+2}, {-d/2, d}}, Ticks -)None]

F3[d_, p_] :=Plot[{-2+d—'\/4+dz+72—2d(2+7) , —2+d+'\/4+d2+72—2d (2 +7) },
{y, -d/2, d+2}, PlotStyle » {{Thick, Black}, {Thick, Black}},
PlotRange » {{-d /2, d+2}, {-d/2, d}}, Ticks —>None]

-d-2p+dp+Yy d-2
] 24,
P d
{y, -d/2, 0}, PlotStyle » {{Thick, Black}, {Thick, Black}}, Filling » {1 » {2}},
FillingStyle - GrayLevel[0.6], PlotRange » {{-d/2, d+2}, {-d/2, d}}, Ticks » None]

F3b[d_, p_] := Plot[{Max[—2+d—'\/4+d2 +¥2-2d (2+7) ,

G[d_, p_] := Show[F1[d, p], F3b[d, p], F2[d, p], F3[d, p]]
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G[3, 2]

Show[%, PlotRange » {{-0.6, 0.6}, .4, 0.4}}]

{-1
Show[%, PlotRange » {{-0.4, 0.6}, {-0.7, 0.2}}]
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m The three cases for the spectrum

n-2

2
Fess[n_, n_, émax_] := Plot[[ —6] , {6, 0, émax},

2
PlotStyle » {Black, Thick}, AspectRatio » 1.2, Ticks -> None]

n-2
FlL[n_, n_, émax_] := Plot[2n6, {6, 0, n+ },
2

PlotStyle » {Black, Thick, Dotted}, AspectRatio -» 1.2, Ticks -> None]
n-2

FIR[n_, n_, émax_] := Plot[z né, {5, n+ , 5max},

PlotStyle » {Black, Thick}, AspectRatio » 1.2, Ticks -> None]

}

PlotStyle » {Black, Thick, Dotted}, AspectRatio -» 1.2, Ticks -> None]

n+2

F2L[n_, n_, émax_] := Plot[2 (26-n), {5, 0,

n+2

F2R[n_, n_, émax_] := plot[z (26-n), {5, , 5max},

PlotStyle » {Black, Thick}, AspectRatio » 1.2, Ticks -> None]

F[n_, n_, émax_] := Show[Fess[n, n, émax], FlL[n, n, émax],
Fl1R[n, n, émax], F2L[n, n, dmax], F2R[n, n, dmax]]

F[3, 3.5, 10]
F[3, 1.4, 7]
F[3, 0.35, 4]
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m Section 1: Introduction and main results
(d-v) (p-1) .
p(d+B+2-2y-p(d-B-2))
da-vy

pstar = ——;
d-2-p

6 =

1

ml=m/. Solve [pstar ==

, m|[11]]
2m-1
2+B-vy
mc=m/. Solve[d—7+—
m-1
Solve[p = pstar, B][[1]]
1

Simplify[ o ]

-2+2d-B8-v

2 (d-v)
-2+d-

d-vy
—d—2p+dp+y}

B> —

2 (d-v)
2+B-v
m The restriction due to p

d-vy d-2-p d-vy
solve| — == t (1-¢), £][11]]
2p 2 p+1l
Simplify[6-t /. %]
6/.B-> y-2
Simplify[6 /. B> ¥ - 2]
d-2
Simplify[e /- B=- —7]
d
d
Simplify[% /-.p> —
d-2

(-1+p) (d-v)
oo )
p(-2-d-2p+dp-B-pB+2Y)
0

(-1+p) (d-v)

p(d-p (d-v) -v)
1

p

d-dp

p(d(-1+p)-2(l+p))
1
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Solve[-2-d-2p+dp-B-pB+2y =0, BI[[1]]
d-vy
Simplify[B- [d—2— —] /. 95]
14
d-vy
Simplify[% /- Solve[ =, /3] [[1]]]
d B

J

-2-d-2p+dp+2vy

{B% l+p

d-dp-vy+pY
p + p?
d-dp-v+pY
p + p’
m Self-similar solutions and self-similar variables

t P
R1[t_] := (—)
o)

1
Simplify[Fullsimplify[PowerExpand[Rl "[t] -R1[g]TA D @01y o

]

(m-mc) (d-v)

2+B-v% P
R2[t_] := |1+ — ¢
P
Simplify[
1
FullSimplify|[PowerExpand[R2'[t] - (2 + B -y) R2[t]¥ A D @W-1]] / 5 —]
(m-mc) (d-v)

0

0

m Statement of Theorem 3

d-pf-2 d-vy 1 1
Resnalpha = Solve[{n = —— +2,n = , 6 = , P = }
a a l1-m 2m-1

, {8, @, &, m| 112175

aFS =

B /. Solve[a == aFS /. Resnalpha, f3]

{—2+d—\/4—4d+d2—2dy+y2 , 72+d+J4—4d+d2—2d7/+y2}
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Lambdal0 = Simplify[2a® (26-n)];
LambdaOl = 2 a? 6 n;
ResDeltaEta =
Solve[{—l +d+2a? n - n o? n- o? 772 == 0, LambdalO == LambdaOl}, {n, 6}] [[2]1]1;
Simplify[6 /. ResDeltaEta];

1 1
Simplify[p /. Solve[{ == ——, p =
l1-m 2m-
FullSimplify[% /. Resnalpha];
Simplify[B /. Solve[% =p, BI1[[1]11];

(d-y+p (d+2-%)) (d-y-p (d-2+Y)) ]
2p (1+p) (d-Y)
Simplify[n /. ResDeltaEta];
{%, Simplify[% /. Resnalpha]}
Simplify[ot2 /. Solve[{—l +d+2a’n-na’n-a?n? =0, LambdalO == LambdaOl}, {n, a}] [[2]]]

AR UCHE

Simplify [% +

0

2a—na+\/—4+4d+(—2+n)2a2 2—d+/3+\/d2—2d/3+/3(4+5)

{ 2a ' 24B-v }

(-1+d) &2

n(n-2956) (-1+95)
Simplify[ (1 -m) {Lambda0Ol, LambdalO} /. Resnalpha]

- <2+/3—Y>2’7!
2 2p

{1 (2+B-Y) (d—dP+P(4+2/3—Y)-Y>}

Statement of Proposition 4

LambdalO = Simplify[Z a%? (26-n) ] ;

n-2 2
LambdaEss = a? [ - 5] ;
2

Solve[ {LambdalO == LambdaEss}, &]
Solve[ {LambdaOl == LambdaEss}, &]

2+n

e R
{{59%(—2+n+2n—2\/m)}, {5+%(-2+n+2n+2m)}}

Section 2: the variational point of view

Simplify[6 /. p » pstar]
1
Simplify[6 - Simplify[6 /. {B> 2 (d-2) -B, vy~» 2d-vy}]]

0
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m Felli & Schneider

d-2
ac = ;
2
d (ac -a)
bFS = - (ac-a);
2'\/(ac—a)2+d—1
a? - aFs?
Eqn = Simplify[ /. Resnalpha] ;
2+B-vy

Simplify[{y == 2 pstarb, 2a-£ == 0} /. Resnalpha];
Simplify[Eqn /. Solve[%, {B, ¥}11[[11];
FullSimplify[Solve[O == %, b]];
b
Simplify[— /. %] [[2]]
bFS

Egqn
hFS = (y-d)2-(B-d+2)2-4(d-1);
Simplify[(8d-4 (2+ B +7Y)) Eqn - hFS]

1

2 (-2+d) B-BP+y (-2d+7)

8d-4 (2+B+Y)
0
m Weighted Gagliardo-Nirenberg
6 1-6 1

Simplify[— + - —
2 p+l1l 2p

(-1+p) (2+B-Y)
2p (2+d-dp+B+p (2+B) -2Y)

m Linear stability analysis

v[s_] := (1+ sz)_x:_1

AA = Integrate [v' [s12s™!, {s, 0, »}, Assumptions » p > 1 && p <
BB = Integrate [V[s]IHl s™!, (s, 0, ®»}, Assumptions > p > 1 && p <
CC = Integrate[v[s]2P s™!, {s, 0, »}, Assumptions » p > 1&& p <

n

n-2
n

n-2
n

n-2
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2p l1+p l+p n n n
HSimp = {Gamma[ ] - Gamma[ ], Gamma[1+ —] - —Gamma[—],
-1l+p -1+p -1l+p 2 2 2
n 2p n 2 n 2
Gamma[-—+ ]-> 1-—+ Gamma[l-—+ ],
2 -1l+p 2 -1l+p 2 -1+p
l+p 2 2
Gamma[ ] - Gamma[ ] };
-1+p -1+p -1+p

1)2

(p-
Simplify [Fullsimplify [ —— AA-BB+ CC] /. HSimp] /. HSimp
4

. ) ) , n(p-1) .
Simplify [FullSJ.mpllfy [ ﬁ BB - BB + CC] /. HSJ.mp]
P+
AA 2n
Simplify [Fullsimplify ; -5 1] /. HSimp] /. HSimp
p -
AA 4n
Simplify [Fullsimplify —] - /. Hsimp]
cc (p-1) (n+2-p (n-2))
0
0
0
0
1-6 2n 2p-1 4n
Simplify[{p ’ } /. Resnalpha]
e p?-1 e (p-1) (n+2-p (n-2))

{4P<d-dP+P (2+5) -v) 413(-l+2p)?r
(-1+p)% (2+B-Y) (-1+p)?

Section 3: the flow
vir_] := (1 +r2)_;—1

(-1+p)2r'™ (14 rz)z_:
FullSimplify[PowerExpand[—A a? D[r”'1 v'[r], r] + Br*lvy[r]?P-ce™? v[r]zP‘l] ]
{%=0,D[%, {r, 2}] =0} /.r->0
Simplify([Solve[%, {A, B}]]1[[1]]
1if 2 Z /
Simplify|{—, — - %
{27l
Simplify[{p%[[1] ], (2p-1) %[[2]]} /. Resnalpha]

(-1+p)? (B—C+Br2> +2A<—2pr2+n(—1+P> (1+r2>>a2

{(B-C) (-1+p)®+2An (-1+p)a®=10,2B (-1+p)>+2A (2n (-1+p) -4p) o’ =0}

C(-1+p)? C(n+2p-np)
{Ae ;, B> }
4po? 2p

2 (n+2p-np)a? 4poa?
{ .

(-1+p)? (-1+p

{P(2+B*Y) (d-dp+p (2+B) -y) p(-1+2p) (2+B*Y)2}

(-1+p)? (-1+p)?

|5
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H[A ] :=AX2+BX°

e b 1-6 a n p+1
Simplify[Solve[{— = ’ n = ya=n-2-—,bs=n -1y,
2 a+b p+1 a+b p 2p
d-p-2 d-vy
6 == Theta, n == — +2, n = }I {a, b, £, n, Theta, B, 7}]][[1]];

a a

{2p (n(-1+p)-2(l+p)) 1}
n(-l+p)-4p '

= Section 4: the spectrum

m Calcul de la valeur propre k=1, =0

Lambdal0 = Simplify[2a® (26-n) ]
F[r_] := r’-c

n-1 n-1

r
Simplify[rl'“ (1+22)"° Simplify[aZD[ F'[r], r] A — F[r]] /.
2\6 2\ 6+1
(1+r ) (1+r )
n
{c > - , Ao Lambdalo}]
n-206

-2a? (n-26)
0

n

F[r_] := r? 4+
n-26

rn—l rn—l

Simplify[azb[—l:"[r],r]+2a2 (26-n) F[r]]

(1+r2)‘5 (1+r2)‘S+1

0

m Calcul de la valeur propre k=0, I=1

Lambda0Ol = 2a? 6 n
Flr_] :=«¢"
Res = Simplify[r3‘“‘” (1+ r2)1+a

rn-l rn-3 rn-l
Simplify[— aZD[—F' [r], r] 4 —— (d-1) F[r] -2 —F[r]”
(1+r2)‘s (1+r2)5 (1+r2)§+1
a=zRes/.r-»0

b=Res-%/.r->1
Simplify[a-b /. A > Lambda0l]

20(2677

-l+d (1+r?)+20’°n-no®n-o’n*-r? (1+a®n (-2+n-26+7n) +2)
-1+d+2a’n-na?n-o?n?

~1+d-0®n(-2+n-26+n) -2

0
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Simplify[b /. A » LambdaOl]
Simplify[Solve[% = 0, n]]

~1+d-0®n(-2+n+n)

—20(+noc+\/—4+4d+ (-2+n)%a? 20<—no<+\/—4+4d+ (-2+n)%a?

tn-- > jo - i })

Condition Lambda0l = Lambdal(
Simplify[LambdaOl - LambdalO]

202 (n+6 (-2+7))

n
Simplify[—l+d+2¢:(2r]—noz2r;—ozzr]2 /. r]—>2——]
S

%/.a%>x

Solve[% = 0, x][[1]]
x-a2/.%

Simplify[% /. Resnalpha]
Simplify[Solve[% = 0, 3]]

n?o0? (-1+6)-2no? (-1+8) 6+ (-1+d) 52

52
n?x (-1+68)-2nx (-1+68) 6+ (-1+d) &2

62
(-1+d) &2

{X%_n(n—26) (—1+6)}

(-1+d) &2
,QZ,

n(n-26) (-1+96)
4 (-1+d) p?
(l+p) (d-v) (d(-1+p) +v+p (-4-2B+Y))
d? (-1+p?) +2d (P (-2+%) +¥) - (P (-2+¥) +7)?

2p (1+p) (d-v) }}

_1-

1
— (2+B-Y)?
4

{tB>-2+v), (B> -2+, {B>

Comparisons

LambdaStar = 2 6 a?
Simplify[LambdaOl - LambdaEss]
Simplify[LambdalO - LambdaEss]
Simplify[LambdaOl - LambdaStar]
Simplify[LambdalO - LambdaStar]

2a%65
1
a? |-— (n-2(1+6))2+26n
4
1
-—a?2(2+n-26)?
4

20265 (-1+1)

20% (-n+6)
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m Integrability of the eigenfunction (case k=0, 1=1)

n 2-m
Simplify [r] +—-—/. ResDeltaEta]
2 l1-m

Simplify[é /. Solve[{% =0, 6= i}, {8, m}] [[1]]]

20+ (-1+m) \/74+4d+ (-2+n)%a?

2 (-1+m) o

\/4+4d+ -2+n)?a?

2«
u Corollary 10
Simplify[a® {6 (6+2-n), 6§ (6+2)} /. Resnalpha];
p(2+B-v) (d-y-p(d-2- B)) /) Solve[a .

(-1+p)? -1+p
{%[[11]1 /. (2+B-¥) » 2a, %[[2]]}

simplify[% - p|r1111];

1
{zats, —2earp-2v) 205 o)

= Appendix B
B+1

Simplify[azr](n+n—2) /-n-> ];

a
Simplify[% /. Resnalpha]

(-1+d) (1+53)
Solve[LambdaEss == 0, &]
61 =6/.%[[2]]

Solve[LambdalO == LambdaEss, &]
62 =6/.%[[2]]

1 1

n-2

63 = Simplify[n + /. ResDeltaEta]

Simplify[% /. Resnalpha]

\/4+4d+ -2+n)?oa?

2o

Jd?-2dp+p (4+p)
2+B3-vy
Simplify[62 - 63 /. ResDeltaEta]

1 \/ 4+4d+ (-2+n)%a?
—|2+n-
2 ot




{Lambda0l, LambdaEss} / a?;
Simplify[S /. Solve[%[[1]] = %[[2]], 61[[11]1;

vda-1
54 =%/. —\[17(—2+n+r7) - —

a

n+2

Simplify [% - /. ResDeltaEta] ;

2
Simplify[LambdaOl - LambdalO /. Solve[% == 0, n]]

n V-1+d

—1+7—7+77
2 a

{20 n+6 (-2+m)) }

{Lambda01, Lambdal0} / o?

Simplify[6 /. Solve[%[[1]] == %[[2]], 6]1[[1]]1]
FullSimplify[% /. ResDeltaEta]

Simplify[% /. Resnalpha]

{26n, -2 (n-206)}

n

-2+n

2na

(2+n)o<—\/—4+4d+ (-2+n)%a?

2 (d-v)

2+d+/37Jd272d/3+5(4+5) -2y

65 = Simplify[é /. Solve[LambdaOl == LambdalO, 6]][[1]]

FullSimplify[% /. ResDeltaEta]
FullSimplify[% /. Resnalpha]

n

-2+n

2na

(2 +n) oc—\/—4+4d+ (-2+n)%a?
2 (d-v)

2+d+B-~/(d-B)2+4pB -2

FullSimplify[&65 - n]
FullSimplify[&5 - 62]

4
Simplify[Zazr] (M+n-2)-(d-1) /.n- ]
n+2
Solve[% == 0, a]
n(-1+n)
-2+n
4-(2+n)n
2 (-2+n)
8 n? o?
1-d+
(2+n)?
V-1+d (2+n) V-1+d (2+n)

(S

2V2 n
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