Weighted Sobolev inequalities for spinors:
symmetry and symmetry breaking
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144

FullSimplify[p /. Solve[Q[ a, p] == 0, p]1]1[[4]]

2 (2—20: (1+2a) +'\/(1—2a)2 (13+16a (2+a)) )

p2[a_] :=
(1-2a)?

2 [2—20{(l+2a)+\/(1—2a)2 (131160 (2+a))

Outf+]=

(1-2a)?

n- Solve[p2[a] =6, al [[1]]3
{%, N[t /. %]}
1

outf- )= {{a» - (17\5)}, 70.207107}
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FullSimplify[p /. Solve[Q[ a, p] == 0, p]1]1[[4]]

-2+ (5-2a)a-(1-2a) V40 +a (-64 + 25 a)

pp3[a_] :=
(1-2a)?

-2+ (5-2a) a+\/(1-2a>2 (40 + o (-64 +25a))
Out[+]=

(1-2a)?

n-p= Simplify[Solve[pp3[a] == 6, a] [[1]1]1]}
{%, N[a /. %]}
p3[a_] :=If[a< 1, pp3[a], 2]
1

out-1= {{a» - (3+ﬁ)}, 0.788675}
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Figures (colours)

7~ SymFilling = RGBColor [0.296875 , 0.59765625" , 0]
SymBreakingFilling = RGBColor[0.8, 0, 0]
SymThreshold = Blue

outr-}= [l
out-}= Il
our--

Symmetry breaking range: -1/2<a<0
n-= Pla = Show[

Plot[{e, p2[al}, {a, -0.5,

N R

(1 -2 )}, PlotStyle » Black, Filling » {1 - {2}},
1

FillingStyle » SymBreakingF'i'Ll'ing] , Plot[{G, pllal}l, {a, -0.5, — (1 -4/3 )},
4

PlotStyle -» Black, Filling -» {1 - {2}}, FillingStyle » SymBreak'ingF'i'L'l.'ing] ,

P'Lot[pZ[a] , {a, -0.5, % (1 - \/2_)}, PlotStyle » B'lack] , PlotRange -» A'll] H

Symmetry breaking range: -1<a<-1/2
n-= Plb = Show[
1
Plot[{e, p2[-a-11}, {a, -0.5, - — (3- \2 )}, PlotStyle - Black,
2
Filling » {1 - {2}}, FillingStyle -» SymBreakingFilli ng] s
1
Plot[{G, pli-a-11}, {a, -0.5, — («/3 -5)}, PlotStyle - Black,
4
Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng] ,

P'Lot[pZ[—a -1], {a, -0.5, - % (3 - «/2_)}, PlotStyle » Black] , PlotRange » Al'l.] 5

Symmetry breaking range: 1/2 <a<3/2
n-1- P2a = Show[
1
Plot[{e, p3[al}, {a, - (3+ V3 ), 3}, PlotStyle - Black,
6

Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H

| 3
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Symmetric breaking range: -2<a<-1
n-1= P2b = Show[
1
Plot[{e, p3[-a-11}, {a, 1o = (3+ \3 ), -4}, PlotStyle -» Black,
6

Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H

« Symmetry range

Analysis of the condition a7 + b} <1

4 (1-a)
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T(l+1-2a) ((1+2) q-2)
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m-1= aafa_] ¢

bbla_] :

n-= Res = Simplify[aa[a] +bb[al];
{Simplify[D[Res, a]], Simplify[Res-1/. {q»2,a—-»1/2}]}
{solvelRes =1, a1 [[11111111,

2+p

S'impl'ify[Solve[{q == 2 ,Res=1/.1-> 1}, {g, p}] [[1]]]}

-p

{ 21 (2+1) ¢ 1(3+21)}
Outfe]= { — y =
(1+1) (2+1q) (2+1-2a)? (1+1)3

2 (-2-1+2a) {q+4—g p%Z(—9+5a)}}

Outf+]= {q -
a a 3(-1+a)

1
Inf- = S'impl'ify[{aa[a] , bb[a]} /. 1 —];
X

Simplify[{%, D[%, X]} /. X » 0]

o {10, 13, {0, - 2})

q

Analysis of the conditiona; +b; <1

4 (1+2a)

m-= aafa_] ¢
(L+2) (L+1+2a) (Lg+2)

(L+1) (L+2a) ((L+2)q-2)

bb[a_] :
(L+2) (L+1l+2a) (Lg+2)
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n-= Res = Simplify[aa[a] +bb[a]l];
{Solve[Res =1, q][[1]111[1]1,

S'impl'ify[So'Lve[{q == 2 :j:’, Res =1 /. 1-»1}, {q, p}] [[1]]]}
2(21+1V+a+21aq) 2 6+4a
o fon NI (o2 )

7+8a+4a2)

2
Inp- = Show[Plot[ ( , {a, -0.5, 0.5}, PlotStyle - {Thick, SymThresho'Ld}] ,

3+4a?

14-20 o + 8 a? 14-20a+8a®> 6+4a

P'lot[{ ,M'in[ :I}, {a, 0, 1},

b
3-6a+4a’ 3-6a+4a’ l+2a
PlotStyle » {{Thick, SymThreshold}, {Thick, SymThreshold}}], PlotRange - All];

14-20a+8a> 2 (7+8a+4a’) 2(-9+5a) 6+4a

Plot[Min[ , s , ],
3-6a+4a’ 3+4a° 3(-1+a) 1+2a

{a, -0.5, 1}, PlotStyle » {Thick, SymThreshold}];
1
Poa = Show[Plot[{z, If[o <a< —, 6,
2

14-20a+8a? 2 (7+8a+4a’) 2 (-9+5a) 6+4a]]}{ 1 }
’ ) ’ s 10y = —5 1,

3-6a+4a® 3+4a? 3(-1+a) 1l+2a 2

PlotStyle » Black, Filling » {1 -» {2}}, FillingStyle » SymF'ill'ing] , 95] ;

Min[

6+8a?
Infe]:= Show[Plot[ , {a, -1.5, -0.5}, PlotStyle » {Thick, SymThreshold}],

7+8a+4a’

42 +36a+8a’ 42+36a+8a? -2+4a
,Min[

Plot[{ ]}s {a, -2, -1},

b
13+14a+4a? 13+14a+4a? 1l+2a
PlotStyle—»{{Thick,SymThreshold},{Thick,SymThreshold}}],PlotRange—aAll];

6+8a? 42+36a+8a’ 42+36a+8a’ -2+4a

Plot[Min[ , ’ , ],
7+8a+4a®> 13+14a+4a’ 13+1l4a+4a? 1+2a
{ay, -2, -0.5}, PlotStyle » {Thick, SymThreshold}];

POb = Show[Plot[{z, If[- ";i <a<-1,6,

6+8a’ 42+36a+8a’ 42+36a+8a’ -2+4a 1

’ ’ ) ]]}’ {a’ -2, ‘_},
7+8a+4a®> 13+14a+4a®> 13+14a+d4a’? 1+2a 2
PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymFilling], %];

Min[
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* Figures: Symmetry and symmetry breaking ranges

Separation lines

n-1= LP[a_] ¢= ListLinePlot[{{a, 2}, {a, 6}}, PlotStyle -» Black]
LPp[a_] := ListLinePlot[{{a, 14/ 3}, {a, 6}}, PlotStyle » Black]
LPh[h_] := ListLinePlot[{{-4.2, h}, {3.2, h}}, PlotStyle - Black]
P = Show[Table[LP[k-0.5], {k, -3, 3}], LPp[-1], LPp[®], LPh[2], LPh[6]];

= Show[Show[P@a, POb, Pla, P1b, P2a, P2b, PlotRange -» {{-4, 3}, Automatic},
AspectRatio -» 0.25], Show[Table[LP[k-0.5], {k, -3, -1}],
Table[LP[k-0.5], {k, 1, 3}], LPp[-1], LPp[0], PlotRange » Al1l]]

Outf+]=

Plot: SCKNlog

1= SymThreshold = Black;
7+8a+4 az)

2
Show[Plot[ ( , {ay, -0.5, 0.5}, PlotStyle » {Th1ick, SymThreshold}] ,

3+4a?
14-20a+8a®>  14-20a+80a* 6+4a

’ M1n[ ’ ]}a {a, 0, 1},
3-6a+4a’ 3-6a+4a’ l1+2a

PlotStyle » {{Thick, SymThreshold}, {Thick, SymThreshold}}] , PlotRange -» A'll] H

Plot [{

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a

P'lot[M'in[ , s s ],
3-6a+4a’ 3+4a? 3(-1+a) 1+2a

{a, -0.5, 1}, PlotStyle » {Thick, SymThresho'Ld}];

POa = Show[Plot[{z, Ifle<ax %, 6,

. 14-200+8a®> 2(7+8a+4ad’) 2(-9+5a) 6+4a 1
M'|n[ ’ 5 ]]}’ {as‘_sl}’
3-6a+4a? 3+4a2 3(-1+a) 1+2a

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymF'iU.-ing] , 95] H
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6+8a?

Infeji= Show[PIot[ , {a, -1.5, -0.5}, PlotStyle » {Thick, SymThreshold}] ,

7+8a+4a’

42+36a+8a>  42+36a+8a®> -2+4a
,M1n[ s ]}s{aa‘za‘l}’
13+14 a+4a? 13+14a+4a®> 1+2a
PlotStyle » {{Thick, SymThreshold}, {Thick, SymThreshold}}] , PlotRange -» A'll] H

Plot [{

6+8a? 42+36a+8a? 42+36a+8a’ -2+4a

PLot [win] : , : ],
7+8a+4a®> 13+14a+4a®> 13+1l4a+da’? 1+2a
{a, -2, -0.5}, PlotStyle » {Thick, SymThreshold}];
3
POb:Show[Plot[{Z,If[——<a<—1,6,
2

6+8a? 42+36a+8a’ 42+36a+8a’ -2+4a 1

’ ’ ’ ]]}, {a’ ‘2:‘_}’
7+8a+4a®> 13+14a+4a’> 13+14a+4a? 1+2a 2
PlotStyle -» Black, Filling -» {1 - {2}}, FillingStyle » SymF-iU.-ing] , %];

M'in[

ini-}= Show[Show[P®a, POb, P1a, P1b, P2a, P2b,
PlotRange -» {{-4, 3}, Automatic}, AspectRatio -» 0.25],
Show[Table[LP[k-0.5], {k, -3, -1}], Table[LP[k-0.5], {k, 1, 3}],
LPp[-1], LPp[®], LPh[2], LPh[6], PlotRange -» All], Ticks - None]

Outf+]=

« Scalar CKN inequality: Symmetry and symmetry
breaking ranges

Inf+]= € = 10_14;
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Plot: CKNlog

249-4a+4a?

€ +Abs[1-2a]

Infe]:= Show[Plot[{z, M'in[ , 6]}, {a, -4, 5}, PlotStyle - Black,

Filling » {1 - {2}}, FillingStyle » SymFilling, PlotRange - Au] ,

2'\/9—4a+4a2

€ +Abs[1 -2 a] ’

P'Lot[{6, M'in[ 6]}, {a, -4, 5}, PlotStyle - Black,

Filling » {1 - {2}}, FillingStyle -» SymBreakingFilling, PlotRange -» A'll] s
ListLinePlot[{{0.5, 2}, {0.5, 6}}, PlotStyle -» Black],

AspectRatio -» 0.25, Ticks -» None]

Outf+]=

 Scalar CKN inequality: Symmetry and symmetry
breaking ranges in (a,) coordinates

6
Inf]:= Solve[— =P, b] [[1]]
1+2b-2a
6-p+2ap
Ba[p_] 1= ———
2p
6-p+2ap
outf+}= {b—> 7}
2p

2\/9—4a+4a2

€ +Abs[1 -2 a]

Infe]i= Show[Plot[{a, Ba[M‘in[ , 6”}, {a, -3, 4},

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng] s

2'\/9—4a+4a2

€ +Abs[1-2 a]

Plot[{a+1, Ba[M'in[ s 6]]}, {a, -3, 4}, PlotPoints -» 80,

PlotStyle -» Black, Filling » {1 » {2}}, FillingStyle - SymF'ill'ing] ,

ListLinePlot[{{0.5, 0.5}, {0.5, 1.5}}, PlotStyle » B'Lack]];
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Plot: CKN

;= Show[%, PlotRange -» {{-1.5, 2.5}, {-1.5, 3.5}},
AspectRatio » 1, AxesOrigin - {0.0}, Ticks » None, Axes - None]

Out[+]=

* SCKN inequality: Symmetry and symmetry breaking
ranges in (a,B) coordinates

6-p+2ap
2p

n-1= Ba[p_] ¢=
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1= SymThreshold = Blue;
6+8a? 42+36a+8a®> 42+36a+8a’ -2+4a

Show[Plot[Ba[M'in[ , , , ] ] ,
7+8a+4a®> 13+14a+4d4a®? 13+1l4a+d4a’? 1+2a

{a, -2, -0.5}, PlotStyle -» {Thick, SymThreshold}] s

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a

Plot[Ba[M-in[ 3-6a+4a? ’ 3+4a? ’ 3(-1+a) ’ 1+2a]],

{a, -0.5, 1}, PlotStyle » {Thick, SymThreshold}] , PlotRange -» A'Ll] H

PO = Show[Plot[{a+1, If[—;<a< -1, a,

6+8a? 42 +36a+8a? 42+36a+8a’ -2+4a

e b

Ba[M'in[ , , ,
7+8a+40a®> 13+14a+4a®> 13+14a+4a?
{a, -2, -0.5}, PlotStyle -» Black, Filling » {1 - {2}},

1
FillingStyle » SymF'i'L'L'ing] , Plot[{a+ 1, If[@ <a< —, a,
2

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a
Bawin| : ’ 111}
3-6a+4a’ 3+4a? 3(-1+a) 1+2a
{a, -0.5, 1}, PlotStyle -» Black, Filling -» {1 - {2}},
FillingStyle » SymF'i'L'l.'ing] , %, PlotRange » All] H
1
nj- Pla = Show[Plot[{a, Ba[pl[a]l}, {a, -0.5, — (1- \3 )}, PlotStyle - Black,
4
Filling » {1 - {2}}, FillingStyle » SymBreak‘ingF‘iIl‘ing] ,
1
P'Lot[{a, Ba[p2[all}, {a, -0.5, — (1- \2 )}, PlotStyle - Black,
2
Filling » {1 - {2}}, FillingStyle » SymBreak'ingF'i'I.h’ng] s

Plot[Ba[pl[a] 1, {a, -0.5, i— (1 - \/3_)}, PlotStyle » Black] , PlotRange » All] H

1
n- Plb = Show[P'Lot[{a, Ba[pl[-a-1]1}, {a, -0.5, — (\/3 -5)},
4
PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymBreak'ingF'i'L'L'ing] ,
1
Plot[{a, Ba[p2[-a-1]1}, {a, -0.5, - — (3- V2 )}, PlotStyle - Black,
2
Filling -» {1 - {2}}, FillingStyle » SymBreak‘ingF‘iIl'ing] , Plot[
1
Ba[pl[-a-1]], {a, -0.5, — (V3 —5)}, PlotStyle » B'I.ack] , PlotRange -» A'I.'L];
4
n-1= P2a = Show[

1
P'Lot[{a, Ba[p3[all}, {a, - (3 +4/3 ), 2}, PlotStyle - Black,
6

Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H
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- P2b = Show[
1
Plot[{a, Ba[p3[-a-1]1}, {a, 1o - (3 +4/3 ), -3}, PlotStyle - Black,
6
Filling -» {1 - {2}}, FillingStyle » SymBreakingFilli ng” 5

= LP[a_] s= ListLinePlot[{{a, a}, {a, a+1}}, PlotStyle -» Black]

ListLinePlot[{{a, 23_8 (;l+ 2za

LPh[h_] := ListLinePlot[{{-3.1, -3.1+h}, {2.1, 2.1+h}}, PlotStyle - Black]
P = Show[LP[-2.5], LP[-1.5], LP[0.5], LP[1.5], LPp[-1],
LPp[0], LPh[O®], LPh[1], LPp[-1], LPp[@], LPh[O], LPh[1]]};

LPp[a_] :

)}, {a, a}}, PlotStyle » B'Lack]

in-}= Show[P®, Pla, P1b, P2a, P2b, P, PlotRange -» {{-3, 2}, Al1l}];
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n-= Show[%, PlotRange -» {{-2.5, 1.5}, {-2.5, 2.5}}, AspectRatio -» 1, AxesOrigin - {0.0}]

Outf+]=
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Plot: SCKNlog

1= SymThreshold = Black;

PO = Show[Plot[{oul, If[—§<a< -1, a,

6+8a? 42 +36a+8a’ 42+36a+8a’ -2+4a

Ba[Min[ , , , ]]]}, {a, -2, -0.5},
7+8a+40a®> 13+14a+4a®> 13+1ld4da+4a®> 1+2a

PlotStyle -» Black, Filling » {1 -» {2}}, FillingStyle » SymFilli ng] s P'Lot[{a +1,

14-20a+8a> 2(7+8a+4a®) 2(-9+5a) 6+4a

1 .
If|l0<ac< ;,a, Ba[M1n[ S caiad s sead? ’ 3 (-1+a) ’ 1+2a]]]}’

{a, -0.5, 1}, PlotStyle » Black, Filling -» {1 - {2}},
FillingStyle -» SymFilli ng] , PlotRange - All] H

1
n- Pla = Plot[{a, Max [Ba[pl[a]]l, Ba[p2[all]l}, {a, -0.5, " (1-«/3_)},

PlotStyle -» Black, Filling -» {1 > {2}}, FillingStyle -» SymBreakingFilli ng] 5

1
nj- Plb = Plot[{a, Max[Ba[pl[-a-1]], Ba[p2[-a-1]111}, {a, -0.5, " (\/3 -5)},
PlotStyle - Black, Filling » {1 - {2}}, FillingStyle - SymBreakingFilli ng] H
n1-= P2a = Show[
1
P'Lot[{a, Ba[p3[all}, {a, - (3 +4/3 ), 2}, PlotStyle -» Black,
6
Filling -» {1 - {2}}, FillingStyle » SymBreakingFilli ng” H
n1= P2b = Show[
1
Plot[{a, Ba[p3[-a-1]1}, {a, 1o (3 +4/3 ), -3}, PlotStyle - Black,
6
Filling -» {1 - {2}}, FillingStyle -» SymBreakingFilli ng” 5

= LP[a_] s= ListLinePlot[{{a, a}, {a, a+1}}, PlotStyle -» Black]

3 (4 28a
LPp[a_] : (

ListLinePlot[{{a, . ;+ n

LPh[h_] := ListLinePlot[{{-3.1, -3.1+h}, {2.1, 2.1+ h}}, PlotStyle - Black]
P = Show[LP[-2.5], LP[-1.5], LP[0.5], LP[1.5], LPp[-1],
LPp[0], LPh[O®], LPh[1], LPp[-1], LPp[@], LPh[O®], LPh[1]]}

)}, {a, a}}, PlotStyle » B'Lack]
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in-}= Show[P®, Pla, P1b, P2a, P2b, P, PlotRange -» {{-3, 2}, All}];
Show[%, PlotRange » {{-2.5, 1.5}, {-2.5, 2.5}},
AspectRatio » 1, AxesOrigin - {0.0}, Ticks » None]

Outf+]=
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« Two additional figures

2(7+8a+4a’) 2(-9+5a) 14-20a+8a® 6+4a
’ 1+2a], 2}3 {a, -0.5, 1},

Inf+]:= Plot[{M'in[ s s
3+ 402 3(-1+a) 3-6a+4a’

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle -» SymF'il'l'ing] H

14-20a+8a? 2 (7+8a+4d?) 2(-9+5a) 6+4a

’ 1+2a]}, {a, -0.5, 1},

Show[Plot[{ 3-6a+da’ 3+4a? a [3(—1+a)

PlotStyle » {Black, Black, {Black, Dotted}}, PlotRange » {All, {2, 6.2}}] ,

ListLinePlot[{{-0.5, 6}, {1, 6}}, PlotStyle -» Black],
%, AspectRatio -» 1, Ticks » None]

Outf+]=




16 | Figures.nb

w- Pla = Show[P'Lot[{Z, 6}, {a, -0.52, 0}, PlotStyle » Black],
ListLinePlot[{{0, 1.8}, {0, 6.25}}, PlotStyle -» Black],

1
Plot[{e, p2[al}, {a, -0.5, — (1- \2 )}, PlotStyle » Black,
2
Filling » {1 - {2}}, FillingStyle » SymBreak‘ingF‘ill‘ing] ,
1
Plot[{G, pllal}, {a, -0.5, — (1-«/3 )}, PlotStyle - Black,
4
Filling -» {1 - {2}}, FillingStyle » SymBreak‘ingF‘ill‘ing] ’
1
Plot[pz[a] , {a, -0.5, — (1 -2 )}, PlotStyle - Black] ,
2

PlotRange -» All, AspectRatio -» 1, Ticks » None, Axes - None]

Out[+]=

Figures (black-and-white)

;= SymFilling = GrayLevel[.5]
SymBreakingFilling = GrayLevel][.8]
SymThreshold = Black

out-1= |l
ouf-}= [
ouf-}- Il
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Symmetry breaking range: -1/2<a<0
n-)= Pla = Show[

Plot[{e, p2[al}, {a, -0.5,

N

(1 -2 )}, PlotStyle » Black, Filling » {1 - {2}},
1

FillingStyle » SymBreakingF'i'L'L'ing] s P'Lot[{G, pllal}, {a, -0.5, — (1 -3 )},
4

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymBreak'ingF'i'L'l.'ing] ,

Plot[pZ[a] , {a, -0.5, % (1 - \/2_)}, PlotStyle » Black] , PlotRange -» AII] H

Symmetry breaking range: -1<a<-1/2
n-1= Plb = Show[
1
Plot[{s, p2[-a-11}, {a, -0.5, - — (3- «/2_)}, PlotStyle - Black,
2
Filling -» {1 - {2}}, FillingStyle » SymBreakingFilli ng] s
1
P'Lot[{6, pli-a-11}, {a, -0.5, — («/3_-5)}, PlotStyle - Black,
4
Filling -» {1 - {2}}, FillingStyle -» SymBreakingFilli ng] ,

P'Lot[pZ[—a -1], {a, -0.5, - % (3 - «/2_)}, PlotStyle » Black] , PlotRange » All] 5

Symmetry breaking range: 1/2 < a<3/2
n-= P2a = Show[
1
Plot[{s, p3[al}, {a, - (3+ «/3_) , 3}, PlotStyle - Black,

Filling » {1 - {2}}, FillingStyle -» SymBreakingFilli ng” H

Symmetric breaking range: -2<a<-1
n-= P2b = Show[
1
Plot[{e, p3[-a-11}, {a, -1- = (3+«/3 ), -4}, PlotStyle - Black,
6

Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H

| 17
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* Symmetry range

7+8a+4a’)

2
Infe]:= Show[Plot[ ( , {a, -0.5, 0.5}, PlotStyle -» {Thick, SymThreshold}],

3+4a?
14-20a+8a? 14-20a+8a’? 6+4a
— ) ]}, {a, 0, 1},
3-6a+4a? 3-6a+4a? l+2a

PlotStyle—a{{Thick,SymThreshold},{Thick,SymThreshold}}],PlotRange—aAll]

P'Lot[{ , M'in[

14-20a+8a> 2 (7+8a+4a’) 2(-9+5a) 6+4a

PLot [win| , , L
3-6a+4a’ 3+4a? 3(-1l+a) 1+2a

{a, -0.5, 1}, PlotStyle » {Thick, SymThreshold}];
1
POa = Show[Plot[{z, If[o <a<=,6,
2

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a 1

’ ’ ’ ”}, {(x,-—,l},
3-6a+4a’ 3+4a? 3(-1+a) 1+2a 2
PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle » SymFilling], %];

Min[

6k

Out[+]=

6+8a’?

Infe]:= Show[Plot[ s {ay, -1.5, -0.5}, PlotStyle » {Thick, SymThreshold}],

7+8a+4d’

42 +36a+8a’ 42+36a+8a’ -2+4a

Plot[{ ]}: {a, -2, -1},

Min[
b b
13+14a+4a? 13+14a+4a?> 1l+2a

PlotStyle » {{Thick, SymThreshold}, {Thick, SymThreshold}}], PlotRange - All];

6+8a? 42+36a+8a®> 42+36a+8a®> -2+4a

Plot[Min[ , ’ , ],
7+8a+40a®> 13+14a+4a’ 13+1lda+4a? 1+2a
{ay, -2, -0.5}, PlotStyle » {Thick, SymThreshold}];
3
POb = Show[Plot[{z, If[- Z<a<-1,6,
2
6 + 8 a? 42+36a+8a> 42+36a+8a®> -2+4a

1
) ’ ’ ]]}, {a9 ‘2"_}’

7+8a+4a®> 13+14a+4a®> 13+14a+4d4a? 1+2a 2

PlotStyle » Black, Filling » {1 » {2}}, FillingStyle - SymF'ill'ing] , 95];

Min[
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* Figures: Symmetry and symmetry breaking ranges

Separation lines

mn-1= LPa_] ¢= ListLinePlot[{{a, 2}, {a, 6}}, PlotStyle » Black]
LPp[a_] := ListLinePlot[{{a, 14/ 3}, {a, 6}}, PlotStyle » Black]
LPh[h_] := ListLinePlot[{{-4.1, h}, {3.1, h}}, PlotStyle » Black]
P = Show[Table[LP[k-0.5], {k, -3, 3}], LPp[-1], LPp[®], LPh[2], LPh[6]];

Plot: SCKNlog

;= Show[Show[P®a, POb, P1a, P1b, P2a, P2b,
PlotRange » {{-4, 3}, Automatic}, AspectRatio -» 0.25],
Show[Table[LP[k-0.5], {k, -3, -1}], Table[LP[k-0.5], {k, 1, 3}],
LPp[-1], LPp[@], LPh[2], LPh[6], PlotRange » All], Ticks -» None]

Out[+]=
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 Scalar CKN inequality: Symmetry and symmetry
breaking ranges

Plot: CKNlog

2'\/9—4a+4a2

Infe]:= ShOW[PlOt[{2’ Min[ Abs[1-2a]
€ + -

’ 6]}, {a, -4, 5}, PlotStyle » Black,

Filling -» {1 - {2}}, FillingStyle -» SymFilling, PlotRange -» A'll] ,

2\/9-4a+4a2

€ +Abs[1 -2 a]

Plot[{e, M'in[ , 6]}, {a, -4, 5}, PlotStyle - Black,

Filling » {1 - {2}}, FillingStyle -» SymBreakingFilling, PlotRange -» A'L'L] s
ListLinePlot[{{0.5, 2}, {0.5, 6}}, PlotStyle -» Black],
AspectRatio -» 0.25, Ticks -» None]

Outf+]=

 Scalar CKN inequality: Symmetry and symmetry
breaking ranges in (a,) coordinates

2\/9—4a+4a2

e+Abs[l-2a]

Inf+]:= Show[Plot[{a, Ba[M‘in[ 6]]}, {a, -3, 4},

PlotStyle -» Black, Filling -» {1 » {2}}, FillingStyle -» SymBreakingFilli ng] ,

2\/9—4a+4a2

€ +Abs[1-2 a]

Plot[{a+1, Ba[M‘in[ s 6]]}, {a, -3, 4}, PlotPoints -» 80,

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle -» SymF'i'll'ing] s

ListLinePlot[{{0.5, 0.5}, {0.5, 1.5}}, PlotStyle -» B'I.ack]];
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Plot: CKN

;= Show[%, PlotRange -» {{-1.5, 2.5}, {-1.5, 3.5}},
AspectRatio » 1, AxesOrigin - {0.0}, Ticks » None]

Outf»]=
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* SCKN inequality: Symmetry and symmetry breaking
ranges in (a,B) coordinates

6+8a? 42+36a+8a®> 42+36a+8a®> -2+4a

Infe]:= Show[Plot[Ba[M'in[ , , , ” ,
7+8a+40a®> 13+14a+4a®> 13+1ld4a+d4a? 1+2a

{ay -2, -0.5}, PlotStyle » {Thick, SymThreshold}] s

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a

Plot[Ba[M'in[ 3-6a+4a’ ’ 3+4a? ’ 3(-1+a) ’ 1"'2“”,

{a, -0.5, 1}, PlotStyle » {Thick, SymThreshold}] , PlotRange - A'L'l];
3
PO = Show[Plot[{a+ 1, If[— —-<a<-1, a,
2

6+8a? 42+36a+80a®> 42+36a+8a®> -2+4a

b

Ba[M'in[ , , ,
7+8a+40a®> 13+14a+40®> 13+14a+4a?
{ay, -2, -0.5}, PlotStyle - Black, Filling » {1 - {2}},

1
FillingStyle » SymF'i'L'I.'ing] , Plot[{a+ 1, If[@ <a< —, a,
2

14-20a+8a> 2 (7+8a+4ad’) 2(-9+5a) 6+4a

Fvemiiis

Ba[M'in[

b )
3-6a+4a’ 3+4a? 3 (-1+a)
{a, -0.5, 1}, PlotStyle -» Black, Filling - {1 - {2}},
FillingStyle » SymF'i'L'L'ing] , %, PlotRange » A'L'L] H
1
nj- Pla = Show[Plot[{a, Ba[pl[all}, {a, -0.5, — (1- \3 )}, PlotStyle - Black,
4
Filling -» {1 - {2}}, FillingStyle » SymBreakingFilli ng] s
1
P'Lot[{a, Ba[p2[all}, {a, -0.5, — (1- \2 )}, PlotStyle - Black,
2
Filling -» {1 - {2}}, FillingStyle -» SymBreakingFilli ng] ,

P'Lot[Ba[pl[a] 1, {a, -0.5, i— (1 - w/3_)}, PlotStyle » B'Lack] , PlotRange » A'L'l] 5

1
nj- Plb = Show[P'Lot[{a, Ba[pl[-a-1]1}, {a, -0.5, — («/3 -5)},
4
PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle -» SymBreak'ingF'i'L'I.'ing] ,
1
P'Lot[{a, Ba[p2[-a-1]1}, {a, -0.5, - — (3- V2 )}, PlotStyle -» Black,
2
Filling -» {1 - {2}}, FillingStyle » SymBreak‘ingF‘ill‘ing] s P'Lot[

Ba[pl[-a-1]1, {a, -0.5, ‘lT («/3_-5)}, PlotStyle - B'Lack] , PlotRange—»All];

n-]= P2a = Show[
1
Plot[{a, Ba[p3[all}, {a, - (3+ \3 ), 2}, PlotStyle -» Black,
6

Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H



n1= P2b = Show[

Infe]:=

LPp[a_] :

1
Plot[{a, Ba[p3[-a-1]1}, {a, 1o - (3+ V3 ), -3}, PlotStyle - Black,
6

Filling -» {1 - {2}}, FillingStyle » SymBreakingFilli ng” 5

LP[a_] := ListLinePlot[{{a, a}, {a, a+1}}, PlotStyle -» Black]

L'istL'ineP'I.ot[{{a, 23_8 (;l+ 2za

LPh[h_] := ListLinePlot[{{-3.1, -3.1+h}, {2.1, 2.1+h}}, PlotStyle - Black]
P = Show[LP[-2.5], LP[-1.5], LP[0.5], LP[1.5], LPp[-1],

LPp[@], LPh[O], LPh[1], LPp[-1], LPp[0], LPh[O], LPh[1]];

in-}= Show[P®, Pla, P1b, P2a, P2b, P, PlotRange -» {{-3, 2}, Al1l}];

]}, {a, a}}, PlotStyle » B'Lack]

| 23

n-= Show[%, PlotRange -» {{-2.5, 1.5}, {-2.5, 2.5}}, AspectRatio » 1, AxesOrigin - {0.0}]

Outf+]=

Plot: SCKNlog

inf-j= PO = Show[Plot[{a+1, If[— g <a<-1, a,

6+8a’ 42+36a+8a’ 42+36a+8a’ -2+4a

Ba[M'in[ , , ,
7+8a+4a®> 13+14a+40®> 13+14a+4a?
{ay, -2, -0.5}, PlotStyle -» Black, Filling » {1 - {2}},

1
FillingStyle » SymF'il'L'ing] , Plot[{a +1, If[0o<a< =, a,
2

14-20a+8a> 2 (7+8a+4a’) 2(-9+5a) 6+4a

Fvemiliz

Ba[M'in[ , ,
3-6a+4a? 3+4a? 3(-1+a)
{a, -0.5, 1}, PlotStyle -» Black, Filling » {1 - {2}},

FillingStyle » SymF'ill'ing] , PlotRange -» All] 3

verlllif
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1
w- Pla = P'Lot[{a, Max[Ba[pl[a]], Ba[p2[al]]l}, {a, -0.5, ~ (1-«/3_)},

PlotStyle » Black, Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng] H
1
nj- Plb = Plot[{a, Max[Ba[pl[-a-1]], Ba[p2[-a-1111}, {a, -0.5, " (\/3 -5)},
PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle - SymBreakingFilli ng] H
n-1= P2a = Show[
1
Plot[{a, Ba[p3[all}, {a, - (3 +4/3 ), 2}, PlotStyle -» Black,
6
Filling » {1 - {2}}, FillingStyle » SymBreakingFilli ng” H
n1= P2b = Show[
1
P'Lot[{a, Ba[p3[-a-1]1}, {a, 1o (3 +4/3 ), -3}, PlotStyle - Black,
6
Filling -» {1 - {2}}, FillingStyle -» SymBreakingFilli ng” H

= LP[a_] s= ListLinePlot[{{a, a}, {a, a+1}}, PlotStyle -» Black]
3 /4 28a
LPpla_] := L'istL'inePlot[{{a, — (—+
28 \3 3
LPh[h_] := ListLinePlot[{{-3.1, -3.1+h}, {2.1, 2.1+ h}}, PlotStyle - Black]
P = Show[LP[-2.5], LP[-1.5], LP[0.5], LP[1.5], LPp[-1],

LPp[@], LPh[O], LPh[1], LPp[-1], LPp[0], LPh[O], LPh[1]];

)}, {a, a}}, PlotStyle » Black]
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in-}= Show[P®, Pla, P1b, P2a, P2b, P, PlotRange -» {{-3, 2}, All}];
Show[%, PlotRange » {{-2.5, 1.5}, {-2.5, 2.5}},
AspectRatio » 1, AxesOrigin - {0.0}, Ticks » None]

Outf]=
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« Two additional figures

2(7+8a+4a’) 2(-9+5a) 14-20a+8a® 6+4a
’ 1+2a]’ 2}’ {a, -0.5, 1},

Inf+J:= Plot[{M'in[ s ,
3+ 402 3(-1+a) 3-6a+4a’

PlotStyle -» Black, Filling » {1 - {2}}, FillingStyle -» SymF'il'l'ing] H

14-20a+8a? 2 (7+8a+4d?) 2(-9+5a) 6+4a

’ 1+2a]}, {a, -0.5, 1},

Show[Plot[{ 3-6a+da’ 3+4a? a [3(—1+a)

PlotStyle » {Black, Black, {Black, Dotted}}, PlotRange » {All, {2, 6.2}}] ,

ListLinePlot[{{-0.5, 6}, {1, 6}}, PlotStyle -» Black],
%, AspectRatio » 1, Ticks » None]

Out[+]=




w- Pla = Show[P'Lot[{Z, 6}, {a, -0.52, 0}, PlotStyle » Black],

ListLinePlot[{{0, 1.8}, {0, 6.25}}, PlotStyle -» Black],
Plot[{e, p2[al}, {a, -0.5, 2 (1- «/2_)}, PlotStyle - Black,
Filling » {1 - {2}}, FillingStyle » SymBreak‘ingF‘i'L'l.'ing] ,
P10t[{6, pllal}, {a, -0.5, ‘lT (1- «/3_)}, PlotStyle - Black,
Filling -» {1 - {2}}, FillingStyle » SymBreak‘ingF‘ill‘ing] ’
Plot[pZ[a] , {a, -0.5, % (1- «/2_)}, PlotStyle - Black] ,

PlotRange -» All, AspectRatio -» 1, Ticks » None, Axes - None]

Out[+]=
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